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Â äàííîì ñîîáùåíèè îáúåêòîì èññëåäîâàíèÿ ÿâëÿåòñÿ íàãðó-

æåííîå ïàðàáîëè÷åñêîå óðàâíåíèå âèäà

ut − uxx + α(x)u(x̄, t)− α′′(x)

t∫

0

u(x̄, η)dη = 0, (1)

êîòîðîå ðàññìàòðèâàåòñÿ â îáëàñòè

Ω = {(x, t) : 0 < x < l, 0 < t < T},

ãäå x̄, l, T � ïðîèçâîëüíûå ïîëîæèòåëüíûå äåéñòâèòåëüíûå êîíñòàí-

òû, ïðè÷åì 0 < x̄ < l, à α(x) � ïðîèçâîëüíàÿ äâàæäû íåïðåðûâíî

äè��åðåíöèðóåìàÿ �óíêöèÿ.

Äëÿ óðàâíåíèÿ (1), ïðè íåêîòîðûõ óñëîâèÿõ íà �óíêöèþ α(x),
äîêàçûâàåòñÿ åäèíñòâåííîñòü ñëåäóþùåé çàäà÷è.

Çàäà÷à. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå u(x, t) óðàâíå-
íèÿ (1), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u(0, t) = ϕ0(t), 0 ≤ t ≤ T, (2)

u(l, t) = ϕl(t), 0 ≤ t ≤ T, (3)

è óñëîâèþ ïåðèîäè÷íîñòè

u(x, 0) = u(x, T ), 0 ≤ x ≤ l, (4)

ãäå ϕ0(t) è ϕl(t) � çàäàííûå íåïðåðûâíûå �óíêöèè.
Ñóùåñòâîâàíèå è åäèíñòâåííîñòü çàäà÷è (2)�(4) äëÿ óðàâíåíèÿ

(1) â ñëó÷àå α(x) ≡ 0 äîêàçàíû â ðàáîòå [1℄.

Ëèòåðàòóðà

1. Êåðå�îâ À. À. Íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ ïàðàáîëè÷åñêèõ óðàâ-

íåíèé // Äè��åðåíöèàëüíûå óðàâíåíèÿ. 1979. Ò. XV, � 1. Ñ. 74-78.
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Ïåðñïåêòèâíûì íàïðàâëåíèåì äëÿ ïîñòðîåíèÿ ÷èñëåííûõ ðå-

øåíèé äè��åðåíöèàëüíûõ óðàâíåíèé, îïèñûâàþùèõ äå�îðìèðî-

âàíèå òâåðäûõ òåë, ÿâëÿåòñÿ ìåòîä ñïëàéíîâ.

Â ðàáîòå [1℄ äîñòàòî÷íî ïîäðîáíî èçó÷åíû âîçìîæíîñòè ìåòîäà

ñïëàéíîâ ïÿòîé ñòåïåíè äå�åêòà 1 äëÿ ðåøåíèÿ çàäà÷è îá èçãèáå

ñòåðæíÿ, îïèñûâàåìîãî äè��åðåíöèàëüíûì óðàâíåíèåì ÷åòâåðòî-

ãî ïîðÿäêà îòíîñèòåëüíî �óíêöèè ïåðåìåùåíèÿ w = w(z) òî÷åê îñè
ñòåðæíÿ

EIy
d4w

dx4
+ 2

d(EIy)

dx

d3w

dx3
+
d2(EIy)

dx2
d2w

dx2
= qz(x). (1)

Â ðàáîòå [2℄ ïðåäëîæåíà íîâàÿ ñõåìà ÷èñëåííîãî ðåøåíèÿ óðàâ-

íåíèÿ (1) ñ ïðèìåíåíèåì àëãåáðàè÷åñêîãî ñïëàéíà ïÿòîé ñòåïåíè

äå�åêòà 2 è çàïèñàíû âñå íåîáõîäèìûå äëÿ åå ïðèìåíåíèÿ ñîîòíî-

øåíèÿ.

Ïîëó÷åíà ñèñòåìà èç 2N−2 àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ îïðå-

äåëåíèÿ ãëàâíûõ âåêòîðîâ R
(i)
z è R̃

(i)
z , è ãëàâíûõ ìîìåíòîâ M

(i)
y è

M̃
(i)
y : 




R̃
(i)
z = R

(i)
z ,

M̃
(i)
y =M

(i)
y ,

i = 1, ..., N − 1.

(2)

Îäíèì èç ñïîñîáîâ îöåíêè òî÷íîñòè ÷èñëåííîãî ìåòîäà ÿâëÿåòñÿ

ñîïîñòàâëåíèå ÷èñëåííîãî ðåøåíèÿ íåêîòîðîé ýòàëîííîé çàäà÷è ñ

åå òî÷íûì àíàëèòè÷åñêèì ðåøåíèåì.

Â êà÷åñòâå ýòàëîííîé çàäà÷è ðàññìîòðåíà øàðíèðíî çàêðåïëåí-

íàÿ ïî êîíöàì ïðÿìàÿ áàëêà äëèíîé L = 1ì ñ ïðÿìîóãîëüíûì ïî-

ïåðå÷íûì ñå÷åíèåì b× h ïðè b = 1, 5 · 10−2
ì, h = 2 · 10−2

ì. Îñåâîé

ìîìåíò èíåðöèè äàííîãî ïîïåðå÷íîãî ñå÷åíèÿ Iy =
bh3

12
= 1 · 10−8

ì.

Áàëêà èçãîòîâëåíà èç ñòàëè ñ ìîäóëåì óïðóãîñòè E = 2 · 1011Ïà.
Áàëêà íàãðóæåíà ðàñïðåäåëåííîé ïîïåðå÷íîé íàãðóçêîé qz, èçìåíÿ-
þùåéñÿ ïî ñòåïåííîìó çàêîíó qz = Axk, k = 0, 1, ... ïðè A = 800H/ì.
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Èçãèá äàííîé áàëêè îïèñûâàåòñÿ äè��åðåíöèàëüíûì óðàâíåíè-

åì ÷åòâåðòîãî ïîðÿäêà è ñëåäóþùèìè êðàåâûìè óñëîâèÿìè è èìååò

òî÷íîå àíàëèòè÷åñêîå ðåøåíèå:





EIy
d4w

dx4
= Axk, x ∈ [0, L], k = 0, 1, ...

w
∣∣
x=0

= d2w
dx2

∣∣
x=0

= w
∣∣
x=L

= d2w
dx2

∣∣
x=L

= 0.

Äëÿ íàõîæäåíèÿ ÷èñëåííîãî ðåøåíèÿ ïî ìåòîäèêå, èçëîæåííîé

â ðàáîòå [2℄, âû÷èñëåíû îò íàãðóçêè qz = Axk, äåéñòâóþùåé â ïðå-

äåëàõ îòðåçêîâ [xi, xi+1] ãëàâíûé âåêòîð ñèë R
(i)
z è ãëàâíûé ìîìåíò

M
(i)
y , ïðèâåäåííûå ê öåíòðó ñ êîîðäèíàòîé xi:





R
(i)
z =

xi+1∫
xi

Axkdx = A
1

k + 1

[
xk+1
i+1 − xk+1

i

]
,

M
(i)
y =

xi+1∫
xi

Axk(x− xi)dx =

= A
1

k + 2

[
xk+2
i+1 − xk+2

i

]
−A

1

k + 1

[
xk+1
i+1 − xk+1

i

]
,

i = 1, ..., N − 1.

(3)

Ïîäñòàâëÿÿ íàéäåííûå ïî �îðìóëàì (3) çíà÷åíèÿ R
(i)
z è M

(i)
y

â ñèñòåìó (2) è äîáàâëÿÿ ÷åòûðå óðàâíåíèÿ, ó÷èòûâàþùèå êðàå-

âûå óñëîâèÿ, ïîëó÷àåì ñèñòåìó èç 2N+2 àëãåáðàè÷åñêèõ ëèíåéíûõ
óðàâíåíèé, îäíîçíà÷íî îïðåäåëÿþùóþ ñïëàéí-�óíêöèþW5,2(x).
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Â ñèñòåìå Áèöàäçå wz̄z̄ = 0, çàìåíÿÿ w = u + iv íà w̄ = u − iv,
ñèñòåìà w̄z̄z̄ = 0 â âåùåñòâåííîé �îðìå çàïèñûâàåòñÿ òàê

−∆u+ 2
∂

∂x
(ux + vy) = 0,−∆v + 2

∂

∂y
(ux + vy) = 0, (1)

À.È. ßíóøàóñêàñ ïðåäëîæèë ðàññìàòðèâàòü n−ìåðíûé àíàëîã ñè-
ñòåìû (1)

−∆ui + λ
∂

∂xi

(
n∑

j=1

∂uj
∂xj

)
= 0, i = 1, 2, .., n. (2)

Ïîýòîìó ñèñòåìó (2) áóäåì íàçûâàòü ñèñòåìîé Áèöàäçå-ßíóøàóñ-

êàñà.

�àññìîòðèì ñëåäóþùóþ ñèñòåìó

−
(
x21 + x22 + ...+ x2n

)
∆ui+λ

∂

∂xi

(
n∑

j=1

∂uj
∂xj

)
= 0, i = 1, 2, .., n. (3)

Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ñèñòåìû (3) èìååò âèä:

(
x21 + x22 + ...+ x2n

) (
x21 + x22 + ...+ x2n − λ

) (
ξ21 + ξ22 + ...+ ξ2n

)
,

ïîýòîìó ñèñòåìà (3) ýëëèïòè÷íà âåçäå, êðîìå òî÷êè x1 = x2 = ... =
xn = 0 è n-ìåðíîé ñ�åðû x21+x

2
2+ ...+x

2
n = λ, ãäå îíà âûðîæäàåòñÿ.

1. Ïóñòü îáëàñòü D = {X ∈ ℜn : x21 + x22 + ...+ x2n < R2} R2 > λ.
�àññìàòðèâàåòñÿ çàäà÷à Äèðèõëå äëÿ ñèñòåìû (3) â ñëåäóþùåé

ïîñòàíîâêå: íàéòè ðåãóëÿðíîå â îáëàñòè D îãðàíè÷åííîå ðåøåíèå

ñèñòåìû (3), óäîâëåòâîðÿþùåå íà ãðàíèöå Γ = {X : x21 + x22 + ...+
x2n = R2} óñëîâèÿì

uj
∣∣
Γ
= fj : fj ∈ C2,α(Γ), j = 1, 2, .., n− 1, (4)

un
∣∣
δΓ

= fn : fn ∈ C1,α(δΓ),

δΓ = {X : xn = 0, x21 + x22 + ...+ x2n−1 = R2}.
(5)
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Äîêàçàíî: çàäà÷à (4), (5) äëÿ ñèñòåìû (3) ðàçðåøèìà è åå ðåøåíèå

åäèíñòâåííî â êëàññå �óíêöèé, îãðàíè÷åííûõ íà áåñêîíå÷íîñòè.

2. Â ñëó÷àå R2 < λ ê êðàåâûì óñëîâèÿì (4), (5) íåîáõîäèìî

äîáàâèòü óñëîâèå

n∑

k=1

∂uk
∂xk Γ

= fn+1; fn+1 ∈ C1,α(Γ). (6)

Äîêàçàíî: çàäà÷à (4), (5), (6) äëÿ ñèñòåìû (3) ðàçðåøèìà, è åå

ðåøåíèå åäèíñòâåííî â êëàññå îãðàíè÷åííûõ �óíêöèé fn+1.

ÎÁ ÎÄÍÎÉ ÇÀÄÀ×Å ÓÏ�ÀÂËÅÍÈß Ï�ÎÖÅÑÑÎÌ

ÎÁÎ��ÅÂÀ È ÌÅÒÎÄÅ ÅÅ �ÅØÅÍÈß
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Àçåðáàéäæàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò íå�òè è ïðîìûøëåííîñòè,

Èíñòèòóò ñèñòåì óïðàâëåíèÿ ÍÀÍ Àçåðáàéäæàíà (Àçåðáàéäæàí, Áàêó)

e-mail: vaqif_ab�rambler.ru

Â ðàáîòå èññëåäóåòñÿ ïðîáëåìà ñèíòåçà óïðàâëåíèÿ íàãðåâàòåëü-

íûì àïïàðàòîì äëÿ íàãðåâà òåïëîíîñèòåëÿ, êîòîðûé îáåñïå÷èâàåò

ïîäà÷ó òåïëà â çàìêíóòóþ ñèñòåìó òåïëîñíàáæåíèÿ. Óïðàâëÿþùèå

âîçäåéñòâèÿ èùóòñÿ â âèäå çàäàííîé ëèíåéíîé êîìáèíàöèè îò çà-

ìåðåííûõ â îïòèìèçèðóåìûõ òî÷êàõ òåìïåðàòóðû òåïëîíîñèòåëÿ.

Ìàòåìàòè÷åñêàÿ ìîäåëü óïðàâëÿåìîãî ïðîöåññà ïðèâîäèòñÿ ê

òî÷å÷íî íàãðóæåííîìó ãèïåðáîëè÷åñêîìó óðàâíåíèþ ïðè (x, t) ∈
(0, l)× (0, T ] [1, 2℄:

ut(x, t) + aux(x, t) = α

[
L∑

i=1

ki[u(ξi, t)− zi]− u(x, t)

]
, (1)

ñ íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿìè:

u(x, 0) = ϕ(x), x ∈ [0, l], (2)

u(0, t) = (1− γ(t))u(l, t− T çàï.), t > 0, (3)

ãäå u(x, t) � òåìïåðàòóðà æèäêîñòè; T çàï.
, a, α = const; ξi ∈ [0, l],

i = 1, 2, ..., L � òî÷êè çàìåðà òåìïåðàòóðû; ki � êîý��èöèåíò óñè-
ëåíèÿ; zi � ý��åêòèâíàÿ òåìïåðàòóðà â òî÷êå ξi; γ(t) � âåëè÷è-

íà, îïðåäåëÿþùàÿ ïîòåðè òåïëà â ïðîöåññå äâèæåíèÿ â òåïëîñåòè,

0 ≤ γ(t) ≤ 1.
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Â ðàáîòå ïîëó÷åíû �îðìóëû äëÿ ãðàäèåíòà �óíêöèîíàëà ïî îï-

òèìèçèðóåìûì ïàðàìåòðàì ξi, ki, zi, ïðåäëîæåíû ñõåìû ÷èñëåííîãî

ðåøåíèÿ, ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ.

Ëèòåðàòóðà

1. Íàõóøåâ À.Ì. Íàãðóæåííûå óðàâíåíèÿ è èõ ïðèìåíåíèå. Ìîñêâà: Íàó-

êà, 2012. 232 ñ.

2. Àéäà-çàäå Ê.�., Àáäóëëàåâ Â.Ì. Î íàãðóæåííîé çàäà÷å ïðè óïðàâëåíèè

ïðîöåññîì íàãðåâà ñ îáðàòíîé ñâÿçüþ // Ìàòåðèàëû Ìåæä. �îññèéñêî-

Áîëãàðñêîãî ñèìïîçèóìà �Óðàâíåíèÿ ñìåøàííîãî òèïà è ðîäñòâåííûå

ïðîáëåìû àíàëèçà è èí�îðìàòèêè�, Íàëü÷èê - Ýëüáðóñ. 2010. C. 16-18.
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1
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om,

2
e-mail: jonibek.16�mail.ru

�àáîòà ïîñâÿùåíà èçó÷åíèþ îáðàòíîé çàäà÷è äëÿ óðàâíåíèÿ òåï-

ëîïðîâîäíîñòè äðîáíîãî ïîðÿäêà, â êîòîðîé òðåáóåòñÿ íàéòè ðåøå-

íèå è íåèçâåñòíóþ ïðàâóþ ÷àñòü óðàâíåíèÿ. Çàäà÷à èññëåäîâàíà â

÷åòûðåõóãîëüíîé îáëàñòè èìåþùåé ëèíèþ ïåðåõîäà x = 0.
Îïðåäåëåíèå. Ïóñòü f(x) � íåïðåðûâíî äè��åðåíöèðóåìàÿ

�óíêöèÿ â (a, b) , òîãäà îïåðàòîð âèäà [1℄

CD
α
axf(x) =

1

Γ(1− α)

x∫

a

(x− t)−αf ′(t)dt

íàçûâàåòñÿ îïåðàòîðîì Êàïóòî ïîðÿäêà α (0 < α < 1).
ÏóñòüΩj -÷åòûðåõóãîëüíàÿ îáëàñòü îãðàíè÷åííàÿ îòðåçêàìèOC,

OAj , AjBj , BjC (j = 1, 2) , ãäå Aj

(
(−1)j−1, 0

)
, Bj

(
(−1)j−1, T

)
,

C (0, T ) , O (0, 0) . Äëÿ óðàâíåíèÿ

CD
α
0tu− uxx = fj(x), (x, t) ∈ Ωj (1)

â îáëàñòè Ωj ðàññìîòðèì ñëåäóþùóþ çàäà÷ó:

Çàäà÷à. Òðåáóåòñÿ íàéòè ïàðó �óíêöèé (u (x, t) , fj (x)) â îáëà-

ñòè Ωj, óäîâëåòâîðÿþùèõ óñëîâèÿì u
(
(−1)j−1, t

)
= 0, t ∈ [0, T ];
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u (+0, t) = u (−0, t) , t ∈ [0, T ]; ux (+0, t)+ux (−0, t) = 0, t ∈ (0, T );
u (x, 0) = ϕj (x) , u (x, t) = ψj (x) , x ∈ Ij,

(
j = 1, 2

)
, è óðàâíåíèþ

(1), ãäå Ij =
{
x;−1 6 (−1)jx 6 0

}
è ϕj (x) , ψj (x) � çàäàííûå äî-

ñòàòî÷íî ãëàäêèå �óíêöèè.

Òåîðåìà. Ïóñòü ϕj(x), ψj(x)∈C3(Ij) è óäîâëåòâîðÿþò óñëîâè-

ÿì ϕ1 (1) = ϕ2 (−1) = 0, ϕ1(0) = ϕ2(0), ψ1(0) = ψ2(0), ψ1(0) = ψ2(0)
òîãäà èññëåäóåìàÿ çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå.
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ìè ïðîèçâîäíûìè äðîáíîãî è êîíòèíóàëüíîãî ïîðÿäêà. Íàëü÷èê, 2005.
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e-mail: aida-adzhieva�mail.ru

2
Âûñîêîãîðíûé ãåî�èçè÷åñêèé èíñòèòóò (�îññèÿ, Íàëü÷èê)

e-mail: vet555_83�mail.ru

Íåëèíåéíîå âçàèìîäåéñòâèå äèíàìè÷åñêèõ, òåðìîäèíàìè÷åñêèõ,

ýëåêòðè÷åñêèõ ïðîöåññîâ ïðè �îðìèðîâàíèè ìèêðîñòðóêòóðû îá-

ëàêîâ èìååò âåñüìà ñëîæíûé õàðàêòåð. Ýòî îòíîñèòñÿ ê ïðîöåñ-

ñàì â îáëàêàõ ñ ó÷àñòèåì ëåäÿíûõ ÷àñòèö, ýëåêòðè÷åñòâó îáëàêîâ,

âçàèìîäåéñòâèþ ïðîöåññîâ â îáëàêàõ [1℄ è äð., âñå ýòè ïðîöåññû

èçó÷àþòñÿ ñ ïîìîùüþ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ èç-çà íåäî-

ñòóïíîñòè îáúåêòà èññëåäîâàíèé.

�àçðàáîòàííàÿ ÷èñëåííàÿ ìîäåëü êîíâåêòèâíîãî îáëàêà 
 äå-

òàëüíîé ìèêðî�èçèêîé ïîçâîëÿåò èññëåäîâàòü �îðìèðîâàíèå ìèê-

ðîñòðóêòóðíûõ õàðàêòåðèñòèê îáëàêîâ, îáðàçîâàíèå ÷àñòèö îñàä-

êîâ, êàê æèäêèõ, òàê è òâåðäûõ, íàêîïëåíèå ýëåêòðè÷åñêèõ çàðÿäîâ

è ýëåêòðè÷åñêóþ êîàãóëÿöèþ îáëà÷íûõ ÷àñòèö.

Ïî ðåçóëüòàòàì ìîäåëèðîâàíèÿ íà ñòàäèè ìàêñèìàëüíîãî ðàçâè-

òèÿ êîíâåêòèâíîãî îáëàêà çà ñ÷åò ýëåêòðè÷åñêîé êîàãóëÿöèè ïðî-

èñõîäèò íàèáîëåå èíòåíñèâíûé ðîñò æèäêèõ è òâåðäûõ îñàäêîâ,

õàðàêòåðèñòèêè îáëàêà ðåçêî âîçðàñòàþò. Âûÿâëåíû çàêîíîìåðíî-

ñòè òðàíñ�îðìàöèè ìèêðîñòðóêòóðíûõ è ýëåêòðè÷åñêèõ ïàðàìåò-

ðîâ îïàñíûõ áûñòðîðàçâèâàþùèõñÿ êîíâåêòèâíûõ ïðîöåññîâ â àò-
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ìîñ�åðå, ðàçðàáîòàíû ïðîãðàììíûå ñðåäñòâà êîìïëåêñíîé îáðà-

áîòêè èí�îðìàöèè øòîðìîîïîâåùåíèÿ [2℄. Âñå ýòè äàííûå ïîçâîëÿò

áîëåå ý��åêòèâíî èäåíòè�èöèðîâàòü îïàñíûå ÿâëåíèÿ ïîãîäû.
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ëè è ðåçóëüòàòû ìîäåëèðîâàíèÿ â åñòåñòâåííûõ óñëîâèÿõ è ïðè àêòèâíîì

âîçäåéñòâèè. Íàëü÷èê: Èçä-âî ÊÁÍÖ �ÀÍ, 2008. 254 ñ.

2. Àäæèåâà À.À., Øàïîâàëîâ Â.À., Ìàøóêîâ È.Õ., Ñêîðáåæ Í.Í., Øàïî-

âàëîâ Ì.À.Îáíàðóæåíèå è ðàñïîçíàâàíèå îïàñíûõ êîíâåêòèâíûõ ïðîöåñ-

ñîâ ðàäèîòåõíè÷åñêèìè ñðåäñòâàìè // Èçâåñòèÿ Âóçîâ. Ñåâåðî-Êàâêàçñêèé
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e-mail: vaqif_ab�rambler.ru

�àññìàòðèâàåòñÿ ñèñòåìà íàãðóæåííûõ îáûêíîâåííûõ äè��å-

ðåíöèàëüíûõ óðàâíåíèé:

du(x)

dx
= A(x)u(x) +

l∑

s=1

Bs(x)u(x̄s) + C(x), x ∈ [x0, xf ]

l1∑

i=1

β1iu(x̆i) +

l2∑

j=1

x̂j∫

x̌j

β2j(τ)u(ξ)dξ = γ.

Çäåñü u(x) ∈ Rn− èñêîìîå ðåøåíèå; íåïðåðûâíûå ìàòðè÷íûå

�óíêöèè A(x) ðàçìåðíîñòè n × n, n-ìåðíàÿ âåêòîð �óíêöèÿ

C(x), βi, β1i, β2j(·) � êâàäðàòíûå ìàòðèöû ðàçìåðà n, òî÷êè îáúåêòà
x̆i, x̌j, x̂j èç îòðåçêà [x0, xf ] � çàäàíû, i = 1, 2, ..., l1, j = 1, 2, ..., l2;
x̄ = (x̄1, x̄2, ..., x̄l)

T
� ìåñòà íàãðóæåíèÿ èç îòðåçêà [x0, xf ], B(x) =

(B1(x), B2(x), ..., Bl(x)) � ñîîòâåòñòâóþùèå �óíêöèè ðåàêöèè òî÷åê
îáúåêòà íà íàãðóæåíèÿ � íå çàäàíû.
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Çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè îïòèìàëüíûõ ìåñò íàãðóæå-

íèÿ x̄s ∈ [x0, xf ] è ñîîòâåòñòâóþùèõ íåïðåðûâíûõ �óíêöèé ðåàêöèè
Bs(x), s = 1, 2, ..., l, ìèíèìèçèðóþùèõ çàäàííûé �óíêöèîíàë:

J(B, x̄) = α1

xf∫

x0

f 0(u(x), u(x̄), B(x))dx+ α2Φ1(x̄) + α3Φ2(u(x̃)).

Â ðàáîòå ïðèâîäèòñÿ ìåòîä ðåøåíèÿ çàäà÷è îïòèìèçàöèè ìåñò íà-

ãðóæåíèÿ è �óíêöèé ðåàêöèè íà íàãðóæåíèÿ, îñíîâàííûé íà ÷èñ-

ëåííûõ ìåòîäàõ îïòèìèçàöèè ïåðâîãî ïîðÿäêà.
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Ïóñòü íåóñòàíîâèâøèéñÿ ðåæèì òå÷åíèÿ æèäêîñòè â òðóáîïðî-

âîäíîé ñåòè ñëîæíîé çàêîëüöîâàííîé ñòðóêòóðû, ñîäåðæàùåé M
ó÷àñòêîâ è N âåðøèí, ÿâëÿåòñÿ ëàìèíàðíûì. Ìíîæåñòâî ó÷àñòêîâ

îáîçíà÷èì ÷åðåçK:K = {(ki, kj) : ki, kj ∈ I}, ãäå I � ìíîæåñòâî âåð-
øèí; lkikj , dkikj � ñîîòâåòñòâåííî äëèíà è äèàìåòð (ki, kj)-îãî ó÷àñò-
êà, (ki, kj) ∈ K. Ìíîæåñòâî ó÷àñòêîâ â êîòîðûõ èìåþòñÿ óòå÷êè

ñûðüÿ â êîëè÷åñòâå Z, îáúåìû êîòîðûõ îïðåäåëÿþòñÿ �óíêöèÿìè

qkis ,kjs (t) îáîçíà÷èì ÷åðåç K loss = {(ki1, kj1), ..., (kiZ , kjZ )} ⊂ K, ãäå
ξkis ,kjs ∈ (0; lkis ,kjs ) íåèçâåñòíûå ìåñòà óòå÷åê. Çàäà÷à çàêëþ÷àåòñÿ â
íàõîæäåíèè ìåñò óòå÷åê ξ è ñîîòâåòñòâóþùèõ çíà÷åíèé ïîòåðü ñû-
ðüÿ qloss(t) ïðè t ∈ [t0, T ] ñ èñïîëüçîâàíèåì ìàòåìàòè÷åñêîé ìîäåëè

è íàáëþäàåìîé èí�îðìàöèè.

Ñ öåëüþ ðåøåíèÿ çàäà÷è ðàññìàòðèâàåòñÿ �óíêöèîíàë, îïðåäå-

ëÿþùèé âåëè÷èíó îòêëîíåíèÿ íàáëþäàåìûõ ðåæèìîâ â çàäàííûõ

òî÷êàõ ó÷àñòêà íå�òåïðîâîäà îò ðàñ÷åòíûõ. �àñ÷åòíûå çíà÷åíèÿ

ðåæèìîâ â íàáëþäàåìûõ òî÷êàõ, âû÷èñëÿþòñÿ â ðåçóëüòàòå ðåøå-

íèÿ êðàåâîé çàäà÷è ïðè êàêèõ-ëèáî âîçìîæíûõ íà÷àëüíûõ óñëî-

âèÿõ è çàäàííûõ äîïóñòèìûõ ìåñòàõ è îáúåìàõ óòå÷åê (ξ, qloss(t)).
Íàáëþäàåìûå çíà÷åíèÿ ðàññìàòðèâàþòñÿ íà èíòåðâàëå âðåìåíè

ñëåæåíèÿ çà ïðîöåññîì, ðåæèìû êîòîðîãî óæå íå çàâèñÿò îò

íà÷àëüíûõ óñëîâèé. Ïðîöåññ íåóñòàíîâèâøåãîñÿ èçîòåðìè÷åñêîãî
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ëàìèíàðíîãî äâèæåíèÿ êàïåëüíîé æèäêîñòè ñ ïîñòîÿííîé ïëîòíî-

ñòüþ íà íå�òåïðîâîäíîé ñåòè îïèñûâàåòñÿ ñèñòåìîé 2M ëèíåéíûõ

äè��åðåíöèàëüíûõ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà ñ íåðàçäå-

ëåííûìè êðàåâûìè è íåòî÷íî çàäàííûìè íà÷àëüíûìè óñëîâèÿìè.

Íà÷àëüíûå óñëîâèÿ îïðåäåëÿþòñÿ íà ìíîæåñòâàõ Q̂ = {Q̂ks
1 (x), ...,

Q̂ks
ν (x)}(k,s)∈K, P̂ = {P̂ ks

1 (x), ..., P̂ ks
ν (x)}(k,s)∈K, ñîîòâåòñòâåííî äëÿ

ðàñõîäà è äàâëåíèÿ æèäêîñòè. Îáúåìû è ìåñòà óòå÷åê èùóòñÿ â

âèäå: qks(t)δ(x − ξks), δ(·)− �óíêöèÿ Äèðàêà. Ïîëó÷åíû �îðìóëû

äëÿ êîìïîíåíò ãðàäèåíòà �óíêöèîíàëà ïî îïòèìèçèðóåìûì âåêòîð-

�óíêöèÿì, ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû.
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�àññìàòðèâàåòñÿ ñèñòåìà ëèíåéíûõ íåàâòîíîìíûõ äè��åðåíöè-

àëüíûõ óðàâíåíèé ñ íåðàçäåëåííûìè óñëîâèÿìè:

ẋ(t) = A(t)x(t) +B(t), t ∈ [t0, tf ], (1)

l∑

i=0

C ix(t̄i) = d. (2)

Çäåñü x(t) ∈ Rn
� èñêîìàÿ âåêòîð-�óíêöèÿ; A(t), C i

� çàäàííûå

êâàäðàòíûå ìàòðèöû ðàçìåðíîñòè n, i = 0, 1, . . . , l; B(t), d � çàäàí-

íûå n ìåðíûå âåêòîðû; ìîìåíòû âðåìåíè ti ∈ T è t0, tf � çàäàíû,

ïðè÷åì t0 = t̄1 < t̄2 <, ..., < t̄l = tf .
Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è (1), (2) ïðåäëàãàåòñÿ èñïîëüçî-

âàòü èçâåñòíûå ìíîãîòî÷å÷íûå àïïðîêñèìàöèè ïðîèçâîäíîé x(t):

ẋ(t)

∣∣∣∣
t=τi

=
k2∑

q=−k1

αqx
i+q + O(hm). (3)

Çäåñü k1 + k2 = k − 1, k1, k2 > 0, xq = x(τq) ∈ Rn
, ïîðÿäîê òî÷íîñòè

àïïðîêñèìàöèè m îïðåäåëÿåòñÿ ñõåìîé àïïðîêñèìàöèè (3),òî åñòü

êîý��èöèåíòàìè αq, q = −k1, . . . , k2, τi = ih, i = 0, 1, . . . , N .
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Â ðåçóëüòàòå èìååì äèñêðåòíóþ ñèñòåìó ëèíåéíûõ ìíîãî-

øàãîâûõ óðàâíåíèé, àïïðîêñèìèðóþùóþ çàäà÷ó (1)�(2), èìåþùóþ

(N − k)n óðàâíåíèé ñ k äèàãîíàëüíîé ìàòðèöåé è nk íå ñòðóêòó-

ðèðîâàííûõ óðàâíåíèé. Äëÿ ðåøåíèÿ ïîëó÷åííîé ñèñòåìû ïðåäëî-

æåíû �îðìóëû ìåòîäà ïðîãîíêè.

Ïðèâåäåíû ìíîãî÷èñëåííûå ñðàâíèòåëüíûå ÷èñëåííûå ýêñïåðè-

ìåíòû íà ïðèìåðå ðåøåíèÿ ðàçëè÷íûõ çàäà÷ âèäà (1), (2) è ñäåëàí

àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ.

Ï�ÈËÎÆÅÍÈß Ï�ÈÍÖÈÏÀ ÑÆÈÌÀÞÙÅ�Î
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Â äàííîé ðàáîòå èññëåäîâàíû âîïðîñû, ñâÿçàííûå ñ ðåøåíè-

åì â áàíàõîâûõ ïðîñòðàíñòâàõ êâàçèëèíåéíûõ äè��åðåíöèàëüíûõ

óðàâíåíèé âèäà

Ln,0u = a0 (x)
dnu

dxn
+a1 (x)

dn−1u

dxn−1
+...+an−1 (x)

du

dx
= f1 (x, u (x)) . (1)

Ïðåäïîëàãàåòñÿ, ÷òî ñîîòâåòñòâóþùåå ëèíåéíîå îäíîðîäíîå

óðàâíåíèå îòíîñèòåëüíî çàäàííîãî êâàçèëèíåéíîãî óðàâíåíèÿ íå

èìååò íåíóëåâûõ ðåøåíèé, óäîâëåòâîðÿþùèõ íóëåâûì íà÷àëüíî-

ãðàíè÷íûì óñëîâèÿì. Ïðè ýòîì ïîëüçóÿñü �óíêöèåé �ðèíà,

íàõîæäåíèå ðåøåíèÿ êâàçèëèíåéíîãî óðàâíåíèÿ ïðèâîäèòñÿ ê

ðåøåíèþ èíòåãðàëüíîãî èëè èíòåãðàëüíî-äè��åðåíöèàëüíîãî óðàâ-

íåíèÿ. Êëàññ òàêèõ óðàâíåíèé çàïèøåòñÿ â îïåðàòîðíîì âèäå

u = BF1u = Au èëè u = Au êàê ñóïåðïîçèöèè ëèíåéíîãî èíòå-

ãðàëüíîãî îïåðàòîðà B : Lq[a, b] → Lp[a, b] ñ ÿäðîì �óíêöèè �ðèíà

è íåëèíåéíîãî îïåðàòîðà F1 : Lp[a, b] → Lq[a, b], ïðåäñòàâëÿþùåãî
îòîáðàæåíèå íåëèíåéíîé ÷àñòè çàäàííîãî êâàçèëèíåéíîãî óðàâíå-

íèÿ. Äîêàçàíà òåîðåìà î äîñòàòî÷íîì óñëîâèè ïðèìåíèìîñòè ïðèí-

öèïà ñæèìàþùåãî îòîáðàæåíèÿ ê íåëèíåéíîìó îïåðàòîðíîìó óðàâ-

íåíèþ u = Au. Êàê è â äîêàçàòåëüñòâå òåîðåìû ïîëüçóÿñü íà÷àëü-

íûì óñëîâèåì u (a) = u0 âû÷èñëÿåòñÿ u1 (x), àíàëîãè÷íî, ïîëüçóÿñü
u1 (x) âû÷èñëÿåòñÿ u2 (x) è â òàêîì ïîðÿäêå îïðåäåëÿåòñÿ ïîñëåäî-

âàòåëüíîñòü u3 (x), u4 (x), ... , um (x), ..., êîòîðàÿ âûðàæàåò ïðèáëè-
æåíèå ê ðåøåíèþ ëþáîé òî÷íîñòè.
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�àññìîòðèì äðîáíîå óðàâíåíèå Ëàíæåâåíà

m
d2x(t)

dt2
+ γ

t∫

0

1

(t− τ)α
dx

dτ
dτ = F (x, t) + ξ(t)

ãäå γ > 0 � îáîáùåííûé êîý��èöèåíò òðåíèÿ (γ = 1
m
γΓ(1 − α)),

0 < α < 1 � äðîáíûé ïîêàçàòåëü è ξ(t) � ñòàöèîíàðíûé ãàóññîâñêèé
øóì, óäîâëåòâîðÿþùèé ñîîòíîøåíèþ �ëóêòóàöèè-äèññèïàöèè

〈ξ(t)〉 = 0, 〈ξ(t)ξ(τ)〉 = kbTγ|t− τ |α,
êîòîðîå ìîæíî ñâåñòè ê âèäó

x′′ + γ
dαx

dtα
+ ω2x = ξ(t). (1)

Â ñëó÷àå êîãäà ãàóññîâñêèé øóì íå ó÷èòûâàåòñÿ, èìååì óðàâíåíèå

x′′ + γ
dαx

dtα
+ ω2x = 0,

ñïåêòðàëüíàÿ òåîðèÿ äëÿ êîòîðîãî ïîñòðîåíà äîñòàòî÷íî ïîëíî. Â

äàííîé ðàáîòå ìåòîäàìè òåîðèè âîçìóùåíèé èññëåäóþòñÿ êðàåâûå

çàäà÷è äëÿ óðàâíåíèÿ (1).
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�àññìàòðèâàåòñÿ ãðàíè÷íàÿ çàäà÷à:

∂2u(x)

∂x22
+
∂2u(x)

∂x21
= 0, x = (x1, x2) ∈ D ⊂ R2, (1)

2∑

s=1

∑

06p+q61

{a(s)kpq(x1)
∂p+qu(x)

∂xp1∂x
q
2

|x2=ys(x1)+ (2)

+

∫ b1

a1

K
(s)
kpq(x, t)

∂p+qu(y)

∂yp1∂y
q
2

| y2 = ys(x1)
y1 = t

dt} = a
(s)
k (x1),

k = 1, 2, x1 ∈ [a1, b1],

ãäå D � âûïóêëàÿ ïî x2 îãðàíè÷åííàÿ âûïóêëàÿ îáëàñòü; ãðàíèöà

Γ = ∂D � ëèíèÿ Ëÿïóíîâà; ãðàíè÷íûå óñëîâèÿ (2) ëèíåéíî íåçàâè-

ñèìû; êîý��èöèåíòû, ÿäðà è ïðàâàÿ ÷àñòü íåïðåðûâíûå �óíêöèè.

Êàê èçâåñòíî, ïåðâîå íåîáõîäèìîå óñëîâèå äëÿ óðàâíåíèÿ Ëà-

ïëàñà ïîëó÷àåòñÿ èç âòîðîé �îðìóëû �ðèíà [1℄, à îñòàëüíûå íåîá-

õîäèìûå óñëîâèÿ ïîëó÷àþòñÿ èç àíàëîãà âòîðîé �îðìóëû �ðèíà

[2℄. Ïåðâûå íåîáõîäèìûå óñëîâèÿ ÿâëÿþòñÿ ðåãóëÿðíûìè âûðàæå-

íèÿìè, à ÷òî îòíîñèòñÿ ê îñòàëüíûì íåîáõîäèìûì óñëîâèÿì, òî îíè

ÿâëÿþòñÿ ñèíãóëÿðíûìè.

Åñëè ïðèìåíÿòü �óíäàìåíòàëüíûå ðåøåíèÿ ïî íàïðàâëåíèþ (ïî

x1, èëè ïî x2), òîãäà ïîëó÷åííûå íåîáõîäèìûå óñëîâèÿ íå ñîäåðæàò
ñèíãóëÿðíûå èíòåãðàëû è â íåêîòîðûõ ñëó÷àÿõ, ïîäîáíî îáûêíî-

âåííîìó äè��åðåíöèàëüíîìó óðàâíåíèþ, íå ñîäåðæàò ãëîáàëüíûå

÷ëåíû, à èìåþò âèä ïîäîáíûé íåëîêàëüíîìó ãðàíè÷íîìó óñëîâèþ.

Ëèòåðàòóðà

1. Êóðàíò �. Óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè. Ì.: Ìèð, 1964. 832 ñ.

2. http://nihan.jsoft.ws

30



ÎÁ ÎÄÍÎÉ ÇÀÄÀ×Å ÄËß ÂßÇÊÎ�Î

Ò�ÀÍÑÇÂÓÊÎÂÎ�Î Ó�ÀÂÍÅÍÈß Ñ Ò�ÅÒÜÈÌ

Ê�ÀÅÂÛÌ ÓÑËÎÂÈÅÌ


© Àïàêîâ Þ.Ï.

Íàìàíãàíñêèé èíæåíåðíî-ïåäàãîãè÷åñêèé èíñòèòóò (Óçáåêèñòàí, Íàìàíãàí)

e-mail: apakov.1956�mail.ru

Â îáëàñòè D = {(x, y) : 0 < x < p, 0 < y < q} ðàññìàòðèâàåòñÿ

âÿçêî- òðàíñçâóêîâîå óðàâíåíèå [1℄

Lu+ µu ≡ ∂3u

∂x3
+
∂2u

∂y2
+ µu = 0, (1)

ãäå p, q = const > 0 è µ = const.
Çàäà÷à A. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè D èç êëàññà

C2,1
x,y

(
D
)
∩ C3,2

x,y (D), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

αu (x, 0) + β uy (x, 0) = 0, γ u (x, q) + δ uy (x, q) = 0, 0 ≤ x ≤ p,

uxx (0, y)− a (y) u (0, y) = ψ1 (y) , 0 ≤ y ≤ q,

ux (0, y) = ψ2 (y) , 0 ≤ y ≤ q,

uxx (p, y)− b (y) u (p, y) = ψ1 (y) , 0 ≤ y ≤ q,

ãäå ψi (y) , i = 1, 2, 3 � èçâåñòíûå, äîñòàòî÷íî ãëàäêèå �óíêöèè.

Àíàëîãè÷íàÿ çàäà÷à ïðè µ = 0, β = δ = 0, a (y) = b (y) = 0,
èññëåäîâàíà â ðàáîòå [2℄.

Òåîðåìà 1. Åñëè µ < 0, a (y) > 0, b (y) < 0, αβ ≤ 0, γδ ≥ 0,
òî çàäà÷à A íå ìîæåò èìåòü áîëåå îäíîãî ðåøåíèÿ.

Òåîðåìà 2. Åñëè ψi(y)∈C3[0, q], i=1, 2, ψ3(y)∈C2[0, q], ïðè÷åì
âûïîëíÿþòñÿ óñëîâèÿ ñîãëàñîâàíèÿ ψi(0)=ψi(q)=ψ

′′
i (0)=ψ

′′
i (q)=0,

i = 1, 2, 3, òî ðåøåíèå çàäà÷è A ñóùåñòâóåò.
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Ýëåêòðîííî-ñòàòèñòè÷åñêèé ìåòîä ðàñ÷åòà ïîâåðõíîñòíîé ýíåð-

ãèè â ðàìêàõ òåîðèè Ôðåíêåëÿ-�àìáîøà-Çàäóìêèíà [1, 2℄, ìîäè�è-

öèðîâàí äëÿ îöåíêè òåìïåðàòóðíîé çàâèñèìîñòè ìåæ�àçíîé ýíåð-

ãèè íà ãðàíèöå ìåòàëë � îðãàíè÷åñêàÿ æèäêîñòü ñ ó÷åòîì ìàêðî-

ñêîïè÷åñêîé äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè æèäêîñòè [3-5℄. Ïî-

êàçàíî, ÷òî äàííûé ìåòîä ïîçâîëÿåò óñòàíîâèòü îðèåíòàöèîííóþ

çàâèñèìîñòü òåìïåðàòóðíîãî êîý��èöèåíòà ìåæ�àçíîé ýíåðãèè.

Óñòàíîâëåíî, ÷òî âåëè÷èíà òåìïåðàòóðíîãî âêëàäà â ìåæ�àçíóþ

ýíåðãèþ ìåòàëëîâ îáóñëîâëåíà èîííîé êîìïîíåíòîé ìåòàëëà è òåì-

ïåðàòóðíûì ðàçìûòèåì óðîâíÿ Ôåðìè. Îñíîâíîé âêëàä îáóñëîâëåí

àíãàðìîíè÷íîñòüþ êîëåáàíèé èîííîé êîìïîíåíòû ìåòàëëà. Ïîëó-

÷åííûå çíà÷åíèÿ äëÿ êðèñòàëëîâ ëèòèÿ, êàëèÿ è íàòðèÿ íà ãðàíèöå

ñ 11 íåïîëÿðíûìè îðãàíè÷åñêèìè æèäêîñòÿìè ïîêàçûâàþò, ÷òî ñ

óâåëè÷åíèåì äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè æèäêîñòè òåìïåðà-

òóðíûé âêëàä â ìåæ�àçíóþ ýíåðãèþ ìåòàëëà ïî ìîäóëþ âîçðàñòà-

åò.
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êðèñòàëëîâ ìàðãàíöà è âàíàäèÿ íà ãðàíèöå ñ îðãàíè÷åñêèìè æèäêîñòÿ-

ìè // Èçâåñòèÿ �ÀÍ. Ñåðèÿ �èçè÷åñêàÿ. 2015. Ò. 79, � 6. Ñ. 826-828.

5. Øåáçóõîâà È.�., Àïåêîâ À.Ì., Õîêîíîâ Õ.Á. Àíèçîòðîïèÿ ìåæ�àçíîé
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Ïåðåíîñ ñîáñòâåííîãî èçëó÷åíèÿ ïëàçìû ÿâëÿåòñÿ îäíèì èç îñ-

íîâíûõ ìåõàíèçìîâ ïåðåäà÷è ýíåðãèè â çàäà÷àõ óïðàâëÿåìîãî òåð-

ìîÿäåðíîãî ñèíòåçà. Ïîýòîìó ïðàâèëüíûé ó÷åò ïåðåíîñà èçëó÷åíèÿ

÷ðåçâû÷àéíî âàæåí â ýòèõ çàäà÷àõ. �àñ÷åò ïåðåíîñà ñîáñòâåííî-

ãî èçëó÷åíèÿ ïëàçìû ïðè âûñîêèõ òåìïåðàòóðàõ ñðåäû îáëàäàåò

òîé îñîáåííîñòüþ, ÷òî îí òåñíî ñâÿçàí ñ ðàñ÷åòîì ãàçîäèíàìè÷å-

ñêèõ ïàðàìåòðîâ: âçàèìîäåéñòâèå èçëó÷åíèÿ ñ âåùåñòâîì íåëèíåé-

íî (èç-çà �óíêöèè Ïëàíêà, íàïðèìåð) è íåëîêàëüíî. Íåëîêàëüíîñòü

îïðåäåëÿåòñÿ âëèÿíèåì ïàðàìåòðîâ ñðåäû íà ïðîõîæäåíèå èçëó÷å-

íèÿ â íåêîòîðîé îêðåñòíîñòè ðàññìàòðèâàåìîé òî÷êè. Ý��åêòèâ-

íî âëèÿíèå ñðåäû íà ïðîõîæäåíèå èçëó÷åíèÿ è èçëó÷åíèÿ íà ãàçî-

äèíàìè÷åñêèå ïàðàìåòðû ñðåäû ìîæåò áûòü ó÷òåíî ïðè ïðèìåíå-

íèè ìåòîäà êâàçèäè��óçèè ðåøåíèÿ óðàâíåíèÿ ïåðåíîñà, â êîòî-

ðîì íàðÿäó ñ óðàâíåíèåì ïåðåíîñà âûñîêîé ðàçìåðíîñòè (�óíêöèÿ

ðàñïðåäåëåíèÿ çàâèñèò îò øåñòè �àçîâûõ ïåðåìåííûõ è âðåìåíè)

èñïîëüçóþòñÿ óðàâíåíèÿ ïåðåíîñà áîëåå íèçêîé ðàçìåðíîñòè, íà-

çûâàåìûå óðàâíåíèÿìè êâàçèäè��óçèè. Â äàííîì ìåòîäå ïåðâàÿ

ãðóïïà óðàâíåíèé íèçêîé ðàçìåðíîñòè ïîëó÷àåòñÿ óñðåäíåíèåì ïî

óãëîâûì ïåðåìåííûì, à âòîðàÿ - óñðåäíåíèåì åùå è ïî ýíåðãèè.

Óðàâíåíèÿ ïîñëåäíåé ãðóïïû ïðè ÷èñëåííîì ðåøåíèè óæå ìîãóò

áûòü ý��åêòèâíî îáúåäèíåíû ñ óðàâíåíèåì ýíåðãèè äëÿ âåùåñòâà.

Îòäåëüíîé ïðîáëåìîé ÿâëÿåòñÿ äèñêðåòèçàöèÿ óðàâíåíèÿ ïî

ýíåð- ãèè â ñèëó ñëîæíîé ìíîãîðåçîíàíñíîé ñòðóêòóðû êîý��èöè-

åíòà ïîãëîùåíèÿ. Â ðàñ÷åòå ïðèêëàäíûõ çàäà÷ ïîêà èñïîëüçóåòñÿ

êëàñ- ñè÷åñêîå ìíîãîãðóïïîâîå ïðèáëèæåíèå, îäíàêî áóäóò îáñóæ-

äåíû è ïåðñïåêòèâû ïðèìåíåíèÿ ìåòîäà ëåáåãîâñêîãî îñðåäíåíèÿ,

õîðîøî çàðåêîìåíäîâàâøåãî ñåáÿ ïðè ðàñ÷åòå êëèìàòè÷åñêèõ çàäà÷

è óäàð- íûõ ñëîåâ îêîëî ñïóñêàåìûõ êîñìè÷åñêèõ àïïàðàòîâ.

Ïðèâåäåíû ïðèìåðû ðàñ÷åòîâ ýêñïåðèìåíòîâ îáëó÷åíèÿ ïåííûõ

ìèøåíåé, ïðîâåäåííûõ íà óñòàíîâêàõ PALS è LIL.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ

èññëåäîâàíèé, ãðàíò � 17-01-00914.
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e-mail: aristovaen�mail.ru,
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e-mail: astafurov.gleb�yandex.ru,
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e-mail: ale-shilkov�yandex.ru

Âõîæäåíèå êîñìè÷åñêîãî àïïàðàòà â ïëîòíûå ñëîè àòìîñ�åðû

ñîïðîâîæäàåòñÿ îáðàçîâàíèåì âûñîêîòåìïåðàòóðíîãî óäàðíîãî ñëîÿ,

â îïèñàíèè êîòîðîãî îãðîìíóþ ðîëü èãðàåò ïåðåíîñ ñîáñòâåííî-

ãî èçëó÷åíèÿ ïëàçìû. Íåëèíåéíàÿ ñèñòåìà óðàâíåíèÿ ïåðåíîñà è

óðàâíåíèÿ äëÿ ýíåðãèè âåùåñòâà ðåøàåòñÿ ìåòîäîì ïðîñòîé èòåðà-

öèè.

�åøåíèå ñòàöèîíàðíîãî óðàâíåíèÿ ïåðåíîñà (ïðè �èêñèðîâàí-

íûõ ÷àñòîòå è íàïðàâëåíèè èçëó÷åíèÿ) ïðîèçâîäèòñÿ íà ñåòêå èç

òåòðàýäðîâ ïî ñõåìå êîðîòêèõ õàðàêòåðèñòèê âòîðîãî ïîðÿäêà. Àë-

ãîðèòì âûáîðà ïîðÿäêà îáõîäà ÿ÷ååê äëÿ âûáðàííîãî óãëîâîãî íà-

ïðàâëåíèÿ îñíîâàí íà òåîðèè ãðà�îâ. Äëÿ äèñêðåòèçàöèè ïî óã-

ëàì èñïîëüçóåòñÿ ïîëíîñòüþ ñèììåòðè÷íàÿ êâàäðàòóðíàÿ �îðìóëà

Êàðëñîíà. Ïðè äèñêðåòèçàöèè ïî ýíåðãèÿì �îòîíîâ èññëåäîâàíà

ñõîäèìîñòü ìíîãîãðóïïîâîãî ïðèáëèæåíèÿ è ìåòîäà ëåáåãîâñêîãî

îñðåäíåíèÿ ïðè óâåëè÷åíèè ÷èñëà ãðóïï. Ïîêàçàíà áîëåå áûñòðàÿ

ñõîäèìîñòü ìåòîäà ëåáåãîâñêîãî îñðåäíåíèÿ, îñîáåííî äëÿ óäàðíî-

ãî ñëîÿ â âûñîêèõ ñëîÿõ àòìîñ�åðû. Ïîýòîìó äëÿ äèñêðåòèçàöèè

ïî ýíåðãèÿì �îòîíîâ èñïîëüçóåòñÿ ìåòîä ëåáåãîâñêîãî îñðåäíåíèÿ

ñïåêòðà.

Îáñóæäàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü çàäà÷è îáòåêàíèÿ ñïóñêà-

åìîãî àïïàðàòà. �àñìàòðèâàþòñÿ ðàçëè÷íûå ïîäõîäû ê ïîñòðîåíèþ

÷èñëåííûõ ìåòîäîâ è îñîáåííîñòåé èõ ðåàëèçàöèè íà ñîâðåìåííûõ

ìíîãîïðîöåññîðíûõ ÝÂÌ. Ïðîâåäåíû ðàñ÷åòû ïîëÿ èçëó÷åíèÿ íà

ãàçîäèíàìè÷åñêèõ ïîëÿõ â óäàðíîì ñëîå, ðàññ÷èòàííûõ äðóãèìè

àâòîðàìè.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ

èññëåäîâàíèé, ãðàíò � 17-01-00914.
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e-mail: alexsp3�yandex.ru

Ïóñòü A � ëèíåéíûé ïîëîæèòåëüíûé ñàìîñîïðÿæåííûé îïåðà-

òîð â ãèëüáåðòîâîì ïðîñòðàíñòâå X. Äëÿ óðàâíåíèÿ

utt +Au = f

ðàññìàòðèâàåòñÿ âàðèàöèîííîå íåðàâåíñòâî ñ îãðàíè÷åíèåì ϕ(u)6
γ, ñ íåêîòîðûì ëèíåéíûì �óíêöèîíàëîì ϕ. Óêàçûâàþòñÿ óñëîâèÿ
íà �óíêöèîíàë ϕ, ãàðàíòèðóþùèå åäèíñòâåííîñòü ðåøåíèÿ âàðè-

àöèîííîãî íåðàâåíñòâà. Ïðèâîäèòñÿ íåêîòîðàÿ îáùàÿ êîíñòðóêöèÿ

ïîñòðîåíèÿ ïðèìåðîâ íååäèíñòâåííîñòè. Â êà÷åñòâå ïðèìåðà â öè-

ëèíäðå Q = (0, T )× (0, 1) ðàññìàòðèâàþòñÿ âàðèàöèîííûå íåðàâåí-
ñòâà äëÿ óðàâíåíèé

utt − uxx = f

è

utt + uxxxx = f,

ñ îãðàíè÷åíèåì âèäà u(x0) 6 γ. Îêàçûâàåòñÿ, ÷òî äëÿ óðàâíåíèÿ

ñòðóíû èìååò ìåñòî åäèíñòâåííîñòü ðåøåíèÿ âàðèàöèîííîãî íåðà-

âåíñòâà, à äëÿ óðàâíåíèÿ áàëêè � íåò.

ÓÑËÎÂÈß ÏÎËÎÆÈÒÅËÜÍÎÑÒÈ ÎÏÅ�ÀÒÎ�ÎÂ

Ñ �ÀÇÍÎÑÒÍÛÌÈ ßÄ�ÀÌÈ Â �ÅÔËÅÊÑÈÂÍÛÕ
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×å÷åíñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò,

×å÷åíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (�îññèÿ, �ðîçíûé)

e-mail: askhabov�yandex.ru

Õîðîøî èçâåñòíî, ÷òî ïîëîæèòåëüíî-îïðåäåëåííûå �óíêöèè èã-

ðàþò îñíîâîïîëàãàþùóþ ðîëü ïðè ïîñòðîåíèè ãàðìîíè÷åñêîãî àíà-

ëèçà, â òåîðèè ëîêàëüíî-êîìïàêòíûõ ãðóïï è äðóãèõ ðàçäåëàõ ñî-

âðåìåííîé ìàòåìàòèêè. Ñ ïîíÿòèåì ïîëîæèòåëüíî-îïðåäåëåííîé

�óíêöèè òåñíî ñâÿçàíî ïîíÿòèå ïîëîæèòåëüíîãî îïåðàòîðà, èãðàþ-

ùåå âàæíóþ ðîëü ïðè èññëåäîâàíèè êàê ëèíåéíûõ, òàê è íåëèíåé-

íûõ èíòåãðàëüíûõ, äè��åðåíöèàëüíûõ è äèñêðåòíûõ óðàâíåíèé â
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áàíàõîâûõ ïðîñòðàíñòâàõ [1℄-[3℄. Ïîýòîìó ïðåäñòàâëÿåò íåñîìíåí-

íûé íàó÷íûé èíòåðåñ èçó÷åíèå âîïðîñîâ, ñâÿçàííûõ ñ íàõîæäåíèåì

íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé ïîëîæèòåëüíîñòè îïåðàòîðîâ,

ïîðîæäàþùèõ, â ÷àñòíîñòè, èçâåñòíûå äèñêðåòíûå, èíòåãðàëüíûå,

äè��åðåíöèàëüíûå è èíòåãðî-äè��åðåíöèàëüíûå óðàâíåíèÿ.

Â ìîíîãðà�èè [1, �10℄ äîêàçàíî, ÷òî äëÿ ïîëîæèòåëüíîñòè â

âåùåñòâåííîì ïðîñòðàíñòâå Ëåáåãà Lp(R), 1 < p ≤ 2, èíòåãðàëü-

íîãî îïåðàòîðà ñâåðòêè (Hu)(x) =

∫ ∞

−∞
h(x− t) u(t) dt íåîáõîäèìî

è äîñòàòî÷íî, ÷òîáû êîñèíóñ-ïðåîáðàçîâàíèå Ôóðüå ĥc(x) åãî ÿä-

ðà h(x) ∈ L1(R) ∩ Lp′/2(R), p
′ = p/(p − 1), áûëî íåîòðèöàòåëüíîé

�óíêöèåé íà ïîëîæèòåëüíîé ïîëóîñè [0,∞). Àíàëîãè÷íûé ðåçóëü-
òàò óñòàíîâëåí â [1, �28℄ è â ñëó÷àå ñîîòâåòñòâóþùèõ äèñêðåòíîãî

îïåðàòîðà ñâåðòêè (Gu)(x) =

∞∑

k=−∞
hn−k uk, ãäå k ∈ Z, è ïðîñòðàí-

ñòâà ℓp. Ýòè ðåçóëüòàòû èñïîëüçîâàíû â [1℄ ïðè èññëåäîâàíèè ðàç-

ëè÷íûõ êëàññîâ íåëèíåéíûõ èíòåãðàëüíûõ è äèñêðåòíûõ óðàâíå-

íèé òèïà ñâåðòêè â ïðîñòðàíñòâàõ Lp(R) è ℓp, ñîîòâåòñòâåííî.
Â äàííîé ðàáîòå íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ

ïîëîæèòåëüíîñòè ðàçëè÷íûõ êëàññîâ èíòåãðî-äè��åðåíöèàëüíûõ

îïåðàòîðîâ è ïðèâîäÿòñÿ ïðèìåðû, èëëþñòðèðóþùèå ïîëó÷åííûå

ðåçóëüòàòû. Â ÷àñòíîñòè, äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Ïóñòü 1 < p < ∞ è h(x) ∈ L1(R). Äëÿ òîãî, ÷òîáû

èíòåãðî-äè��åðåíöèàëüíûé îïåðàòîð ñâåðòêè

(Tu)(x) =

∫ ∞

−∞
h(x− t) u′(t) dt

áûë ïîëîæèòåëåí â ïðîñòðàíñòâå

Mp(R) = {u(x) : u(x) ∈ Lp(R), u
′(x) ∈ Lp′(R)} , p′ = p/(p− 1),

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü óñëîâèå:

∞∫

−∞

h(t) sin (x · t) dt ≥ 0, ∀x ∈ [0,∞).

Íàéäåííûå óñëîâèÿ ïîëîæèòåëüíîñòè îïåðàòîðîâ èñïîëüçóþòñÿ

ïðè äîêàçàòåëüñòâå òåîðåì î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðå-

øåíèÿ ñîîòâåòñòâóþùèõ íåëèíåéíûõ èíòåãðî-äè��åðåíöèàëüíûõ

óðàâíåíèé, ïîðîæäåííûõ ýòèìè îïåðàòîðàìè.
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Â äîêëàäå áóäåò ñîîáùåíî îá èññëåäîâàíèè çàäà÷è óïðàâëåíèÿ

êîëåáàíèÿìè îäíîìåðíîé óïðóãîé ñòðóíû äëèíû l â òå÷åíèå âðåìå-
íè T, îïèñûâàåìûå óðàâíåíèåì

uxx − utt = 0

â ïðÿìîóãîëüíèêå ΩT = [0 < x < l]× [0 < t < T ].
Íà ëåâîì è ïðàâîì êîíöå ñòðóíû çàäàþòñÿ íåëîêàëüíûå óñëîâèÿ

ñ ëîêàëüíûì ñìåùåíèåì

u(0, t) + a u(x0, t) = µ(t), 0 6 t 6 T,

u(l, t) + b u(x0, t) = ν(t), 0 6 t 6 T.

Çàäà÷à ñîñòîèò â íàõîæäåíèè òàêèõ óïðàâëåíèé µ(t) è ν(t), êî-
òîðûå çà ìèíèìàëüíûé ïðîìåæóòîê âðåìåíè T ïåðåâîäÿò ñòðóíó

èç ïðîèçâîëüíîãî íà÷àëüíîãî ñîñòîÿíèÿ

u(x, 0) = ϕ0(x), ut(x, 0) = ψ0(x), 0 6 x 6 l,

â ïðîèçâîëüíîå �èíàëüíîå ñîñòîÿíèå

u(x, T ) = ϕ1(x), ut(x, T ) = ψ1(x), 0 6 x 6 l.

Óñòàíîâëåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íà �óíêöèè

ϕ0(x), ψ0(x), ϕ1(x) è ψ1(x), îáåñïå÷èâàþùèå ñóùåñòâîâàíèå èñêî-
ìûõ ãðàíè÷íûõ óïðàâëåíèé µ(t) è ν(t). Íàéäåí èõ ÿâíûé àíàëèòè-
÷åñêèé âèä. Óñòàíîâëåíî çíà÷åíèå ìèíèìàëüíîãî âðåìåíè, â òå÷å-

íèå êîòîðîãî ýòî óïðàâëåíèå îñóùåñòâèìî.
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Â äàííîé ðàáîòå èññëåäîâàíà íà óñëîâíóþ êîððåêòíîñòü îäíà

çàäà÷à äëÿ áèãàðìîíè÷åñêîãî óðàâíåíèÿ â ïðÿìîóãîëüíèêå.

Çàäà÷à. Òðåáóåòñÿ íàéòè �óíêöèþ u(x, y), óäîâëåòâîðÿþùóþ
óñëîâèÿì:

∆2u(x, y) = 0, (x, y) ∈ D = { (x, y) : 0 < x < a, 0 < y < b } ;
∆u(x, b1) = f(x) , ∆u(x, 0) = 0, 0 < x < a;

u(x, 0) = u(x, b1) = 0, 0 ≤ x ≤ a;

u(0, y) = u(a, y) = 0, 0 ≤ y ≤ b; ∆u(0, y) = ∆u(a, y) = 0, 0 < y < b,

ãäå 0 < b1 < b, f(x) � çàäàííàÿ �óíêöèÿ, ∆−îïåðàòîð Ëàïëà
à.
Ïîêàæåì, ÷òî â ïîñòàâëåííîé çàäà÷å íå èìååò ìåñòà íåïðåðûâ-

íàÿ çàâèñèìîñòü ðåøåíèÿ îò äàííûõ. �àññìîòðèì �óíêöèþ

un(x, y) = εAn (y) sin
nπ

a
x, (1)

ãäå

An (y) =
y ch(nπ

a
y)sh(nπ

a
b1)− b1sh(

nπ
a
y)ch(nπ

a
b1)

2nπ
a
sh2(nπ

a
b1)

.

Ôóíêöèÿ un(x, y) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è ïðè f(x)=ε sin nπ
a
x.

Èç (1) ñëåäóåò, ÷òî äëÿ ëþáûõ êîíñòàíò 0 < ε < 1, c > 0 è

ïåðåìåííûõ ∀x ∈ (0, a), ∀y ∈ (b1, b) ìîæíî ïîäîáðàòü òàêèå ε è n,
÷òîáû âûïîëíÿëèñü íåðàâåíñòâà

‖∆un(x, b1)‖L2(0,a)
≤ ε , ‖un(x, y)‖L2(0, a)

> c.

Òåîðåìà. Åñëè �óíêöèÿ u(r, ϕ) óäîâëåòâîðÿåò ñîîòíîøåíèÿì:

‖u(x, b)‖L2(0, a)
≤M ‖∆u(x, b1)‖L2(0, a)

≤ ε,

òî âûïîëíÿåòñÿ íåðàâåíñòâî

‖u(x, y)‖L2(0,a)
≤ M

∣∣∣∣
Aλ(ε)(y)

Aλ(ε)(b)

∣∣∣∣ ,

ãäå λ (ε) � êîðåíü óðàâíåíèÿ |Aλ(b)| = M
ε
.
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e-mail: bmv22�rambler.ru

Â ðàáîòå ïðåäñòàâëåíà òðåõìåðíàÿ íåñòàöèîíàðíàÿ ÷èñëåííàÿ

ìîäåëü êîíâåêòèâíûõ îáëàêîâ ñ äåòàëüíûì îïèñàíèåì ãèäðîòåðìî-

äèíàìè÷åñêèõ, ìèêðî�èçè÷åñêèõ è ýëåêòðè÷åñêèõ ïðîöåññîâ, ïðè-

âåäåíû ðåçóëüòàòû èññëåäîâàíèé ýâîëþöèè òåðìîäèíàìè÷åñêèõ,

ìèêðîñòðóêòóðíûõ è ýëåêòðè÷åñêèõ ïàðàìåòðîâ. �èäðîòåðìîäèíà-

ìè÷åñêèé áëîê ìîäåëè ñîñòîèò èç óðàâíåíèé äâèæåíèÿ, îïèñûâà-

þùèõ âëàæíóþ êîíâåêöèþ â ïðèáëèæåíèè Áóññèíåñêà, â êîòîðûõ

ó÷èòûâàåòñÿ àäâåêòèâíûé è òóðáóëåíòíûé ïåðåíîñ, ñèëû ïëàâó÷å-

ñòè, òðåíèÿ è áàðè÷åñêèõ ãðàäèåíòîâ. Óðàâíåíèÿ ìèêðî�èçè÷åñêî-

ãî áëîêà îïèñûâàþò ïðîöåññû íóêëåàöèè, êîíäåíñàöèè, êîàãóëÿöèè,

ñóáëèìàöèè, àêêðåöèè, àãðåãàöèè, çàìåðçàíèÿ êàïåëü, îñàæäåíèÿ

îáëà÷íûõ ÷àñòèö â ïîëå ñèëû òÿæåñòè, èõ ïåðåíîñ âîçäóøíûìè ïî-

òîêàìè, à òàêæå âçàèìîäåéñòâèå îáëà÷íûõ ÷àñòèö ïîä âëèÿíèåì

ýëåêòðè÷åñêîãî ïîëÿ îáëàêà.

Äëÿ ðàñ÷åòà ýëåêòðè÷åñêîãî çàðÿäà è ïîëÿ îáëàêà àïïðîêñè-

ìèðîâàíû ýêñïåðèìåíòàëüíûå çàâèñèìîñòè âûáðîñîâ ìèêðî÷àñòèö

îò ðàçìåðà çàìåðçàþùåé êàïëè è çíà÷åíèé êîý��èöèåíòîâ ðàçäå-

ëåíèÿ çàðÿäîâ, ñâÿçàííûõ ñ çàìåðçàíèåì êàïåëü âîäû è âçàèìî-

äåéñòâèåì êðèñòàëëîâ ñ ïåðåîõëàæäåííûìè êàïëÿìè. Ïðè ýòîì íà

êàæäîì âðåìåííîì øàãå ðàññ÷èòûâàþòñÿ îáúåìíûå çàðÿäû â îáëà-

êå, ïîòåíöèàë ýëåêòðîñòàòè÷åñêîãî ïîëÿ, ñîçäàâàåìîãî ýòèìè çàðÿ-

äàìè, à òàêæå ãîðèçîíòàëüíûå è âåðòèêàëüíàÿ ñîñòàâëÿþùèå íà-

ïðÿæåííîñòè ýëåêòðè÷åñêîãî ïîëÿ îáëàêà Ex,Ey, Ez.
Íà îñíîâå ðàçðàáîòàííîé ìîäåëè ïðîâåäåíû ÷èñëåííûå ýêñïåðè-

ìåíòû ïî èññëåäîâàíèþ �îðìèðîâàíèÿ êîíâåêòèâíûõ îáëàêîâ ïðè

ðàçëè÷íûõ ñòðàòè�èêàöèÿõ àòìîñ�åðû è ñòðóêòóð ïîëÿ ñêîðîñòè

âåòðà â àòìîñ�åðå. Îïðåäåëåíû òåðìîäèíàìè÷åñêèå è ìèêðîñòðóê-

òóðíûå ïàðàìåòðû â çîíå ìîùíîãî êîíâåêòèâíîãî îáëàêà. Ñèñòåìà

óðàâíåíèé ìîäåëè ðåøàëàñü ìåòîäîì ðàñùåïëåíèÿ ïî �èçè÷åñêèì

ïðîöåññàì è ïîêîìïîíåíòíîãî ðàñùåïëåíèÿ.
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�àññìàòðèâàåòñÿ ñèñòåìà äè��åðåíöèàëüíûõ óðàâíåíèé:

uktt(x, t) = akukxx(x, t)− bkuikt (x, t)+ vk(x, t), x ∈ (0, lk), t ∈ (0, T ], (1)

ãäå uk(x, t), k = 1, ..., L,� íåïðåðûâíî-äè��åðåíöèðóåìûå �óíêöèè
ïðè x ∈ [0, lk], t ∈ (t0, T ], îïðåäåëÿþùèå �àçîâîå ñîñòîÿíèå ïðîöåñ-
ñà, lk > 0 � çàäàíû, ak, bk � çàäàííûå ïîëîæèòåëüíûå âåëè÷èíû;

vk(x, t) � îïòèìèçèðóåìàÿ âåêòîð-�óíêöèÿ óäîâëåòâîðÿþùàÿ òåõ-

íîëîãè÷åñêèì îãðàíè÷åíèÿì. �åøåíèÿ uk(x, t), k = 1, .., L, ñâÿçàíû
òîëüêî êðàåâûìè óñëîâèÿìè âèäà:

Pu(l, t)−Qu(0, t) = Rϕ(t) t ∈ [0, T ]. (2)

Çäåñü ϕ(t) � çàäàííàÿ íåïðåðûâíàÿ 2L− ìåðíàÿ âåêòîð-�óíêöèÿ;

P,Q � çàäàííûå ñëàáî çàïîëíåííûå êâàäðàòíûå ìàòðèöû ðàçìåð-

íîñòè 2L × 2L: rang(P,Q) = 2L; R � çàäàííûé 2L-ìåðíûé âåêòîð.

Áóäåì ïðåäïîëàãàòü, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè t0 çàäàíû
ìíîæåñòâà U = {Û1, ..., ÛL} âîçìîæíûõ çíà÷åíèé íà÷àëüíûõ ñîñòî-
ÿíèé uk(x, t0) = ûk(x) ∈ Ûk, x ∈ (0, lk), k = 1, ..., L, ñ ñîîòâåòñòâóþ-
ùèìè �óíêöèÿìè ïëîòíîñòè ðàñïðåäåëåíèÿ µÛk(ûk(x)).

Çàäà÷à çàêëþ÷àåòñÿ â íàõîæäåíèè òàêèõ óïðàâëÿþùèõ âåêòîð-

�óíêöèé v(x, t) = (v1(x, t), ..., vL(x, t)),t ∈ [t0, T ], ïðè êîòîðûõ íåêî-
òîðûé çàäàííûé �óíêöèîíàë â ñðåäíåì ïî âñåì âîçìîæíûì íà÷àëü-

íûì óñëîâèÿì èç ìíîæåñòâà U èìååò ìèíèìàëüíîå çíà÷åíèå. Ôóíê-

öèîíàë îïðåäåëåí íà èíòåðâàëå âðåìåíè [τ, T ], íà êîòîðîì ñîñòîÿ-

íèå ïðîöåññà óæå íå çàâèñèò îò íà÷àëüíûõ óñëîâèé. �àñ÷åòíûå çíà-

÷åíèÿ ïó÷êà �àçîâûõ ñîñòîÿíèé îïðåäåëÿþòñÿ èç ðåøåíèÿ êðàåâîé

çàäà÷è ïðè ðàçëè÷íûõ êîíêðåòíûõ âîçìîæíûõ íà÷àëüíûõ óñëîâè-

ÿõ (Û) è çàäàííûõ äîïóñòèìûõ çíà÷åíèÿõ îïòèìèçèðóåìûõ �óíê-

öèé vk(x, t). Ïîëó÷åíû �îðìóëû äëÿ êîìïîíåíò ãðàäèåíòà �óíêöè-

îíàëà ïî îïòèìèçèðóåìûì âåêòîð-�óíêöèÿì, ïðîâåäåíû ÷èñëåííûå

ýêñïåðèìåíòû.
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ÌÅÒÎÄ �ÀÇÂÅ�ÒÊÈ ÓÇËÀ ÒÅ�ÌÈÍÀËÜÍÎÉ ÑÅÒÈ

Â ÎÏÒÈÌÀËÜÍÓÞ ÓÇËÎÂÓÞ ÑÅÒÜ ØÒÅÉÍÅ�À


© Áàãîâ Ì.À.

1
, Êóäàåâ Â.×.

2

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ �ÀÍ

(�îññèÿ, Íàëü÷èê)

1
e-mail: maratniipma�mail.ru,

2
e-mail: iipru�rambler.ru

Â [1,2℄ ïðåäñòàâëåí ïîäõîä ê ïîñòðîåíèþ �-îïòèìàëüíîé ïîòîêî-

âîé ñåòè Øòåéíåðà. Âàæíîé ÷àñòüþ ýòîãî ïîäõîäà ÿâëÿåòñÿ ïðåîá-

ðàçîâàíèå èñõîäíîé îïòèìàëüíîé òåðìèíàëüíîé ñåòè â ñåòü Øòåé-

íåðà íà îñíîâå ðàçâåðòêè óçëîâ òåðìèíàëüíîé ñåòè (ÓÒÑ) â óçëîâûå

ñòðóêòóðû Øòåéíåðà (ÓÑØ). Ñóòü ïðåäñòàâëÿåìîãî çäåñü ìåòîäà

ðàññìîòðèì íà ïðèìåðå ðàçâåðòêè óçëà òèïà ¾èñòî÷íèê � óçåë �äâà

ñòîêà¿ (�èñ.1à). Íà ðèñ.1 âåðøèíà 1- èñòî÷íèê, âåðøèíà 2 � óçåë,

âåðøèíû 3,4 � ñòîêè. Â äàííîì ñëó÷àå ñëåäóåò ðàññìîòðåòü îïòè-

ìèçàöèþ êîîðäèíàò äâóõ òî÷åê Øòåéíåðà (x5, y5), (x6, y6) íà 2-õ

àëüòåðíàòèâíûõ ÓÑØ (�èñ.1 á, â):

�èñ.1 Óçåë òåðìèíàëüíîé ñåòè è ñîîòâåòñòâóþùèå åìó óçëîâûå ñòðóêòóðû

Øòåéíåðà.

Çàäà÷à ïîñòðîåíèÿ îïòèìàëüíîé óçëîâîé ñåòè Øòåéíåðà ñîñòî-

èò â îïðåäåëåíèè íà êàæäîì èç îñòîâíûõ ãåîìåòðè÷åñêèõ ãðà�îâ

Γ1 è Γ2, îòðàæàþùèõ àëüòåðíàòèâíûå ÓÑØ, îïòèìàëüíûõ êîîðäè-

íàò òî÷åê (x5, y5), (x6, y6) è âûäåëåíèè èç îïòèìàëüíûõ ðåøåíèé íà
ñòðóêòóðàõ íàèëó÷øåãî:

F = min





min
∑

ij∈�1
f(q1ij)

√(
x1i − x1j

)2
+
(
y1i − y1j

)2

min
∑

ij∈�2
f(q2ij)

√(
x2i − x2j

)2
+
(
y2i − y2j

)2
,

(1)

ãäå F îòðàæàåò çàòðàòû íà ñîçäàíèå è ýêñïëóàòàöèþ ñåòè, qij �

âåëè÷èíó ïîòîêîâ ïî âåòâÿì ãðà�îâ (�1, �2), f(qij) - óäåëüíóþ ñòî-

èìîñòü ïîòîêà ïî (i,j)-é âåòâè, xi, yi � êîîðäèíàòû i-é âåðøèíû ñåòè.
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Âåðõíèå èíäåêñû 1 è 2 ïðè ïåðåìåííûõ è ïàðàìåòðàõ ñîîòâåòñòâó-

þò ãðà�ó Γ1 è Γ2. Äëÿ ðåøåíèÿ çàäà÷è ðàçâåðòûâàíèÿ ÓÒÑ â îï-

òèìàëüíûå ÓÑØ ðàçðàáîòàíà ïðîãðàììà äëÿ ÝÂÌ íà ÿçûêå C#,

ÿâëÿþùàÿñÿ ÷àñòüþ ñîçäàâàåìîé ïðîãðàììíîé ñèñòåìû ïîñòðîåíèÿ

�-îïòèìàëüíîé ïîòîêîâîé ñåòè Øòåéíåðà. Íèæå ïðåäñòàâëåíî îï-

òèìàëüíîå ðåøåíèå çàäà÷è.

�åçóëüòàòû ðàçâåðòêè óçëà â îïòèìàëüíóþ óçëîâóþ ñòðóê-

òóðó Øòåéíåðà

�

âåðø.

X Y Ïîòðåá. â

âåðøèíå

Ñòîêè Ïîòîêè Ñòîèìîñòü

ñåòè

(îòí.

åä.)

1 300 396 0 5 3 1352,22

2 653 522 1 0 0

3 700 80 1 0 0

4 1000 465 1 0 0

5 497,51 390,26 0 3;6 1;2

6 649,16 503,94 0 2;4 1;1

Çàòðàòû íà ñîçäàíèå è ýêñïëóàòàöèþ ÓÑØ (á) ñîñòàâëÿþò 0,94

îò çàòðàò íà ÓÒÑ (à).
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Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ �ÀÍ

(�îññèÿ, Íàëü÷èê)

e-mail: maratniipma�mail.ru

Â [1, 2℄ ïðåäñòàâëåí ïîäõîä ê ïîñòðîåíèþ ïîòîêîâîé ñåòè Øòåé-

íåðà. Âàæíîé ÷àñòüþ ýòîãî ïîäõîäà ÿâëÿåòñÿ ïðåîáðàçîâàíèå èñ-

õîäíîé îïòèìàëüíîé òåðìèíàëüíîé ñåòè â ñåòü Øòåéíåðà íà îñíî-

âå ðàçâåðòêè óçëîâ òåðìèíàëüíîé ñåòè (ÓÒÑ) â óçëîâûå ñòðóêòóðû

Øòåéíåðà (ÓÑØ). Ïðè ýòîì óçëû òèïà ¾èñòîê � óçåë � ñòîê¿, ¾èñ-

òîê � óçåë �äâà ñòîêà¿, ¾èñòîê � óçåë � òðè ñòîêà¿ ðàçâåðòûâàþòñÿ,

ñîîòâåòñòâåííî, â îäíó, äâå è âîñåìü àëüòåðíàòèâíûõ ÓÑØ. Íèæå
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ïðåäñòàâëåíà áëîê-ñõåìà àëãîðèòìà ðàçâåðòêè. Àëãîðèòì îñíîâàí

íà ãåíåðàöèè àëüòåðíàòèâíûõ ÓÑØ, ðåøåíèè íà êàæäîé èç íèõ çà-

äà÷è îïòèìèçàöèè êîîðäèíàò òî÷åê Øòåéíåðà, îòáîðå èç ïîëó÷åí-

íûõ îïòèìàëüíûõ ðåøåíèé íà àëüòåðíàòèâíûõ ÓÑØ íàèëó÷øåé.

Íèæå ïðåäñòàâëåíî ðåøåíèå çàäà÷è ðàçâåðòêè äëÿ óçëà òèïà

¾èñòîê-óçåë-äâà ñòîêà¿ ïðîãðàììíîé ñèñòåìîé.

�åçóëüòàòû ðàçâåðòêè óçëà â îïòèìàëüíóþ óçëîâóþ ñòðóê-

òóðó Øòåéíåðà

�

âåðø.

X Y Ïîòðåá. â

âåðøèíå

Ñòîêè Ïîòîêè Ñòîèìîñòü

ñåòè

(îòí.

åä.)

1 300 396 0 5 3 1352,22

2 653 522 1 0 0

3 700 80 1 0 0

4 1000 465 1 0 0

5 497,51 390,26 0 3;6 1;2

6 649,16 503,94 0 2;4 1;1

Çàòðàòû íà ÓÑØ (á) ñîñòàâëÿþò 0,94 îò çàòðàò íà ñîçäàíèå ÓÒÑ

(à).
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Íà åâêëèäîâîé ïëîñêîñòè íåçàâèñèìûõ ïåðåìåííûõ x è y ðàñ-

ñìàòðèâàåòñÿ óðàâíåíèå

|y|luxx − uyy + a|y|l/2−1ux = 0, (1)

ãäå l = m > 0 ïðè y > 0 è l = n > 0 ïðè y < 0 (m 6= n), a � çàäàííûå
÷èñëà, ïðè÷åì |a| ≤ min{m, n}/2; u = u(x, y) � èñêîìàÿ �óíêöèÿ.

Óðàâíåíèå (1) ðàññìàòðèâàåòñÿ â êîíå÷íîé îäíîñâÿçíîé îáëàñòè Ω,

îãðàíè÷åííîé õàðàêòåðèñòèêàìè AC1 : x − 2
m+2

(−y)(m+2)/2 = 0,

C1B : x + 2
m+2

(−y)(m+2)/2 = r, AC2 : x − 2
n+2

y(n+2)/2 = 0, C2B :

x + 2
n+2

y(n+2)/2 = r óðàâíåíèÿ (1); Ω1 = Ω ∩ {y > 0}, Ω2 = Ω ∩
{y < 0}; J = {(x, y) : 0 < x < r, y = 0}. �åãóëÿðíûì â îáëàñòè Ω

ðåøåíèåì óðàâíåíèÿ (1) íàçîâåì ðåøåíèå u = u(x, y) èç êëàññà

C
(
Ω̄
)
∩ C1 (Ω) ∩ C2 (Ω1 ∪ Ω2) , ux, uy ∈ L(J).

Çàäà÷à 1. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå u = u(x, y)
óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì:

u(x, y) = ψ1(x) ∀ (x, y) ∈ AC1,

u(x, y) = ψ2(x) ∀ (x, y) ∈ C2B,

ãäå ψ1(x) ∈ C1[0, r/2], ψ2(x) ∈ C1[r/2, r] - çàäàííûå �óíêöèè. Ïðè

a = 0 çàäà÷à 1 èññëåäîâàíà â ðàáîòå [1℄. Â äàííîé ðàáîòå äîêàçàíà

òåîðåìà î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåãóëÿðíîãî ðåøåíèÿ

çàäà÷è 1.

Ëèòåðàòóðà
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Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà (Óçáåêèñòàí, Òàøêåíò)

e-mail: umida_baltayeva�mail.ru

Ïóñòü Ω1 � îáëàñòü, îãðàíè÷åííàÿ îòðåçêàìè AB, BB0, AA0,
A0B0 ïðÿìûõ y = 0, x = 1, x = 0, y = h ñîîòâåòñòâåííî ïðè y > 0;
Ω2 � õàðàêòåðèñòè÷åñêèé òðåóãîëüíèê, îãðàíè÷åííûé îòðåçêîì AB
îñè Ox è äâóìÿ õàðàêòåðèñòèêàìè AC : x+ y = 0, BC : x− y = 1
ïðè y < 0, Ω = Ω1 ∪ Ω2 ∪ AB.

Â îáëàñòè Ω ðàññìîòðèì ëèíåéíîå íàãðóæåííîå [1℄ óðàâíåíèå

∂

∂x
(Lu) = µ

n∑

i=1

aiD
αi
0x[uy(x, 0)− u(x, 0)], (1)

ãäå Lu ≡ uxx − 1−sgn y
2

uyy − 1+sgn y
2

uy − λu , Dαi
0x− îïåðàòîð äðîáíî-

ãî (â ñìûñëå �èìàíà-Ëèóâèëëÿ) èíòåãðèðîâàíèÿ ïîðÿäêà αi ïðè

αi < 0 è äðîáíîãî äè��åðåíöèðîâàíèÿ ïîðÿäêà αi ïðè 0 < αi < 1,
êîý��èöèåíòû ai = ai(x), λ, µ− äåéñòâèòåëüíûå ïîñòîÿííûå.

Çàäà÷à T. Òðåáóåòñÿ íàéòè �óíêöèþ u(x, y), îáëàäàþùóþ ñëå-

äóþùèìè ñâîéñòâàìè: 1) u(x, y) ∈ C(Ω̄) ∩ C1(Ω); 2) ux(uy) íåïðå-
ðûâíà âïëîòü äî AA0 ∪AC (AC); 3) u(x, y) ÿâëÿåòñÿ ðåãóëÿðíûì
ðåøåíèåì óðàâíåíèÿ (1) â îáëàñòÿõ Ω1 è Ω2; 4) u(x, y) óäîâëåòâî-
ðÿåò êðàåâûì óñëîâèÿì

u(x, y)|AA0
= ϕ1(y), u(x, y)|BB0

= ϕ2(y), ux(x, y)|AA0
= ϕ3(y), (2)

u(x, y)|AC = ψ1(x),
∂u(x, y)

∂n

∣∣∣∣
AC

= ψ2(x), 0 6 x 6
1

2
, (3)

ãäå ϕ1(y), ϕ2(y), ϕ3(y), ψ1(x) è ψ2(x) � çàäàííûå �óíêöèè, ïðè÷åì

ϕ1(0) = ψ1(0).
Òåîðåìà. Åñëè λ > 0, ai = ai(x) ∈ C1[0, 1] ∩ C3(0, 1) è âûïîë-

íåíû óñëîâèÿ ϕj(y) ∈ C1 [0, 1], (j = 1, 2), ϕ3(y) ∈ C [0, 1] ∩ C1(0, 1),
ψ1(x) ∈ C1[0, 1/2] ∩ C3 (0, 1/2) , ψ2(x) ∈ C[0, 1/2] ∩ C2 (0, 1/2) , òî â
îáëàñòè Ω ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è T.

Îäíîçíà÷íàÿ ðàçðåøèìîñòü ïîñòàâëåííîé çàäà÷è äîêàçûâàåòñÿ

ñ ïîìîùüþ òåîðèè èíòåãðàëüíûõ óðàâíåíèé.

45



Ëèòåðàòóðà

1. Íàõóøåâ À.Ì. Óðàâíåíèÿ ìàòåìàòè÷åñêîé áèîëîãèè. Ì.: Âûñøàÿ øêîëà,

1995. 301 ñ.

Ê ÎÏÈÑÀÍÈÞ ÒÅÌÏÅ�ÀÒÓ�ÍÎÉ È ÁÀ�È×ÅÑÊÎÉ

ÇÀÂÈÑÈÌÎÑÒÈ ÒÅÏËÎÏ�ÎÂÎÄÍÎÑÒÈ ÌÅ��ÅËß


© Áåéáàëàåâ Â.Ä.

1,2
, Ýìèðîâ Ñ.Í.

1
, Àëèâåðäèåâ À.À.

1,2
,

Àìèðîâà À.À.

3
, Ýìèðîâ Ñ.Í.

3

1
Èíñòèòóò ïðîáëåì ãåîòåðìèè ÄÍÖ �ÀÍ (�îññèÿ, Ìàõà÷êàëà)

2
Äàãåñòàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (�îññèÿ, Ìàõà÷êàëà)

3
Èíñòèòóò �èçèêè ÄÍÖ �ÀÍ (�îññèÿ, Ìàõà÷êàëà)

e-mail: kaspij_03�mail.ru

Ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ ïðè âûñîêèõ òåìïåðàòóðàõ è

äàâëåíèÿõ ïîçâîëÿþò âûÿñíÿòü çàêîíîìåðíîñòè èçìåíåíèÿ ïðîöåñ-

ñîâ òåïëîïåðåíîñà â ìíîãîêîìïîíåíòíûõ ñðåäàõ, ê êàêîâûì, â ÷àñò-

íîñòè, îòíîñÿòñÿ ãîðíûå ïîðîäû, è âûÿâëÿòü ñâÿçè ðàñïðåäåëåíèÿ

òåìïåðàòóð è ïëîòíîñòè òåïëîâîãî ïîòîêà ñ ãåîòåêòîíè÷åñêèì ñòðî-

åíèåì çåìíîé êîðû êîíêðåòíîãî ðåãèîíà. Èçó÷åíèå òåïëî�èçè÷å-

ñêèõ ñâîéñòâ ãîðíûõ ïîðîä ÿâëÿåòñÿ ïðåäìåòîì ãåî�èçè÷åñêèõ èñ-

ñëåäîâàíèé è èìååò áîëüøîå çíà÷åíèå äëÿ ïîíèìàíèÿ ïðèðîäû òåð-

ìîäèíàìè÷åñêèõ è �èçèêî-õèìè÷åñêèõ ïðîöåññîâ.

Íà îñíîâå ýêñïåðèìåíòàëüíûõ èçìåðåíèé, ïðîâåäåííûõ ñòàöèî-

íàðíûì ìåòîäîì, ïîëó÷åíû äàííûå î âëèÿíèè òåìïåðàòóðû 273-523

Ê è äàâëåíèÿ äî 400 ÌÏà íà òåïëîïðîâîäíîñòü îáðàçöîâ ìåðãåëÿ.

Ïîëó÷åíî óðàâíåíèå, îïèñûâàþùåå çàâèñèìîñòü òåïëîïðîâîäíîñòè

ìåðãåëÿ îò äàâëåíèÿ è òåìïåðàòóðû âèäà

λ = λ0

(
P

P0

)α(
T

T0

)β

, (1)

ãäå λ0 = 1.63 Âò/(ì·Ê) êîý��èöèåíò òåïëîïðîâîäíîñòè ïðè P0 =
0.1 ÌÏà, T0 = 273K, α = 0.033, β = 0.329 - ïîñòîÿííûå îïðåäå-

ëåííûå îïûòíûì ïóòåì. Ïîñëå ïîñòàíîâêè ïîñòîÿííûõ α, β è íà-

÷àëüíûõ çíà÷åíèé òåìïåðàòóðû, òåïëîïðîâîäíîñòè è äàâëåíèÿ â (1)

óðàâíåíèå ïðèìåò âèäà

λ = 0.277 · P 0.033 · T 0.329. (2)

Ïîëó÷åííîå óðàâíåíèå (2) ïîçâîëÿåò îïðåäåëèòü òåïëîïðîâîäíîñòü

ãàçîíàñûùåííîãî ìåðãåëÿ â çàâèñèìîñòè îò òåìïåðàòóðû è äàâëå-

íèÿ, ÷òî ïîìîæåò ìîäåëèðîâàíèþ ïðîöåññîâ òåïëîïåðåíîñà è ïðî-

ãíîçèðîâàíèþ ãëóáèííûõ òåìïåðàòóð.
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�àáîòà ÷àñòè÷íî ïîääåðæàíà ãðàíòîì �ÔÔÈ, ïðîåêò � 16-08-00067 à.
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ÍÀ��ÓÆÅÍÍÎ�Î Ó�ÀÂÍÅÍÈß ÌÀÊÊÅÍÄ�ÈÊÀ �

ÔÎÍ ÔÅ�ÑÒÅ�À Ñ ÎÏÅ�ÀÒÎ�ÎÌ ÊÀÏÓÒÎ


© Áåðåçãîâà �.Ç.

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ �ÀÍ
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Â îáëàñòè Ω = {(x, t) : 0 < x < l, 0 < t < T} ðàññìîòðèì

ñëåäóþùåå óðàâíåíèå

ux + ∂α
0tu+ µ(x, t)u+

m∑

i=1

µi(x, t)u(xi, t) = 0, (1)

ãäå ∂α
0t � îïåðàòîð Êàïóòî ïîðÿäêà α ∈]0, 1] [1, ñ. 11℄. Óðàâíåíèå

(1) ÿâëÿåòñÿ íåëîêàëüíûì è îíî îòíîñèòñÿ ê êëàññó íàãðóæåííûõ

äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïî-

ðÿäêà. Ïðè α = 1, µi(x, t) ≡ 0, ∀ i = 1, m óðàâíåíèå (1) íîñèò

íàçâàíèå óðàâíåíèÿ íåðàçðûâíîñòè Ìàêêåíäðèêà � �îí Ôåðñòåðà

[2, 
. 244℄.

Äëÿ èçó÷åíèÿ äèíàìèêè ÷èñëåííîñòè ïîïóëÿöèè ïðèñîåäèíèì ê

óðàâíåíèþ (1) óðàâíåíèå ðîæäàåìîñòè

u(0, t) =

l∫

0

β(ξ, t)u(ξ, t)dξ, 0 ≤ t ≤ T, (2)

è çàäàäèì íà÷àëüíîå ðàñïðåäåëåíèå ïîïóëÿöèè ïî âîçðàñòàì

u(x, 0) = τ(x), 0 ≤ x ≤ l. (3)
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Ôóíêöèÿ u = u(x, t) èíòåðïðåòèðóåòñÿ êàê ÷èñëåííîñòü ïîïóëÿöèè
âîçðàñòà x ∈ [0, l] â ìîìåíò âðåìåíè t ∈ [0, T ], µ(x, t) � êîý��èöè-

åíò ñìåðòíîñòè,

m∑
i=1

µi(x, t)u(xi, t) � õàðàêòåðèçóåò èçúÿòèå èç ïîïó-

ëÿöèè â êàæäûé ìîìåíò âðåìåíè t îñîáåé âîçðàñòîâ x1, x2, ..., xm,
l � ïðåäåëüíûé âîçðàñò, β(x, t) ∈ C([0, l] × [0, T ]) � êîý��èöèåíò

ðîæäàåìîñòè, τ(x) ∈ C[0, l] � çàäàííàÿ �óíêöèÿ.
Â ðàáîòå èññëåäîâàíà ñëåäóþùàÿ

Çàäà÷à. Íàéòè ðåøåíèå u(x, t) ∈ C(Ω) óðàâíåíèÿ (1), óäîâëå-

òâîðÿþùåå óñëîâèÿì (2)-(3).

Çàäà÷à (2)�(3) äëÿ óðàâíåíèÿ (1) ïðè α = 1, m = 1, µ1(x, t) = λ0
èññëåäîâàíà â ðàáîòå [3℄.

Ëèòåðàòóðà
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â ñîâðåìåííîì ìèðå. 2014. � 25. Ñ. 17-26.
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Ä�ÎÁÍÎÉ Ï�ÎÈÇÂÎÄÍÎÉ �ÈÌÀÍÀ-ËÈÓÂÈËËß


© Áåøòîêîâ Ì.Õ.

Êàáàðäèíî-Áàëêàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Õ.Ì. Áåðáåêîâà

(�îññèÿ, Íàëü÷èê)

e-mail: beshtokov_murat�rambler.ru

Â çàìêíóòîì öèëèíäðå QT = {(x, t) : 0 ≤ x ≤ l, 0 ≤ t ≤ T}
ðàññìîòðèì ñëåäóþùóþ íåëîêàëüíóþ êðàåâóþ çàäà÷ó

Dα
0tu =

1

xm
∂

∂x

(
xmk(x, t)

∂u

∂x

)
+

1

xm
Dα

0t

∂

∂x

(
xmη(x)

∂u

∂x

)
+

+r(x, t)
∂u

∂x
− q(x, t)u+ f(x, t), 0 < x < l, 0 < t ≤ T, (1)

lim
x→0

xmΠ(x, t)
(
x, t
)
= 0, 0 ≤ t ≤ T, (2)
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−Π (l, t) = β(t)u(l, t) +Dα
0tu(l, τ)− µ(t), (3)

Dα−1
0t (x, 0) = u0(x), 0 ≤ x ≤ l, (4)

ãäå Dα
0tu = 1

Γ(1−α)
d
dt

t∫
0

u(x,τ)
(t−τ)α

dτ � äðîáíàÿ ïðîèçâîäíàÿ â ñìûñëå �è-

ìàíà-Ëèóâèëëÿ ïîðÿäêà α, 0 < α < 1,

0 < c0 ≤ k(x, t), η(x), q(x, t), r(x, t), rx(x, t) ≤ c1, 1 ≤ m ≤ 2, (5)

ηt, kt, qt, r(l, t), r(0, t), βt ≤ 0, β ≥ c0 > 0,Π(x, t) = kux +Dα
0t(ηux).

Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ (5), òîãäà äëÿ ðåøåíèÿ äè�-

�åðåíöèàëüíîé çàäà÷è (1)�(4) ñïðàâåäëèâà àïðèîðíàÿ îöåíêà

‖xm
2 U‖20 + ‖xm

2 Ux‖20 ≤

≤M

(∫ t

0

(
‖xm

2 f‖20+µ2(t)
)
dτ+‖xm

2 u0(x)‖20+‖xm
2 u′0(x)‖20+U2(l, 0)

)
,

ãäå M � çàâèñèò òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (1)�(4).

Èç îöåíêè ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ çà-

äà÷è (1)�(4) ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè.

ËÎÊÀËÜÍÎ-ÎÄÍÎÌÅ�ÍÀß ÑÕÅÌÀ ÄËß

ÏÀ�ÀÁÎËÈ×ÅÑÊÎ�Î Ó�ÀÂÍÅÍÈß ÎÁÙÅ�Î ÂÈÄÀ

Ñ ÍÅËÎÊÀËÜÍÛÌ ÈÑÒÎ×ÍÈÊÎÌ
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�àññìàòðèâàåòñÿ ëîêàëüíî-îäíîìåðíàÿ ñõåìà äëÿ óðàâíåíèÿ ïàðà-

áîëè÷åñêîãî òèïà îáùåãî âèäà â p-ìåðíîì ïàðàëëåëåïèïåäå. Ïîëó-

÷åíà àïðèîðíàÿ îöåíêà äëÿ ðåøåíèÿ ëîêàëüíî-îäíîìåðíîé ñõåìû,

è äîêàçàíà å¼ ñõîäèìîñòü.

Íåëîêàëüíîé êðàåâîé çàäà÷å äëÿ óðàâíåíèÿ ïàðàáîëè÷åñêîãî òè-

ïà â ð-ìåðíîì ïàðàëëåëåïèïåäå ïîñâÿùåíû ðàáîòû [1,2℄.

Â öèëèíäðå QT = G× (0, T ], îñíîâàíèåì êîòîðîãî ÿâëÿåòñÿ ïðÿ-

ìîóãîëüíûé ïàðàëëåëåïèïåä G = {x = (x1, x2, ..., xp) : 0 < xα < lα,
α = 1, 2, ..., p} ñ ãðàíèöåé Γ, ðàññìàòðèâàåòñÿ çàäà÷à

∂u

∂t
= Lu+ f(x, t), u|Γ = 0, u(x, 0) = u0(x),
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ãäå 0 < c0 ≤ kα(x, t) ≤ c1, |rα(x, t)|, |qα(x, t)| ≤ c2, Lu =
p∑

α=1

Lαu,

Lαu =
∂

∂xα

(
kα(x, t)

∂u

∂xα

)
+ rα(x, t)

∂u

∂xα
− qα(x, t)u−

∫ lα

0

udxα.

Äëÿ ðåøåíèÿ ñîîòâåòñòâóþùåé ðàçíîñòíîé çàäà÷è ïîëó÷åíà îöåíêà

‖yj+1‖2L2(ωh)
+

j∑

j′=0

τ

p∑

α=1

‖yx̄α ]|2L2(ωh)
≤

≤M(t)

[
j∑

j′=0

τ

p∑

α=1

‖ϕj′+α
p ‖2L2(ωh)

+ ‖y0‖2L2(ωh)

]
,

îòêóäà ñëåäóåò ñõîäèìîñòü ñõåìû ñî ñêîðîñòüþ O(|h|2+ τ), |h|2 =
p∑

α=1

h2α.
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Ñ ÎÏÅ�ÀÒÎ�ÀÌÈ ÄÆ�ÁÀØßÍÀ-ÍÅ�ÑÅÑßÍÀ


© Áîãàòûðåâà Ô.Ò.

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ �ÀÍ

(�îññèÿ, Íàëü÷èê)

e-mail: fatima_bogatyreva�bk.ru

Îïåðàòîð äðîáíîãî äè��åðåíöèðîâàíèÿ ïîðÿäêà α, àññîöèèðî-
âàííûé ñ ïîñëåäîâàòåëüíîñòüþ {γk}n0 ≡ {γ0, γ1, ..., γn} íàçûâàåòñÿ

îïåðàòîðîì Äæðáàøÿíà�Íåðñåñÿíà è îïðåäåëÿåòñÿ ñîîòíîøåíèåì

[1℄

D
{γ0,γ1,...,γn}
0x u(x) = Dγn−1

0x D
γn−1

0x ... Dγ1
0xD

γ0
0xu(x), (1)

ãäå Dγ
0x− îïåðàòîð äðîáíîãî èíòåãðî-äè��åðåíöèðîâàíèÿ â ñìûñëå

�èìàíà�Ëèóâèëëÿ [2℄.
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�àññìîòðèì óðàâíåíèå

Lu(x) =
n∑

k=0

akD
{γ0,γ1,...,γk}
0x u(x) = f(x), x ∈ (0, 1), (2)

ãäå îïåðàòîð äðîáíîãî äè��åðåíöèðîâàíèÿ Äæðáàøÿíà-Íåðñåñÿíà

èìååò ïîðÿäîê α =
n∑

j=0

γj − 1 > 0, γk ∈ (0, 1], an = 1, ak− 
onst, f(x)

� çàäàííàÿ äåéñòâèòåëüíàÿ �óíêöèÿ.

Îïåðàòîð (1) ââåäåí â ðàáîòå [1℄, ãäå àâòîðàìè äîêàçûâàåòñÿ òåî-

ðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè äëÿ

óðàâíåíèÿ (2) ñ ïåðåìåííûìè êîý��èöèåíòàìè. Â ðàáîòå [3℄ äëÿ

óðàâíåíèÿ (2), â ñëó÷àå îïåðàòîðà �èìàíà-Ëèóâèëëÿ, ñ�îðìóëèðî-

âàíà è ðåøåíà íà÷àëüíàÿ çàäà÷à, ïîñòðîåíî ÿâíîå ïðåäñòàâëåíèå ðå-

øåíèÿ â òåðìèíàõ �óíêöèè �àéòà. Òàì æå ïîëó÷åíû íåîáõîäèìûå

è äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè íà÷àëüíîé çàäà÷è. Â ðàáîòå

[4℄ äëÿ óðàâíåíèÿ (2), â ñëó÷àå îïåðàòîðà Êàïóòî, ðåøåíû çàäà÷è

Äèðèõëå è Íåéìàíà, íàéäåíû ñîîòâåòñòâóþùèå �óíêöèè �ðèíà.

Â äàííîé ðàáîòå íàéäåíî �óíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ

(2), ïîñòðîåíî ðåøåíèå çàäà÷è Êîøè è íàéäåíà �óíêöèÿ �ðèíà çà-

äà÷è Äèðèõëå.

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäà-

ìåíòàëüíûõ èññëåäîâàíèé, ïðîåêò � 16-01-00462.
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// Äè��åðåíöèàëüíûå óðàâíåíèÿ. 2015. T. 51, � 12. C. 1580-1586.

51



Î ÔÓÍÊÒÎ�ÍÎ-ÎÁÎÁÙÅÍÍÎÉ ÏÎÄ��ÓÏÏÅ

Ô�ÀÒÒÈÍÈ Â ��ÓÏÏÀÕ Ñ ÎÏÅ�ÀÒÎ�ÀÌÈ


© Áîðîäè÷ �.Â.

1
, Ñåëüêèí Ì.Â.

2
, Áîðîäè÷ Å.Í.

3

�îìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ô. Ñêîðèíû (Áåëàðóñü, �îìåëü)

1
e-mail: Borodi
h�gsu.by,

2
e-mail: Selkin�gsu.by,

3
e-mail: e-borodi
h�mail.ru

�àññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Ïóñòü X ïðîèçâîëü-

íûé íåïóñòîé êëàññ ãðóïï. Ñîïîñòàâèì ñî âñÿêîé ãðóïïîé G ∈ X

íåêîòîðóþ ñèñòåìó ïîäãðóïï τ(G). Ñîãëàñíî [1℄ áóäåì ãîâîðèòü, ÷òî

τ � ïîäãðóïïîâîé X-�óíêòîð (ïîäãðóïïîâîé �óíêòîð íà X), åñëè

äëÿ âñÿêîãî ýïèìîð�èçìà φ : A 7→ B, ãäå A,B ∈ X, âûïîëíåíû

âêëþ÷åíèÿ (τ(A))φ ⊆ τ(B), (τ(B))φ
−1 ⊆ τ(A), è, êðîìå òîãî, äëÿ

ëþáîé ãðóïïû G ∈ X èìååò ìåñòî G ∈ τ(G).
Åñëè X = G � êëàññ âñåõ ãðóïï, òî ïîäãðóïïîâîé X-�óíêòîð

íàçûâàþò ïðîñòî ïîäãðóïïîâûì �óíêòîðîì.

Ôóíêòîð θ áóäåì íàçûâàòü àáíîðìàëüíî ïîëíûì, åñëè äëÿ ëþ-

áîé ãðóïïû G ñðåäè ìíîæåñòâà θ(G) ñîäåðæàòñÿ âñå àáíîðìàëüíûå
ïîäãðóïïû ãðóïïû G.

Ïóñòü θ � ïîäãðóïïîâîé �óíêòîð. Îáîçíà÷èì ΦF
θ (G,A) = ∩MG,

ãäå M ïðîáåãàåò ìíîæåñòâî âñåõ ìàêñèìàëüíûõ A-äîïóñòèìûõ
θ-ïîäãðóïï èç G, íå ñîäåðæàùèõ Fêîðàäèêàë. Åñëè â G òàêèõ ïîä-

ãðóïï íåò, òî ïîëîæèì ΦF
θ(G,A) = G.

Â ñëó÷àå, êîãäà θ òðèâèàëüíûé �óíêòîð, à ãðóïïà îïåðàòîðîâ A
åäèíè÷íà, òî ââåäåííàÿ ïîäãðóïïà ñîâïàäàåò ñ ïîäãðóïïîé∆F(G) [2℄.

Òåîðåìà. Ïóñòü ãðóïïà G èìååò ãðóïïó îïåðàòîðîâ A òàêóþ,

÷òî (|G|, |A|) = 1, F � Sn-çàìêíóòàÿ ëîêàëüíàÿ �îðìàöèÿ, θ � àá-

íîðìàëüíî ïîëíûé ïîäãðóïïîâîé �óíêòîð. Òîãäà ΦF
θ(G,A) = A×B,

ãäå A ∈ F, B ⊆ Φθ(G,A), π(B) ∩ π(F) = Ø.
Ñëåäñòâèå. Ïóñòü ãðóïïà G èìååò ãðóïïó îïåðàòîðîâ A òà-

êóþ, ÷òî (|G|, |A|) = 1, F � Sn � çàìêíóòàÿ ëîêàëüíàÿ �îðìàöèÿ,

ñîäåðæàùàÿ âñå íèëüïîòåíòíûå ãðóïïû, θ � àáíîðìàëüíî ïîëíûé
ïîäãðóïïîâîé �óíêòîð. Òîãäà ΦF

θ(G,A) ∈ F äëÿ ëþáîé ãðóïïû G.
Ñëåäñòâèå. Ïóñòü F � Sn � çàìêíóòàÿ ëîêàëüíàÿ �îðìàöèÿ.

Òîãäà ∆F(G) = A× B, ãäå A ∈ F, B ⊆ Φ(G), π(B) ∩ π(F) = Ø.
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(�îññèÿ, Íàëü÷èê)

e-mail: mareta.bukhurova�mail.ru

Ïðè ðåøåíèè ñåòåâîé çàäà÷è Øòåéíåðà íà ïåðâîì ýòàïå ðåøà-

åòñÿ çàäà÷à íå ñîäåðæàùàÿ òî÷åê Øòåéíåðà � çàäà÷à ñèíòåçà òåð-

ìèíàëüíîé ñåòè ñ îäíèì èñòî÷íèêîì [1℄. Äàííàÿ çàäà÷à ñîñòîèò â

ñëåäóþùåì:

z =
∑

ij∈D
cij(vij)lij → min, (1)

∑

i∈Γ+
j

vij −
∑

k∈Γ−
j

vjk = gj , ∀j 6= 1 ∈ B,
∑

j∈Γ−
i

v1j =
∑

i∈B
gi = Q1, (2)

vij ≥ 0 ∀ij ∈ D, (3)

ãäå Γ(B,D) � çàäàííûé êîíå÷íûé, ñâÿçíûé, âîîáùå ãîâîðÿ, äâóçâåí-
íûé îðãðà�, ìîäåëèðóþùèé âîçìîæíûå ñîåäèíåíèÿ óçëîâ (âåðøèí)

ñåòè äðóã ñ äðóãîì; B è D � ìíîæåñòâà åãî âåðøèí è äóã; vij, cij ,
lij � ñîîòâåòñòâåííî èñêîìîå çíà÷åíèå ïîòîêà ïî ij-îé äóãå (âåòâè)

ñåòè, åãî óäåëüíàÿ (íà åäèíèöó äëèíû) ñòîèìîñòü è çàäàííàÿ äëè-

íà âåòâè; Q1, gj � çàäàííûé ïîòîê â ñåòü, çàäàííûé ðàñõîä ïîòîêà

â j-îì óçëå (âåðøèíå) ñåòè ñîîòâåòñòâåííî.

Öåëåâàÿ �óíêöèÿ (1) îòðàæàåò ñòîèìîñòü ñåòè. Îãðàíè÷åíèÿ

(2), (3) ó÷èòûâàþò çàêîíû òåîðèè ñåòåé è òðåáîâàíèÿ ïî îáåñïå-

÷åíèþ ïîòðåáèòåëåé ñåòè ïîòîêàìè.

Ñ�îðìóëèðîâàí ñèñòåìíûé ïðèíöèï îïòèìàëüíîñòè äëÿ òåðìè-

íàëüíîé ñåòè ñ îäíèì èñòî÷íèêîì è ïðîâåäåí âû÷èñëèòåëüíûé ýêñ-

ïåðèìåíò íà ãðà�àõ, èìåþùèõ ðåãóëÿðíóþ ñòðóêòóðó è îäíè è òå

æå íîðìàòèâíûå äàííûå â óçëàõ è íà âåòâÿõ.

Ëèòåðàòóðà

1. Êóäàåâ Â.×., Áàãîâ Ì.À.Ïðåîáðàçîâàíèå òåðìèíàëüíîé ñåòè â ñåòüØòåé-

íåðà // Èçâåñòèÿ ÊÁÍÖ �ÀÍ. 2015. � 6 (68). Ñ. 31-37.
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Ñèñòåìû ýíåðãîñíàáæåíèÿ ñ âîçîáíîâëÿåìîé ýíåðãèåé õàðàêòå-

ðèçóþòñÿ öåëûì ðÿäîì ïðèçíàêîâ è ñâîéñòâ, îòðàæàþùèì âçàè-

ìîäåéñòâèå ýëåìåíòîâ ñ âíåøíèìè è âíóòðåííèìè ñâÿçÿìè. Èññëå-

äîâàíèå ýíåðãåòè÷åñêèõ êîìïëåêñîâ (ÝÊ), èñïîëüçóþùèõ ñîâîêóï-

íîñòü âîçîáíîâëÿåìîé ýíåðãèè ðàçëè÷íîé ïðèðîäû, ïðåäñòàâëÿåò

ñîáîé ñëîæíóþ ïðîáëåìó, âñëåäñòâèå íåîáõîäèìîñòè ó÷åòà íåîïðå-

äåëåííîñòè èñõîäíîé èí�îðìàöèè. Íåïîñðåäñòâåííîå èññëåäîâàíèå

òàêèõ ñèñòåì ïóòåì îðãàíèçàöèè íàòóðíîãî ýêñïåðèìåíòà ñâÿçàíî

ñî çíà÷èòåëüíûìè òðóäíîñòÿìè è ìàòåðèàëüíûìè çàòðàòàìè. Ïî-

ýòîìó îñíîâíûì ìåòîäîì èçó÷åíèÿ ÝÊ è ïðîöåññîâ, ïðîòåêàþùèõ

â íèõ, ÿâëÿåòñÿ ìîäåëèðîâàíèå, êîòîðîå ïîçâîëÿåò ðàññìàòðèâàòü

áîëüøîå ÷èñëî àëüòåðíàòèâíûõ âàðèàíòîâ, ñîâåðøåíñòâîâàòü ïðî-

öåññ ïðèíÿòèÿ ðåøåíèé è òî÷íåå ïðîãíîçèðîâàòü èõ ïîñëåäñòâèÿ.

Ïðè èññëåäîâàíèè è îïòèìèçàöèè ÝÊ ìîãóò áûòü èñïîëüçîâàíû

�èçè÷åñêèå, ìàòåìàòè÷åñêèå è ãèáðèäíûå ìîäåëè.

Ôèçè÷åñêàÿ ìîäåëü ÝÊ ïðåäñòàâëÿåò ñîáîé àíàëîãîâóþ ñèñòåìó,

ïàðàìåòðû êîòîðîé îäíîçíà÷íî ñîîòâåòñòâóþò ïàðàìåòðàì ðåàëü-

íîãî îáúåêòà [1℄. Â ýòîì ñëó÷àå ýëåìåíòàì ñèñòåìû ïðèâåäåíû â

ñîîòâåòñòâèå �èçè÷åñêèå ýêâèâàëåíòû, âîñïðîèçâîäÿùèå ñòðóêòó-

ðó, îñíîâíûå ñâîéñòâà è ñîîòíîøåíèÿ èçó÷àåìîãî îáúåêòà.

Ìàòåìàòè÷åñêîé ìîäåëüþ ÝÊ [2℄ ÿâëÿåòñÿ ñèñòåìà ìàòåìàòè÷å-

ñêèõ ñîîòíîøåíèé, îïèñûâàþùèõ èçó÷àåìûé îáúåêò. Ïðîöåññàì ïî-

ñòóïëåíèÿ ýíåðãèè îò èñòî÷íèêîâ ïðåîáðàçîâàíèÿ åå â ãåíåðàòîðàõ

è ïîòðåáëåíèÿ ýíåðãèè íàãðóçêîé ïðèâåäåí â ñîîòâåòñòâèå ìàòåìà-

òè÷åñêèé ýêâèâàëåíò, èìåþùèé âõîäíûå è âûõîäíûå ïàðàìåòðû,

îáåñïå÷èâàþùèå ñèíòåç ñèñòåìû â ìàòåìàòè÷åñêóþ ìîäåëü.

Â ñëó÷àå, êîãäà àíàëèòè÷åñêèå ñïîñîáû îïèñàíèÿ ìîäåëè îòñóò-

ñòâóþò èëè çàòðóäíåíû, èñïîëüçóþò èìèòàöèîííîå ìîäåëèðîâàíèå

[3℄ - ïðîâåäåíèå íà ÝÂÌ ÷èñëåííûõ ýêñïåðèìåíòîâ ñ ìàòåìàòè÷å-

ñêîé ìîäåëüþ, îïèñûâàþùèõ ïîâåäåíèå ñèñòåìû â òå÷åíèå ïåðèîäîâ

âðåìåíè çàäàííîé ïðîäîëæèòåëüíîñòè. Ïðè îãðàíè÷åííîé âîçìîæ-

íîñòè ïðîâåäåíèÿ íàòóðíûõ ýêñïåðèìåíòîâ íà ÝÊ äëÿ ýòîé öåëè

èñïîëüçóþòñÿ ãèáðèäíûå ìîäåëè.
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�èáðèäíàÿ ìîäåëü ÝÊ [4℄ � ýòî ìîäåëü, îáúåäèíÿþùàÿ ìàòå-

ìàòè÷åñêèå è �èçè÷åñêèå ýêâèâàëåíòû ýëåìåíòîâ ÝÊ ñ ïîìîùüþ

ÝÂÌ â åäèíûé êîíòóð ìîäåëèðîâàíèÿ. Òàêîå îáúåäèíåíèå ïîçâî-

ëÿåò ñîçäàòü áîëåå ãèáêóþ ñèñòåìó ìîäåëèðîâàíèÿ, ñî÷åòàþùóþ

äîñòîèíñòâà îáîèõ ìåòîäîâ.

Èñïîëüçîâàíèå ðàññìîòðåííûõ âèäîâ ìîäåëåé ïîçâîëèò íàèáî-

ëåå ïîëíî ïðîâåñòè èññëåäîâàíèå ñèñòåìû ýíåðãîñíàáæåíèÿ ñ âîç-

îáíîâëÿåìîé ýíåðãèåé.
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íåòðàäèöèîííûìè âîçîáíîâëÿåìûìè èñòî÷íèêàìè ýíåðãèè // Ìîäåëèðî-

âàíèå ýëåêòðîýíåðãåòè÷åñêèõ ñèñòåì. �èãà. 1987.
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Â ñëîæíûõ ñèñòåìàõ ðàçëè÷íûå ïðèçíàêè ÷àñòî ÿâëÿþòñÿ íåïîë-

íûìè, íåäîñòîâåðíûìè è íåñâîåâðåìåííûìè, ÷òî ñîîòâåòñòâóåò íå-

îïðåäåëåííîñòè èñõîäíûõ äàííûõ. Â [1℄ áûëà ïðåäñòàâëåíà êëàñ-

ñè�èêàöèÿ ïî ñòåïåíè íåîïðåäåëåííîñòè, êîòîðàÿ ñîäåðæèò 3 âè-

äà: äåòåðìèíèðîâàííàÿ, ñòîõàñòè÷åñêàÿ è íå÷åòêàÿ. Î÷åâèäíî, ÷òî

òèï íåîïðåäåëåííîñòè çàâèñèò îò ðÿäà êîëè÷åñòâåííûõ îñîáåííî-

ñòåé èñõîäíîé èí�îðìàöèè, íàïðèìåð, ðàçìåð âûáîðêè, ñòàöèîíàð-

íîñòè ïðîöåññà, �îðìû çàêîíà ðàñïðåäåëåíèÿ è ò.ä. Ñîîòíåñåíèå

ýòèõ õàðàêòåðèñòèê èñõîäíîé èí�îðìàöèè è òèïà íåîïðåäåëåííî-

ñòè âîçìîæíî ñ èñïîëüçîâàíèåì ïðîäóêöèîííûõ ïðàâèë.
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Ïðèìåðàìè òàêèõ ïðàâèë ÿâëÿþòñÿ: åñëè ïðîöåññ ñòàöèîíàðåí,

òî ñòîõàñòè÷åñêàÿ íåîïðåäåëåííîñòü; åñëè âûáîðêà ìàëà, òî íå÷åò-

êàÿ íåîïðåäåëåííîñòü; åñëè çàêîí ðàñïðåäåëåíèÿ èçâåñòåí, òî äå-

òåðìèíèðîâàííàÿ íåîïðåäåëåííîñòü.

Ïîäîáíûå ïðàâèëà ìîæíî ïðåäñòàâèòü, èñïîëüçóÿ ñåòè Ïåòðè

[2℄, ò.ê. ñóùåñòâóåò êîíå÷íîå ÷èñëî èñõîäíûõ ïàðàìåòðîâ è ðåçóëü-

òèðóþùèõ âèäîâ íåîïðåäåëåííîñòè.

Â îòêðûòîé, áåñïëàòíîé ñðåäå CPN TOOLS áûëà ðåàëèçîâàíà

ìîäåëü, âêëþ÷àþùàÿ îêîëî 10 ïðîäóêöèîííûõ ïðàâèë, ñâÿçàííûõ

ñ âûáîðîì òèïà íåîïðåäåëåííîñòè, ñòðóêòóðà êîòîðîé ïðåäñòàâëå-

íà íà ðèñóíêå. Ïðàâèëà çàäàþòñÿ â âèäå �óíêöèé íà ÿçûêå CPN

TOOLS. Ïðàâèëî, ñîïîñòàâëÿþùåå ìàëûé ðàçìåð âûáîðêè (ìåíüøå

15 ýëåìåíòîâ) è íå÷åòêîãî òèïà íåîïðåäåëåííîñòè èìååò âèä:

fun isSmallSize(datasize)=

if datasize < 15 then �Íå÷åòêàÿ� else �Äðóãàÿ�;

Çàäàâàÿ îñòàëüíûå ïðàâèëà àíàëîãè÷íûì îáðàçîì, èìååì âîç-

ìîæíîñòü ñìîäåëèðîâàòü ïðîöåññ îïðåäåëåíèÿ òèïà íåîïðåäåëåí-

íîñòè â çàâèñèìîñòè îò ïàðàìåòðîâ èñõîäíîé èí�îðìàöèè.

Òàêèì îáðàçîì, ïðîöåññ âûÿâëåíèÿ òèïà íåîïðåäåëåííîñòè èñ-

õîäíîé èí�îðìàöèè íà îñíîâå êîëè÷åñòâåííûõ õàðàêòåðèñòèê âû-

áîðêè îïèñûâàåòñÿ íàáîðîì ïðîäóêöèîííûõ ïðàâèë, â âèäå ñåòè

Ïåòðè, êîòîðàÿ ðåàëèçîâàíà â ñðåäå CPN Tools.
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e-mail: algebra-dgu�mail.ru

�àññìàòðèâàåòñÿ íåðåãóëÿðíàÿ êðàåâàÿ çàäà÷à ñ ïàðàìåòðîì äëÿ

ïó÷êà:

l(y) ≡
(
d2

dx2
− λ2

)4

y(x), 0 < x < 1, y(1) = 0,
dsy(0)

dxs
= 0, s = 0, 7.

Îïèðàÿñü íà �óíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé yj(x) = xj−1eλx,
yj+4(x) = xj−1e−λx, j = 1, 4 óðàâíåíèÿ l(y) = 0 ñòðîèòñÿ ìåðàìîð�-
íàÿ ïî ïàðàìåòðó λ �óíêöèÿ �ðèíà G(x, ξ, λ). Äîêàçàíà

Òåîðåìà. Ïóñòü fk(x), k = 0, 7, 0 < x < 1 âîñüìèêðàòíî íåïðå-
ðûâíî äè��åðåíöèðóåìûå �óíêöèè ðàâíûå íóëþ âìåñòå ñî âñåìè

ïðîèçâîäíûìè ïðè x = 0, 1. Ñïðàâåäëèâà �îðìóëà 8-êðàòíîãî ðàç-

ëîæåíèÿ ïî êîðíåâûì �óíêöèÿì ïó÷êà

lim
ν→∞

1

2π
√
−1

∫

Cν

λsdλ

1∫

0

G(x, ξ, λ)

7∑

k=0

l(fk(ξ))

λk+1
dξ = fs(x), s = 0, 7,

Cν - ïîñëåäîâàòåëüíîñòü ðàñøèðÿþùèõñÿ çàìêíóòûõ êîíòóðîâ

ïðîõîäÿùèõ âíå δ- îêðåñòíîñòè ïîëþñîâ �óíêöèè �ðèíà.

ÍÅÊÎÒÎ�ÛÅ ÑÂÎÉÑÒÂÀ Ï�ÎÅÊÒÎ�ÎÂ

×ÀÑÒÈ×ÍÎ �ÀÇ�ÅØÈÌÛÕ ��ÓÏÏ
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Áåëîðóññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò òðàíñïîðòà (Áåëàðóñü, �îìåëü)

e-mail: tivasilyeva�mail.ru

Âñå ðàññìàòðèâàåìûå ãðóïïû êîíå÷íûå. Îäíèì èç óòâåðæäå-

íèé òåîðåìû Ñèëîâà ÿâëÿåòñÿ óòâåðæäåíèå î âëîæåíèè âñÿêîé p-
ïîäãðóïïû ãðóïïû â íåêîòîðóþ ñèëîâñêóþ p-ïîäãðóïïó. Àíàëîãè÷-
íûì ñâîéñòâîì âëîæåíèÿ ñîãëàñíî òåîðåìå Õîëëà-×óíèõèíà îáëà-

äàþò π-õîëëîâû ïîäãðóïïû îòíîñèòåëüíî π-ïîäãðóïï π-ðàçðåøèìîé
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ãðóïïû. Ïðè ýòîì ñèëîâñêèå p-ïîäãðóïïû ãðóïïû äëÿ êëàññà âñåõ p-
ãðóïï Sp ÿâëÿþòñÿ Sp-ïðîåêòîðàìè ãðóïïû, à π-õîëëîâû ïîäãðóï-

ïû π-ðàçðåøèìîé ãðóïïû äëÿ êëàññàSπ âñåõ ðàçðåøèìûõ π-ãðóïï,
ñîîòâåòñòâåííî, Sπ-ïðîåêòîðàìè ãðóïïû. Âìåñòå ñ òåì äëÿ ìíîãèõ

êëàññîâ ãðóïï, íàïðèìåð, âñåõ íèëüïîòåíòíûõ ãðóïï N, âñåõ ñâåðõ-

ðàçðåøèìûõ ãðóïï U, íèëüïîòåíòíàÿ ïîäãðóïïà ìîæåò íå âêëàäû-

âàòüñÿ âN-ïðîåêòîð, à ñâåðõðàçðåøèìàÿ ïîäãðóïïà � â U-ïðîåêòîð.

Â ñâÿçè ñ ýòèì Ë.À.Øåìåòêîâûì â [1℄ áûëà ïîñòàâëåíà çàäà÷à: íàé-

òè óñëîâèÿ, ïðè êîòîðûõ �èêñèðîâàííàÿ X-ïîäãðóïïà ñîäåðæèòñÿ

â X-ïðîåêòîðå ãðóïïû.

Â íàñòîÿùåì ñîîáùåíèè ýòà çàäà÷à ðàññìàòðèâàåòñÿ â êëàññå

âñåõ π-ðàçðåøèìûõ ãðóïï. Äëÿ êëàññà Øóíêà X = Gπ′X âî âñÿêîé

π-ðàçðåøèìîé ãðóïïå X-ïðîåêòîðû ñóùåñòâóþò è ñîïðÿæåíû [2℄.

Íàïîìíèì, ÷òî ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ ïðå�àêòîðèçó-

åìîé îòíîñèòåëüíî G = AB, åñëè H = (H ∩A)(H ∩B), ãäå A è B �

íåêîòîðûå ïîäãðóïïû èç G.
Òåîðåìà. Ïóñòü X = Gπ′X � êëàññ Øóíêà è G = AB � π-ðàçðå-

øèìàÿ ãðóïïà 
 íîðìàëüíîé ïîäãðóïïîé A. Åñëè H � X-ïðîåêòîð

ïîäãðóïïû B òàêîé, ÷òî π(H) ∩ π(A) = ∅, òî H ñîäåðæèòñÿ â

íåêîòîðîì ïðå�àêòîðèçóåìîì X-ïðîåêòîðå ãðóïïû G.
Ñëåäñòâèå. Åñëè â ðàçðåøèìîé ãðóïïå G = AB ïîäãðóïïà A

íîðìàëüíà â G, à ïîäãðóïïà B èìååò ïîäãðóïïó ÊàòðåðàH òàêóþ,

÷òî π(H)∩π(A) = ∅, òî H ñîäåðæèòñÿ â íåêîòîðîé ïðå�àêòîðè-

çóåìîé ïîäãðóïïå Êàòðåðà ãðóïïû G.
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Íàïîìíèì îïðåäåëåíèå òîïîëîãè÷åñêîãî äàâëåíèÿ [1, ñòð. 623℄.

Ïóñòü (X, d) � êîìïàêòíîå ìåòðè÷åñêîå ïðîñòðàíñòâî, f : X → X �
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íåïðåðûâíîå îòîáðàæåíèå. Äëÿ íåïðåðûâíîé �óíêöèè ϕ : X → R,
íàòóðàëüíîãî ÷èñëà n è x ∈ X ïîëîæèì ïî îïðåäåëåíèþ Sn(ϕ)(x) =
n−1∑
i=0

ϕ(f i(x)). Íàðÿäó ñ èñõîäíîé ìåòðèêîé d îïðåäåëèì íà X äîïîë-

íèòåëüíóþ ñèñòåìó ìåòðèê dfn(x, y) = max
0≤i≤n−1

d(f i(x), f i(y)), n ∈ N.

Îáîçíà÷èì ÷åðåç Bf(x, ε, n) îòêðûòûé øàð {y ∈ X : dfn(x, y) < ε}.
Ìíîæåñòâî E ⊂ X íàçûâàåòñÿ (f, ε, n) � ïîêðûòèåì, åñëè X ⊂⋃
x∈E

Bf (x, ε, n).Ïóñòü Sd(f, ϕ, ε, n) = inf
E

∑
x∈E

eSn(ϕ(x)), ãäå òî÷íàÿ íèæ-

íÿÿ ãðàíü áåðåòñÿ ïî âñåì êîíå÷íûì (f, ε, n) � ïîêðûòèÿì. Òîïîëî-
ãè÷åñêèì äàâëåíèåì äèíàìè÷åñêîé ñèñòåìû, ïîðîæäåííîé íåïðå-

ðûâíûì îòîáðàæåíèåì f îòíîñèòåëüíî ϕ, íàçûâàåòñÿ âåëè÷èíà

Pϕ(f) = lim
ε→0

lim sup
n→∞

1

n
lnSd(f, ϕ, ε, n).

Äëÿ òîãî, ÷òîáû ïîëó÷èòü êëàññè÷åñêîå îïðåäåëåíèå òîïîëîãè-

÷åñêîé ýíòðîïèè, íóæíî â êà÷åñòâå ϕ âçÿòü �óíêöèþ òîæäåñòâåííî

ðàâíóþ íóëþ.

Ïóñòü C(X,X) � ïðîñòðàíñòâî íåïðåðûâíûõ îòîáðàæåíèé èç X â

X ñ òîïîëîãèåé ðàâíîìåðíîé ñõîäèìîñòè. Â ðàáîòå [2℄ óñòàíîâëåíî,

÷òî òîïîëîãè÷åñêàÿ ýíòðîïèÿ, ðàññìàòðèâàåìàÿ êàê �óíêöèîíàë íà

ïðîñòðàíñòâå C(X,X), ÿâëÿåòñÿ ïîëóíåïðåðûâíîé ñíèçó �óíêöèåé
â òèïè÷íîé ïî Áýðó òî÷êå ïðîñòðàíñòâà C(X,X) (ñâîéñòâî òî÷êè
òîïîëîãè÷åñêîãî ïðîñòðàíñòâà íàçûâàåòñÿ òèïè÷íûì ïî Áýðó, åñ-

ëè ìíîæåñòâî òî÷åê, îáëàäàþùèõ ýòèì ñâîéñòâîì, ñîäåðæèò âñþäó

ïëîòíîå ìíîæåñòâî òèïà Gδ.

Òåîðåìà 1. Äëÿ êàæäîé íåïðåðûâíîé �óíêöèè ϕ �óíêöèÿ Pϕ :
C(X,X) → R ïðèíàäëåæèò âòîðîìó êëàññó Áýðà è åå ñóæåíèå íà

íåêîòîðîå âñþäó ïëîòíîå ìíîæåñòâî òèïà Gδ íåïðåðûâíî.

Òåîðåìà 2. Â òèïè÷íîé ïî Áýðó òî÷êå ïðîñòðàíñòâà C(X,X)
äëÿ êàæäîé íåïðåðûâíîé �óíêöèè ϕ �óíêöèÿ Pϕ : C(X,X) → R
ïîëóíåïðåðûâíà ñíèçó.
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Â òåîðèè �óíêöèîíàëà ýëåêòðîííîé ïëîòíîñòè ýíåðãèþ ìîëåêó-

ëÿðíîé ñèñòåìû ìîæíî çàïèñàòü â âèäå:

Etot = Eband −
1

2

∫
n (r) VHdV −

∫
Tr (Vxcn (r)) dV + Exc, (1)

ãäå Eband - çîííàÿ ýíåðãèÿ, VH - ïîòåíöèàë Õàðòðè, Vxc - ïîòåíöèàë
îáìåííî-êîððåëÿöèîííîãî âçàèìîäåéñòâèÿ, Tr - îïåðàöèÿ âû÷èñëå-
íèÿ ñëåäà ìàòðèöû.

Èñïîëüçóÿ ðàçâèòûé âûøå �îðìàëèçì �óíêöèé �ðèíà ìîæíî

îïðåäåëèòü ìàòðèöó ïëîòíîñòè:

ρ
(σ)
ij = − 1

π
Im

∫
G

(σ)
ij (E + iε)f

(
E − µ

kBT

)
dE. (2)

Çäåñü f (x) = 1/[exp (x) + 1] - �óíêöèÿ Ôåðìè è ε � áåñêîíå÷íî ìà-
ëàÿ ïîëîæèòåëüíàÿ âåëè÷èíà. Êàê âèäíî èç �îðìóëû (3) ïëîòíîñòü

ñîñòîÿíèé â êðèñòàëëå ïîëíîñòüþ îïðåäåëÿåòñÿ ïëîòíîñòüþ ýëåê-

òðè÷åñêîãî çàðÿäà, êîòîðàÿ ìîæåò áûòü îïðåäåëåíà èç �óíêöèîíà-

ëà (1) èëè (2). Òàêæå ÷åðåç �óíêöèè �ðèíà ìîæåò áûòü îïðåäåëåíà

è çàñåëåííîñòü îðáèòàëåé ïî Ìèëëèêåíó:

Nele = 2
∑

i

[
− 1

π
Im

∫
G

(σ)
ij (E + iε)f

(
E − µ

kBT

)
dE

]
. (3)

Ýíåðãèÿ, ïëîòíîñòü ñîñòîÿíèé, ëþáîé ñëîæíîé ìîëåêóëÿðíîé

ñèñòåìû (êëàñòåð, òâåðäîå òåëî, áîëüøèå ìîëåêóëû) îïðåäåëÿþò-

ñÿ ÷åðåç ãàìèëüòîíèàí Í [1℄.

Ïðèìåíåíèå ðåêóððåíòíûõ ìåòîäîâ ïîçâîëÿåò òî÷íî îïðåäåëèòü

ïëîòíîñòü ñîñòîÿíèé ìíîãîìîëåêóëÿðíûõ ñèñòåì.
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© Âîëèê Ì.Â.

Ôèíàíñîâûé óíèâåðñèòåò ïðè Ïðàâèòåëüñòâå �Ô (�îññèÿ, Ìîñêâà)

Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò ÂÍÖ �ÀÍ (�îññèÿ, Âëàäèêàâêàç)

e-mail: volikmv�mail.ru

Â ðàáîòå ïðîâîäèòñÿ ñðàâíåíèå ðåçóëüòàòîâ òðåõìåðíûõ ðàñ÷å-

òîâ äâóìåðíûõ êîí�èãóðàöèé äëÿ óëèöû ñ äîìàìè ðàçíîé âûñîòû

ñ èñïîëüçîâàíèåì ïðèëîæåíèÿ OpenFOAM. Âûñîòà äîìà íà íàâåò-

ðåííîé ñòîðîíå ñîñòàâëÿëà 10ì, âûñîòà äîìà íà ïîäâåòðåííîé ñòî-

ðîíå � 20ì, øèðèíà óëèöû � 20ì. Èññëåäîâàëîñü âëèÿíèå äëèíû

óëèöû (60ì è 120ì) íà êàðòèíó òå÷åíèÿ âîçäóõà [1℄ è ðàñïðîñòðà-

íåíèå çàãðÿçíÿþùèõ âåùåñòâ. Ïîëó÷åíî, ÷òî â öåíòðàëüíîé ÷àñòè

óëèö îáðàçóåòñÿ äâóõâèõðåâàÿ ñòðóêòóðà, à áëèæå ê êðàþ � îä-

íîâèõðåâàÿ ñòðóêòóðà. �åçóëüòàòû ðàñ÷åòîâ ïîêàçàëè, ÷òî ÷åðåç

200 ñåêóíä ïîñëå àêòèâèçàöèè èñòî÷íèêîâ ãàçîîáðàçíûõ çàãðÿçíÿ-

þùèõ âåùåñòâ, ðàñïîëîæåííûõ íà âõîäå â ðàñ÷åòíóþ îáëàñòü, â

öåíòðàëüíîì ñå÷åíèè è íà êðàþ óëèöû äëèíîé 120ì íà óðîâíå ïå-

øåõîäîâ íàáëþäàåòñÿ çíà÷èòåëüíî áîëüøàÿ êîíöåíòðàöèÿ çàãðÿç-

íÿþùèõ âåùåñòâ, ÷åì â àíàëîãè÷íûõ ñå÷åíèÿõ óëèöû äëèíîé 60ì.

Òàêæå â áîëåå äëèííîé óëèöå íàáëþäàåòñÿ ìàêñèìàëüíàÿ êîíöåí-

òðàöèÿ çàãðÿçíÿþùèõ âåùåñòâ â ñå÷åíèè, ãäå ïðîèñõîäèò ïåðåõîä

îò îäíîâèõðåâîé ñòðóêòóðû ê äâóõâèõðåâîé [1℄. Â îáîèõ âàðèàí-

òàõ íà óðîâíå ïåøåõîäîâ çàãðÿçíÿþùèå âåùåñòâà íàêàïëèâàþòñÿ

íà îêðàèíàõ óëèö è ñëàáûì òå÷åíèåì âäîëü äîìîâ ïåðåíîñÿòñÿ ê

öåíòðó óëèö â íåáîëüøîì êîëè÷åñòâå.

Ïîëó÷åííûå ðåçóëüòàòû ðàñ÷åòîâ ïîêàçàëè çíà÷èòåëüíîå âëèÿ-

íèå äëèíû óëèöû ðàññìîòðåííîé êîí�èãóðàöèè íå òîëüêî íà êàð-

òèíó òå÷åíèÿ âíóòðè íåå, íî è íà ðàñïðîñòðàíåíèå ãàçîîáðàçíûõ

çàãðÿçíÿþùèõ âåùåñòâ îò âíåøíèõ èñòî÷íèêîâ.

Ëèòåðàòóðà

1. Âîëèê Ì.Â. Èññëåäîâàíèå âëèÿíèÿ äëèíû óëèöû ñ äîìàìè ðàçíîé âû-

ñîòû íà êàðòèíó òå÷åíèÿ âîçäóõà â íåé // Ìàòåðèàëû Ìåæäóíàðîäíîé

êîí�åðåíöèè �Àêòóàëüíûå ïðîáëåìû ïðèêëàäíîé ìàòåìàòèêè è èí�îð-

ìàòèêè� è XIV Øêîëû ìîëîäûõ ó÷åíûõ �Íåëîêàëüíûå êðàåâûå çàäà÷è è

ñîâðåìåííûå ïðîáëåìû àíàëèçà è èí�îðìàòèêè�. Òåðñêîë, 2016. C. 83-84.
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Äîíåöêèé íàöèîíàëüíûé óíèâåðñèòåò (Äîíåöê)

e-mail: valeriyvol
hkov�gmail.
om

Âîïðîñ î çàìêíóòîñòè çàäàííîé ñèñòåìû �óíêöèé â ðàçëè÷íûõ

�óíêöèîíàëüíûõ ïðîñòðàíñòâàõ çàíèìàåò âàæíîå ìåñòî â àíàëèçå

è ïðèëîæåíèÿõ. Â äàííîé ðàáîòå ïîëó÷åíà äîñòàòî÷íî îáùàÿ òåî-

ðåìà î çàìêíóòîñòè â Lp
íà îòðåçêå âåùåñòâåííîé îñè.

Ïóñòü r > 0 è f ∈ L1([−r, r]) � íåíóëåâàÿ �óíêöèÿ. Ïðîäîëæèì
f íóëåì íà âñþ âåùåñòâåííóþ îñü è îáîçíà÷èì ÷åðåç f̂ ïðåîáðàçî-

âàíèå Ôóðüå �óíêöèè f . Ïóñòü Z(f̂) = {z ∈ C : f̂(z) = 0}. Åñëè
λ ∈ Z(f̂), îáîçíà÷èì ÷åðåç m(λ, f) � êðàòíîñòü íóëÿ λ öåëîé �óíê-

öèè f̂ . Äëÿ λ ∈ Z(f̂), η ∈ {0, . . . , m(λ, f)− 1}, t ∈ R ïîëîæèì

fλ,η(t) =

∫ t

−r

f(ξ)(t− ξ)ηeiλ(t−ξ)dξ.

Èç äàííîãî ðàâåíñòâà ñëåäóåò, ÷òî fλ,η(t) = 0 ïðè |t| ≥ r. Êðîìå
òîãî, äëÿ ëþáîãî z ∈ C èìååì

f̂λ,η(z)(z − λ)η+1 =
η!

iη+1
f̂(z).

Ïîñëåäíåå ðàâåíñòâî îçíà÷àåò, ÷òî fλ,η ÿâëÿåòñÿ ðåøåíèåì äè��å-

ðåíöèàëüíîãî óðàâíåíèÿ

(
−i d
dt

− λ

)η+1

fλ,η =
η!

iη+1
f.

Îòìåòèì òàêæå, ÷òî

fλ,η(t) = −
∫ r

t

f(ξ)(t− ξ)ηeiλ(t−ξ)dξ,

äëÿ âñåõ t ∈ R.
Òåîðåìà 1. Ïóñòü r > 0, f ∈ L1([−r, r]) è êîíöû îòðåçêà [−r, r]
ïðèíàäëåæàò íîñèòåëþ �óíêöèè f . Òîãäà äëÿ ëþáîãî p ∈ [1,+∞)

ñèñòåìà �óíêöèé {fλ,η} (λ ∈ Z(f̂), η ∈ {0, . . . , m(λ, f)−1}) çàìêíó-
òà â ïðîñòðàíñòâå Lp([−r, r]).
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Íåòðóäíî ïîêàçàòü, ÷òî áåç óñëîâèÿ ïðèíàäëåæíîñòè êîíöîâ îò-

ðåçêà [−r, r] íîñèòåëþ �óíêöèè f óòâåðæäåíèå òåîðåìû 1 íå âûïîë-

íÿåòñÿ. Ïðè p = ∞ òåîðåìà 1 òàêæå íåâåðíà. Êðîìå òîãî, óòâåð-

æäåíèå òåîðåìû 1 ïåðåñòàíåò áûòü âåðíûì, åñëè èç ñèñòåìû {fλ,η}
óäàëèòü îäíó èç �óíêöèé. Îòìåòèì òàêæå, ÷òî äîêàçàòåëüñòâî òåî-

ðåìû 1 ñóùåñòâåííî èñïîëüçóåò àíàëîã òåîðåìû Ïýëè-Âèíåðà äëÿ

àíàëèòè÷åñêèõ �óíêöèîíàëîâ.

ÍÅËÎÊÀËÜÍÀß Ê�ÀÅÂÀß ÇÀÄÀ×À ÄËß

ÎÁÛÊÍÎÂÅÍÍÎ�Î ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÎ�Î

Ó�ÀÂÍÅÍÈß Ä�ÎÁÍÎ�Î ÏÎ�ßÄÊÀ


© �àäçîâà Ë.Õ.

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ �ÀÍ

(�îññèÿ, Íàëü÷èê)

e-mail: ma
aneeva�mail.ru

Â èíòåðâàëå 0 < x < 1 ðàññìîòðèì óðàâíåíèå

m∑

j=1

βj∂
αj

0xu(x) + λu(x) = f(x), (1)

ãäå αj ∈]1, 2[, λ, βj ∈ R, β1 > 0, α1 > α2 > ... > αm, ∂
γ
0xu(x) �

ïðîèçâîäíàÿ Êàïóòî [1, 
. 11℄.

Â äàííîé ðàáîòå èññëåäóåòñÿ çàäà÷à: íàéòè ðåøåíèå óðàâíåíèÿ

(1) â èíòåðâàëå ]0, 1[, óäîâëåòâîðÿþùåå óñëîâèÿì

u(0) = u0, u(1)− au(x1) = u1, x1 ∈]0, 1[.
Äëÿ ëèíåéíîãî îáûêíîâåííîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ äðîá-

íîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè (1) â ðàáîòàõ [2-3℄ ðå-

øåíû çàäà÷è Äèðèõëå è Íåéìàíà. Â ðàáîòå [4℄ ïîñòðîåíà �óíêöèÿ

�ðèíà äëÿ çàäà÷è Íåéìàíà è èññëåäîâàí âîïðîñ î âåùåñòâåííûõ

ñîáñòâåííûõ çíà÷åíèÿõ.

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäà-

ìåíòàëüíûõ èññëåäîâàíèé, ïðîåêò � 16-01-00462.

Ëèòåðàòóðà

1. Íàõóøåâ À.Ì. Äðîáíîå èñ÷èñëåíèå è åãî ïðèìåíåíèå. Ì.: Ôèçìàòëèò,

2003. 272 
.

2. �àäçîâà Ë.Õ. Çàäà÷à Äèðèõëå è Íåéìàíà äëÿ îáûêíîâåííîãî äè��åðåí-

öèàëüíîãî óðàâíåíèÿ äðîáíîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòà-

ìè // Äè��åðåíöèàëüíûå óðàâíåíèÿ. 2015. Ò. 51, � 12. Ñ. 1580-1586.
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3. �àäçîâà Ë.Õ. Çàäà÷à Äèðèõëå äëÿ îáûêíîâåííîãî äè��åðåíöèàëüíîãî

óðàâíåíèÿ äðîáíîãî ïîðÿäêà // Äîêëàäû Àäûãñêîé (×åðêåññêîé) Ìåæ-

äóíàðîäíîé àêàäåìèè íàóê. 2013. Ò. 15, � 2. Ñ. 36-39.

4. �àäçîâà Ë.Õ. Çàäà÷à Íåéìàíà äëÿ îáûêíîâåííîãî äè��åðåíöèàëüíîãî

óðàâíåíèÿ äðîáíîãî ïîðÿäêà // Âëàäèêàâê. ìàò. æóðí. 2016. Ò. 18, âûï. 3.

Ñ. 22-30.

ÎÁ ÎÄÍÎÉ ÇÀÄÀ×Å ÄÈ�ÈÕËÅ ÄËß Ä�ÎÁÍÎ�Î

ÎÑÖÈËËßÖÈÎÍÍÎ�Î Ó�ÀÂÍÅÍÈß


© �à÷àåâ À.Ì.

×å÷åíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

Êîìïëåêñíûé íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò �ÀÍ (�îññèÿ, �ðîçíûé)

ga
haev_
hr�mail.ru

�àññìîòðèì çàäà÷ó Äèðèõëå äëÿ �ðàêòàëüíîãî îñöèëëÿöèîííî-

ãî óðàâíåíèÿ

∂α
oxu(t) = [λ+ v(x)]u(x), (1)

u(0) = γ0, u(1) = γ1, (2)

ãäå ∂α
ox = Dα−2

ox
d2

dt2
- îïåðàòîð, îáëàñòü îïðåäåëåíèÿ êîòîðîãî ïðèíàä-

ëåæèò êëàññó S2[0, 1] âñåõ �óíêöèé u(x), èçìåðèìûõ íà [0,1℄ âìåñòå
ñî ñâîèìè ïðîèçâîäíûìè äî âòîðîãî ïîðÿäêà è γ0, γ1 � çàäàííûå

÷èñëà.

Äîêàçàíà

Òåîðåìà. Çàäà÷à Äèðèõëå (2) äëÿ óðàâíåíèÿ (1) â êëàññå AC2[0, 1]
èìååò åäèíñòâåííîå ðåøåíèå u(x) ∈ C ′[0, 1], λ ≥ −v(0), v′ ≥ 0.

Ëèòåðàòóðà

1. Íàõóøåâ À.Ì. Äðîáíîå èñ÷èñëåíèå è åãî ïðèìåíåíèå. Ì.: Ôèçìàòëèò,

2003. 272 ñ.

2. Àëåðîåâ Ò.Ñ. // Äè��åðåíö. óðàâíåíèÿ. 1998. Ò. 34, � 1. C. 200.

3. �à÷àåâ À.Ì. Êðàåâàÿ çàäà÷à äëÿ äè��åðåíöèàëüíîãî îïåðàòîðà äðîáíî-

ãî ïîðÿäêà // Âåñòíèê ÀÍ ×�. 2016. � 2 (31). C. 5-8.
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om

�àññìàòðèâàåòñÿ çàäà÷à êðàåâîãî óïðàâëåíèÿ ïîñëåäîâàòåëüíûì

íàãðåâîì îäèíàêîâûõ ñòåðæíåé äëèíû l:

u
′

t(x, t) = a2u
′′

xx(x, t)− α[u(x, t)− Te],

x ∈ (0, l), t ∈ (0, T ],

ux(0, t) = λ[u(0, t)− ϑ(t)], t ∈ (0, T ],

ux(l, t) = −λ[u(l, t)− Te], t ∈ (0, T ].

Çäåñü u(x, t) � òåìïåðàòóðà ñòåðæíÿ â òî÷êå x â ìîìåíò t; Te � òåì-

ïåðàòóðà îêðóæàþùåé ñðåäû; α, λ � êîý��èöèåíòû òåïëîîáìåíà;

ϑ(t) � òåìïåðàòóðà èñòî÷íèêà òåïëà â ìîìåíò âðåìåíè t, ÿâëÿþ-
ùàÿñÿ óïðàâëåíèåì, çàâèñÿùåå îò ðåçóëüòàòîâ òåêóùèõ çàìåðîâ â

íàáëþäàåìûõ òî÷êàõ:

ϑ(t) =
L∑

i=1

ki[u(ξi, t)− zi], t ∈ (0, T ].

Èçâåñòåí äèàïàçîí ìíîæåñòâà çíà÷åíèé íà÷àëüíûõ òåìïåðàòóð

ñòåðæíåé Φ = [Φ,Φ], êîòîðûå îíè ìîãóò èìåòü, è èõ �óíêöèÿ ïëîò-
íîñòè:

u(x, 0) = ϕ ∈ Φ, x ∈ [0, l],

ρΦ(ϕ) ∈ [0, 1], ϕ ∈ Φ.

Âåêòîðû k, z, ξ ∈ RL
áóäåì íàçûâàòü óïðàâëÿþùèìè ïàðàìåòðàìè

îáðàòíîé ñâÿçè, êîòîðûå òðåáóåòñÿ âûáðàòü òàê, ÷òîáû ìèíèìèçè-

ðîâàëñÿ ñëåäóþùèé öåëåâîé �óíêöèîíàë:

J(ξ, k, z, b) =

∫

Φ

{
β1

l∫

0

[u(x, T ; ξ, k, z, b]− V (x)]2dx+

+ σ1‖ξ − ξ0‖2RL + σ2‖k − k0‖2RL + σ3‖z − z0‖2RL

}
ρΦ(ϕ)dϕ.

Â ðàáîòå ïîëó÷åíû �îðìóëû äëÿ ãðàäèåíòà �óíêöèîíàëà, ïðåäëî-

æåíû ñõåìû ÷èñëåííîãî ðåøåíèÿ, ïðèâåäåíû ðåçóëüòàòû ÷èñëåí-

íûõ ýêñïåðèìåíòîâ.
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�àññìîòðèì óðàâíåíèå

uxx + λu(0, y) =

{
Dα

0yu, x > 0,
Dα

hyu, x < 0,
(1)

ãäå λ = const, 0 < α < 1, Dν
st � îïåðàòîð äðîáíîãî äè��åðåíöèðî-

âàíèÿ �èìàíà�Ëèóâèëëÿ ïîðÿäêà ν [1℄.
Ïóñòü Ω=Ω+∪Ω−∪AB, ãäå Ω+ = {(x, y) : 0< x<∞, 0< y < h},

Ω− = {(x, y) : −∞ < x < 0, 0 < y < h}, AB = {(0, y) : 0 < y < h}.
Çàäà÷à. Íàéòè ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå íà-

÷àëüíûì óñëîâèÿì

lim
y→0

Dα−1
0y u+(x, y) = ϕ1(x), 0 < x <∞, (2)

lim
y→h

Dα−1
hy u−(x, y) = ϕ2(x), −∞ < x < 0, (3)

è óñëîâèÿì ñêëåèâàíèÿ

u+(0, y) = u−(0, y), u+x (0, y) = u−x (0, y), 0 < y < h. (4)

Çäåñü y1−αu(x, y), uxx, uy ∈ C(Ω); �óíêöèè u(x, y), ux(x, y), ϕ1(x),
ϕ2(x) îãðàíè÷åíû äëÿ y > 0; ϕ1(x) ∈ C[0,∞), ϕ2(x) ∈ C(−∞, 0] �
çàäàííûå �óíêöèè.

Âîïðîñ ðàçðåøèìîñòè ðàññìàòðèâàåìîé çàäà÷è, èñïîëüçóÿ êîí-

ñòðóêòèâíûå è äè��åðåíöèàëüíûå ñâîéñòâà �óíêöèè �ðèíà äëÿ

óðàâíåíèÿ äðîáíîé äè��óçèè [2℄, ýêâèâàëåíòíî ðåäóöèðóåòñÿ ê âî-

ïðîñó ðàçðåøèìîñòè ñèíãóëÿðíîãî èíòåãðàëüíîãî óðàâíåíèÿ íîð-

ìàëüíîãî òèïà.
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1995. 301 ñ.
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óêà, 2005. 199 ñ.
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e-mail: urusbi�rambler.ru

Èññëåäóþòñÿ âîïðîñû î äåëèòåëÿõ íóëÿ â êîëüöå êëàññîâ âû÷å-

òîâ ïî äâîéíîìó ìîäóëþ è î ÷èñëå ìíîãî÷ëåíîâ çàäàííîé ñòåïåíè,

ïîðîæäàþùèõ ïî äâîéíîìó ìîäóëþ êîíå÷íîå ïîëå.

ÏóñòüH(p, f) � ÷èñëî äåëèòåëåé íóëÿ â êîëüöå {Fp}f êëàññîâ âû-
÷åòîâ ïî äâîéíîìó ìîäóëþ (p, f(x)) (ïî ïîâîäó ñðàâíåíèé ïî äâîé-
íîìó ìîäóëþ ñì. [1-3℄).

Òåîðåìà 1. Åñëè ìíîãî÷ëåí f ÿâëÿåòñÿ ïðîèçâåäåíèåì S ïî-

ïàðíî âçàèìíî ïðîñòûõ íåïðèâîäèìûõ íàä ïîëåì Fp ìíîãî÷ëåíîâ,

òî ÷èñëî äåëèòåëåé íóëÿ H(p, f) â êîëüöå {Fp}f êëàññîâ âû÷åòîâ

ïî äâîéíîìó ìîäóëþ (p, f(x)) îïðåäåëÿåòñÿ �îðìóëîé

H(p, f) = (2s − 2) · (p− 1) .

Äîêàçàòåëüñòâî ïðîâîäèòñÿ ñ ïîìîùüþ êîìáèíàòîðíûõ ðàññóæäå-

íèé.

Ñëåäóþùèé ðåçóëüòàò äà¼ò ÷èñëî ìíîãî÷ëåíîâ, ïîðîæäàþùèõ

ïî äâîéíîìó ìîäóëþ (p, f(x)) êîíå÷íîå ïîëå Fpn.

Òåîðåìà 2. Ïóñòü Tp(n) � ÷èñëî ìíîãî÷ëåíîâ f(x) ñòåïåíè
n, ïîðîæäàþùèõ ïî äâîéíîìó ìîäóëþ (p, f(x)) êîíå÷íîå ïîëå Fpn.

Òîãäà

Tp(n) =
p− 1

n

∑

d|n
µ(d)p

n
d ,

ãäå µ � �óíêöèÿ Ì¼áèóñà.

Çàìå÷àíèå. Òåîðåìà 2 ïîêàçûâàåò, ÷òî ïîëó÷àþùååñÿ êîíå÷-

íîå ïîëå Fpn íå çàâèñèò îò âûáîðà ìíîãî÷ëåíà f(x), à çàâèñèò

ëèøü îò åãî ñòåïåíè.
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Â ðàáîòå â ðàìêàõ ïîäõîäà [1,2℄ ðàññìàòðèâàåòñÿ çàäà÷à îá óïðàâ-

ëåíèè â óñëîâèÿõ ïîìåõ äâèæåíèåì äèíàìè÷åñêîé ñèñòåìû, îïèñû-

âàåìîé ëèíåéíûìè ïî �àçîâîìó âåêòîðó îáûêíîâåííûìè äè��å-

ðåíöèàëüíûìè óðàâíåíèÿìè. Öåëü óïðàâëåíèÿ çàêëþ÷àåòñÿ â ìè-

íèìèçàöèè âûïóêëîãî íåòåðìèíàëüíîãî ïîêàçàòåëÿ êà÷åñòâà, îöå-

íèâàþùåãî äâèæåíèå ñèñòåìû â �èêñèðîâàííûå íàïåðåä çàäàííûå

ìîìåíòû âðåìåíè [2℄. Äëÿ âû÷èñëåíèÿ âåëè÷èíû îïòèìàëüíîãî ãà-

ðàíòèðîâàííîãî ðåçóëüòàòà è ïîñòðîåíèÿ ñîîòâåòñòâóþùèõ îïòè-

ìàëüíûõ çàêîíîâ óïðàâëåíèÿ ïðèìåíÿåòñÿ è ðàçâèâàåòñÿ ìåòîä,

îñíîâàííûé íà ïîïÿòíîì ïîñòðîåíèè âûïóêëûõ ñâåðõó îáîëî÷åê

âñïîìîãàòåëüíûõ �óíêöèè [2,3℄. Èññëåäóþòñÿ âîïðîñû ÷èñëåííîé

ðåàëèçàöèè è óñòîé÷èâîñòè ðàçðåøàþùèõ ïðîöåäóð [4℄, ïðåäëàãà-

þòñÿ èõ ìîäè�èêàöèè äëÿ çàäà÷ ñ äîïîëíèòåëüíûìè ðåñóðñíûìè

(èíòåãðàëüíûìè) îãðàíè÷åíèÿìè íà óïðàâëåíèå, à òàêæå äëÿ çàäà÷

ñ çàïàçäûâàíèåì â óïðàâëåíèè. Ìåòîä àäàïòèðóåòñÿ íà ñëó÷àé, êî-

ãäà íà âîçäåéñòâèÿ ïîìåõè íàëîæåíû äîïîëíèòåëüíûå îãðàíè÷åíèÿ

�óíêöèîíàëüíîãî õàðàêòåðà [5℄. �àññìàòðèâàþòñÿ ïðèìåðû, ïðèâî-

äÿòñÿ ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå �ÍÔ, ïðîåêò � 15-11-10018.
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om

Â ðàáîòå ðàññìàòðèâàåòñÿ �èëüòðàöèÿ äâóõ�àçíîé íåñæèìàå-

ìîé æèäêîñòè â îòñóòñòâèè êàïèëëÿðíûõ è ãðàâèòàöèîííûõ ñèë,

ïîñòðîåíà íà÷àëüíî-êðàåâàÿ çàäà÷à �èëüòðàöèè. Èíòåãðî-èíòåðïî-

ëÿöèîííûì ìåòîäîì ïîëó÷åíà êîíñåðâàòèâíàÿ ðàçíîñòíàÿ ñõåìà,

âûâåäåíû ñîîòíîøåíèÿ äëÿ ðàñ÷åòà êîý��èöèåíòîâ ðàçíîñòíîé ñõå-

ìû [1,2℄. Ïðè ïåðåõîäå ê áîëåå ïîäðîáíûì ïðîñòðàíñòâåííûì ñåò-

êàì îáúåìû âû÷èñëèòåëüíûõ çàòðàò ÷èñëåííîãî ðåøåíèÿ ðàçíîñò-

íûõ óðàâíåíèé äëÿ äàâëåíèÿ ïî îòíîøåíèþ ê îáùåìó âðåìåíè ðå-

øåíèÿ ñèñòåìû ðàñòóò è ìîãóò ïðåâûñèòü 90% äëÿ ïîñëåäîâàòåëü-

íûõ àëãîðèòìîâ ðåøåíèÿ çàäà÷è. Ïîýòîìó, ðàññìàòðèâàåòñÿ ïàðàë-

ëåëüíîå ÷èñëåííîå ðåøåíèå ñèñòåìû ðàçíîñòíûõ óðàâíåíèé óñî-

âåðøåíñòâîâàííûì ìîäè�èöèðîâàííûì ïîïåðåìåííî-òðåóãîëüíûì

ìåòîäîì, îáåñïå÷èâàþùèé âûñîêóþ ñêîðîñòü ñõîäèìîñòè â ñëó÷àå

ñèëüíî íåîäíîðîäíûõ ïëàñòîâ è ïðè èñïîëüçîâàíèè ïîäðîáíûõ ïðî-

ñòðàíñòâåííûõ ñåòîê [3-8℄.

×èñëåííûå ýêñïåðèìåíòû ïîêàçàëè, ÷òî ðåàëüíîå çíà÷åíèå ìè-

íèìàëüíî íåîáõîäèìîãî ÷èñëà èòåðàöèé óìåíüøàåòñÿ çàìåòíûì îá-

ðàçîì ïî ñðàâíåíèþ ñî ¾ñòàíäàðòíûì¿ àëãîðèòìîì ÌÏÒÌ çà ñ÷åò

ó÷åòà �óíêöèè èñòî÷íèêîâ, âíîñÿùåé èçìåíåíèÿ â ñïåêòðàëüíûå

îöåíêè. Ïðè ïàðàëëåëüíîé ðåàëèçàöèè èñïîëüçîâàíû ìåòîäû äå-

êîìïîçèöèè ñåòî÷íûõ îáëàñòåé äëÿ âû÷èñëèòåëüíî òðóäîåìêèõ çà-

äà÷ äè��óçèè-êîíâåêöèè. Ïîñòðîåííàÿ è ïðîòåñòèðîâàííàÿ ìîäåëü

èìååò ïðèåìëåìûå ïîêàçàòåëè óñêîðåíèÿ è ý��åêòèâíîñòè äëÿ ÷èñ-

ëà ÿäåð ïðè èõ èçìåíåíèè â äèàïàçîíå 4-256.
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Òåíäåíöèÿ èíòåëëåêòóàëèçàöèè ïðèâû÷íûõ ïðåäìåòîâ îáèõîäà

÷åëîâåêà è ñòðåìèòåëüíîå ðàçâèòèå èí�îðìàöèîííûõ òåõíîëîãèé

ñ�îðìèðîâàëè ïîòðåáíîñòü ñîçäàíèÿ åñòåñòâåííî-ÿçûêîâîãî èíòåð-

�åéñà ê èíòåëëåêòóàëüíûì ñèñòåìàì è ïðîãðàììàì, êîòîðûé ïðè-

çâàíû îáëåã÷èòü êîììóíèêàöèþ ìåæäó ÷åëîâåêîì è ìàøèíîé.

Íà îñíîâå Ìó�ÊÀ (ìóëüòèàãåíòíàÿ ðåêóðñèâíàÿ êîãíèòèâíàÿ

àðõèòåêòóðà) [1℄ áûëà ïîñòðîåíà ñèñòåìà àâòîìàòè÷åñêîãî ðàñïî-

çíàâàíèÿ ðå÷è è �îðìàëüíàÿ ìîäåëü ñåìàíòèêè îãðàíè÷åííîãî ïîä-

ìíîæåñòâà åñòåñòâåííîãî ÿçûêà.
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�àññìàòðèâàåòñÿ îáûêíîâåííûé äè��åðåíöèàëüíûé îïåðàòîð ñ

èíòåãðàëüíûìè ãðàíè÷íûìè óñëîâèÿìè. Èçó÷åíèå äè��åðåíöèàëü-

íûõ óðàâíåíèé ñ íåëîêàëüíûìè è, â ÷àñòíîñòè, ñ èíòåãðàëüíûìè

óñëîâèÿìè èìååò ïðîäîëæèòåëüíóþ èñòîðèþ (ïîäðîáíóþ áèáëèî-

ãðà�èþ ñì. â [1℄). Â äîêëàäå îáñóæäàþòñÿ íåêîòîðûå õàðàêòåðè-

ñòèêè òàêèõ çàäà÷ � ñïåêòðàëüíûå ñâîéñòâà [1,2℄, îöåíêà íà ðåçîëü-

âåíòó [3℄ è íà ðåøåíèå [1-3℄, ñâîéñòâà êîðíåâûõ �óíêöèé [4,5℄ è

ñîîòâåòñòâóþùèå ìåòîäû èññëåäîâàíèÿ.

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ

è íàóêè �Ô ïî Ïðîãðàììå ïîâûøåíèÿ êîíêóðåíòíîñïîñîáíîñòè �ÓÄÍ ¾5-100¿

ñðåäè âåäóùèõ ìèðîâûõ íàó÷íî-îáðàçîâàòåëüíûõ öåíòðîâ íà 2016�2020 ãã.
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îáðàáîòêè äàííûõ è èñïîëüçîâàíèå ðîáîòèçèðîâàííûõ óñòðîéñòâ

â ðàçíûõ ñ�åðàõ ÷åëîâå÷åñêîé æèçíè ïðèâîäèò ê ïîâûøåíèþ

ñëîæíîñòè îðãàíèçàöèè êàê ñàìèõ èíòåëëåêòóàëüíûõ ñèñòåì, òàê
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è âèçóàëèçàöèè èíòåëëåêòóàëüíûõ ñèñòåì íà áàçå ìóëüòèàãåíòíûõ

ðåêóðñèâíûõ êîãíèòèâíûõ àðõèòåêòóð [1℄, ïðåäîñòàâëÿþùàÿ âîç-
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ñòåì, ïðèìåíÿåìûõ â ðîáîòîòåõíèêå, ÿâëÿåòñÿ îáðàáîòêà ìíîãîìî-

äàëüíûõ äàííûõ (ñåíñîðíàÿ èí�îðìàöèÿ îá îêðóæàþùåì ìèðå),

ïîñòóïàþùèõ â ñèñòåìó ñ ðàçëè÷íûõ óñòðîéñòâ, è �îðìèðîâàíèå
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�óíêöèîíèðîâàíèÿ ìóëüòèàãåíòíîé ðåêóðñèâíîé êîãíèòèâíîé àð-

õèòåêòóðû, êîòîðûé ïîçâîëÿåò îïðåäåëèòü òàêèå ïîíÿòèÿ, êàê òèï

àãåíòà � õàðàêòåðèñòèêà, îïðåäåëÿþùàÿ �óíêöèîíàëüíîå íàçíà÷å-

íèå àãåíòîâ, è âèä àãåíòà � õàðàêòåðèñòèêà, óêàçûâàþùàÿ íà ìíî-

æåñòâî àãåíòîâ, ñ êîòîðûìè âçàèìîäåéñòâóåò äàííûé àãåíò. Òàê,
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ðàçðåøèìîñòè îäíîé íåëîêàëüíîé êðàåâîé çàäà÷è ñ ïîñòîÿííûìè

êîý��èöèåíòàìè äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà âòîðîãî ðîäà âòî-

ðîãî ïîðÿäêà.

Â ïðÿìîóãîëüíèêå Q = (0, π)× (0, T ) ðàññìîòðèì äè��åðåíöè-

àëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà

Lu = K(t)u tt − uxx + α (t)u t + c(t) u = f(x, t). (1)

Ïðåäïîëîæèì, ÷òî êîý��èöèåíòû óðàâíåíèÿ (1) äîñòàòî÷íî ãëàä-

êèå �óíêöèè.

Óðàâíåíèå (1) îòíîñèòñÿ ê óðàâíåíèÿì ñìåøàííîãî òèïà âòîðîãî

ðîäà, òàê êàê íà çíàê �óíêöèèK(t) ïî ïåðåìåííîé t âíóòðè îáëàñòè
íå íàëàãàåòñÿ íèêàêèõ îãðàíè÷åíèé [1,2℄.
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Êðàåâàÿ çàäà÷à. Íàéòè îáîáùåííîå â îáëàñòè ðåøåíèå óðàâ-

íåíèÿ (1), óäîâëåòâîðÿþùåå íåëîêàëüíûì êðàåâûì óñëîâèÿì

u (x, 0) = γ · u (x, T ), (2)

αu|x=0 + βu|x=π = 0, (3)

βux|x=0 + αux|x=π = 0, (4)

ãäå γ, α, β − const 6= 0, òàêèå, ÷òî γ ∈ (0, 1), |α| 6= |β| .
Â äàííîé ðàáîòå, ïðè âûïîëíåíèè íåêîòîðûõ óñëîâèé íà êîý�-

�èöèåíòû óðàâíåíèÿ (1) è çàäà÷è (2)�(4), äîêàçàíà îäíîçíà÷íàÿ

ðàçðåøèìîñòü çàäà÷è (1)�(4) â êëàññå W l
2(Q), ãäå (2 ≤ l)− öåëîå

÷èñëî.

Ëèòåðàòóðà

1. Âðàãîâ Â.Í. Êðàåâûå çàäà÷è äëÿ íåêëàññè÷åñêèõ óðàâíåíèé ìàòåìàòè÷å-

ñêîé �èçèêè. Íîâîñèáèðñê: Í�Ó, 1983. 84 ñ.

2. Äæàìàëîâ Ñ.Ç. Îá îäíîé íåëîêàëüíîé êðàåâîé çàäà÷å äëÿ óðàâíåíèÿ

ñìåøàííîãî òèïà âòîðîãî ðîäà âòîðîãî ïîðÿäêà // Óç. ÌÆ. 2014. � 1.

C. 5-15.

Ê �ÅØÅÍÈÞ ÇÀÄÀ×È ÑÎËÎÍÍÈÊÎÂÀ-ÔÀÇÀÍÎ

Ï�È ÄÂÈÆÅÍÈÈ ��ÀÍÈÖÛ ÏÎ ÑÒÅÏÅÍÍÎÌÓ

ÇÀÊÎÍÓ


© Äæåíàëèåâ Ì.Ò.

1
, Èñêàêîâ Ñ.À.

1
, �àìàçàíîâ Ì.È.

2

1
Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÊÍ ÌÎÍ �Ê

(Êàçàõñòàí, Àëìàòû)

e-mail: muvasharkhan�gmail.
om

2
Êàðàãàíäèíñêèé �îñóäàðñòâåííûé óíèâåðñèòåò èì. àêàäåìèêà Å.À. Áóêåòîâà

(Êàçàõñòàí, Êàðàãàíäû)

e-mail: ramamur�mail.ru

�àññìàòðèâàåòñÿ ñëåäóþùàÿ ãðàíè÷íàÿ çàäà÷à





∂u

∂t
− a2

∂u

∂x2
= 0, 0 < x < tω, t > 0,

∂u

∂x
= 0,

(
dũ(t)

dt
+
∂u

∂x

) ∣∣
x=tω

= 0,
(1)

ãäå ũ(t) = u(tω, t), ω > 1/2. �ðàíè÷íàÿ çàäà÷à (1) ÿâëÿåòñÿ îäíîðîä-
íûì ñëó÷àåì çàäà÷è, ðàññìàòðèâàåìîé â ðàáîòå [1℄, ãäå îòìå÷åíî,
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Ïðè èçó÷åíèè íåêîòîðûõ çàäà÷ ñî ñâîáîäíûìè ãðàíèöàìè [1℄

âîçíèêàåò íåîáõîäèìîñòü ðåøåíèÿ îñîáîãî èíòåãðàëüíîãî óðàâíå-

íèÿ Âîëüòåððû (ãäå E(z, y) = exp{−z/(4a2y)}):

ϕ(t) +
1

2a
√
π

t∫

0

[
t+ τ

(t− τ)3/2
E((t+ τ)2, t− τ) +

3

(t− τ)1/2
E(t− τ, 1)−

− 4

(t− τ)1/2
E((t+ τ)2, t− τ)

]√
t

τ
ϕ(τ)dτ = f(t), t > 0. (1)

75



Ïîêàçàíî, ÷òî ñîîòâåòñòâóþùåå îäíîðîäíîå èíòåãðàëüíîå óðàâíå-

íèå èìååò íåíóëåâîå ðåøåíèå ϕ0(t) [2℄.
Òåîðåìà. Èíòåãðàëüíîå óðàâíåíèå (1) äëÿ ëþáîé ïðàâîé ÷àñòè√
t · f(t) ∈ L∞ (0, ∞) èìååò îáùåå ðåøåíèå:

ϕ(t) = f(t) +

t∫

0

R(t, τ) f(τ) dτ + C · ϕ0(t),

ãäå C = const ≥ 0,
√
t · ϕ(t) ∈ L∞ (0, ∞), è äëÿ ðåçîëüâåíòû ñïðà-

âåäëèâà îöåíêà

|R(t, τ)| ≤ C

∣∣∣∣
√
t · √τ

(t− τ)3/2
E(4tτ, t− τ) +

√
t · √τ√

t− τ (2t− τ)

∣∣∣∣E(t− τ, 1).

Ëèòåðàòóðà

1. Ñîëîííèêîâ Â.À., Ôàçàíî À. Îá îäíîìåðíîé ïàðàáîëè÷åñêîé çàäà÷å, âîç-

íèêàþùåé ïðè èçó÷åíèè íåêîòîðûõ çàäà÷ ñî ñâîáîäíûìè ãðàíèöàìè //

Çàïèñêè íàó÷íûõ ñåìèíàðîâ ÏÎÌÈ. 2000. Ò. 269. Ñ. 322-338.
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 problem in an

in�nite 
orner domain // AIP Conferen
e Pro
eedings. 2016. Ò. 1759. Ñ. 85.

doi: 10.1063/1.4959699.

Î ËÎ�È×ÅÑÊÎÉ ÔÎ�ÌÅ ΣΠ-ÍÅÉ�ÎÍÀ


© Äèìèòðè÷åíêî Ä.Ï.

1
, Æèëîâ �.À.

2

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ �ÀÍ

(�îññèÿ, Íàëü÷èê)

1
e-mail: dimdp�rambler.ru,

2
e-mail: kavkaze�inbox.ru

Íåéðîííûå ñåòè õîðîøî çàðåêîìåíäîâàëè ñåáÿ â êà÷åñòâå èí-

ñòðóìåíòà äëÿ ðåøåíèÿ èíòåëëåêòóàëüíûõ çàäà÷ äèàãíîñòèêè è

ðàñïîçíàâàíèÿ, äëÿ ðåøåíèÿ êîòîðûõ áûëè ïðåäëîæåíû ðàçëè÷íûå

ìîäè�èêàöèè íåéðîííûõ ñåòåé [1℄.

Â ðàáîòå [2℄ áûëà ïðåäëîæåíà ìîäåëü ΣΠ-íåéðîíà, ñóììèðîâà-
íèå â êîòîðîé ïðîèçâîäèòñÿ ñëåäóþùèì îáðàçîì:

sp(X) = θ +
N∑

k=1

ωk

∏

i∈ik

xi,

ãäå X � âåêòîðà âõîäîâ, ωk � âåñîâûå êîý��èöèåíòû äëÿ âñåõ ïîä-

ìíîæåñòâ ik, ñîäåðæàùèõñÿ â X.
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Â ðàáîòå [3℄ áûë ïðåäëîæåí ìåòîä àíàëèçà è âûÿâëåíèÿ ñêðû-

òûõ çàêîíîìåðíîñòåé â ñëàáî �îðìàëèçóåìûõ îáëàñòÿõ çíàíèé ïðè

ïîìîùè ëîãè÷åñêèõ �óíêöèé F (X,W ), ïîñòðîåííûõ íà îñíîâå ïå-
ðåìåííîçíà÷íûõ ïðåäèêàòîâ.

Äëÿ ïîñòðîåíèÿ îáó÷àþùåé âûáîðêè ìû ðàñïîëàãàåì ìíîæå-

ñòâîì W èç m àíàëèçèðóåìûõ îáúåêòîâ, êàæäûé èç êîòîðûõ õà-

ðàêòåðèçóåòñÿ íàáîðîì X, ñîñòîÿùèì èç íå áîëåå ÷åì n ñóùåñòâåí-
íûõ (àêòóàëüíûõ) äëÿ öåëåé àíàëèçà ïðèçíàêîâ. Ôóíêöèÿ F (X,W )

èìååò âèä: F (X,W ) = ∧m
i=1(∨n

j=1 xj(wi) ∨ wi).
Äîêàçàía ñëåäóþùàÿ

Òåîðåìà. Ïåðåìåííîçíà÷íàÿ ëîãè÷åñêàÿ �óíêöèÿ F (X,W ), ïî-
ñòðîåííàÿ ïðè ïîìîùè ëîãè÷åñêèõ îïåðàöèé êîíúþíêöèè, äèçúþíê-

öèè è îáîáùåííîãî îòðèöàíèÿ íà îñíîâå ïåðåìåííîçíà÷íûõ ïðåäè-

êàòîâ, õàðàêòåðèçóþùèõ îáó÷àþùóþ âûáîðêó W , ñîñòîÿùóþ èç

m îáúåêòîâ, êàæäûé èç êîòîðûõ õàðàêòåðèçóåòñÿ n ïàðàìåòðà-

ìè, âçàèìíî îäíîçíà÷íî ñîîòâåòñòâóåò ñòðóêòóðå ΣΠ-íåéðîíà ñ
n âõîäàìè.

Ëèòåðàòóðà

1. Õàéêèí Ñ. Íåéðîííûå ñåòè: ïîëíûé êóðñ, 2-å èçäàíèå. Ìîñêâà: Èçäà-

òåëüñêèé äîì Âèëüÿìñ, 2008. 1103 ñ.
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ìíîãîçíà÷íîé ëîãèêè ïðåäèêàòîâ. Íàëü÷èê: Ïðåïðèíò, 2006. 33 ñ.

ÀÍÀËÈÒÈ×ÅÑÊÎÅ Ï�ÎÄÎËÆÅÍÈÅ

�ÈÏÅ�ÁÎËÈ×ÅÑÊÎÉ ÄÇÅÒÀ-ÔÓÍÊÖÈÈ ÑÅÒÎÊ


© Äîáðîâîëüñêèé Í.Ì.

1
, �åáðîâà È.Þ.

1
,

Äîáðîâîëüñêèé Í.Í.

2

1
Òóëüñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èì. Ë.Í. Òîëñòîãî

(�îññèÿ, Òóëà)

e-mail: dobrovol�tspu.tula.ru, e-mail: i_rebrova�mail.ru

2
Òóëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (�îññèÿ, Òóëà)

e-mail: nikolai.dobrovolsky�gmail.
om

Ïóñòü ñåòêà M � ðàöèîíàëüíàÿ ñî çíàìåíàòåëåì p, òî åñòü â

s-ìåðíîì êóáå Gs = {~x | 0 ≤ xi < 1 (i = 1, . . . , s)} èìååòñÿ N ðàöèî-

íàëüíûõ òî÷åê âèäà

(
x
(k)
1

p
, . . . ,

x
(k)
s

p

)
, k = 1, . . . , N, (1)
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x
(k)
i � öåëûå, 0 ≤ x

(k)
i ≤ p− 1, p � íàòóðàëüíîå.

�àññìîòðèì ïðîèçâîëüíóþ ðàöèîíàëüíóþ ñåòêó M è ñîîòâåò-

ñòâóþùóþ ãèïåðáîëè÷åñêóþ äçåòà-�óíêöèþ ñåòêè

ζ(α, p|M, ~ρ) =
∑′

~m∈K1
⋃

K2

1

(m1 . . .ms)α
+
∑

~m∈K3

|S∗
M,~ρ(~m)|p

(m1 . . .ms)α
,

ãäå S∗
M,~ρ(~m) � íîðìèðîâàííàÿ òðèãîíîìåòðè÷åñêàÿ ñóììà ñåòêè ñ

âåñàìè.

Òåîðåìà. Äëÿ ëþáîé ðàöèîíàëüíîé ñåòêè M ñ âåñàìè ~ρ è ïà-

ðàìåòðîì p ãèïåðáîëè÷åñêàÿ äçåòà-�óíêöèÿ ζ(α, p|M, ~ρ) ÿâëÿåòñÿ
àíàëèòè÷åñêîé �óíêöèåé äëÿ ëþáîãî α 6= 1, è â ëåâîé ïîëóïëîñêî-

ñòè α = σ + it, σ < 0, ñïðàâåäëèâî ðàâåíñòâî

ζ(α, p|M, ~ρ) = −|S∗
M,~ρ(~0)|p +

n−1∑

m1,...,ms=0

|S∗
M,~ρ(~m)|p·

·
s∏

ν=1

(
ε(mν) +

M(α)

nα

∞∑′

kν=−∞

e2πi
kνmν

n

|kν |α

)
. (2)

�àáîòà âûïîëíåíà ïðè ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ

èññëåäîâàíèé, ïðîåêò � 15-01-01540.

ÎÁ ÎÁÎÁÙÅÍÍÛÕ Ä�ÅÂÅÑÍÛÕ ÑÒ�ÓÊÒÓ�ÀÕ

��ÓÏÏ ÊÎÊÑÒÅ�À


© Äîáðûíèíà È.Â.

Òóëüñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èì. Ë.Í. Òîëñòîãî

(�îññèÿ, Òóëà)

e-mail: dobrynirina�yandex.ru

Ïóñòü G � êîíå÷íî ïîðîæäåííàÿ ãðóïïà Êîêñòåðà, çàäàííàÿ

êîïðåäñòàâëåíèåì G =< a1, ..., an; (aiaj)
mij = 1, i, j = 1, n >, ãäå

mii = 1, mij = mji ≥ 2, i 6= j.
Â ñèëó ñëîæíîñòè ïðîáëåìû ñîïðÿæåííîñòè ñëîâ â ãðóïïàõ Êîêñ-

òåðà Ê. Àïïåëåì è Ï. Øóïïîì [1℄ îïðåäåëåí êëàññ ãðóïï Êîêñòåðà

ýêñòðàáîëüøîãî òèïà ñ mij > 3, i 6= j. Èìè æå â äàííîì êëàññå

ãðóïï ðåøåíà ïðîáëåìà ñîïðÿæåííîñòè ñëîâ.

Â.Í. Áåçâåðõíèì [2℄ îïðåäåëåíû ãðóïïû Êîêñòåðà ñ äðåâåñíîé

ñòðóêòóðîé. Åñëè ãðóïïå G ñîîòâåòñòâóåò äåðåâî-ãðà� Γ òàêîé, ÷òî

âåðøèíàì ãðà�à Γ ñîîòâåòñòâóþò îáðàçóþùèå ai, i = 1, n, à âñÿêîìó
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ðåáðó e, ñîåäèíÿþùåìó âåðøèíû ñ îáðàçóþùèìè ai è aj � ñîîòíî-
øåíèå (aiaj)

mij = 1, òî G åñòü ãðóïïà Êîêñòåðà ñ äðåâåñíîé ñòðóê-

òóðîé. �ðóïïó Êîêñòåðà G ñ äðåâåñíîé ñòðóêòóðîé ìîæíî ïðåä-

ñòàâèòü êàê äðåâåñíîå ïðîèçâåäåíèå äâóïîðîæäåííûõ ãðóïï Êîêñ-

òåðà, îáúåäèíåííûõ ïî öèêëè÷åñêèì ïîäãðóïïàì: âåðøèíàì ãðà�à

Γ ïîñòàâèì â ñîîòâåòñòâèå ãðóïïû Êîêñòåðà íà äâóõ îáðàçóþùèõ

Gij=< ai, aj; a
2
i = a2j = 1, (aiaj)

mij = 1> è Gjk=<aj , ak; a
2
j = a2k = 1,

(ajak)
mjk = 1 >, à âñÿêîìó ðåáðó e, ñîåäèíÿþùåìó âåðøèíû, ñîîò-

âåòñòâóþùèå Gij è Gjk � öèêëè÷åñêóþ ïîäãðóïïó < aj ; a
2
j = 1 >.

Â ãðóïïàõ Êîêñòåðà ñ äðåâåñíîé ñòðóêòóðîé ðàçðåøèìà ïðîáëå-

ìà ñîïðÿæåííîñòè ñëîâ.

Äàëåå ðàññìîòðèì åùå îäèí êëàññ ãðóïï Êîêñòåðà.

Òåîðåìà. Â îáîáùåííûõ äðåâåñíûõ ñòðóêòóðàõ ãðóïï Êîêñòå-

ðà, îáðàçîâàííûõ èç ãðóïï Êîêñòåðà ñ äðåâåñíîé ñòðóêòóðîé çàìå-

íîé íåêîòîðûõ âåðøèí ñîîòâåòñòâóþùåãî äåðåâà-ãðà�à ãðóïïàìè

Êîêñòåðà ýêñòðàáîëüøîãî òèïà, ðàçðåøèìà ïðîáëåìà ñîïðÿæåí-

íîñòè ñëîâ.

Ëèòåðàòóðà
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Êàáàðäèíî�Áàëêàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Õ.Ì. Áåðáåêîâà

(�îññèÿ, Íàëü÷èê)

e-mail: rezuan.dokhov�yandex.ru

Ìû ðàññìàòðèâàåì îñîáûé ðÿä çàäà÷è î âçâåøåííîì ÷èñëå öå-

ëûõ òî÷åê íà ìíîãîìåðíîì ãèïåðáîëîèäå

P (x) =
s∑

i=1

{Q(1)
i (xi, yi)−Q

(2)
i (zi, ti)} − h = 0, (1)

ãäå x=(x1, y1, z1, t1, ..., x3, y3, z3, t3) ñ âåñîì

ω(x)=
s∑

i=1

{Q(1)
i (xi, yi) +Q

(2)
i (zi, ti)}.
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Â [1] ãëàâíûé ÷ëåí äëÿ âçâåøåííîãî ÷èñëà

Jh(n, s) =
∑

P (x)=h

e
−ω(x)

n , n→ ∞,

âûðàæåí ÷åðåç îñîáûé ðÿä

H(P (x)) =
∑

q−4s

q−1∑

l=0

e−2πi lh
q

∏
G

(1)
i (q, l, 0)G

(2)
i (q, l, 0),

ãäå G
(1)
i , G

(2)
i � äâîéíûå ñóììû �àóññà ïî ìîäóëþ q.

Îáîáùàÿ ðåçóëüòàò ðàáîòû [2] îá îñîáîì ðÿäå íà ìíîãîìåðíûé

ãèïåðáîëîèä, ïîëó÷àåì ñëåäóþùåå

Ïðåäëîæåíèå. Îñîáûé ðÿä H(P (x)) çàäà÷è î âçâåøåííîì ÷èñ-

ëå öåëûõ òî÷åê íà ìíîãîìåðíûõ ãèïåðáîëîèäàõ (1) ñõîäèòñÿ è åãî

ñóììà ïîëîæèòåëüíà.

Â äîêàçàòåëüñòâå èñïîëüçóþòñÿ òî÷íûå çíà÷åíèÿ äâîéíûõ ñóìì

�àóññà è ñóììû �àìàíóäæàíà, ïðè ýòîì ïîëó÷åíî òî÷íîå çíà÷åíèå

äëÿ H(P (x)).
Ëèòåðàòóðà
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ÖÅÍÒ�ÀËÈÇÀÒÎ�ÍÀß �ÀÇÌÅ�ÍÎÑÒÜ
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© Äóäêèí Ô.À.

Èíñòèòóò ìàòåìàòèêè ÑÎ �ÀÍ (�îññèÿ, Íîâîñèáèðñê)

e-mail: DudkinF�ngs.ru

Êîíå÷íî ïîðîæäåííàÿ ãðóïïà G, êîòîðàÿ äåéñòâóåò íà äåðåâå

òàê, ÷òî âñå âåðøèííûå è ðåáåðíûå ñòàáèëèçàòîðû � áåñêîíå÷íûå

öèêëè÷åñêèå ãðóïïû, íàçûâàåòñÿ îáîáùåííîé ãðóïïîé Áàóìñëàãà�

Ñîëèòåðà (GBS ãðóïïà). Ïî òåîðåìå Áàññà-Ñåððà âñÿêàÿGBS ãðóï-
ïà ÿâëÿåòñÿ �óíäàìåíòàëüíîé ãðóïïîé ïîäõîäÿùåãî ãðà�à ãðóïï.

Êàê çàìåòèë Ä. �îáèíñîí [1℄, GBS ãðóïïû çàíèìàþò öåíòðàëü-

íûå ïîçèöèè â êîìáèíàòîðíîé òåîðèè ãðóïï áëàãîäàðÿ ñëåäóþùèì

ñâîéñòâàì: íåöèêëè÷åñêèå GBS ãðóïïû � â òî÷íîñòè òàêèå êîíå÷-

íî ïîðîæäåííûå ãðóïïû êîãîìîëîãè÷åñêîé ðàçìåðíîñòè 2, êîòîðûå
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èìåþò ñîèçìåðèìóþ áåñêîíå÷íóþ öèêëè÷åñêóþ ãðóïïó; GBS ãðóï-

ïû êîãåðåíòíû.

Ïðåäïîëîæèì, ÷òî â ãðóïïå G ñóùåñòâóåò ñòðîãî óáûâàþùàÿ

öåïî÷êà öåíòðàëèçàòîðîâ C1 ⊃ C2 ⊃ · · · ⊃ Cd äëèíû d, ò.å. ñîäåð-
æàùàÿ ðîâíî d ýëåìåíòîâ, íî íå ñóùåñòâóåò òàêîé öåïî÷êè äëèíû

d+ 1. Òîãäà öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü cdim(G) ðàâíà d. Åñ-
ëè òàêîãî ÷èñëà d íå ñóùåñòâóåò, òî ïîëàãàþò cdim(G) = ∞. Áîëåå

ïîëíûå ñâåäåíèÿ î öåíòðàëèçàòîðíûõ ðàçìåðíîñòÿõ ãðóïï ìîæíî

íàéòè â [2℄. Îñíîâíîé ðåçóëüòàò ðàáîòû

Òåîðåìà. Ïóñòü G � îáîáùåííàÿ ãðóïïà Áàóìñëàãà�Ñîëèòåðà,

à p è q � âçàèìíî ïðîñòûå öåëûå ÷èñëà, íå ðàâíûå 0, 1,−1. Åñëè â

ãðóïïå G ðàçðåøèìî óðàâíåíèå x−1ypx = yq ïðè y 6= 1, òî öåíòðà-
ëèçàòîðíàÿ ðàçìåðíîñòü ãðóïïû G áåñêîíå÷íà.
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Ìåòîäàìè ãðóïïîâîãî àíàëèçà [1℄ èññëåäîâàíî íåëèíåéíîå îáîáùå-

íèå óðàâíåíèÿ Áëýêà�Øîóëçà [2℄ íà ðûíêå ñ íåëèêâèäíûì áàçîâûì

àêòèâîì. Äëÿ ìàðæèðóåìûõ îïöèîíîâ íà �üþ÷åðñ îíî èìååò âèä

ut +
σ2x2uxx

2 (1− xv(ux)uxx)
2 = 0. (1)

Íàéäåíà àëãåáðà Ëè èí�èíèòåçèìàëüíûõ îïåðàòîðîâ ãðóïï ïðåîá-

ðàçîâàíèé ýêâèâàëåíòíîñòè óðàâíåíèÿ (1) 
 �óíêöèåé v 6≡ 0:

Y1 = ∂t, Y2 = ∂u, Y3 = x∂u, Y4 = x∂x + u∂u, Y5 = u∂u − v∂v.

Ïîêàçàíî, ÷òî òîëüêî ïðè v = 1 è v = β/ux îñíîâíàÿ àëãåáðà Ëè

óðàâíåíèÿ (1) èìååò äîïîëíèòåëüíûå ñèììåòðèè ê ÿäðó îñíîâíûõ
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àëãåáð Ëè. Ñ èñïîëüçîâàíèåì ñèììåòðèé óðàâíåíèÿ (1) íàéäåíû åãî

èíâàðèàíòíûå ðåøåíèÿ [3, 4℄. Â ÷àñòíîñòè, äëÿ �óíêöèè v = β/ux
íàéäåíû ñëåäóþùèå ðåøåíèÿ óðàâíåíèÿ (1):

u(t, x) = Ax+ C, u(t, x) = A

(
lnx+

σ2t

2(1 + β)2

)
+B, A 6= 0,

u(t, x) =

(
Be

− σ2A(A−1)t

2(1−β(A−1))2xA
)
+ C, AB 6= 0.
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�àññìîòðèì óðàâíåíèå

utt − (a(x, t)ux)x + c(x, t)u = f(x, t)
(1)

â îáëàñòè QT = (0, l) × (0, T ), ãäå l, T < ∞ è ïîñòàâèì äëÿ íåãî

ñëåäóþùóþ çàäà÷ó: íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè QT ,

óäîâëåòâîðÿþùåå íà÷àëüíûì äàííûì

u(x, 0) = 0, ut(x, 0) = 0 (2)

è ãðàíè÷íûì óñëîâèÿì

a(0, t)ux(0, t) = (α1(t)u(0, t))t + (β1(t)u(l, t))t + γ1utt(0, t),
a(l, t)ux(l, t) = (α2(t)u(0, t))t + (β2(t)u(l, t))t + γ2utt(l, t).

(3)
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Îïðåäåëåíèå. Îáîáùåííûì ðåøåíèåì çàäà÷è (1)�(3) áóäåì íà-

çûâàòü �óíêöèþ u(x, t) ∈ W 1
2 (QT ), óäîâëåòâîðÿþùóþ óñëîâèþ

u(x, 0) = ϕ(x) è ñëåäóþùåìó òîæäåñòâó

T∫

0

l∫

0

(−utvt + auxvx + cuv)dxdt+

T∫

0

vt(0, t)[α1(t)u(0, t) + β1(t)u(l, t)−

−γ1ut(0, t)dt−
T∫

0

vt(l, t)[α2(t)u(0, t) + β2(t)u(l, t)− γ2(t)ut(l, t)dt =

T∫

0

l∫

0

fvdxdt

äëÿ ëþáîé �óíêöèè v(x, t) ∈ Ŵ 1
2 (QT ).

Â ðàçâèòèå ìåòîäîâ, ðàçðàáîòàííûõ â ñòàòüå [1℄, äîêàçàíî ñóùå-

ñòâîâàíèå îáîáùåííîãî ðåøåíèÿ çàäà÷è (1)�(3).
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Äà¼òñÿ îöåíêà ñâåðõó ïîðÿäêà ìíîãî÷ëåíîâ ñïåöèàëüíîãî âèäà

íàä êîíå÷íûì ïîëåì. Íàðÿäó ñî ñòåïåíüþ deg f ìíîãî÷ëåíà

f(x)∈ Fq[x] íàä êîíå÷íûì ïîëåì Fq èìååòñÿ åù¼ îäíà âàæíàÿ õà-

ðàêòåðèñòèêà ìíîãî÷ëåíà � åãî ïîðÿäîê, îáîçíà÷àåìûé ÷åðåç ord(f).
Îïðåäåëåíèå. Ïóñòü f(x) ∈ Fq � íåíóëåâîé ìíîãî÷ëåí ñ óñëî-

âèåì f(0) 6= 0. Òîãäà íàèìåíüøåå íàòóðàëüíîå ÷èñëî e, äëÿ êîòîðî-
ãî ìíîãî÷ëåí f(x) äåëèò xe−1 â êîëüöå Fq[x], íàçûâàåòñÿ ïîðÿäêîì
ìíîãî÷ëåíà f(x) è îáîçíà÷àåòñÿ ord(f) = ord (f(x)).

Ñâîéñòâà ïîðÿäêîâ ìíîãî÷ëåíà íàä êîíå÷íûì ïîëåì èçëîæåíû

â [1, 2℄. Îòìåòèì òàêæå, ÷òî ìåòîä íàõîæäåíèÿ ord f ìíîãî÷ëåíà

f íàä ïðîñòûì êîíå÷íûì ïîëåì Fp, ãäå p � ïðîñòîå ÷èñëî, äà¼òñÿ
â [3℄.

Ëåììà. Ïðîèçâåäåíèå J(q, n; x) âñåõ íîðìèðîâàííûõ ìíîãî÷ëå-
íîâ ñòåïåíè n èç êîëüöà Fq[x] îïðåäåëÿåòñÿ �îðìóëîé
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J(q, n; x) =
∏

d|n

(
xq

n
d − x

)µ(d)
,

ãäå µ � �óíêöèÿ Ì¼áèóñà.

Äîêàçàòåëüñòâî ñì. [1℄.

Òåîðåìà. Äëÿ ïîðÿäêà ìíîãî÷ëåíà J(q, pk; x) ñïðàâåäëèâà îöåí-
êà ñâåðõó

ordJ(q, pk; x) ≤ qp
k − 1,

ãäå p � ïðîñòîå ÷èñëî.

Äîêàçàòåëüñòâî ïðîâîäèòñÿ ñ ïîìîùüþ ëåììû è êîìáèíàòîðíûõ

ðàññóæäåíèé.

Çàìå÷àíèå. Åñëè n 6= pk, òî äëÿ ordJ(q, n; x) ïîëó÷àåòñÿ áî-

ëåå ãðóáàÿ îöåíêà.
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Çàäà÷à ïîñòðîåíèÿ �óíêöèè óðîæàéíîñòè ñåëüñêî-õîçÿéñòâåí-

íîé êóëüòóðû â çàâèñèìîñòè îò îïðåäåëÿþùèõ åå �àêòîðîâ ÿâëÿ-

åòñÿ â íàñòîÿùåå âðåìÿ àêòóàëüíîé. Äëÿ äîñòèæåíèÿ ýòîé öåëè

òðåáóåòñÿ èññëåäîâàíèå ðÿäà âîïðîñîâ, îñíîâíûìè èç êîòîðûõ ÿâ-

ëÿþòñÿ:

- àíàëèç äèíàìèêè óðîæàéíîñòè âåäóùèõ ñåëüñêîõîçÿéñòâåííûõ

êóëüòóð;

- èäåíòè�èêàöèÿ ïàðàìåòðîâ ìîäåëè;

- ïðîãíîç óðîæàéíîñòè âåäóùèõ ñåëüñêîõîçÿéñòâåííûõ êóëüòóð

íà ïðåäñòîÿùèé ïåðèîä ïëàíèðîâàíèÿ è óïðàâëåíèÿ è ò.ä.
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Ó÷èòûâàÿ, ÷òî âî ìíîãèõ ðåãèîíàõ �îññèè (ÞÔÎ, ÑÊÔÎ)

îñíîâíûì ëèìèòèðóþùèì �àêòîðîì ïðè ðàçâèòèè ñåëüñêîõîçÿé-

ñòâåííûõ ðàñòåíèé ÿâëÿåòñÿ îáåñïå÷åííîñòü âîäíûìè ðåñóðñàìè

òåððèòîðèè, âûáîð áûë ñäåëàí â ïîëüçó ìîäåëè, ïðåäëîæåííîé �îð-

áà÷åâîé �.È. [1℄, êîòîðàÿ â àáñîëþòíûõ è áåçðàçìåðíûõ âåëè÷èíàõ

èìååò âèä:

Ó =

[
a

(
W −W 0

W
îïò

)n

− b

(
W −W0

W
îïò

)m]
Ó

ìàêñ

, (1)

èëè

Ó/Ó
ìàêñ

= a(k − k0)
n−b (k − k0)

m, (2)

ãäå W
îïò

� âåëè÷èíà âëàãîîáåñïå÷åííîñòè (ìì èëè ì

3
/ãà), ñîîòâåò-

ñòâóþùàÿ íàèâûñøåìó óðîæàþ (Ó
ìàêñ

), W � çàäàííîìó óðîæàþ

(Ó); W0 � âëàãîîáåñïå÷åííîñòè ïðè óðîæàå, ðàâíîì íóëþ;

k= W
W

îïò

, a, n, b,m, k0 � ïàðàìåòðû óðàâíåíèÿ, èìåþùèå ðàçëè÷íûå

çíà÷åíèÿ â çàâèñèìîñòè îò ðåãèîíà. �àñ÷åòû ïî ìîäåëè âåëèñü äëÿ

óñëîâèé Ëåâî�Åãîðëûêñêîé îðîñèòåëüíîé ñèñòåìû Ñòàâðîïîëüñêî-

ãî êðàÿ äëÿ îñíîâíûõ ñåëüñêîõîçÿéñòâåííûõ êóëüòóð. Òåððèòîðèÿ

îðîñèòåëüíîé ñèñòåìû ïðåäâàðèòåëüíî áûëà ðàçáèòà íà êàìåðû.

Çíà÷åíèÿ ýìïèðè÷åñêèõ êîý��èöèåíòîâ äëÿ êàæäîé ñåëüñêîõîçÿé-

ñòâåííîé êóëüòóðû áûëè çàèìñòâîâàíû èç [1℄. �àñ÷åòû âåëèñü çà

30-ëåòíèé ïåðèîä (1956�1985 ãã.). Åñòåñòâåííî, ÷òî çà ýòîò ïðîìå-

æóòîê âðåìåíè ïîïàäàþòñÿ ãîäû ñ íàèìåíüøåé, ñðåäíåé è âûñîêîé

åñòåñòâåííîé âëàãîîáåñïå÷åííîñòüþ. Ïî ýòîé ïðè÷èíå ìîæíî ñêà-

çàòü, ÷òî ìîäåëü �îðáà÷åâîé �.È. èñïûòûâàëàñü â ðàáîòå äëÿ î÷åíü

áîëüøîãî êðóãà èñõîäîâ åñòåñòâåííîãî óâëàæíåíèÿ. Çà ýòîò æå ïå-

ðèîä è áûëè ïðåäñòàâëåíû ðÿäû óðîæàéíîñòåé îñíîâíûõ ñåëüñêî-

õîçÿéñòâåííûõ êóëüòóð.

Ïîëó÷åííûå ðåçóëüòàòû õîðîøî ñîãëàñóþòñÿ ñ ðåçóëüòàòàìè ðàç-

ëè÷íûõ ëèòåðàòóðíûõ èñòî÷íèêîâ, à òàêæå ñ íàáëþäåííûìè äàí-

íûìè äëÿ óñëîâèé Ñòàâðîïîëüñêîãî êðàÿ.

Ïðåèìóùåñòâîì ïðåäëàãàåìûõ ðåçóëüòàòîâ ïåðåä àíàëîãè÷íû-

ìè ðàáîòàìè ÿâëÿåòñÿ óíèâåðñàëüíîñòü àíàëèòè÷åñêîé �îðìóëû,

àïïðîêñèìèðóþùåé ýêñïåðèìåíòàëüíûå çàâèñèìîñòè óðîæàÿ îò âëà-

ãîîáåñïå÷åííîñòè â øèðîêîì äèàïàçîíå åå èçìåíåíèÿ äëÿ ëþáîé çî-

íû.

Ïðîãðàììíîå îáåñïå÷åíèå íàïèñàíî íà ÿçûêå Turbo Pas
al 6.0.
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Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ íåëîêàëüíàÿ êðàåâàÿ çàäà÷à äëÿ

óðàâíåíèÿ:

∂3u

∂x3
− ∂2u

∂y2
+

2∑

i=0

ai(x, y)
∂iu

∂xi
= F (x, y). (1)

Ïîñòàíîâêà çàäà÷è. Íàéòè â îáëàñòè D = {(x, y) : 0 < x < 1,
0 < y ≤ 1} ðåøåíèå u(x, y) ∈ C2,1 ¯(D) ∩ C3,2(D) óðàâíåíèÿ (1),

óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì:

α0(x)u(x, 0) + α1(x)uy(x, 0) = h0(x), 0 ≤ x ≤ 1, (2)

β0(x)uy(x, 0) + β1(x)uy(x, y0) + β2(x)uy(x, 1) = h1(x), 0 ≤ x ≤ 1, (3)

γ0(y)u(0, y) + γ1(y)uxx(0, y) = P0(y), 0 ≤ y ≤ 1, (4)

δ0(y)u(1, y) + δ1(y)uxx(1, y) = P1(y), 0 ≤ y ≤ 1, (5)

ρ0(y)ux(0, y) + ρ1(y)ux(1, y) = P2(y), 0 ≤ y ≤ 1. (6)

Çäåñü αi(x), βj(x), hi(x), δi(x), γi(y), Pj(y), ρi(x)(i = 0, 1; j = 0, 1, 2) �
çàäàííûå íåïðåðûâíûå �óíêöèè, ïðè÷åì α2

0+α
2
1 6=0, β2

0+β
2
1+β

2
2 6= 0,

γ20 + γ21 6= 0, δ20 + δ21 6= 0, ρ20+ ρ21 6= 0. Îòìåòèì ÷òî, ïðè γ1 = 0, ρ0 = 0,
ρ1 = 0 ýòà çàäà÷à èçó÷åíà â ðàáîòàõ [1, 2℄.

Òåîðåìà. Ïóñòü ai(x, y) ∈ C i,0(D̄), a2(x, y)≤0, a2xx−a1x+2a0>0
è âûïîëíåíî óñëîâèå: åñëè α0β0γ0δ0ρ0 6= 0, òî α0α1 ≥ 0, β0β1 ≤ 0,
γ0γ1 ≤ 0, δ0δ1 < 0, ρ0ρ1 ≥ 0, (−1)i[a1(i, y)− a2x(i, y)] ≥ 0, i = 0, 1; γ1

γ0
+
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1 ≥ 0, ρ0 +
ρ1
ρ0
a2(1, y) > 0. Òîãäà çàäà÷à (1)�(6) èìååò åäèíñòâåííîå

ðåøåíèå.

Äîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è (1)�(6).
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�àññìàòðèâàåòñÿ ñòðîãî ãèïåðáîëè÷åñêàÿ ñèñòåìà ïåðâîãî ïî-

ðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè, ñîñòîÿùàÿ èç ÷åòûðåõ óðàâ-

íåíèé, â îãðàíè÷åííîé êóñî÷íî-ãëàäêîé îáëàñòè. Ïðåäïîëàãàåòñÿ,

÷òî ãðàíèöà ýòîé îáëàñòè ñîñòàâëåíà èç âîñüìè ãëàäêèõ íåõàðàêòå-

ðèñòè÷åñêèõ äóã. Â ýòîé îáëàñòè ñòàâÿòñÿ êðàåâûå çàäà÷è ïî äâóì

ëèíåéíûì ñîîòíîøåíèÿì ìåæäó êîìïîíåíòàìè èñêîìîãî ðåøåíèÿ.

Ïîêàçàíî, ÷òî ïðè íåêîòîðûõ äîïîëíèòåëüíûõ óñëîâèÿõ íà êîý�-

�èöèåíòû ýòèõ ñîîòíîøåíèé, ãðàíèöó îáëàñòè è õàðàêòåð ïîâå-

äåíèÿ ðåøåíèÿ âáëèçè õàðàêòåðèñòèê, ïðîõîäÿùèõ ÷åðåç óãëîâûå

òî÷êè îáëàñòè, ýòè çàäà÷è îäíîçíà÷íî ðàçðåøèìû.
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Â ïðÿìîóãîëüíîé îáëàñòè D = {(x, t)| 0 < x < l, 0 < t < T},
ãäå l, T > 0 � çàäàííûå äåéñòâèòåëüíûå ÷èñëà, èññëåäîâàíà çàäà÷à:
íàéòè �óíêöèþ u(x, t), óäîâëåòâîðÿþùóþ óñëîâèÿì:

u(x, t) ∈ C1(D) ∩ C2(D), (1)

87



utt − x−k ∂

∂x

(
xkux

)
= 0, k ≥ 1, (x, t) ∈ D, (2)

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), 0 ≤ x ≤ l,

ux(l, t) +

l∫

0

u(x, t) xk dx = 0, 0 ≤ t ≤ T. (3)

Èíòåãðàëüíîå óñëîâèå (3) � åñòü íåëîêàëüíîå èíòåãðàëüíîå óñëîâèå

âòîðîãî ðîäà, ñîãëàñíî òåðìèíîëîãèè Ë.Ñ. Ïóëüêèíîé [1℄.

Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è äîêàçàíà ìåòîäîì èíòåãðàëü-

íûõ òîæäåñòâ. Ìåòîäîì ñïåêòðàëüíîãî àíàëèçà [2, 3℄ äîêàçàíû òåî-

ðåìû ñóùåñòâîâàíèÿ è óñòîé÷èâîñòè. �åøåíèå çàäà÷è ïîëó÷åíî â

âèäå ðÿäà Ôóðüå�Áåññåëÿ è ïðèâåäåíî îáîñíîâàíèå ñõîäèìîñòè ïî-

ñòðîåííîãî ðÿäà â êëàññå ðåãóëÿðíûõ ðåøåíèé (1) è (2).
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Â îáëàñòè D = {(x, y) : 0 < x < l, 0 < y < h} ðàññìîòðèì

ãèïåðáîëè÷åñêîå óðàâíåíèå òðåòüåãî ïîðÿäêà âèäà

Mu ≡
(
α
∂

∂x
+ β

∂

∂y

)
uxy + Lu = g(x, y), (1)
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ãäå α, β � çàäàííûå ïîñòîÿííûå, ïðè÷åì α2+β2 6= 0, à L � ëèíåéíîå

äè��åðåíöèàëüíîå âûðàæåíèå âèäà

Lu≡a(x, y)uxx+2b(x, y)uxy+c(x, y)uyy+d(x, y)ux+e(x, y)uy+f(x, y)u,

êîòîðîå îòíîñèòñÿ ê îäíîìó èç êàíîíè÷åñêèõ âèäîâ, óêàçàííûõ â [1℄.

Â ðàáîòå äëÿ óðàâíåíèÿ (1) èçó÷àåòñÿ ñëåäóþùàÿ çàäà÷à: íàé-

òè â îáëàñòè D ðåøåíèå u(x, y) óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå

íà÷àëüíûì

u(x, 0) = ψ1(x), uy(x, 0) = ψ2(x), 0 ≤ x ≤ l, (2)

è èíòåãðàëüíûì óñëîâèÿì

l∫

0

u(x, y)dx = ϕ1(y), 0 ≤ y ≤ h, (3)

l∫

0

xu(x, y)dx = ϕ2(y), 0 ≤ y ≤ h, (4)

ãäå ψ1(x), ψ2(x), ϕ1(y), ϕ2(y) � çàäàííûå �óíêöèè è óäîâëåòâîðÿþò

óñëîâèÿì ñîãëàñîâàíèÿ:

l∫

0

ψ1(x)dx = ϕ1(0),

l∫

0

xψ1(x)dx = ϕ2(0),

l∫

0

ψ2(x)dx = ϕ
′

1(0),

l∫

0

xψ2(x)dx = ϕ
′

2(0).

×åðåç Ck,l(D) îáîçíà÷èì êëàññ �óíêöèé u(x, y), íåïðåðûâíûõ

âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè ïîðÿäêà

∂m+nu(x,y)
∂xm∂yn

äëÿ

âñåõ m = 0, k, n = 0, l; Ck,0(D) = Ck(D) è C0(D) = C(D).
Ïîä êëàññîì C(k,ν)(D) ïîíèìàþòñÿ îïðåäåëåííûå â îáëàñòè D

�óíêöèè, ó êîòîðûõ âñå ÷àñòíûå ïðîèçâîäíûå ïîðÿäêà k ñóùåñòâó-
þò è óäîâëåòâîðÿþò óñëîâèþ �åëüäåðà ñ ïîêàçàòåëåì ν, 0 < ν < 1.

Îïðåäåëåíèå. �åãóëÿðíûì â îáëàñòè D ðåøåíèåì óðàâíåíèÿ

(1) íàçûâàåòñÿ äåéñòâèòåëüíàÿ �óíêöèÿ u(x, y), èç êëàññà C2,1(D)∩
C1,2(D) ∩ C1,1(D), è óäîâëåòâîðÿþùàÿ åìó â îáû÷íîì ñìûñëå.
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Áóäåì òðåáîâàòü âûïîëíåíèÿ ñëåäóþùèõ óñëîâèé:

Óñëîâèå 1.Êîý��èöèåíòû óðàâíåíèÿ (1) óäîâëåòâîðÿþò óñëî-

âèÿì

a(x, y) ∈ C1,0(D) ∩ C2,0(D); b(x, y) ∈ C1,0(D) ∩ C0,1(D) ∩ C1,1(D);

c(x, y) ∈ C0,1(D) ∩ C0,2(D); d(x, y) ∈ C0,0(D) ∩ C1,0(D);

e(x, y) ∈ C0,0(D) ∩ C0,1(D); f(x, y) ∈ C0,0(D),

êðîìå òîãî, d(x, y) < 0, e(x, y) < 0 äëÿ ëþáûõ (x, y) ∈ D.
Óñëîâèå 2. Çàäàííûå �óíêöèè ψi(x), ϕi(y) (i = 1, 2) è g(x, y)

óäîâëåòâîðÿþò óñëîâèÿì

ψi(x) ∈ C2[0, l]; ϕi(y) ∈ C2[0, h], (i = 1, 2), g(x, y) ∈ C(1,λ)(D),

êðîìå òîãî g(x, 0) = g(0, y) = 0.
Ìåòîäîì �óíêöèè �èìàíà äîêàçàíà ñëåäóþùàÿ òåîðåìà ðàçðå-

øèìîñòè ñìåøàííîé çàäà÷è (1)�(4).

Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèå 1 è óñëîâèå 2. Òîãäà íåëî-

êàëüíàÿ çàäà÷à (1)�(4) ðàçðåøèìà è ïðèòîì åäèíñòâåííûì îáðà-

çîì.

Ëèòåðàòóðà

1. Äæóðàåâ Ò.Ä., Ïîïåëåê ß. Î êëàññè�èêàöèè è ïðèâåäåíèè ê êàíîíè-

÷åñêîìó âèäó óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè òðåòüåãî ïîðÿäêà //

Äè��åðåíö. óðàâíåíèÿ. 1991. T. 27, � 10. Ñ. 1734-1745.
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Àääèòèâíûå çàäà÷è ñ ïðîñòûìè ÷èñëàìè èñòîðè÷åñêè çàíèìàëè

âàæíîå ìåñòî â òåîðèè ÷èñåë. Ïîëó÷åíèå àñèìïòîòè÷åñêèõ �îðìóë

äëÿ ÷èñëà ðåøåíèé ìíîãèõ àääèòèâíûõ çàäà÷, â òîì ÷èñëå òåðíàð-

íûõ, ñòàëî âîçìîæíûì â ðåçóëüòàòå ïðèìåíåíèÿ îáùåãî ìåòîäà àíà-

ëèòè÷åñêîé òåîðèè ÷èñåë, ðàçâèòîãî â òðóäàõ �. Õàðäè, Äæ. Ëèòëë-

âóäà è È.Ì. Âèíîãðàäîâà [1℄. Íåêîòîðûå áèíàðíûå àääèòèâíûå çà-

äà÷è, êîòîðûå íå óäàâàëîñü ðåøèòü ñ ïîìîùüþ êðóãîâîãî ìåòîäà,

áûëè ðåøåíû ñ ïîìîùüþ äèñïåðñèîííîãî ìåòîäà Þ.Â. Ëèííèêà [2℄.
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Â ðàáîòàõ Ñ.À. �ðèöåíêî áûëè ðåøåíû íåêîòîðûå àääèòèâíûå

çàäà÷è (òåðíàðíûå èëè èñïîëüçóþùèå ñõåìó ðåøåíèÿ òåðíàðíîé

çàäà÷è) ñ ïðîñòûìè ÷èñëàìè èç �âèíîãðàäîâñêèõ� îòðåçêîâ [3℄. Áè-

íàðíûå àääèòèâíûå çàäà÷è ñ ïðîñòûìè ÷èñëàìè èç òàêèõ ìíîæåñòâ

ïîêà ðåøåíèþ íå ïîääàþòñÿ. Óäàåòñÿ ðåøèòü íåêîòîðûå çàäà÷è ñ

ïîëóïðîñòûìè ÷èñëàìè èç âèíîãðàäîâñêèõ ïðîìåæóòêîâ. Íàïðè-

ìåð, ìîæíî ïîëó÷èòü àñèìïòîòè÷åñêóþ �îðìóëó äëÿ ÷èñëà ðåøå-

íèé äèî�àíòîâà óðàâíåíèÿ xy + p1p2 = n, ãäå p1 è p2 � ïðîñòûå, à

x è y � íàòóðàëüíûå ÷èñëà, ïðè óñëîâèè, ÷òî ÷èñëà p1p2 ëåæàò â
ïðîìåæóòêàõ [(2m)c, (2m+1)c), m - íàòóðàëüíûå, 1 < c ≤ 2, p1 è p2
- ïðîñòûå ÷èñëà, pi > exp(

√
lnn ) (i = 1, 2):

J1(n) =
1

2
J(n)(1 + O(

ln ln lnn

ln lnn
)),

ãäå J1(n) =
∑

p1p2+xy=n

p1>exp(
√
lnn ), p2>exp(

√
lnn )

{ 1
2
(p1p2)

1
c }< 1

2

1, J(n) =
∑

p1p2+xy=n

p1>exp(
√
lnn )

p2>exp(
√
lnn )

1,

J(n) ∼ c0n ln lnn, c0 =
∑∞

r=1
µ2(r)
rϕ(r)

.
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�ðóïïîéØìèäòà íàçûâàþò íåíèëüïîòåíòíóþ ãðóïïó, ó êîòîðîé

âñå ñîáñòâåííûå ïîäãðóïïû íèëüïîòåíòíû.

Ïóñòü G0 = 1 ≤ G1 ≤ . . . ≤ Gm = G � ãëàâíûé ðÿä ðàçðåøèìîé

ãðóïïû G. Òîãäà �àêòîðû Gi/Gi−1 ÿâëÿþòñÿ ýëåìåíòàðíûìè àáå-

ëåâûìè ïðèìàðíûìè ãðóïïàìè. Ïóñòü pni
i = |Gi+1/Gi|, âñå pi � ïðî-

ñòûå ÷èñëà, íå îáÿçàòåëüíî ðàçëè÷íûå. ×èñëî r(G) = max1≤i≤m ni
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íàçûâàåòñÿ ðàíãîì ðàçðåøèìîé ãðóïïû G, [1, VI.5.2℄. Â ñèëó òåî-

ðåìû Æîðäàíà � �åëüäåðà ëþáûå äâà ãëàâíûõ ðÿäà ãðóïïû G èçî-

ìîð�íû, ïîýòîìó çíà÷åíèÿ ðàíãà äëÿ êàæäîé ãðóïïû îïðåäåëÿåòñÿ

îäíîçíà÷íî.

Îáîçíà÷èì ÷åðåç S
h(n) êëàññ, ñîñòîÿùèõ èç âñåõ íèëüïîòåíò-

íûõ ãðóïï è âñåõ ãðóïï, ó êîòîðûõ êàæäàÿ ïîäãðóïïàØìèäòà èìå-

åò ðàíã n. Ïðè êàæäîãî n ≤ 3 êëàññ S
h(n) èçó÷åí â [2�5℄. Äëÿ n = 4
äîêàçàíà

Òåîðåìà. Ïóñòü G ∈ Sch(4). Òîãäà
(1) G � 2-çàìêíóòà;
(2) 5′-õîëëîâà ïîäãðóïïà 2-ðàçëîæèìà è 3-íèëüïîòåíòíà;
(3) êëàññ S
h(4) ÿâëÿåòñÿ íàñëåäñòâåííîé íàñûùåííîé ðàäè-

êàëüíîé �îðìàöèåé.
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sign y|y|muxx + uyy − λ2|y|mu = 0, m > 0, (1)
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â íåîãðàíè÷åííîé ñìåøàííîé îáëàñòè Ω = Ω1 ∪ AB ∪ Ω2, ãäå Ω1 =
{(x, y) : −∞<x<+∞, 0 < y < 1}, AB= {(x, y) :−1<x< 1, y=0},
à Ω2 � îáëàñòü îãðàíè÷åííàÿ, ïðè y<0 îòðåçêîì AB è õàðàêòåðèñ-

òèêàìèAC : x−[2/ (m+ 2)] (−y)(m+2)/2 = −1 èBC : x+[2/ (m+ 2)]×
×(−y)(m+2)/2 = 1 óðàâíåíèÿ (1).

Ïóñòü λ � çàäàííîå äåéñòâèòåëüíîå ÷èñëî, ïðè÷åì λ = λ1 ïðè
y > 0 è λ = λ2 ïðè y < 0. ×åðåç θ−1 (x) è θ1 (x) îáîçíà÷èì òî÷-

êè ïåðåñå÷åíèÿ õàðàêòåðèñòèê óðàâíåíèÿ (1), âûõîäÿùèõ èç òî÷êè

(x, 0) ∈ AB ñ õàðàêòåðèñòèêàìè AC è BC ñîîòâåòñòâåííî.

Çàäà÷à T∞
. Íàéòè �óíêöèþ u (x, y), îáëàäàþùóþ ñëåäóþùèìè

ñâîéñòâàìè:

1) u (x, y) ∈ C
(
Ω
)
∩C1 (Ω)∩C2 (Ω1), ïðè÷¼ì uy (x, 0) ìîæåò îá-

ðàùàòüñÿ â áåñêîíå÷íîñòü ïîðÿäêà ìåíüøå, ÷åì 1−2β ïðè x→ ± 1;
2) u (x, y) ÿâëÿåòñÿ ðåãóëÿðíûì â Ω1 è îáîáùåííûì èç êëàññà

R1 [1℄ â Ω2 ðåøåíèåì óðàâíåíèÿ (1);

3) u (x, y) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì

u (x, 1) = ϕ1 (x) , −∞ < x < +∞;

u (x, 0) = ϕ2 (x) , −∞ < x ≤ −1;

u (x, 0) = ϕ3 (x) , 1 ≤ x < +∞;

lim
x→±∞

u (x, y) = 0, ðàâíîìåðíî ïî y ∈ [0, 1] ;

a (x)A1,λ2

−1x

{
D1−β

−1xu[θ−1(x)]
}
+ b (x)A1,λ2

1x

{
D1−β

1x u[θ1(x)]
}
+

+c (x)uy (x, 0) = d(x), (x, 0) ∈ AB

ãäå a(x), b(x), c(x), d(x), ϕi(x), (i = 1, 2, 3) � çàäàííûå �óíêöèè, ïðè-

÷¼ì a2(x) + b2(x) 6= 0 ∀x ∈ [−1, 1]; a(x), b(x), c(x), d(x) ∈ C1[−1, 1],
à ϕi(x) ïðè äîñòàòî÷íî áîëüøèõ |x| óäîâëåòâîðÿåò íåðàâåíñòâó

|ϕi(x)| ≤ M |x|−1−σ
. Çäåñü β = m/ (2m+ 4), M = const > 0, σ �

äîñòàòî÷íî ìàëîå ïîëîæèòåëüíîå ÷èñëî, A1,λ2

kx [f(x)] � îïåðàòîð,

ââåäåííûé â [1℄, à Dδ
sx[f(x)] � îïåðàòîð äðîáíîãî èíòåãðî-äè��å-

ðåíöèðîâàíèÿ ïîðÿäêà δ â ñìûñëå �èìàíà-Ëèóâèëëÿ.
Ìåòîäàìè èíòåãðàëüíûõ óðàâíåíèé è ïðèíöèïà ýêñòðåìóìà äî-

êàçûâàåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü èññëåäóåìîé çàäà÷è.
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Â íàñòîÿùåå âðåìÿ ïðè çàùèòå èí�îðìàöèè áîëüøîå çíà÷åíèå

èìååò îáðàáîòêà è ïåðåäà÷à áîëüøèõ îáúåìîâ äàííûõ. Ïðè îáåñ-

ïå÷åíèè èí�îðìàöèîííîé áåçîïàñíîñòè íåîáõîäèìî ïîìíèòü î ñêî-

ðîñòè îáðàáîòêè è ïåðåäà÷è çàùèùåííîé èí�îðìàöèè. Ïîýòîìó â

íàñòîÿùåå âðåìÿ ÿâëÿåòñÿ àêòóàëüíûì ïðèìåíåíèå ïàðàëëåëüíûõ

âû÷èñëåíèé ïðè ðåøåíèè çàäà÷ êðèïòîãðà�è÷åñêîé çàùèòû äàí-

íûõ.

Ïðè øè�ðîâàíèè èí�îðìàöèè â �îññèéñêîé Ôåäåðàöèè èñïîëü-

çóåòñÿ �ÎÑÒ � 34.12-2015. Äëÿ ðåàëèçàöèè äàííîãî àëãîðèòìà ïðè-

ìåíèìà ëþáàÿ èç ñóùåñòâóþùèõ òåõíîëîãèé ðàçðàáîòêè ïàðàëëåëü-

íûõ àëãîðèòìîâ: OpenMP; MPI; Cuda. Ïðè îñóùåñòâëåíèè àëãîðèò-

ìà â ñèñòåìàõ ñ îáùåé ïàìÿòüþ (Open MP) èñïîëüçóåòñÿ àëãîðèòì,

ïðè êîòîðîì îáðàáîòêà êàæäîãî áëîêà äàííûõ áóäåò ðåàëèçîâàíà

íà îòäåëüíîì ÿäðå ñ ïîñëåäîâàòåëüíîé ðåàëèçàöèåé ýòîãî àëãîðèò-

ìà [1℄.

Ñ÷èòûâàíèå äàííûõ è çàïîëíåíèå áó�åðà âûïîëíÿåòñÿ öåíòðàëü-

íûì ïðîöåññîðîì, ïîñëå ÷åãî áó�åð ïåðåäàåòñÿ íà ñîïðîöåññîð, ãäå

ïðîèñõîäèò ïàðàëëåëüíàÿ îáðàáîòêà âñåõ áëîêîâ âõîäíûõ äàííûõ

[2℄. Òàêîé ïîäõîä ïîçâîëÿåò, íåçàâèñèìî îò äðóãèõ áëîêîâ, âûïîë-

íÿòü øè�ðîâàíèå è äåøè�ðîâàíèå äàííûõ. Ïðè ïàðàëëåëüíîé ðåà-

ëèçàöèè àëãîðèòìà ñêîðîñòü ðàáîòû óâåëè÷èâàåòñÿ ïðèìåðíî â 3,5

ðàçà â ñðàâíåíèè ñ ïîñëåäîâàòåëüíîé ðåàëèçàöèåé.
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�àññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à ñ ïàðàìåòðîì äëÿ λ:

(
d

dx
− λ

)4

y(x) = 0, (1)

y(0) = 0, y(1) = 0, y′(1) = 0, y′′(1) = 0, 0 < x < 1. (2)

Îíà ñ òî÷êè çðåíèÿ êëàññè÷åñêîé òåîðèè íå îòíîñèòñÿ ê ðåãóëÿð-

íûì òèïàì çàäà÷ â ñìûñëå Áèðêãî�à�Òàìàðêèíà, êàê â îòíîøåíèè

äè��åðåíöèàëüíîãî âûðàæåíèÿ, òàê è ãðàíè÷íûõ óñëîâèé. Ïîäîá-

íûå çàäà÷è ðàññìîòðåíû ðàíåå ëèøü â ñëó÷àå äè��åðåíöèàëüíûõ

îïåðàòîðîâ âòîðîãî ïîðÿäêà (ñì. [1℄).

Ïîêàçûâàåòñÿ àñèìïòîòè÷åñêîå ïðè j → ∞ ïðåäñòàâëåíèå ñîá-

ñòâåííûõ ÷èñåë

λj ≈ ln
√
2 + jπ

√
−1, j ∈ Z.

Òåîðåìà. Ïóñòü f0, f1, f2, f3 � ÷åòûðåæäû íåïðåðûâíî äè��å-

ðåíöèðóåìûå íà [0, 1] �óíêöèè, è

f
(k)
i (x) |0,1= 0, k = 0, 1, 2; i = 0, 1, 2, 3.

Òîãäà ñïðàâåäëèâà �îðìóëà ÷åòûðåõêðàòíîãî ðàçëîæåíèÿ ïî êîð-

íåâûì ýëåìåíòàì çàäà÷è (1)�(2):

− 1

2π
√
−1

∞∑

ν=−∞

∫

cν

λsdλ

∫ 1

0

G(x, ξ, λ)

(
3∑

k=0

λ3−kfk(x)+

+
∑

k+l64

16k63

(−1)l
(
4

l

)
dk

dxk
(
λk−1f0(ξ) + λk−2f1(ξ) + f2(ξ)

)

 dξ = fs(x),

s = 0, 1, 2, 3, cν - ìàëàÿ îêðóæíîñòü ñ öåíòðîì λν , G � �óíêöèÿ

�ðèíà. Ñõîäèìîñòü ðÿäîâ ðàâíîìåðíàÿ íà [0, 1].
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�àññìàòðèâàåòñÿ óðàâíåíèå

y (x) =

∫ x

a

K (x, s, y (s)) ds, (1)

â êîòîðîì ñ÷èòàåòñÿ, ÷òî �óíêöèÿ K (x, s, y) îïðåäåëåíà â îáëàñòè
D: {x, s ∈ (a, b] , |y| ≤ d} ,

d � çàäàííîå ÷èñëî, ïðè x = a, s = a èìååò íåîãðàíè÷åííûå

ðàçðûâû, à äëÿ äðóãèõ çíà÷åíèé x, s è y íåïðåðûâíà è äîïóñêàåò

îãðàíè÷åíèå [1]:
|K (x, s, y (s))| ≤ ψ (x)ψ (s) ,

ãäå ψ (x) , ψ (s) íåïðåðûâíû ïðè x, s ∈ (a, b] è

lim
x→a

ψ (x)

∫ x

a

ψ (s) ds = 0, max
x∈[a,b]

ψ (x)

∫ x

a

ψ (t) dt ≤ d.

�åøåíèå óðàâíåíèÿ (1) èùåòñÿ â ìíîæåñòâå íåïðåðûâíûõ �óíêöèé

y (x) ∈ (a, b) ñ íîðìîé ‖y‖ = max |y (x)| è ñîîòâåòñòâóþùåé ìåòðè-

êîé [2℄, [3℄.
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Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ �ÀÍ

(�îññèÿ, Íàëü÷èê)

e-mail: f_wofgang�mail.ru

ΣΠ-íåéðîí ïðåäñòàâëÿåò ñîáîé ðàçíîâèäíîñòü èñêóññòâåííûõ

íåéðîíîâ. Ôóíêöèÿ ñóììèðîâàíèÿ äèñêðåòíîãî ΣΠ-íåéðîíà ïðåä-

ñòàâëÿåò ñîáîé ïîëèëèíåéíóþ �óíêöèþ:

sp(X) = θ +
N∑

k=1

ωk

∏

i∈ik

xi

ãäå x = (x1, . . . , xn) � âåêòîð âõîäîâ, Θ � êîíñòàíòà, ω1 � âåñîâûå

êîý��èöèåíòû, ∅ 6= ik ⊆ {1, 2, . . . , n} � ñèíàïòè÷åñêèé êëàñòåð [1℄.
Ïðåäëîæåíà ñõåìà ïîñòðîåíèÿ ëîãè÷åñêîãî ΣΠ-íåéðîíà ñ �èêñè-

ðîâàííûìè ñèíàïòè÷åñêèìè êëàñòåðàìè íà áàçå öè�ðîâûõ è àíà-

ëîãîâûõ ýëåêòðîííûõ ýëåìåíòîâ. Â êà÷åñòâå �óíêöèè àêòèâàöèè

íåéðîíà èñïîëüçóåòñÿ ïîðîãîâàÿ �óíêöèÿ.

Ñõåìà ïðèíèìàåò öè�ðîâîé ñèãíàë â âèäå äâîè÷íîãî n-ìåðíîãî
âåêòîðà, â ñîîòâåòñòâèè ñ êîëè÷åñòâîì âõîäíûõ êîíòàêòîâ. Êîëè-

÷åñòâî êîíúþíêòîðîâ ñîîòâåòñòâóåò êîëè÷åñòâó êëàñòåðîâ. Êàæ-

äûé êîíúþíêòîð ðåàëèçóåò ëîãè÷åñêîå ïðîèçâåäåíèå âõîäíûõ ñèã-

íàëîâ ñîîòâåòñòâóþùåãî êëàñòåðà. Ôóíêöèÿ ñèíàïñà ðåàëèçóåòñÿ

êîìïëåêñîì ðåãèñòðà è öè�ðî-àíàëîãîâîãî ïðåîáðàçîâàòåëÿ (ÖÀÏ).

Çíà÷åíèå ñèíàïòè÷åñêèõ âåñîâ õðàíèòñÿ â ðåãèñòðàõ. Â çàâèñèìîñòè

îò çíà÷åíèÿ ñèíàïòè÷åñêîãî âåñà, ÖÀÏ ïðåîáðàçóåò ñèãíàë îò êîíú-

þíêòîðà â ñîîòâåòñòâóþùèé óðîâåíü íàïðÿæåíèÿ Xk. Àíàëîãîâûé

ñóììàòîð ïðîèçâîäèò ñóììèðîâàíèå íàïðÿæåíèé, ïîëó÷àåìûõ îò

âñåõ ÖÀÏ:

Us = k
N∑

k=1

Xk

Äëÿ òîãî, ÷òîáû çíà÷åíèå íàïðÿæåíèÿ ñóììàòîðà Us íå ïðåâûøàëî

ðàáî÷åå íàïðÿæåíèå U0, íåîáõîäèìî, ÷òîáû âûïîëíÿëîñü óñëîâèå

k = 1/N . Ïîðîãîâóþ �óíêöèþ àêòèâàöèè âûïîëíÿåò êîìïàðàòîð.

Íà âûõîäå îáðàçóåòñÿ öè�ðîâîé ñèãíàë.

Èñïîëüçîâàíèå àíàëîãîâûõ ýëåìåíòîâ äëÿ ðåàëèçàöèè �óíêöèè

ñóììèðîâàíèÿ îáëàäàåò ïðåèìóùåñòâîì áûñòðîäåéñòâèÿ ïåðåä öè�-

97



ðîâûì ñóììàòîðîì, îäíàêî ïðîèãðûâàåò â òî÷íîñòè. Ïðè ïîñòðîå-

íèè íåéðîííûõ ñåòåé ìîæíî áóäåò êîìáèíèðîâàòü íåéðîíû ñ öè�-

ðîâûì ñóììèðîâàíèåì è ñ àíàëîãîâûì ñóììèðîâàíèåì, â çàâèñè-

ìîñòè îò ïðèîðèòåòà òî÷íîñòè è áûñòðîäåéñòâèÿ.

Ëèòåðàòóðà
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ñåòåé. Ì.: Íàóêà, 2006. 159 ñ.
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Êàáàðäèíî�Áàëêàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Õ. Ì. Áåðáåêîâà
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Â îáëàñòè Ω={(τ, t) : 0<τ <l, 0<t<T} ðàññìîòðèì çàäà÷ó [1℄:

uτ + ut = − a0τ

a1 + τ
u, (1)

u (τ, 0) = ϕ (τ) , (2)

u (0, t) =

l∫

0

c (τ) · u (τ, t)dτ. (3)

Çäåñü u(τ, t) � ÷èñëåííîñòü ïîïóëÿöèè âîçðàñòà τ â ìîìåíò âðåìåíè
t; c(τ) � êîý��èöèåíò ðîæäàåìîñòè; l �ìàêñèìàëüíûé âîçðàñò ïî-
ïóëÿöèè; ϕ(τ) � �óíêöèÿ íà÷àëüíîãî âîçðàñòíîãî ðàñïðåäåëåíèÿ,

0 ≤ a0, a1 ≤ 1 = 
onst.

Èññëåäîâàíû ñòàöèîíàðíûå ñîñòîÿíèÿ çàäà÷è (1)�(3) [2℄. Ïîëó-

÷åíî:

1. Âèä �óíêöèè c (τ) è çíà÷åíèÿ êîý��èöèåíòîâ a0, a1 ìîãóò

ïðèâåñòè íå òîëüêî ê âûðîæäåíèþ è íåîãðàíè÷åííîìó ðîñòó ïî-

ïóëÿöèè, íî è âëèÿòü íà íàëè÷èå ñòàöèîíàðíûõ ñîñòîÿíèé è èõ

êîëè÷åñòâî.

2. Îïðåäåëåííûé âêëàä íà íàëè÷èå ñòàöèîíàðíûõ ñîñòîÿíèé ïî-

ïóëÿöèé âíîñèò è çíà÷åíèå ïðîäîëæèòåëüíîñòè æèçíè îñîáåé l.
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Â ÷àñòíîñòè, êîãäà a0a1 = 1, c(τ) = c0=
onst, åñëè âçÿòü l = 1
a0
,

òî ïðè âûïîëíåíèè óñëîâèÿ c0 = a0e
2e

− 3, çàäà÷à (1)�(3) èìååò êîí-
òèíóóì ñòàöèîíàðíûõ ðåøåíèé.
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ìèêè âîçðàñòíîé ñòðóêòóðû // �Åñòåñòâåííûå è ìàòåìàòè÷åñêèå íàóêè â
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ó÷íûé âåñòíèê. 2015. � 2 (10). Ñ. 9-12.
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Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ �ÀÍ
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�àññìîòðèì óðàâíåíèå

∂α

∂tα
u(x, t) + (−1)n

∂2n

∂x2n
u(x, t) = f(x, t), (1)

ãäå n ∈ N, ∂α

∂tα
� îïåðàòîð äðîáíîãî äè��åðåíöèðîâàíèÿ ïîðÿäêà α,

0 < α < 1 [1℄.
Ïðè n = 1 äëÿ óðàâíåíèÿ (1) â ðàáîòå [2℄ ïîñòðîåíî �óíäàìåí-

òàëüíîå ðåøåíèå, ðåøåíà çàäà÷à Êîøè è äîêàçàíà òåîðåìà åäèí-

ñòâåííîñòè â êëàññå �óíêöèé, óäîâëåòâîðÿþùèõ àíàëîãó óñëîâèÿ

À.Í. Òèõîíîâà. Â ðàáîòå [3℄ ïîëó÷åíà àñèìïòîòèêà �óíäàìåíòàëü-

íîãî ðåøåíèÿ óðàâíåíèÿ (1) ïðè α = 1. Â ðàáîòå [4℄ ïîñòðîåíû ðàç-

ëè÷íûå ïðåäñòàâëåíèÿ �óíäàìåíòàëüíîãî ðåøåíèÿ óðàâíåíèÿ (1).

Â ðàáîòå [5℄ ïîëó÷åíà îöåíêà �óíäàìåíòàëüíîãî ðåøåíèÿ óðàâíå-

íèÿ (1). Äëÿ óðàâíåíèÿ (1) íàèáîëåå ïîëíóþ áèáëèîãðà�èþ ìîæíî

íàéòè â ðàáîòàõ [4℄, [5℄.

Â äàííîé ðàáîòå ïîëó÷åíî àñèìïòîòè÷åñêîå ðàçëîæåíèå �óíäà-

ìåíòàëüíîãî ðåøåíèÿ óðàâíåíèÿ (1).

�àáîòà âûïîëíåíà ïðè ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäî-

âàíèé, ïðîåêò � 16-01-00462.
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Â îáëàñòè Ω = {(x, y, z) : 0 < x < a, 0 < y < b, 0 < z < c} ðàñ-

ñìîòðèì òðåõìåðíîå ýëëèïòè÷åñêîå óðàâíåíèå

Lu ≡ uxx + uyy + uzz +
2α

x
ux +

2β

y
uy +

2γ

z
uz = 0, (1)

ãäå u = u (x, y, z)− íåèçâåñòíàÿ �óíêöèÿ, à α, β, γ ∈ R.
Â äàííîé ðàáîòå èññëåäîâàíà ñëåäóþùàÿ çàäà÷à.

Çàäà÷à DN. Íàéòè �óíêöèþ u (x, y, z) ∈ C
(
Ω̄
)
∩ C2 (Ω) , óäî-

âëåòâîðÿþùóþ óðàâíåíèþ (1) â îáëàñòè Ω è êðàåâûì óñëîâèÿì

lim
x→0

x2αux (x, y, z) = ϕ1 (y, z) , 0 < y < b, 0 < z < c;

u (a, y, z) = ϕ2 (y, z) , 0 ≤ y ≤ b, 0 ≤ z ≤ c;

lim
y→0

y2βuy (x, y, z) = ψ1 (x, z) , 0 < x < a, 0 < z < c;
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u (x, b, z) = ψ2 (x, z) , 0 ≤ x ≤ a, 0 ≤ z ≤ c;

lim
z→0

z2γuz (x, y, z) = χ1 (x, y) , 0 < x < a, 0 < y < b;

u (x, y, c) = χ2 (x, y) , 0 ≤ x ≤ a, 0 ≤ y ≤ b,

ãäå ϕi, ψi, χi, i = 1, 2− çàäàííûå íåïðåðûâíûå �óíêöèè.

Ïðè 0 < α, β, γ < (1/2) ìåòîäîì èíòåãðàëîâ ýíåðãèè äîêàçàíî,

÷òî çàäà÷à DN íå ìîæåò èìåòü áîëåå îäíîãî ðåøåíèÿ. Äàëåå, ïðè-

ìåíÿÿ ìåòîä Ôóðüå äîêàçàíî, ÷òî åñëè �óíêöèè ϕi, ψi, χi, i = 1, 2
ïðèíàäëåæàò êëàññó C3, òî ñóùåñòâóåò ðåøåíèå çàäà÷è DN.

ÊÎÝ�ÖÈÒÈÂÍÛÅ ÎÖÅÍÊÈ È �ÀÇÄÅËÈÌÎÑÒÜ
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Òàäæèêèñòàí (Òàäæèêèñòàí, Äóøàíáå)

e-mail: karimov_olim�mail.ru

�àçäåëèìîñòü äè��åðåíöèàëüíûõ âûðàæåíèé è ñîîòâåòñòâóþ-

ùèå ñâîéñòâà êîýðöèòèâíîñòè èññëåäîâàíû âî ìíîãèõ ðàáîòàõ (ñì.

[1℄-[4℄ è èìåþùèåñÿ òàì ññûëêè).

Â äîêëàäå ðå÷ü èä¼ò î êîýðöèòèâíûõ ñâîéñòâàõ è ðàçäåëèìîñòè

íåëèíåéíîãî îïåðàòîðà Ëàïëàñà�Áåëüòðàìè â ãèëüáåðòîâîì ïðî-

ñòðàíñòâå.

�àññìîòðèì â Rn
äè��åðåíöèàëüíûé îïåðàòîð

L[u] = − 1√
detg(x)

∂

∂xi

[√
detg(x)g−1(x)

∂u

∂xj

]
+ V (x, u)u(x),

ãäå g(x) = (gij(x))- �èìàíîâà ìàòðèöà, à V (x, z) � ïîëîæèòåëüíàÿ
�óíêöèÿ.

Ïðåäñòàâèì �óíêöèþ V (x, z) â âèäå

V (x, z) = F (x, ξ, η), ξ = Rez, η = Imz.

Íàéäåíû óñëîâèÿ íà �óíêöèþ V (x, z), ïðè âûïîëíåíèè êîòîðûõ

óðàâíåíèå

− 1√
detg(x)

∂

∂xi

[√
detg(x)g−1(x)

∂u

∂xj

]
+ V (x, u)u(x) = f(x) (1)
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ðàçäåëÿåòñÿ â ïðîñòðàíñòâå L2(R
n), è äëÿ âñåõ ðåøåíèé u(x) ∈

L2(R
n) ∩W 2

2,loc(R
n), óäîâëåòâîðÿþùèõ óðàâíåíèþ (1) ñ ïðàâîé ÷à-

ñòüþ f(x) ∈ L2(R
n), âûïîëíÿåòñÿ ñëåäóþùåå êîýðöèòèâíîå íåðà-

âåíñòâî:∥∥∥∥∥
1√

detg(x)

∂

∂xi

[√
detg(x)g−1(x)

∂u

∂xj

]
;L2(R

n)

∥∥∥∥∥+‖V (x, u)u;L2(R
n)‖+

+

∥∥∥∥g−
1
2 (x)V

1
2 (x)

∂u

∂xj
;L2(R

n)

∥∥∥∥ ≤M‖f(x);L2(R
n)‖,

ãäå ïîëîæèòåëüíîå ÷èñëî Ì íå çàâèñèò îò u(x), f(x).
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Â ñîâðåìåííîé ãèäðîäèíàìè÷åñêîé òåîðèè áîëüøîå âíèìàíèå óäå-

ëÿåòñÿ çàäà÷àì äîëãîñðî÷íîãî ïðîãíîçèðîâàíèÿ óðîâíÿ ãðóíòîâûõ

âîä (Ó�Â) íà îðîøàåìîé òåððèòîðèè, à òàêæå ðåãóëèðîâàíèþ Ó�Â

ïðè îðîøåíèè.

Íà ïðàêòèêå âîçíèêàåò íåîáõîäèìîñòü äëèòåëüíîãî ïðîãíîçà

óðîâíÿ ãðóíòîâûõ âîä. Ñëîæíîñòü ðåøåíèÿ ýòîé çàäà÷è îáóñëîâëå-

íà, â îñíîâíîì, äâóìÿ ïðè÷èíàìè: ïåðâàÿ èç íèõ ñâÿçàíà ñî ñëîæ-

íîé ñòðóêòóðîé ãðóíòà â îáëàñòè äâèæåíèÿ ãðóíòîâûõ âîä, à âòîðàÿ

ïðè÷èíà � ïîòðåáíîñòü äëèòåëüíîãî ïðîãíîçà (äî 20 ëåò).
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Â ðàáîòå èññëåäóåòñÿ âîçìîæíîñòü ïðèìåíåíèÿ ìåòîäà êîíå÷-

íûõ ýëåìåíòîâ (ÌÊÝ) äëÿ ðåøåíèÿ òðåõìåðíûõ íåñòàöèîíàðíûõ

çàäà÷ äâèæåíèÿ ãðóíòîâûõ âîä íà îñíîâå èñïîëüçîâàíèÿ óðàâíåíèÿ

íåðàçðûâíîñòè äëÿ îïðåäåëåíèÿ ðàñïðåäåëåíèÿ íàïîðà â îáëàñòè

ïðîãíîçà ñ ñîîòâåòñòâóþùèìè ãðàíè÷íûìè óñëîâèÿìè. Íà êàæäîì

âðåìåííîì øàãå (ýêñïåðèìåíòàëüíî áûë âûáðàí øàã 0,2 ñóò.) àëãî-

ðèòì ïðåäóñìàòðèâàåò ïåðåðàñ÷åò ðàñïðåäåëåíèÿ íàïîðà h(x, y, z, t),
÷òî ïðèâîäèò ê áîëüøèì çàòðàòàì ìàøèííîãî âðåìåíè. Ïîýòîìó ïå-

ðåðàñ÷åò íàïîðà ïðîèçâîäèòñÿ ïðè ìàêñèìàëüíîì èçìåíåíèè óðîâ-

íÿ â êàêîì-ëèáî óçëå íà 5 ñì. Ýòî ïðèâîäèò ê çíà÷èòåëüíîìó óìåíü-

øåíèþ çàòðàò ìàøèííîãî âðåìåíè. �åçóëüòàòû ñîâïàäàþò ñ ïåðå-

ðàñ÷åòîì â êàæäûé ìîìåíò âðåìåíè. Íîâîå ïîëîæåíèå äåïðåññèîí-

íîé êðèâîé îïðåäåëÿåòñÿ ñ ïîìîùüþ óðàâíåíèÿ áàëàíñà. Â êà÷åñòâå

òåñòîâ áûëè âûáðàíû ðåçóëüòàòû, ïîëó÷åííûå ñ ïîìîùüþ àíàëîãî-

âûõ ýëåêòðîãèäðîäèíàìè÷åñêèõ ìàøèí.
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(�îññèÿ, Äîëãîïðóäíûé)

e-mail: 
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re
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Ïðè èññëåäîâàíèè ïðîöåññîâ ñâåðòûâàíèÿ êðîâè îáû÷íî îñîáîå

âíèìàíèå óäåëÿåòñÿ ëèáî êàñêàäàì õèìè÷åñêèõ ðåàêöèé â ïëàçìå

êðîâè ÷åëîâåêà, ëèáî òðîìáîöèòàðíûì ìåõàíèçìàì �îðìèðîâàíèÿ

òðîìáà. Âîïðîñû ïîëèìåðèçàöèè òðîìáèíà, â ÷àñòíîñòè, ïîëèìåðè-

çàöèè â ïîòîêå êðîâè, îñòàþòñÿ çà ðàìêàìè èññëåäîâàíèé. Èñêëþ-

÷åíèÿ ñîñòàâëÿþò ðàáîòû �.Ò. �óðèÿ ñ ñîàâòîðàìè [1℄. Â öèòèðóå-

ìîé ðàáîòå àâòîðû ñòðîÿò ìàòåìàòè÷åñêóþ ìîäåëü, îñíîâàííóþ íà

òåõíèêå ìîìåíòîâ. Â [2℄ ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü ïîëè-

ìåðèçàöèè, ó÷èòûâàþùàÿ ïîÿâëåíèå íîâîé �àçû.

Öåëü ïðåäñòàâëåííîé ðàáîòû � ïîñòðîåíèå ðàçíîñòíîé ñõåìû

äëÿ ðåøåíèÿ ïîëíîé çàäà÷è î ïîëèìåðèçàöèè �èáðèíà ñ ó÷åòîì

ãèäðîäèíàìè÷åñêèõ òå÷åíèé. Â äàííîì ïðèáëèæåíèè êðîâü ìîäå-

ëèðóåòñÿ âÿçêîé íåñæèìàåìîé æèäêîñòüþ. Äëÿ ãèäðîäèíàìè ÷åñ-

êîé ÷àñòè çàäà÷è ñòðîèòñÿ ðàçíîñòíàÿ ñõåìà â ïåðåìåííûõ ¾âèõðü-

�óíêöèÿ òîêà¿. �àññìàòðèâàåòñÿ ðåàëèçàöèÿ ãðàíè÷íûõ óñëîâèé

íà ïîäâèæíîé �àçîâîé ãðàíèöå.
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Äëÿ ðåøåíèÿ ñèñòåì óðàâíåíèé òèïà ¾ðåàêöèÿ-äè��óçèÿ¿ ñòðî-

ÿòñÿ íåÿâíûå ðàçíîñòíûå ñõåìû. Ïðè îïèñàíèè �àçîâîãî ïåðåõî-

äà èñïîëüçîâàíà ÿâíàÿ ðàçíîñòíàÿ ñõåìà. Îáñóæäàþòñÿ ãðàíèöû

ïðèìåíèìîñòè ïðåäëîæåííîãî ïîäõîäà ê ðåàëèçàöèè ÷èñëåííîãî

ìåòîäà.

Äàííûé ïîäõîä ìîæåò áûòü èñïîëüçîâàí è ïðè ðåøåíèè äðóãèõ

çàäà÷, ñâÿçàííûõ ñ �àçîâûìè ïåðåõîäàìè â äâèæóùåéñÿ æèäêîñòè.
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öèÿ ñâåðòûâàíèÿ êðîâè â ñòåíîçèðîâàííûõ ñîñóäàõ. Òåîðåòè÷åñêèé àíà-
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Êàê èçâåñòíî (ñì., íàïðèìåð, [1℄), ðåøåòêà ConA êîíãðóýíöèé

ïðîèçâîëüíîé àëãåáðû A ñîäåðæèò çíà÷èòåëüíóþ èí�îðìàöèþ î

ñâîéñòâàõ ñàìîé àëãåáðû A. Ïîýòîìó âîïðîñû, ñâÿçàííûå ñ èññëå-
äîâàíèåì ñâîéñòâ ðåøåòîê êîíãðóýíöèé, ïðèâëåêàþò âíèìàíèå ìíî-

ãèõ àëãåáðàèñòîâ [2℄.

Â ðàáîòå [1℄ óêàçûâàåòñÿ íà îñîáóþ ðîëü â ýòîì íàïðàâëåíèè

ðåøåòîê êîíãðóýíöèé óíàðíûõ àëãåáð.

Áóäåì ãîâîðèòü, ÷òî óíàðíàÿ àëãåáðà A ÿâëÿåòñÿ ïðÿìîé ñóì-

ìîé óíàðíûõ àëãåáð B è C, åñëè A = B∪C è B∩C = ∅. Ýòîò �àêò
áóäåì çàïèñûâàòü â âèäå ðàâåíñòâà A = B+C. Òàêèå êîíñòðóêöèè
÷àñòî âñòðå÷àþòñÿ ïðè èññëåäîâàíèè ðåøåòîê êîíãðóýíöèé (ñì., íà-

ïðèìåð, [3℄).

Â ýòîì ñëó÷àå äëÿ ëþáîé êîíãðóýíöèè α ∈ ConA ïîëîæèì

α(B) = α∩(B×B) è α(C) = α∩(C×C). Î÷åâèäíî, ÷òî α(B) è α(C)
ÿâëÿþòñÿ êîíãðóýíöèÿìè àëãåáð B è C, ñîîòâåòñòâåííî. Ïðè ýòîì

êîíãðóýíöèþ α íàçîâåì ðàñùåïëÿåìîé, åñëè α = α(B)∪α(C)∪△A,

ãäå △A � íàèìåíüøàÿ êîíãðóýíöèÿ àëãåáðû A.
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Òåîðåìà. Ïóñòü A = B+C. Òîãäà ðàñùåïëÿåìûå êîíãðóýíöèè
àëãåáðû A îáðàçóþò ãëàâíûé èäåàë ðåøåòêè ConA, èçîìîð�íûé
ðåøåòêå (ConB × ConC)∗, ãäå (ConB × ConC)∗ îçíà÷àåò ðåøåò-

êó, ïîëó÷åííóþ èç äåêàðòîâà ïðîèçâåäåíèÿ ðåøåòîê ConB è ConC
ïðèñîåäèíåíèåì íàèáîëüøåãî ýëåìåíòà âíåøíèì îáðàçîì.
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Â îáëàñòè Ω = {(x, t) : 0 < x < l, 0 < t < T} ðàññìîòðèì

îáîáùåííîå óðàâíåíèå Ìàêêåíäðèêà��îí Ô¼ðñòåðà

ux + λDα
0tu+ c(x)u = f(x, t), (1)

f(x, t), c(x) � çàäàííûå �óíêöèè, ïðè÷åì c(x) ÿâëÿåòñÿ �óíêöèåé

ñìåðòíîñòè, à f(x, t) õàðàêòåðèçóåò ðàçëè÷íûå äåìîãðà�è÷åñêèå

ïðîöåññû, λ−const. Ïðè α = 1 óðàâíåíèå (1) íàçûâàþò óðàâíåíèåì
Ìàêêåíäðèêà��îí Ôåðñòåðà [1, ñ. 120℄. Ê óðàâíåíèþ (1) ïðèñîåäè-

íèì óðàâíåíèå ðîæäàåìîñòè [1, ñ. 121℄

u(0, t) +

l∫

0

M(ξ)u(ξ, t)dξ = ϕ(t), 0 ≤ t ≤ T, (2)

ãäå u(0, t) � ïëîòíîñòü ÷èñëåííîñòè íîâîðîæäåííûõ îñîáåé ïîïó-

ëÿöèè, l � ïðåäåëüíûé âîçðàñò, êîý��èöèåíò ðîæäàåìîñòè ïðèìåì
ðàâíûìM(ξ) � �óíêöèÿ ðîæäàåìîñòè, à ϕ(t) � íåêîòîðàÿ óïðàâëÿ-
þùàÿ �óíêöèÿ, õàðàêòåðèçóþùàÿ âîçìîæíîñòü àêòèâíîãî âìåøà-

òåëüñòâà ÷åëîâåêà íà äèíàìèêó ïîïóëÿöèè.
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Äëÿ èçó÷åíèÿ äèíàìèêè âîçðàñòíîé ñòðóêòóðû ïîïóëÿöèè, ê

óðàâíåíèþ (1) íåîáõîäèìî äîáàâèòü åùå íà÷àëüíîå óñëîâèå

lim
t→0

D
α−1
0t u(x, η) = τ(x), 0 < x < l. (3)

Â äàííîé ðàáîòå èññëåäîâàíà çàäà÷à (2)�(3) äëÿ óðàâíåíèÿ (1) è

ïðîâåäåí ñðàâíèòåëüíûé àíàëèç ïîâåäåíèÿ ïîïóëÿöèè äëÿ ðàçëè÷-

íûõ çíà÷åíèé α.
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�àáîòà ïîñâÿùåíà èçó÷åíèþ òðåòüåé êðàåâîé çàäà÷è äëÿ âîëíî-

âîãî óðàâíåíèÿ ñ äðîáíîé ïðîèçâîäíîé �èìàíà�Ëèóâèëëÿ â äè�-

�åðåíöèàëüíîé �îðìå.

Â îáëàñòè QT = (0, l)× (0, T ] äëÿ óðàâíåíèÿ

Dα+1
0t u =

∂

∂x

[
k (x, t)

∂u

∂x

]
+ f (x, t) , 0 < x < l, 0 < t ≤ T, (1)

ðàññìîòðèì êðàåâóþ çàäà÷ó

Dα
0tu(x, t)|t=0 = u0(x), Dα−1

0t u(x, t)
∣∣
t=0

= u1(x), (2)

ux (0, t)− β1u (0, t) = 0, ux (l, t) + β2u (l, t) = 0, 0 ≤ t ≤ T, (3)

ãäå Dα
0tu � äðîáíàÿ ïðîèçâîäíàÿ �èìàíà�Ëèóâèëëÿ ïîðÿäêà α,

0 < α < 1; β1, β2 � ïîñòîÿííûå.
Â ñëó÷àå, êîãäà êîý��èöèåíò k â óðàâíåíèè (1) ÿâëÿåòñÿ ïî-

ñòîÿííîé âåëè÷èíîé, ðåøåíèå çàäà÷è (1)�(3) ìîæíî íàéòè ìåòîäîì

ðàçäåëåíèÿ ïåðåìåííûõ [1℄.

�åãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â îáëàñòèQT íàçîâåì �óíê-

öèþ u = u (x, t) èç êëàññàDα−1
0t u (x, t),Dα

0tu (x, t) ∈ C
(
Q̄T

)
; uxx (x, t),

Dα+1
0t u (x, t) ∈ C (QT ), êîòîðàÿ óäîâëåòâîðÿåò óðàâíåíèþ (1) âî âñåõ

òî÷êàõ (x, t) ∈ QT .
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Äîïóñòèì ñóùåñòâîâàíèå ðåãóëÿðíîãî ðåøåíèÿ çàäà÷è (1)�(3),

òîãäà ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Ïóñòü kx (x, t), kt (x, t), f (x, t) ∈ C
(
Q̄T

)
; u0 (x),

u1 (x) ∈ C [0, l], β1, β2 ≥ 0, β1 + β2 > 0, k ≥ c1 > 0, kt ≤ 0 âñþ-

äó íà Q̄, è âûïîëíåíî óñëîâèå u1 (0) = u′1 (0) = u1 (l) = u′1 (l) = 0,
òîãäà äëÿ ðåøåíèÿ çàäà÷è (1)�(3) ñïðàâåäëèâà àïðèîðíàÿ îöåíêà

‖Dα
0tu‖20 ≤M (t)

(
‖f‖22,Qt

+ ‖u′1 (x)‖20 + ‖u′′1 (x)‖20 + ‖u0 (x)‖20
)
.

Ëèòåðàòóðà

1. Íàõóøåâ À.Ì. Äðîáíîå èñ÷èñëåíèå è åãî ïðèìåíåíèå. Ì.: Ôèçìàòëèò,

2003. 272 ñ.
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Â îáëàñòè Ω = {(x, y) : 0 < x < r,−α < y < β} åâêëèäîâîé ïëîñ-
êîñòè òî÷åê (x, y), ãäå r, α è β � äåéñòâèòåëüíûå ïîëîæèòåëüíûå

÷èñëà, ðàññìàòðèâàåòñÿ àíàëîã çàäà÷è À.À. Äåçèíà [1, ñ. 174℄ äëÿ

óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñìåøàííîãî ïàðàáîëî�ãèïåðáî-

ëè÷åñêîãî òèïà âòîðîãî ïîðÿäêà

{
uxx(x, y)− uy(x, y) = f+(x, y), y > 0,

uxx(x, y)− uyy(x, y) = f−(x, y), y < 0,

ãäå u(x, y) � íåèçâåñòíàÿ �óíêöèÿ, f+(x, y), f−(x, y) � çàäàííûå,

äîñòàòî÷íî ãëàäêèå �óíêöèè â Ω
+
è Ω

−
ñîîòâåòñòâåííî. Çäåñü Ω+ =

Ω ∩ (y > 0), Ω− = Ω ∩ (y < 0).
Â äàííîé ðàáîòå ñ�îðìóëèðîâàíà è äîêàçàíà ìåòîäîì Òðèêî-

ìè òåîðåìà åäèíñòâåííîñòè ðåøåíèÿ u(x, y) èññëåäóåìîé çàäà÷è â

îáëàñòè Ω. �åøåíèå íàéäåíî è âûïèñàíî â ÿâíîì âèäå.

Îòìåòèì, ÷òî ðåçóëüòàòû äàííîé ðàáîòû îáîáùàþò ðåçóëüòàòû

ðàáîò [2, 3℄.

Ëèòåðàòóðà

1. Íàõóøåâà Ç.À. Íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ îñíîâíûõ è ñìåøàííîãî

òèïîâ äè��åðåíöèàëüíûõ óðàâíåíèé. Íàëü÷èê: Èçäàòåëüñòâî Ó÷ðåæäå-

íèÿ �îññèéñêîé àêàäåìèè íàóê Êàáàðäèíî-Áàëêàðñêîãî íàó÷íîãî öåíòðà

�ÀÍ. 2011. 196 ñ.
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2. Êèðæèíîâ �.À. Àíàëîã çàäà÷è À.À. Äåçèíà äëÿ óðàâíåíèÿ ñìåøàííî-

ãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà // Äîêëàäû Àäûãñêîé (×åðêåññêîé)

Ìåæäóíàðîäíîé àêàäåìèè íàóê. 2014. Ò. 16, � 2. Ñ. 41-46.

3. Êèðæèíîâ �.À. Î åäèíñòâåííîñòè ðåøåíèÿ àíàëîãà çàäà÷è À.À. Äåçèíà

äëÿ óðàâíåíèÿ ñìåøàííîãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà // Äîêëàäû

Àäûãñêîé (×åðêåññêîé) Ìåæäóíàðîäíîé àêàäåìèè íàóê. 2015. Ò. 17, � 3.

Ñ. 28-30.

Î ÊÎÍÅ×ÍÛÕ ��ÓÏÏÀÕ Ñ ÕÎËËÎÂÛÌÈ

B-ÏÎÄ��ÓÏÏÀÌÈ
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Êîíå÷íàÿ íåíèëüïîòåíòíàÿ ãðóïïà, â êîòîðîé âñå ñîáñòâåííûå

ïîäãðóïïû íèëüïîòåíòíû, íàçûâàåòñÿ ãðóïïîé Øìèäòà. Ñëåäóÿ

Áåðêîâè÷ó ([1℄, îïðåäåëåíèå 1, ñì, òàêæå, [2℄, 
. 461), êîíå÷íóþ ãðóï-

ïó G áóäåì íàçûâàòü B-ãðóïïîé, åñëè G/Φ(G) ÿâëÿåòñÿ ãðóïïîé

Øìèäòà. Çäåñü Φ(G) � ïîäãðóïïà Ôðàòòèíè ãðóïïû G. Ïîíÿòíî,
÷òî êàæäàÿ ãðóïïà Øìèäòà áóäåò B-ãðóïïîé. Äèýäðàëüíàÿ ãðóïïà
ïîðÿäêà 18 íå ÿâëÿåòñÿ ãðóïïîé Øìèäòà, íî áóäåò B-ãðóïïîé.

×åðåç B îáîçíà÷èì êëàññ âñåõ êîíå÷íûõ ãðóïï, ó êîòîðûõ êàæ-

äàÿ ìàêñèìàëüíàÿ B-ãðóïïà õîëëîâà. �ðóïïû, ó êîòîðûõ âñå ïîä-

ãðóïïû Øìèäòà õîëëîâû, èçó÷åíû â [3℄. ßñíî, ÷òî âñå íèëüïîòåíò-

íûå ãðóïïû, âñå B-ãðóïïû è ãðóïïû, ïîðÿäîê êîòîðûõ ñâîáîäåí îò

êâàäðàòîâ, ïðèíàäëåæàò B. Ìàêñèìàëüíûå áèïðèìàðíûå íåíèëü-

ïîòåíòíûå ãðóïïû èç êëàññà B ÿâëÿþòñÿ B-ãðóïïàìè. �àñøèðåíèå
ýêñòðàñïåöèàëüíîé ãðóïïû ïîðÿäêà 4093 ñ ïîìîùüþ öèêëè÷åñêîé

ãðóïïû ïîðÿäêà 5 · 41 áóäåò òðèïðèìàðíîé ãðóïïîé èç êëàññà B.

Òåîðåìà. Êëàññ B ÿâëÿåòñÿ íîðìàëüíî íàñëåäñòâåííûì ãîìî-

ìîð�îì è êàæäàÿ ãðóïïà èç B èìååò ñèëîâñêóþ áàøíþ.

Ëèòåðàòóðà
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Çàäà÷àìè ñîïðÿæåíèÿ â êîíòåêñòå íàñòîÿùåãî äîêëàäà áóäåì

íàçûâàòü òàêèå çàäà÷è äëÿ äè��åðåíöèàëüíûõ óðàâíåíèé, â êî-

òîðûõ âìåñòå ñ îáû÷íûìè êðàåâûìè óñëîâèÿìè çàäàþòñÿ òàêæå

äîïîëíèòåëüíûå óñëîâèÿ ñîïðÿæåíèÿ (ñêëåéêè) íà íåêîòîðûõ âíóò-

ðåííèõ ìíîãîîáðàçèÿõ. Ïîäîáíûå çàäà÷è åñòåñòâåííûì îáðàçîì âîç-

íèêàþò â òåîðèè êðàåâûõ çàäà÷ (çàäà÷ äè�ðàêöèè) äëÿ óðàâíåíèé ñ

ðàçðûâíûìè êîý��èöèåíòàìè, â òåîðèè óðàâíåíèé ñìåøàííîãî òè-

ïà, â òåîðèè ýâîëþöèîííûõ óðàâíåíèé ñ ïåðåìåííûì íàïðàâëåíèåì

ýâîëþöèè. Ïðåäñòàâëÿþò èíòåðåñ ýòè çàäà÷è è êàê ñàìîñòîÿòåëü-

íûé îáúåêò.

Â äîêëàäå èçëàãàþòñÿ íîâûå ðåçóëüòàòû î ðàçðåøèìîñòè çàäà÷

ñîïðÿæåíèÿ äëÿ

� óëüòðàïàðàáîëè÷åñêèõ óðàâíåíèé ñ ïåðåìåííûì íàïðàâëåíèåì

ýâîëþöèè;

� äè��åðåíöèàëüíûõ óðàâíåíèé ñ êðàòíûìè õàðàêòåðèñòèêàìè;

� ïñåâäîãèïåðáîëè÷åñêèõ äè��åðåíöèàëüíûõ óðàâíåíèé;

� êâàçèãèïåðáîëè÷åñêèõ óðàâíåíèé;

� à òàêæå äëÿ íåêîòîðûõ äðóãèõ äè��åðåíöèàëüíûõ óðàâíåíèé.

Î ÅÄÈÍÑÒÂÅÍÍÎÑÒÈ ÝÍÒ�ÎÏÈÉÍÛÕ �ÅØÅÍÈÉ

ÀÍÈÇÎÒ�ÎÏÍÛÕ ÝËËÈÏÒÈ×ÅÑÊÈÕ Ó�ÀÂÍÅÍÈÉ

Ñ ÏÅ�ÅÌÅÍÍÛÌÈ ÍÅËÈÍÅÉÍÎÑÒßÌÈ
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Ñòåðëèòàìàêñêèé �èëèàë Áàø�Ó (�îññèÿ, Ñòåðëèòàìàê)

e-mail: kosul�mail.ru

Â ðàáîòå [1℄ äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé ñî ñòåïåííûìè

íåëèíåéíîñòÿìè ñ L1-ïðàâîé ÷àñòüþ áûëî ïðåäëîæåíî ïîíÿòèå ýí-

òðîïèéíîãî ðåøåíèÿ çàäà÷è Äèðèõëå è äîêàçàíû åãî ñóùåñòâîâà-

íèå è åäèíñòâåííîñòü. Â íàñòîÿùåé ðàáîòå â ïðîèçâîëüíîé îáëàñòè

Ω ( Rn = {x = (x1, x2, . . . , xn)}, n ≥ 2, àíîíñèðîâàíà åäèíñòâåí-

íîñòü ýíòðîïèéíîãî ðåøåíèÿ çàäà÷è Äèðèõëå

div a(x,∇u) = |u|p0(x)−2u+ a0(x, u), u(x)|∂Ω = 0. (1)
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Ïóñòü

−→p (x) = (p0(x), p1(x), ..., pn(x)) ∈ (C+(Ω))n+1
. Ïðåäïîëàãàåòñÿ,

÷òî �óíêöèè a(x, s) = (a1(x, s), . . . , an(x, s)), a0(x, s0), x ∈ Ω, s0 ∈
R, s = (s1, . . . , sn) ∈ Rn, êàðàòåîäîðèåâû; a0(x, s0) íåóáûâàåò ïî s0 ∈
R; ñóùåñòâóþò Â, a > 0 è èçìåðèìûå �óíêöèè Φi(x) ≥ 0 òàêèå, ÷òî
äëÿ ï.â. x ∈ Ω è ëþáûõ s, t ∈ Rn

ñïðàâåäëèâû íåðàâåíñòâà

|ai(x, s)| ≤ Â|si|pi(x)−1 + Φi(x), i = 1, . . . , n; (2)

(a(x, s)− a(x, t)) · (s− t) > 0, s 6= t; a(x, s) · s ≥ a

n∑

i=1

|si|pi(x). (3)

Çäåñü s·t � ñêàëÿðíîå ïðîèçâåäåíèå. Ïîëîæèì Tk(r) = r ïðè |r| ≤ k,
Tk(r) = k sign r ïðè |r| > k; 〈u〉 =

∫
Ω

udx.

Îïðåäåëåíèå. Ýíòðîïèéíûì ðåøåíèåì çàäà÷è (1) íàçûâàåò-

ñÿ èçìåðèìàÿ �óíêöèÿ u :Ω→R òàêàÿ, ÷òî A0(x)=a0(x, u)∈L1(Ω);

Tk(u) ∈ W̊ 1−→
p (·)(Ω) ïðè âñåõ k > 0; ïðè âñåõ k > 0, ξ(x) ∈ C1

0 (Ω) ñïðà-

âåäëèâî íåðàâåíñòâî:

〈(a0(x, u) + |u|p0(x)−2u)Tk(u− ξ)〉+ 〈a(x,∇u) · ∇Tk(u− ξ)〉 ≤ 0.

Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ (2), (3), òîãäà ýíòðîïèéíîå

ðåøåíèå çàäà÷è (1) åäèíñòâåííî.

Ëèòåðàòóðà

1. Benilan Ph., Bo

ardo L., Galluet Th., Pierre M., Vazquez J.L. An L1-theory

of existen
e and uniqueness of solutions of nonlinear ellipti
 equations //

Annali della S
uola Normale Superiore di Pisa, Classe di S
ienze. 1995. Vol. 22.

� 2. Pp. 241-273.
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Äëÿ ïðîèçâîëüíîãî ãðà�à (ñåòè) L(X,U ;P ), èìåþùåãî èñòî÷-

íèêè X ∈ S (àêòèâíûå ýëåìåíòû, èç êîòîðûõ âûõîäÿò ïðîâîäíèêè,

ñîîòâåòñòâóþùèå èì âåðøèíû Oi è Oj), ïðîìåæóòî÷íûå âåðøèíû
R (ïàññèâíûå çîíû, â êîòîðûõ íåò íè èñòî÷íèêîâ, íè ñòîêîâ, è ñîîò-

âåòñòâóþùèå èì âåðøèíû 1i, ..2j, ..3i, ..4j â êîíâåðò-ãðà�å), ñòîêè
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T , V (X, Y ) � ïîòîê ïî ðåáðó (X, Y ), ïðîïóñêíûå ñïîñîáíîñòè ð¼-

áåð (X, Y ), äëèíû ð¼áåð D(X, Y ), ïðåäëîæåíèå A(X) âî ìíîæåñòâå
âåðøèí X, ÿâëÿþùèõñÿ ìíîæåñòâîì èñòî÷íèêîâ (S) è ñïðîñ B(x)
â âåðøèíàõ ñòîêîâ (T ).

Çàäà÷à ñîñòîèò â ïîñòðîåíèè äîïóñòèìîãî ïîòîêà, ìèíèìè-

çèðóþùåãî äëèíó ñâÿçåé, ò.å. ìàðøðóòîâ êðàò÷àéøåé äëèíû

(ïðîñòûõ öåïåé), òàê, ÷òîáû V (x,X) − V (X, x) ≤ A(X), X ∈ S;
V (x,X)− V (X, x) = 0, X ∈ R; V (x,X)− V (X, x) ≤ −B(X), X ∈ T ;
0 ≤ V (X, Y ) ≤ C(X, Y ) è ìîæíî áûëî áû ìèíèìèçèðîâàòü ñóì-

ìó ïî âñåì ð¼áðàì ∀u ∈ U , â êîòîðîé ïîä çíàêîì ñóììû ñòî-

èò D(X, Y ) · V (X, Y ), ãäå A(X), B(Y ), C(X, Y ) � ïîëîæèòåëüíûå,

à D(X, Y ) � íåîòðèöàòåëüíûå öåëûå ÷èñëà [1℄.
�åøåíèå ýòîé çàäà÷è ïðèíîñèò íåîáõîäèìûå óñëîâèÿ äëÿ ïîñëå-

äóþùåé òðàññèðîâêè � â ëþáîì ñå÷åíèè ìîíòàæíî-êîììóòàöèîí-

íîãî ïðîñòðàíñòâà ðåñóðñ äîñòàòî÷åí äëÿ ïðîâåäåíèÿ òðàññ íàè-

êðàò÷àéøåé äëèíû.

Äëÿ ðåøåíèÿ ìíîãîïðîäóêòîâîé ñåòåâîé çàäà÷è îêàçàëîñü íåîá-

õîäèìûì, ÷òîáû âåðøèíû ñåòè, ñìåæíûå ñ X(S) è X(T ), íå áûëè
ñìåæíû ìåæäó ñîáîé. Òàêîå ñâîéñòâî ëþáîé ñõåìå, ãðà�ó èëè ñåòè

ïðèâíîñèòñÿ ïîíÿòèåì K-äîëüíîãî ãðà�à è ïîñòðîåíèåì òàêèõ K-

äîëüíûõ ãðà�îâ ñ ïîìîùüþ ìàòåìàòè÷åñêîãî àïïàðàòà ¾ðàñêðàñêà

âåðøèí ãðà�à¿. ÏðàâèëüíàÿK-ðàñêðàñêà âåðøèí ãðà�à L(X,U ;P )
â K öâåòîâ ïðèâîäèò ê ðàçáèåíèþ ìíîæåñòâà âåðøèí ãðà�à íà

K íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâ X1, X2, ..., XK èëè K îäíî-

öâåòíûõ êëàññîâ ∀i, j/〈Xi, u,Xj〉 ∈ U → K(Xi) 6= K(Xj), X = ∪Xi

(i = 1, ..., K).
�ðà�û, õðîìàòè÷åñêîå ÷èñëî êîòîðûõ χ(L) > 3, ïðè ïðåîáðà-

çîâàíèè â ¾ïîòîêîâî-ïðèãîäíûé¿ âèä íà÷èíàþò òåðÿòü íåêîòîðûå

ð¼áðà, òàê ÷òî ìîäåëü ñòàíîâèòñÿ íå ðåëåâàíòíîé äåéñòâèòåëüíî-

ñòè. Ê ñ÷àñòüþ, êàê ïîêàçàëî èññëåäîâàíèå, ïðè ðàáîòå ñ ðåàëüíû-

ìè ýëåêòðè÷åñêèìè öåïÿìè ìîæíî óòâåðæäàòü � ãèïîòåçà Y : ëþáàÿ
ïðàêòè÷åñêàÿ ýëåêòðè÷åñêàÿ ñõåìà â ¾ïîòîêîâî-ïðèãîäíîì¿ âèäå

òðèæäû ðàñêðàøèâàåìà.

Ëèòåðàòóðà

1. Âèíòèçåíêî È.�. Ïðîñòðàíñòâåííàÿ äåêîìïîçèöèÿ ìîíòàæíî-êîììóòà-

öèîííîãî ïðîñòðàíñòâà â ÑÀÏ�: äèñ. ... ä-ðà òóõí. íàóê. Òîìñêèé èíñòè-

òóò àâòîìàòèçèðîâàííûõ ñèñòåì óïðàâëåíèÿ è ðàäèîýëåêòðîíèêè, Òîìñê,

1989. 400 ñ.
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ÄËß Ó�ÀÂÍÅÍÈß �ÈÏÅ�ÁÎËÈ×ÅÑÊÎ�Î ÒÈÏÀ Ñ

ÄÂÓÌß ËÈÍÈßÌÈ ÂÛ�ÎÆÄÅÍÈß Â

ÕÀ�ÀÊÒÅ�ÈÑÒÈ×ÅÑÊÎÌ ×ÅÒÛ�ÅÕÓ�ÎËÜÍÈÊÅ


© Êîñèìîâ Õ.Í.

Ôåðãàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Óçáåêèñòàí, Ôåðãàíà)

e-mail: mega.mamanazarov�mail.ru

Ïóñòü Ω-êîíå÷íàÿ îäíîñâÿçíàÿ îáëàñòü ïëîñêîñòè ïåðåìåííûõ

(x, y), îãðàíè÷åííàÿ ïðè y > 0 õàðàêòåðèñòèêàìè

OC1 :
1

q
xq − 1

p
yp = 0, AC1 :

1

q
xq +

1

p
yp = 1,

à ïðè y < 0 õàðàêòåðèñòèêàìè

OC2 :
1

q
xq − 1

p
(−y)p = 0, AC2 :

1

q
xq +

1

p
(−y)p = 1

óðàâíåíèÿ

|y|mUxx − xnUyy = 0 , m, n = const > 0, (1)

ãäå 2q = n+ 2 , 2p = m+ 2, ïðè÷åì m > n, A(q1/q, 0).
Çàäà÷à. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèÿ U(x, y) óðàâ-

íåíèÿ (1), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

(
x4q
)−b

Fox

[
a b

c
(
x2q
)n
]
U [θj(x)]=cj(x)Uy(x, 0) + dj(x), (x, 0) ∈ OA

ãäå a, b è c � äåéñòâèòåëüíûå ÷èñëà; n ∈ N, cj(x), dj(x), (j = 1, 2)
èçâåñòíûå �óíêöèè; F0x[·] � îïåðàòîð îáîáùåííîãî äðîáíîãî èíòå-
ãðîäè��åðåíöèðîâàíèÿ ïîðÿäêà |c| îò �óíêöèè ïî äðóãîé �óíêöèè;

θj(x), (j = 1, 2) � à��èêñû òî÷åê ïåðåñå÷åíèÿ õàðàêòåðèñòèê OCj

(j = 1, 2) ñ õàðàêòåðèñòèêàìè, âûõîäÿùèìè èç òî÷êè (x, 0) ∈ OA.
Èìååò ìåñòî ñëåäóþùàÿ

Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ β < c < 1 − β, c1(x) −
c2(x) 6= 0, ∀x ∈ OA, cj(x) ∈ C(OA) ∩ C2(OA), dj(x) ∈ C(OA)
(j = 1, 2) è �óíêöèÿ dj(x) ìîæåò îáðàùàòüñÿ â áåñêîíå÷íîñòü

ïîðÿäêà íå âûøå (1− 2β)/(1− 2α) íà êîíöàõ èíòåðâàëà OA. Òîãäà
ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è.
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ÈÑÑËÅÄÎÂÀÍÈÅ ÇÀÂÈÑÈÌÎÑÒÈ ÑÊÎ�ÎÑÒÈ

ÏÅ�ÅÍÎÑÀ ÏÅ�ÅÄÍÅ�Î Ô�ÎÍÒÀ ÎÁËÀÊÀ

ÇÀ�ÀÆÅÍÍÎ�Î ÂÎÇÄÓÕÀ ÌÅÒÎÄÎÌ

ÈÍÒÅËËÅÊÒÓÀËÜÍÎ�Î ÀÍÀËÈÇÀ ÄÀÍÍÛÕ


© Êðàõîòêèíà Å.Â.

Ô�ÀÎÓ ÂÎ �Ñåâåðî-Êàâêàçñêèé Ôåäåðàëüíûé óíèâåðñèòåò�

(�îññèÿ, Ñòàâðîïîëü)

e-mail: elena-stv�yandex.ru

Ïîä ñòåïåíüþ âåðòèêàëüíîé óñòîé÷èâîñòè âîçäóõà (ÑÂÓÂ) ïî-

íèìàþò ðàçëè÷íûå ñîñòîÿíèÿ, íàçûâàåìûå êîíâåêöèåé, èíâåðñèåé

è èçîòåðìèåé, êàæäîå èç êîòîðûõ õàðàêòåðèçóåòñÿ òèïè÷íûì ðàñ-

ïðåäåëåíèåì òåìïåðàòóðû âîçäóõà â íèæíåì ñëîå, à òàêæå èíòåí-

ñèâíîñòüþ âåðòèêàëüíîãî ïåðåìåùåíèÿ âîçäóõà.

Öåëü äàííîé ðàáîòû ïðîàíàëèçèðîâàòü çàâèñèìîñòü ñêîðîñòè

ïåðåíîñà ïåðåäíåãî �ðîíòà çàðàæåííîãî îáëàêà îò ñêîðîñòè âåòðà

â çàâèñèìîñòè îò ñòåïåíè âåðòèêàëüíîé óñòîé÷èâîñòè âîçäóõà. Äëÿ

ðåàëèçàöèè äàííîé öåëè èñïîëüçóåòñÿ ìåòîä èíòåëëåêòóàëüíîãî àíà-

ëèçà äàííûõ, ãäå â êà÷åñòâå èíñòðóìåíòà âûáðàí ìåõàíèçì íåéðîí-

íûõ ñåòåé â ïàêåòå Statisti
a [1℄ äëÿ äâóõ ñîñòîÿíèé âåðòèêàëüíîé

óñòîé÷èâîñòè âîçäóõà èíâåðñèè è êîíâåêöèè.

Ëèòåðàòóðà

1. ×óáóêîâà È.À. Data Mining / È.À. ×óáóêîâà. 2-å èçä., èñïð. Ì. : Èíòåðíåò-

Óíèâåðñèòåò Èí�îðìàöèîííûõ Òåõíîëîãèé, 2008. 383 ñ. (Îñíîâû èí�îð-

ìàöèîííûõ òåõíîëîãèé).

ÎÖÅÍÊÀ ÌÍÎ�Î×ËÅÍÀ ÎÒ ÏÎËÈÀÄÈ×ÅÑÊÎ�Î

ËÈÓÂÈËËÅÂÀ ×ÈÑËÀ


© Êðóïèöûí Å.Ñ.

Ìîñêîâñêèé ïåäàãîãè÷åñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (�îññèÿ, Ìîñêâà)

e-mail: krupitsin�gmail.
om

Òåîðåìà. Ïóñòü

α =

∞∑

k=0

aknk!, ak ∈ N ∪ {0}, 0 6 ak 6 nk,

lim
s→∞

(ns + 1) ln(ns + 1)

ns+1

= 0.

Òîãäà äëÿ ëþáîãî ïðîñòîãî ÷èñëà p, p 6 p0 è ëþáîãî íåíóëåâîãî

ìíîãî÷ëåíà P (x) ñòåïåíè d è âûñîòû H ñ íåêîòîðîé ïîñòîÿííîé
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C, ïðè óñëîâèè H > H0, ãäå H0, C � ý��åêòèâíûå ïîñòîÿííûå,

çàâèñÿùèå îò p0, âûïîëíÿåòñÿ íåðàâåíñòâî

|P (α)|p > H−C .

ÄÈÑÊ�ÅÒÍÀß ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ

�ÀÑÏ�ÎÑÒ�ÀÍÅÍÈß ÈÍÔÎ�ÌÀÖÈÈ


© Êóãîòîâà Ì.Í.

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ �ÀÍ

(�îññèÿ, Íàëü÷èê)

e-mail: kugotova.radima�mail.ru

Â ðàáîòå èññëåäóåòñÿ äèñêðåòíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ðàñ-

ïðîñòðàíåíèÿ èí�îðìàöèè â ãðóïïå âçàèìîäåéñòâóþùèõ èíäèâè-

äîâ, èìåþùåé ÷èñëåííîñòü c, ó÷èòûâàþùàÿ çàáûâàíèå èí�îðìà-

öèè. �àññìàòðèâàåìàÿ ìîäåëü ïðåäïîëàãàåò, ÷òî íåîõâà÷åííûé èí-

�îðìàöèåé èíäèâèä ìîæåò åå ïîëó÷èòü ÷åðåç ÑÌÈ èëè ïóòåì ìåæ-

ëè÷íîñòíîãî îáùåíèÿ. Ìàòåìàòè÷åñêàÿ ìîäåëü èìååò âèä:

un+1 = un + (a+ bun)(c− un)− γun−s, (1)

ãäå un(t) � êîëè÷åñòâî àäåïòîâ â ìîìåíò âðåìåíè t, a, b > 0 � ïàðà-
ìåòðû ðàñïðîñòðàíåíèÿ èí�îðìàöèè ÷åðåç ÑÌÈ è èí�îðìèðîâàí-

íîãî ðàíåå èíäèâèäà (ñëóõè), γ � èíòåíñèâíîñòü çàáûâàíèÿ èí�îð-
ìàöèè, s � âðåìÿ ïàìÿòè.

Çà îñíîâó âçÿòà íåïðåðûâíàÿ ìîäåëü ðàñïðîñòðàíåíèÿ èí�îð-

ìàöèè â ñîöèóìå [1℄. Òàêæå ðàíåå áûëà ðàññìîòðåíà íåïðåðûâíàÿ

ìîäåëü ðàñïðîñòðàíåíèÿ èí�îðìàöèè ñ äðîáíîé ïðîèçâîäíîé â ðà-

áîòå [2℄. Äëÿ ìîäåëè (1) âûïîëíåíà ÷èñëåííàÿ ðåàëèçàöèÿ â ñðåäå

Ñ#, ñîçäàíà èìèòàöèîííàÿ ìîäåëü, ïîçâîëÿþùàÿ ïðîâåäåíèå èäåí-
òè�èêàöèè ïàðàìåòðîâ ìîäåëè.

Ëèòåðàòóðà

1. Ìèxàéëîâ À.Ï., Ïåòðîâ À.Ï., Ìàðåâöåâà Í.À., Òðåòüÿêîâà È.Â. �àçâè-

òèå ìîäåëè ðàñïðîñòðàíåíèÿ èí�îðìàöèè â ñîöèóìå // Ìàòåìàòè÷åñêîå

ìîäåëèðîâàíèå. 2014. Ò. 26, � 3. Ñ. 65-73.

2. Êóãîòîâà Ì.Í. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå èí�îðìàöèîííîãî âçàè-

ìîäåéñòâèÿ // Ìàòåðèàëû òåçèñîâ Ìåæäóíàðîäíîé êîí�åðåíöèè �Àêòó-

àëüíûå ïðîáëåìû ïðèêëàäíîé ìàòåìàòèêè è èí�îðìàòèêè� è XIV Øêî-

ëû ìîëîäûõ ó÷åíûõ �Íåëîêàëüíûå êðàåâûå çàäà÷è è ïðîáëåìû ñîâðåìåí-

íîãî àíàëèçà è èí�îðìàòèêè�. 2016. 167 ñ.
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�ÀÍ�ÎÂÀß ÎÏÒÈÌÈÇÀÖÈß ÏÎÒÎÊÎÂÛÕ ÑÅÒÅÉ,

ÌÎÄÅËÈ�ÓÅÌÛÕ ��ÀÔÀÌÈ


© Êóäàåâ Â.×.

Èíñòèòóò èí�îðìàòèêè è ïðîáëåì ðåãèîíàëüíîãî óïðàâëåíèÿ ÊÁÍÖ �ÀÍ

(�îññèÿ, Íàëü÷èê)

e-mail: iipru�rambler.ru

Â ðàáîòå ïðåäñòàâëåí ìåòîä ðàíãîâîé îïòèìèçàöèè ñåòè ïî ïåðå-

íîñó âåùåñòâà è ýíåðãèè (ñåòè Êèðõãî�à) ìîäåëèðóåìûõ èçáûòî÷-

íûì ãåîìåòðè÷åñêèì ãðà�îì âîçìîæíûõ ñîåäèíåíèé óçëîâ ñåòè.

Óñëîâèå ðàíãîâîé îïòèìàëüíîñòè ñâÿçûâàåò ðàíã ýêñòðåìóìà ñ åãî

íåëîêàëüíîñòüþ è âåëè÷èíîé êîìïàêòíûõ ïîäãðà�îâ (�ðàãìåíòîâ)

èçáûòî÷íîãî ãðà�à ñåòè, îïòèìèçàöèÿ êàæäîãî èç êîòîðûõ íåîáõî-

äèìà äëÿ ïîëó÷åíèÿ ñåòè çàäàííîãî ðàíãà îïòèìàëüíîñòè [1℄.

Òåîðåìà (óñëîâèå ðàíãîâîé îïòèìàëüíîñòè):

1. Ýêñòðåìóì p-ãî ðàíãà ÿâëÿåòñÿ ãëîáàëüíûì íà âûïóêëîé

ëèíåéíîé êîìáèíàöèè âåðøèí òðàíñïîðòíîãî ìíîãîãðàííèêà

èìåþùèõ ñìåæíîñòü â ïðîìåæóòêå [1, p℄ ê òî÷êå ýêñòðå-

ìóìà.

2. Äëÿ òîãî ÷òîáû ðåøåíèå çàäà÷è îïòèìèçàöèè ñåòè Êèðõãî-

�à íà ãðà�å áûëî ýêñòðåìóìîì p-ãî ðàíãà íåîáõîäèìî, ÷òîáû

îíî áûëî îïòèìàëüíî ïî âñåì �ðàãìåíòàì p-ãî ðàíãà èçáû-

òî÷íîãî ãðà�à ñåòè.

�àçðàáîòàííûé ìåòîä ïîçâîëÿåò, â îòëè÷èè îò ñóùåñòâóþùèõ

ìåòîäîâ ñòðóêòóðíî-ïàðàìåòðè÷åñêîé îïòèìèçàöèè, òî÷íî îöåíè-

âàòü íåëîêàëüíîñòü ïîëó÷àåìîãî ýêñòðåìóìà è ðåøàòü çàäà÷ó áåç

îñëàáëåíèÿ îãðàíè÷åíèé, ò.å. ñ ïîëíûì ó÷åòîì âçàèìîâëèÿíèÿ èç-

ìåíåíèÿ ñòðóêòóðû è ïàðàìåòðîâ ñåòè äðóã íà äðóãà. Äëÿ ðåøåíèÿ

ïîòîêîâîé ñåòåâîé çàäà÷è Øòåéíåðà ðàçðàáîòàí àíàëîãè÷íûé ïîä-

õîä [2,3℄.

Ëèòåðàòóðà

1. Êóäàåâ Â.×. �àíãè ýêñòðåìóìîâ è ñòðóêòóðíàÿ îïòèìèçàöèÿ áîëüøèõ

ñåòåâûõ ñèñòåì // Èçâåñòèòÿ Êàáàðäèíî-Áàëêàðñêîãî íàó÷íîãî öåíòðà

�ÀÍ. 2016. � 4 (74). C. 5-31.

2. Áàãîâ Ì.À., Êóäàåâ Â.×. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è îïòèìèçàöèÿ

òðóáîïðîâîäíîé ñåòè Øòåéíåðà // Èçâåñòèÿ Êàáàðäèíî-Áàëêàðñêîãî íà-

ó÷íîãî öåíòðà �ÀÍ. 2017. � 1 (73).

3. Êóäàåâ Â.×., Áàãîâ Ì.À.Ïðåîáðàçîâàíèå òåðìèíàëüíîé ñåòè â ñåòüØòåé-

íåðà // Èçâåñòèÿ ÊÁÍÖ �ÀÍ. 2015. � 6 (68). C. 31-37.
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ÎÄÍÎÌÅ�ÍÀß ÇÀÄÀ×À ÑÎ ÑÂÎÁÎÄÍÎÉ

��ÀÍÈÖÅÉ Â ÌÅÄÈÖÈÍÅ


© Êóäàåâà Ô.Õ., Øàêîâ Õ.Ê., Òõàáèñèìîâà Ì.Ì.,

Ìàìáåòîâ Ì.Æ.

Êàáàðäèíî-Áàëêàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Õ.Ì. Áåðáåêîâà

(�îññèÿ, Íàëü÷èê)

e-mail: kfatimat�yandex.ru

Îïðåäåëåíèå òåìïåðàòóðíîãî ïîëÿ â îõëàæäàåìûõ îáëàñòÿõ

áèîòêàíè îïèñûâàåòñÿ ðåøåíèåì çàäà÷è ñî ñâîáîäíîé ãðàíèöåé [1,2℄:

uxx − ut = uβ, 0 < x < S(0), t > 0,

u(x, 0) = u0(x), 0 < x ≤ S(0), (S(0) = 0),

ux − h(u− uA(t)) = 0, x = 0, t > 0, (1)

u(S(t), t) = 0, ux(S(t), t) = 0, t > 0.

Â (1) u(x, t) � èñêîìîå òåìïåðàòóðíîå ïîëå, s(t) � ñâîáîäíàÿ ãðà-
íèöà, H � êîý��èöèåíò òåïëîîáìåíà ñ îêðóæàþùåé ñðåäîé, uA (t)
� òåìïåðàòóðà âíåøíåé ñðåäû, u0(x) � òåìïåðàòóðà áèîòêàíè â íà-
÷àëüíûé ìîìåíò âðåìåíè, β � ïàðàìåòð íåëèíåéíîñòè, 0 ≤ β < 1.

Äëÿ ñòàöèîíàðíîé çàäà÷è, ñîîòâåòñòâóþùåé (1), ïîëó÷åíî òî÷-

íîå àíàëèòè÷åñêîå ðåøåíèå. Äëÿ íåñòàöèîíàðíîé çàäà÷è ìåòîäîì

íåëèíåéíûõ âàðèàöèîííûõ ïàðàìåòðîâ ïîëó÷åíî ïðèáëèæåííîå ðå-

øåíèå.

Àëãîðèòìû ïîëó÷åíèÿ èñêîìîãî òåìïåðàòóðíîãî ïîëÿ è ñâîáîä-

íîé ãðàíèöû ðåàëèçîâàíû íà ÝÂÌ.

Ïîëó÷åííûå â ðàáîòå ðåçóëüòàòû ìîãóò áûòü ïðèìåíåíû ê ðàñ-

÷åòó ðåæèìîâ íèçêîòåìïåðàòóðíîãî âîçäåéñòâèÿ íà áèîëîãè÷åñêóþ

òêàíü, îïðåäåëåíèþ çíà÷åíèÿ ïàðàìåòðîâ çàìîðàæèâàíèÿ, à òàêæå

ïðè êîíñòðóèðîâàíèè è ñîâåðøåíñòâîâàíèè êðèîèíñòðóìåíòîâ.
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Îïðåäåëåíèå z = z(u, t) è u = u(t) ñâîäèòñÿ ê ðåøåíèþ ñëåäóþ-

ùåé çàäà÷è [1, 2℄:(
1

zu

)

u

= k(u)zt + f(u)zu, u(t) < u < u, u = c, t > 0,

z(u, 0) = z0(u), u(0) < u < u, (u(0) = u) , (1)

1

zu
= α |u− uc(t)| , u = u,

1

zu
= 0, u = u, z(u) = 0.

Äîìíîæèâ äè��åðåíöèàëüíîå óðàâíåíèå (1) íà ïðîèçâîëüíóþ�óíê-

öèþ v = v(u), ïðîèíòåãðèðîâàâ îäèí ðàç, ñ ó÷åòîì êðàåâûõ óñëîâèé,
ïîëó÷àåì:

u∫

u

V (k(u)zt + f(u)zu) du+ V α (u− uc(t)) +

u∫

u

Vu
1

zu
du = 0. (2)

Åñëè äîáàâèòü ê (2) íà÷àëüíîå óñëîâèå z (u, 0) = z0 (u) è óñëîâèå
âûðîæäåíèÿ u(0) = u, ïîëó÷àåì âàðèàöèîííóþ èëè ñëàáóþ ïîñòà-

íîâêó çàäà÷è (1).

Äëÿ ïîñòàâëåííîé çàäà÷è ñ�îðìóëèðîâàíà è äîêàçàíà òåîðå-

ìà åäèíñòâåííîñòè îáîáùåííîãî ðåøåíèÿ ìåòîäîì îò ïðîòèâíîãî,

ñ�îðìóëèðîâàíà òåîðåìà ñóùåñòâîâàíèÿ îáîáùåííîãî ðåøåíèÿ çà-

äà÷è (1). Äëÿ äîêàçàòåëüñòâà ìåòîäîì Ôàýäî��àë¼ðêèíà ñòðîèì

ïðèáëèæ¼ííûå ðåøåíèÿ, çàòåì äëÿ ïðèáëèæ¼ííîãî ðåøåíèÿ âûâî-

äèì àïðèîðíûå îöåíêè è ïåðåõîäèì ê ïðåäåëó.
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Ïóñòü h(n) � êîíå÷íîçíà÷íûé ÷èñëîâîé õàðàêòåð Äèðèõëå ñ ïîë-
íîé áàçîé, ò.å. ïî÷òè äëÿ âñåõ ïðîñòûõ p : h(p) 6= 0. Äëÿ òàêèõ

õàðàêòåðîâ äîêàçàíà

Òåîðåìà 1. Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1. Äëÿ ëþáîãî t ∈ [−T, T ] èìååò ìåñòî îöåíêà:

St(x) =
∑

n≤x

h(n)nit = O(1), (1)

ãäå êîíñòàíòà â ñèìâîëå ¾O¿ çàâèñèò òîëüêî îò âåëè÷è-

íû T ;

2. h(n) � ïåðèîäè÷åñêàÿ �óíêöèÿ.

Çàìå÷àíèå. Èçâåñòíàÿ ãèïîòåçà Í.�. ×óäàêîâà îá îáîáùåííûõ

õàðàêòåðàõ [1℄ óòâåðæäàåò, ÷òî â ñëó÷àå íåãëàâíûõ îáîáùåííûõ

õàðàêòåðîâ óñëîâèå ïåðèîäè÷íîñòè h(n) ðàâíîñèëüíî îöåíêå âèäà

S(x) =
∑

n≤x

h(n) = O(1).

Â ðàáîòå [2℄ äëÿ íåãëàâíûõ õàðàêòåðîâ Äèðèõëå áûëà äîêàçàíà

îöåíêà âèäà (1) äëÿ êàæäîãî çíà÷åíèÿ t. Â ðàáîòå [3℄ áûëî ïîêàçàíî,

÷òî êîíñòàíòà â îöåíêå (1) çàâèñèò òîëüêî îò âåëè÷èíû T .
Ïðè äîêàçàòåëüñòâå îáðàòíîãî óòâåðæäåíèÿ èññëåäóåòñÿ çàäà÷à

àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ðÿäîâ Äèðèõå

f(s) =
∞∑

n=1

h(n)

ns
, s = σ + it, (2)

íà êîìïëåêñíóþ ïëîñêîñòü. Ïðè ýòîì èñïîëüçóåòñÿ àïïðîêñèìàöè-

îííûé ïîäõîä, ðàçðàáîòàííûé àâòîðàìè â ðàáîòàõ [4-5℄. Íóæíî îò-

ìåòèòü, ÷òî â îòëè÷èè îò ðàáîò [4-5℄, óñëîâèå (1) çíà÷èòåëüíî óïðî-

ùàåò èçó÷åíèå ïîâåäåíèÿ ðÿäà Äèðèõëå (2) ïðè ïîäõîäå ê ìíèìîé

îñè.
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�àññìîòðèì ðÿä Äèðèõëå

f(s) =
∞∑

n=1

h(n)

ns
, s = σ + it, (1)

ãäå h(n) � êîíå÷íîçíà÷íûé ÷èñëîâîé õàðàêòåð ñ ïîëíîé áàçîé è

îãðàíè÷åííîé ñóììàòîðíîé �óíêöèåé

S(x) =
∑

n≤x

h(x) = O(1).

Äëÿ ðÿäîâ Äèðèõëå âèäà (1) äîêàçàí àíàëîã òåîðåìû Äà��èíà�

Øå��åðà [1℄, èìåþùåé ìåñòî äëÿ ñòåïåííûõ ðÿäîâ ñ êîíå÷íîçíà÷-

íûìè êîý��èöèåíòàìè, êîòîðàÿ óòâåðæäàåò, ÷òî åñëè ñòåïåííîé
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ðÿä îãðàíè÷åí â êàêîì-ëèáî ñåêòîðå åäèíè÷íîãî êðóãà, òî îí îïðå-

äåëÿåò ðàöèîíàëüíóþ �óíêöèþ.

À èìåííî, äîêàçàíà

Òåîðåìà 1. Ïóñòü ÷àñòè÷íûå ñóììû ðÿäà Äèðèõëå âèäà (1)

â êàæäîì ïðÿìîóãîëüíèêå DT : 0 < σ ≤ 1, |t| < T îãðàíè÷åíû

êîíñòàíòîé, çàâèñÿùåé òîëüêî îò âåëè÷èíû T . Òîãäà îí îïðåäå-

ëÿåò �óíêöèþ, àíàëèòè÷åñêè ïðîäîëæèìóþ ðåãóëÿðíûì îáðàçîì

íà êîìïëåêñíóþ ïëîñêîñòü.
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Äè��åðåíöèàëüíûì îïåðàòîðàì âòîðîãî ïîðÿäêà ñ äðîáíîé ïðî-

èçâîäíîé â ìëàäøèõ ÷ëåíàõ ïîñâÿùåíû ðàáîòû [1℄, [2℄. Â äàííîé ðà-

áîòå ìû äîêàæåì, ÷òî ìíîãîìåðíûé îïåðàòîð Øòóðìà�Ëèóâèëëÿ

ñ äðîáíîé ïðîèçâîäíîé â ñìûñëå Êèïðèÿíîâà [1℄ â ìëàäøèõ ÷ëå-

íàõ îáëàäàåò ñâîéñòâîì ñåêòîðèàëüíîñòè, ñïåêòð îïåðàòîðà ðàñïî-

ëîæåí â íåêîòîðîì ñåêòîðå êîìïëåêñíîé ïëîñêîñòè. Ïîêàçàâ, ÷òî

èìååò ìåñòî ðåäóêöèÿ ê îïåðàòîðó äðîáíîãî äè��åðåíöèðîâàíèÿ â

ñìûñëå Ìàðøî â îäíîìåðíîì ñëó÷àå - äîêàæåì âûïîëíåíèå ñâîé-

ñòâà ñåêòîðèàëüíîñòè äëÿ äè��åðåíöèàëüíûõ îïåðàòîðîâ âòîðîãî

ïîðÿäêà ñ ïðîèçâîäíîé Ìàðøî èëè �èìàíà-Ëèóâèëëÿ â ìëàäøèõ

÷ëåíàõ. Ïîñëåäíèé áóäåò îáëàäàòü óêàçàííûì ñâîéñòâîì â ñèëó ñîâ-

ïàäåíèÿ ïî÷òè âñþäó îáðàçîâ ñ îïåðàòîðîì Ìàðøî íà äîñòàòî÷-

íî øèðîêîì, äëÿ ïîñòàíîâêè çàäà÷è, êëàññå �óíêöèé. Â òåðìèíàõ

îáîçíà÷åíèé [1℄ ðàññìîòðèì ðàâíîìåðíî ýëëèïòè÷åñêèé îïåðàòîð,

ìëàäøèå êîý��èöèåíòû êîòîðîãî âåùåñòâåííûå, íåîòðèöàòåëüíûå,

îãðàíè÷åííûå �óíêöèè.

Lu :=

n∑

i,j=1

∂

∂xj

(
aij(x)

∂u

∂xi

)
+ p(x)Dαu+ q(x)u, 0 < α < 1,
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D(L) =
0

W 2
2 (Ω), Ω ∈ Rn.

Òåîðåìà. Ïóñòü p(x) ∈ Lipλ, α < λ ≤ 1. Òîãäà ñïåêòð îïåðà-

òîðà L ïðèíàäëåæèò ñåêòîðó |arg (ζ−γ)| ≤ θ, ãäå γ è θ îïðåäåëåíû
êîý��èöèåíòàìè óðàâíåíèÿ.
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Â ðàáîòå èññëåäóåòñÿ çàäà÷à ñèíòåçà çîíàëüíîãî óïðàâëåíèÿ

îáúåêòîì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè ñ îáðàòíîé ñâÿçüþ ñ èñ-

ïîëüçîâàíèåì íåïðåðûâíîãî íàáëþäåíèÿ çà �àçîâûì ñîñòîÿíèåì

îáúåêòà â îïðåäåëåííûõ åãî òî÷êàõ [1℄. Â êà÷åñòâå ïðèìåðà ðàñ-

ñìîòðåíî óïðàâëåíèå íàãðåâîì òðóá÷àòîãî òåïëîîáìåííèêà â ïàðî-

âîé ðóáàøêå.

�àññìàòðèâàåìûé ïðîöåññ îïèñûâàåòñÿ ñëåäóþùåé íà÷àëüíî-

êðàåâîé çàäà÷åé:

ut(x, t)+a·ux(x, t) = −α·[u(x, t)− ϑ(t)] , (x, t) ∈ Ω = [0, l]×(0, T ], (1)

u(x, 0) = u0(x, τ) ∈ G0, x ∈ [0, l], τ ∈ [−∆, 0], (2)

u(0, t) = (1− γ) · u(l, t−∆), t ∈ (0, T ]. (3)

Çäåñü α, a, l = 
onst, ϑ(t) � òåìïåðàòóðà âíóòðè ïàðîâîé ðóáàøêè;

u(x, t) � òåìïåðàòóðà æèäêîñòè â òî÷êå (x, t) ∈ Ω; γ = γ(t) ∈
G1 = (0, δ), 0 < δ < 1; ∆ = 
onst � òðàíñïîðòíîå çàïàçäûâàíèå.
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Äëÿ óïðàâëåíèÿ ïðîöåññîì íàãðåâà æèäêîñòè òðåáóåòñÿ ñèíòå-

çèðîâàòü ðåãóëÿòîð, êîòîðûé ïî ðåçóëüòàòàì èçìåðåíèé òåìïåðàòó-

ðû â êàêèõ-ëèáî òî÷êàõ òåïëîîáìåííèêà îáåñïå÷èâàë áû ïîääåðæà-

íèå âûõîäíîé òåìïåðàòóðû æèäêîñòè íà çàäàííîì óðîâíå çà ñ÷åò

íàçíà÷åíèÿ íåîáõîäèìîé òåìïåðàòóðû â ïàðîâîé ðóáàøêå. Äëÿ ðå-

øåíèÿ çàäà÷è ñèíòåçà óïðàâëåíèÿ ïðåäëàãàåòñÿ èñïîëüçîâàòü ÷èñ-

ëåííûå ìåòîäû îïòèìèçàöèè ïåðâîãî ïîðÿäêà. Ñ ýòîé öåëüþ â ðà-

áîòå âûâîäÿòñÿ �îðìóëû äëÿ ãðàäèåíòà çàäàííîãî öåëåâîãî �óíê-

öèîíàëà. Ïðèâîäÿòñÿ ðåçóëüòàòû ïðîâåäåííûõ ÷èñëåííûõ ýêñïåðè-

ìåíòîâ.
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e-mail: 
opal�box.az

Â äàííîé ðàáîòå èññëåäóåòñÿ çàäà÷à ñèíòåçà óïðàâëåíèÿ ñîñðå-

äîòî÷åííûìè èñòî÷íèêàìè äëÿ îáúåêòîâ ñ ðàñïðåäåëåííûìè ïàðà-

ìåòðàìè íà îñíîâå íåïðåðûâíîãî íàáëþäåíèÿ çà �àçîâûì ñîñòîÿ-

íèåì â îïðåäåëåííûõ òî÷êàõ îáúåêòà.

�àññìîòðèì çàäà÷ó óïðàâëåíèÿ ïðîöåññîì íàãðåâà ïëàñòèíû ïî-

ñðåäñòâîì ñîñðåäîòî÷åííûõ òî÷å÷íûõ èñòî÷íèêîâ. Ýòîò ïðîöåññ ìî-

æåò áûòü îïèñàí ñëåäóþùèì óðàâíåíèåì:

ut = a2∆u+
∑l

j=1
ϑj (t) δ(x− xj), (x, t) ∈ Ω× (t0, T ] ,

ãäå Ω � äâóìåðíàÿ îáëàñòü, çàíèìàåìàÿ ïëàñòèíîé, â îïðåäåëåííûõ

òî÷êàõ êîòîðîé ðàçìåùåíû l èñòî÷íèêîâ òåïëà ñ îïòèìèçèðóåìîé
ìîùíîñòüþ.

Çàäà÷à óïðàâëåíèÿ ïðîöåññîì íàãðåâà ïëàñòèíû çàêëþ÷àåòñÿ â

âûáîðå äîïóñòèìûõ çíà÷åíèé ìîùíîñòåé èñòî÷íèêîâ â çàâèñèìîñòè
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îò çíà÷åíèé ñîñòîÿíèé â íàáëþäàåìûõ òî÷êàõ ïëàñòèíû. Ïðåäëàãà-

åòñÿ ïîäõîä, â êîòîðîì ïðîñòðàíñòâî çíà÷åíèé �àçîâûõ ñîñòîÿíèé

(�àçîâîå ïðîñòðàíñòâî) â íàáëþäàåìûõ òî÷êàõ çàðàíåå ðàçáèâà-

åòñÿ êàêèì-ëèáî îáðàçîì íà çàäàííûå ïîäìíîæåñòâà (çîíû). Ïðè

ýòîì ñèíòåçèðóåìûå óïðàâëåíèÿ âûáèðàþòñÿ èç êëàññà êóñî÷íî-

ïîñòîÿííûõ �óíêöèé, à èõ òåêóùèå çíà÷åíèÿ îïðåäåëÿþòñÿ ïîä-

ìíîæåñòâîì �àçîâîãî ïðîñòðàíñòâà, ñîäåðæàùåãî ñîâîêóïíîñòü òå-

êóùèõ ñîñòîÿíèé îáúåêòà â íàáëþäàåìûõ òî÷êàõ, â êîòîðûõ óïðàâ-

ëåíèÿ ïðèíèìàþò ïîñòîÿííûå çíà÷åíèÿ. Òàêèå ñèíòåçèðîâàííûå

óïðàâëåíèÿ íàçâàíû â ðàáîòå çîíàëüíûìè. Ïðèâîäèòñÿ ñïîñîá ïî-

ëó÷åíèÿ îïòèìàëüíûõ çíà÷åíèé çîíàëüíûõ óïðàâëåíèé ñ ïðèìåíå-

íèåì ìåòîäîâ îïòèìèçàöèè ïåðâîãî ïîðÿäêà. Ñ ýòîé öåëüþ ïîëó÷å-

íû �îðìóëû ãðàäèåíòà öåëåâîãî �óíêöèîíàëà â ïðîñòðàíñòâå çî-

íàëüíûõ óïðàâëåíèé.
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Èçâåñòíî [1℄, ÷òî îáëàêà îòíîñÿòñÿ ê íåðåãóëÿðíûì �ðàêòàëàì,

è ïðîöåññû, ïðîòåêàþùèå â òàêîé ñðåäå, îïèñûâàþòñÿ äè��åðåí-

öèàëüíûìè óðàâíåíèÿìè, ñîäåðæàùèìè ïðîèçâîäíûå äðîáíîãî ïî-

ðÿäêà. Òàêîé ïîäõîä ïîçâîëÿåò íåÿâíî âêëþ÷àòü äîïîëíèòåëüíûå

�àêòîðû âçàèìîäåéñòâèÿ �èçè÷åñêîé ñèñòåìû [2℄.

Â íàñòîÿùåé ðàáîòå íà îñíîâå äè��åðåíöèàëüíîãî óðàâíåíèÿ

ñ äðîáíîé ïðîèçâîäíîé Êàïóòî ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü

äè��óçèîííîãî ðîñòà êàïåëü ñ ó÷åòîì ý��åêòà íàãðåâà âî �ðàê-

òàëüíîé îáëà÷íîé ñðåäå. Ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû äëÿ

îöåíêè âëèÿíèÿ �ðàêòàëüíîñòè ñðåäû è ñêîðîñòè ðàññåèâàíèÿ òåï-

ëîòû, âûäåëÿþùåéñÿ íà êàïëå ïðè êîíäåíñàöèè, íà ðîñò îáëà÷íûõ

÷àñòèö ïðè ðàçëè÷íûõ ñî÷åòàíèÿõ ìèêðî�èçè÷åñêèõ ïàðàìåòðîâ.

Îïðåäåëåíà îáùàÿ çàâèñèìîñòü ðîñòà îáëà÷íûõ ÷àñòèö îò ïàðà-

ìåòðà �ðàêòàëüíîñòè ñðåäû äëÿ óñòàíîâèâøåãîñÿ ïðîöåññà ðîñòà

êàïëè, òî åñòü ïðè ïîñòîÿíñòâå òåìïåðàòóðû ïîâåðõíîñòè êàïëè.
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Â ðàáîòàõ [1,2℄ ðàññìîòðåíî âëèÿíèå àíãàðìîíèçìà êîëåáàíèé

àòîìîâ íà òåïëî�èçè÷åñêèå ñâîéñòâà êðèñòàëëîâ àëìàçà, êðåìíèÿ

è ãåðìàíèÿ. Ñ ó÷åòîì ïîëó÷åííûõ â ýòèõ ðàáîòàõ ðåçóëüòàòîâ âû-

âåäåíî óðàâíåíèå òåïëîïðîâîäíîñòè, ó÷èòûâàþùåå âëèÿíèå ðåøå-

òî÷íîãî àíãàðìîíèçìà:

(1 + T )
∂T

∂t
=
∂2T

∂z2
. (1)

Óðàâíåíèå (1) ïðåäñòàâëÿåò ñîáîé íåëèíåéíîå äè��åðåíöèàëü-

íîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïàðàáîëè÷åñêîãî òèïà, íåðàç-

ðåøèìîå àíàëèòè÷åñêè.

Ñîñòàâëåí ðàçíîñòíûé àíàëîã óðàâíåíèÿ (1):

− τ

2h2
yj+1
i+1 + (1 + yji +

τ

h2
)yj+1

i − τ

2h2
yj+1
i−1 = (yji )

2+

+yji +
τ

h2
(yji+1 − 2yji + yji−1), (2)

i = 1, 2, . . . ,M − 1; j = 0, 1, 2, . . . , N − 1,

ãäå T (zi, t
j) = yji , h, τ � øàãè ïî ïðîñòðàíñòâåííîé è âðåìåííîé

ïåðåìåííûì ñîîòâåòñòâåííî. Ïðîâîäèòñÿ ÷èñëåííàÿ ðåàëèçàöèÿ è

èññëåäîâàíèå ðàçíîñòíîé ñõåìû (2).
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Ïóñòü Lp := Lp (0, 2π) � ïðîñòðàíñòâî 2π-ïåðèîäè÷åñêèõ, ñóììè-
ðóåìûõ â p-îé ñòåïåíè �óíêöèé f ñ îáû÷íîé íîðìîé ‖f‖p, p ≥ 1,

∆2
hf(x) := f(x+h) + f(x−h)− 2f(x), ω∗ (t) � ïîëîæèòåëüíàÿ è âîç-

ðàñòàþùàÿ ïðè t > 0 �óíêöèÿ, Hω∗,p,2 :=
{
f ∈ Lp : ‖f‖ω∗,p,2 <∞

}
,

ãäå

‖f‖ω∗,p,2 := ‖f‖p + sup
h>0

‖∆2
hf‖p

ω∗ (h)
,

Un (f ; Λ) = Un (f ; Λ; x) :=
n∑

k=0

λ
(n)
k Sk (f ; x)

� ëèíåéíûå ñðåäíèå ÷àñòíûõ ñóìì Sn (f) òðèãîíîìåòðè÷åñêîãî ðÿäà
Ôóðüå �óíêöèè f ∈ L := L1, ïîðîæäàåìûå áåñêîíå÷íîé òðåóãîëü-

íîé ìàòðèöåé ÷èñåë Λ =
∥∥∥λ(n)k

∥∥∥, k = 0, n− 1, n = 1, 2, ...

Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 1. Ïóñòü ýëåìåíòû ìàòðèöû Λ óäîâëåòâîðÿþò óñëî-

âèÿì

λ
(n)
k ≥ 0, k = 0, n− 1, n = 1, 2, ...;

n∑

k=0

λ
(n)
k = 1. (1)

Òîãäà åñëè 0 ≤ β < η ≤ 1, òî ∀f ∈ Hω,p,2 ⊂ Hω∗,p,2, p ≥ 1

‖Un (f ; Λ)− f‖ω∗,p,2 = O (1) sup
h>0

(ω (h))
β
η

ω∗ (h)
×

×





(
ω

(
1

n+ 1

))1−β
η

+
n∑

r=0

∣∣∆λ(n)r

∣∣
n∑

k=0

(
ω

(
1

k + 1

))1−β
η



 ,
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ãäå n = 0, 1, ..., O (1) � âåëè÷èíà, ðàâíîìåðíî îãðàíè÷åííàÿ ïî n è

çàâèñÿùàÿ, âîîáùå ãîâîðÿ, îò f , p, β, η.
Òåîðåìà 2. Ïóñòü ýëåìåíòû ìàòðèöû Λ óäîâëåòâîðÿþò óñëî-

âèÿì (1), ω (t) � �óíêöèÿ ñî ñâîéñòâàìè ìîäóëÿ íåïðåðûâíîñòè,

óäîâëåòâîðÿþùàÿ óñëîâèþ

1

n2

n∑

k=1

kω

(
1

k

)
≤ Aω

(
1

n

)
, A = const > 0.

Òîãäà ∃ f0 ∈ Hω,p,2 ⊂ Hω∗,p,2, p ≥ 1, òàêàÿ, ÷òî

‖Un (f0; Λ)− f0‖ω∗,p,2 ≥ A1 inf
h>0

(ω (h))
β
η

ω∗ (h)

(
ω

(
1

n+ 1

))1−β
η

,

n = 0, 1, ...
Ïîäîáíûå óòâåðæäåíèÿ â ñëó÷àå îáû÷íûõ ã¼ëüäåðîâûõ ïðîñ-

òðàíñòâ ïðèâîäÿòñÿ â ðàáîòå [1℄.
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Â ðàáîòå ïðåäëîæåíà íîâàÿ ìàòåìàòè÷åñêàÿ ìîäåëü äèíàìè÷å-

ñêîé ñèñòåìû ÔèòöÕüþ-Íàãóìî [1,2℄, êîòîðàÿ ó÷èòûâàåò ý��åêò

ýðåäèòàðíîñòè èëè ïàìÿòè [3℄. Ïàìÿòü â äèíàìè÷åñêîé ñèñòåìå ïðî-

ÿâëÿåòñÿ â çàâèñèìîñòè òåêóùåãî ñîñòîÿíèÿ ñèñòåìû îò åå ïðåäû-

äóùèõ ñîñòîÿíèé, ò.å. ïðèâîäèò ê íåëîêàëüíîñòè ïî âðåìåíè. Ìàòå-

ìàòè÷åñêàÿ ýðåäèòàðíàÿ ìîäåëü äèíàìè÷åñêîé ñèñòåìû ÔèòöÕüþ-

Íàãóìî îïèñûâàåòñÿ èíòåãðî-äè��åðåíöèàëüíûì óðàâíåíèåì ñî

ñòåïåííûì ÿäðîì � �óíêöèåé ïàìÿòè. Â ðàáîòå, èíòåãðî-äè��å-

ðåíöèàëüíîå óðàâíåíèå ñâîäèòñÿ ê äè��åðåíöèàëüíîìó óðàâíåíèþ
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äðîáíîãî ïîðÿäêà [4℄, êîòîðîå ðåøàåòñÿ ñ ïîìîùüþ òåîðèè êîíå÷íî-

ðàçíîñòíûõ ñõåì [5,6℄. Àëãîðèòì ÷èñëåííîãî ðåøåíèÿ, ïðåäëîæåí-

íîé ìîäåëè, ðåàëèçîâàí â êîìïüþòåðíîé ïðîãðàììå, â ñðåäå ñèì-

âîëüíîé ìàòåìàòèêè Maple. Ñ ïîìîùüþ ýòîé ïðîãðàììû áûëè ïî-

ñòðîåíû ðàñ÷åòíûå êðèâûå-îñöèëëîãðàììû, à òàêæå �àçîâûå òðà-

åêòîðèè â çàâèñèìîñòè îò ðàçëè÷íûõ çíà÷åíèé óïðàâëÿþùèõ ïàðà-

ìåòðîâ. Ïîäòâåðæäåíû ðàíåå ïîëó÷åííûå ðåçóëüòàòû.
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�àññìàòðèâàåòñÿ ñåìåéñòâî ðàçíîñòíûõ ñõåì, àïïðîêñèìèðóþ-

ùèõ ïðîñòåéøåå ëèíåéíîå óðàâíåíèå ïåðåíîñà, îïðåäåëåííûõ íà

ÿâíîì ïÿòèòî÷å÷íîì øàáëîíå

un+1
m =

1∑

µ=−2

αµu
n
m+µ.
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Ïðè âûïîëíåíèè óñëîâèé àïïðîêñèìàöèè ïî êðàéíåé ìåðå ïåðâîãî

ïîðÿäêà êàæäîé ïàðå ñâîáîäíûõ èíäåêñîâ ñîîòâåòñòâóåò ðàçíîñò-

íàÿ ñõåìà. Ïðîñòðàíñòâî èíäåêñîâ íàçîâåì ïðîñòðàíñòâîì íåîïðå-

äåëåííûõ êîý��èöèåíòîâ. Ïðîñòðàíñòâà íåîïðåäåëåííûõ êîý��è-

öèåíòîâ ðàçíîñòíûõ ñõåì äëÿ ìîäåëüíîãî óðàâíåíèÿ ãèïåðáîëè÷å-

ñêîãî òèïà âïåðâûå ââåäåíû â ðàññìîòðåíèå â ñòàòüå À.Ñ. Õîëîäîâà

[1℄. Äàëüíåéøåå ðàçâèòèå òåõíèêè èññëåäîâàíèÿ ðàçíîñòíûõ ñõåì â

ïðîñòðàíñòâàõ íåîïðåäåëåííûõ êîý��èöèåíòîâ ïîäðîáíî îïèñàíî â

[2℄. Íå âñå âîçìîæíîñòè èññëåäîâàíèÿ ðàçíîñòíûõ ñõåì â ïðîñòðàí-

ñòâàõ íåîïðåäåëåííûõ êîý��èöèåíòîâ èñ÷åðïàíû.

�àññìàòðèâàþòñÿ óñëîâèÿ àïïðîêñèìàöèè ñõåìû íà ãëàäêèõ ðå-

øåíèÿõ çàäà÷è Êîøè. Òàêèå ðåøåíèÿ âîçíèêàþò, åñëè íà÷àëüíîå

óñëîâèå ïðåäñòàâëÿåò ñîáîé ãëàäêóþ áåñêîíå÷íî íåïðåðûâíî äè�-

�åðåíöèðóåìóþ �óíêöèþ. Äëÿ èññëåäîâàíèÿ íà àïïðîêñèìàöèþ

èñïîëüçóþòñÿ ðàçëîæåíèÿ ïðîåêöèè òî÷íîãî ðåøåíèÿ â ðÿäû Òåé-

ëîðà. Âûäåëÿþòñÿ ðàçíîñòíûå ñõåìû, äëÿ êîòîðûõ ïåðâîå äè��å-

ðåíöèàëüíîå ïðèáëèæåíèå äîïóñêàåò êîððåêòíóþ ïîñòàíîâêó çàäà-

÷è Êîøè. �àññìàòðèâàåòñÿ ðåøåíèå çàäà÷è ìèíèìèçàöèè äèññèïà-

òèâíîé îøèáêè äëÿ ðàçíîñòíûõ ñõåì ñ ïîëîæèòåëüíîé àïïðîêñè-

ìàöèåé. Îòìåòèì, ÷òî â ðàññìàòðèâàåìîé ïîñòàíîâêå ðåøåíèå çà-

äà÷è íàéäåíî â [2℄, ïðåäëàãàåìûé çäåñü ñïîñîá ðåøåíèÿ ïîçâîëÿåò

ïðîèëëþñòðèðîâàòü ïîñòàíîâêó çàäà÷è è îïèñàòü ìåòîä ðåøåíèÿ,

îòëè÷íûé îò ïðåäëîæåííîãî â [2℄.

Èçâåñòíî [3℄, ÷òî â ëèíåéíîé çàäà÷å òî÷êè, ãäå äîñòèãàåòñÿ ìàê-

ñèìàëüíîå çíà÷åíèå äâîéñòâåííîãî �óíêöèîíàëà (è ìèíèìàëüíîå

çíà÷åíèå �óíêöèîíàëà îñíîâíîé çàäà÷è) óäîâëåòâîðÿþò óñëîâèÿì

äîïîëíÿþùåé íåæåñòêîñòè. Ñàìè óñëîâèÿ äîïîëíÿþùåé íåæåñò-

êîñòè ñóòü ñëåäñòâèå áîëåå îáùèõ óñëîâèé ñóùåñòâîâàíèÿ ýêñòðå-

ìóìà, äàþùèõñÿ òåîðåìîé Êóíà�Òàêêåðà. Ïîêàçàíî, ÷òî èç ñèñòå-

ìû óñëîâèé äîïîëíÿþùåé íåæåñòêîñòè ñëåäóåò èçâåñòíàÿ òåîðåìà

Ñ.Ê. �îäóíîâà [4℄.

Ïðè ñìåíå öåëåâîé �óíêöèè íà îñíîâå àíàëèçà äâîéñòâåííîé

çàäà÷è ìîæíî ïîñòðîèòü ñåìåéñòâî ãèáðèäíûõ ðàçíîñòíûõ ñõåì,

âêëþ÷àþùåå â ñåáÿ èçâåñòíóþ ñõåìó �.Ï. Ôåäîðåíêî. Óòî÷íåíî

óñëîâèå ïåðåêëþ÷åíèÿ â ãèáðèäíîé ñõåìå.
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Â îáëàñòè Ω = {(x, t) : 0 < x < ∞, 0 < t < T} ðàññìîòðèì

óðàâíåíèå âèäà

Dα
0tu = D

∂2u

∂x2
+ λu, (1)

ãäå Dα
0t � îïåðàòîð äðîáíîãî äè��åðåíöèðîâàíèÿ â ñìûñëå �èìàíà-

Ëèóâèëëÿ α ∈]0, 1] [1, ñ. 11℄. Ïðè α = 1 óðàâíåíèå (1) ÿâëÿåòñÿ àíà-
ëîãîì óðàâíåíèÿ, îïèñûâàþùåãî ïðîñòðàíñòâåííî-âðåìåííóþ äè-

íàìèêó ìàëüòóçèàíñêîé ïîïóëÿöèè [2, ñ. 45℄.

Äîáàâèì ê óðàâíåíèþ (1) ñëåäóþùèå óñëîâèÿ

lim
t→0

D
α−1
0t u(x, η) = τ(x), 0 ≤ x < l, (2)

∞∫

0

K(x, t)u(x, t)dx = ψ(t), 0 < t < T, (3)

u(l, t) = ϕ(t), 0 < t < T. (4)

Ôóíêöèÿ u(x, t) èíòåðïðåòèðóåòñÿ êàê êîëè÷åñòâî îñîáåé â àðåàëå
ðàäèóñà x â ìîìåíò âðåìåíè t, λ = const � ïàðàìåòð, îïèñûâàþùèé
ðàçëè÷íûå äåìîãðà�è÷åñêèå ïðîöåññû, τ(x) � ðàñïðîñòðàíåíèå ÷èñ-
ëåííîñòè ïîïóëÿöèè â íà÷àëüíûé ìîìåíò âðåìåíè t = 0, K(x, t) �
�àêòîðû ìèãðàöèè è óñëîâèé æèçíè, ψ(t) � êîëè÷åñòâî îñîáåé â
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ìîìåíò âðåìåíè t ñ ó÷åòîì K(x, t) âíóòðè àðåàëà, ϕ(t) � êîëè÷å-

ñòâî îñîáåé íà ãðàíèöå, D � êîý��èöèåíò äè��óçèè (ïîäâèæíîñòü

îñîáåé).

Â äàííîé ðàáîòå èññëåäîâàíà ñëåäóþùàÿ

Çàäà÷à. Íàéòè ðåøåíèå u(x, t) óðàâíåíèÿ (1) â îáëàñòè Ω, óäî-
âëåòâîðÿþùåå óñëîâèÿì (2)�(4).

Äëÿ íåîäíîðîäíîãî óðàâíåíèÿ (1), ïðè λ = 0 çàäà÷à (2)�(3) áûëà
èññëåäîâàíà â ðàáîòå [3℄.

Äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè. �åøåíèå íàé-

äåíî â êëàññå �óíêöèé áûñòðîãî ðîñòà [4, ñ. 120℄.
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Ïóñòü G � êîíå÷íàÿ ãðóïïà. Îáîçíà÷èì ÷åðåç ω(G) ñïåêòð ãðóï-
ïû G, ò. å. ìíîæåñòâî âñåõ ïîðÿäêîâ ýëåìåíòîâ G. �ðóïïû ñ îäèíà-

êîâûì ñïåêòðîì áóäåì íàçûâàòü èçîñïåêòðàëüíûìè. Ïîä ñåêöèÿìè

ãðóïïû G áóäåì ïîíèìàòü ãîìîìîð�íûå îáðàçû å¼ ïîäãðóïï. Ïóñòü

ω ⊂ N. Ñëåäóÿ [1℄, íàçîâ¼ì ãðóïïó G êðèòè÷åñêîé îòíîñèòåëüíî ω,
åñëè ω ñîâïàäàåò ñî ñïåêòðîì ãðóïïû G è íå ñîâïàäàåò ñî ñïåêòðîì

ëþáîé å¼ ñîáñòâåííîé ñåêöèè (ò. å. ñåêöèè, îòëè÷íîé îò G).
Äëÿ ðåøåíèÿ ïðîáëåìû ðàñïîçíàâàíèÿ êîíå÷íûõ ïðîñòûõ ãðóïï

ïî ñïåêòðó àêòóàëüíîé ÿâëÿåòñÿ çàäà÷à îïèñàíèÿ ãðóïï (â ÷àñò-

íîñòè, êðèòè÷åñêèõ), èçîñïåêòðàëüíûõ íåðàñïîçíàâàåìûì ïðîñòûì
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ãðóïïàì, òî åñòü ïðîñòûì ãðóïïàì, äëÿ êîòîðûõ ñóùåñòâóåò áåñêî-

íå÷íîå êîëè÷åñòâî ïîïàðíî íå èçîìîð�íûõ ãðóïï ñ òàêèì æå ñïåê-

òðîì. �àíåå àâòîðîì [2, 3℄ áûëî çàâåðøåíî îïèñàíèå ãðóïï, êðèòè-

÷åñêèõ îòíîñèòåëüíî ñïåêòðîâ íåàáåëåâûõ ïðîñòûõ çíàêîïåðåìåí-

íûõ, ñïîðàäè÷åñêèõ è èñêëþ÷èòåëüíûõ ãðóïï; áûëî ïîêàçàíî, ÷òî

êîëè÷åñòâî òàêèõ ïîïàðíî íå èçîìîð�íûõ ãðóïï íå ïðåâîñõîäèò 3.

Ïîçæå áûëè îïèñàíû íåêîòîðûå ãðóïïû, êðèòè÷åñêèå îòíîñèòåëü-

íî ñïåêòðà ãðóïïû U3(3); áûëî ïîêàçàíî, ÷òî òàêèõ ïîïàðíî íå èçî-
ìîð�íûõ ãðóïï ñóùåñòâóåò ïî ìåíüøåé ìåðå 7.

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ ñòðîåíèå ãðóïï, èçîñïåêòðàëüíûõ

ãðóïïàì S4(q) = PSp(4, q), ãäå q > 3. Â ÷àñòíîñòè äîêàçûâàåòñÿ, ÷òî

åñëè G � êîíå÷íàÿ ãðóïïà, èçîñïåêòðàëüíàÿ ãðóïïå S4(q), q > 3,
òî G îáëàäàåò åäèíñòâåííûì íåàáåëåâûì êîìïîçèöèîííûì �àêòî-

ðîì P , è ãðóïïà P èçîìîð�íà S4(q) è L2(q
2).

Èññëåäîâàíèå âûïîëíåíî ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ â ðàìêàõ íà-

ó÷íîãî ïðîåêòà � 16�31�00147 ìîë_à.
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ìåííûõ è ñïîðàäè÷åñêèõ ãðóïï // Ñèáèðñêèé ìàòåìàòè÷åñêèé æóðíàë.
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Î ÑÂÎÉÑÒÂÀÕ ÍÅßÂÍÛÕ ÊËÀÑÑÎÂ Â ÇÀÄÀ×ÀÕ

�ÀÑÏÎÇÍÀÂÀÍÈß
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Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ �ÀÍ

(�îññèÿ, Íàëü÷èê)

1
e-mail: lylarisa�yandex.ru,

2
e-mail: lenavsh�yandex.ru

Ïðè èññëåäîâàíèè òåîðåòè÷åñêèõ âîïðîñîâ ìàøèííîãî îáó÷åíèÿ

íà îñíîâå íà÷àëüíîé îáó÷àþùåé èí�îðìàöèè ïî ïðåöåäåíòàì âñòà-

åò âîïðîñ î êîððåêòíîñòè ïîñòðîåíèÿ êëàññîâ è èõ îáîáùåíèé íà

ïðåäìåòíóþ îáëàñòè â öåëîì. Èññëåäîâàíèå ñòðóêòóðû îáó÷àþùåé

îáëàñòè ïðîèçâîäèòñÿ ïðè ïîìîùè ëîãè÷åñêîãî àíàëèçà äàííûõ.

Xj = {x1(wj), x2(wj)......xn(wj)} âåêòîð êà÷åñòâåííûõ ïðèçíà-

êîâ, êàæäûé ýëåìåíò êîòîðîãî - �èêñèðîâàííûé ïðèçíàê õàðàêòå-
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ðèçóåìîãî îáúåêòà. W =
m⋃
j=1

wj - ìíîæåñòâî õàðàêòåðèçóåìûõ îáú-

åêòîâ. Âèä �óíêöèè W = f(X) íå çàäàí. Òðåáóåòñÿ âîññòàíîâèòü

íåèçâåñòíóþ çàâèñèìîñòü ïî íàáëþäåíèÿì.

Â ðàáîòå [1℄ áûë ïðåäëîæåí ëîãè÷åñêèé êëàññè�èêàòîð ðåàëè-

çîâàííûé ïðè ïîìîùè ïåðåìåííîçíà÷íîé ëîãè÷åñêîé �óíêöèè

f(X) = &m
j=1(∨n

i=1xi(wj) ∨ wj) êîòîðàÿ ìîæåò áûòü ïðåäñòàâëåíà

f(X) = Zk(qk(x), wk, X);

Zk(qk(x), wk, Xk) = Zk−1&(
n∨

i=1
xk(wi) ∨ wk)∨

∨qk−1(x)&(
n∨

i=1
xk(wi) ∨ wk);

qk(x) = qk−1(x)&(
n∨

i=1
xk(wi); q1(x) =

n∨
i=1

x1(wi);Z1 = w1.

(1)

Òåîðåìà. Ôóíêöèÿ, ïðåäñòàâëåííàÿ ñèñòåìîé (1), è �óíêöèÿ f(X)

ýêâèâàëåíòíû.

Â �óíêöèè (1) Zk(x) ýòî êëàññû ÿâíî âûÿâëåííûå â îáó÷àþùåé

âûáîðêå, qk(x) ýòî êëàññû ÿâíî îòñóòñòâóþùèå â îáó÷àþùåé âûáîð-

êå, íî ýòî íå èñêëþ÷àåò èõ íàëè÷èÿ â çàäàííîé ïðåäìåòíîé îáëàñòè.

Ñëåäîâàòåëüíî, ýòè êëàññû ìîæíî íàçâàòü íåÿâíûìè êëàññàìè, è

îíè äàþò âîçìîæíîñòü äëÿ äàëüíåéøåãî êîððåêòíîãî ðåøåíèÿ çà-

äà÷ ðàñïîçíàâàíèÿ íà çàäàííîé ïðåäìåòíîé îáëàñòè.

Ëèòåðàòóðà

1. Ëþòèêîâà Ë.À. Èñïîëüçîâàíèå ìàòåìàòè÷åñêîé ëîãèêè ñ ïåðåìåííîé

çíà÷íîñòüþ ïðè ìîäåëèðîâàíèè ñèñòåì çíàíèé // Âåñòíèê Ñàìàðñêîãî

ãîñóäàðñòâåííîãî óíèâåðñèòåòà. 2008. � 6 (65). Ñ. 20-28.

Î ÑÎÂÏÀÄÅÍÈÈ Â-Ï�ÎÈÇÂÎÄÍÛÕ ËÈÓÂÈËËß,

ÌÀ�ØÎ
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Ô�ÁÎÓ ÂÎ �Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò� (�îññèÿ, Âîðîíåæ)

1
e-mail: levnlya�mail.ru,

2
e-mail: sanina08�mail.ru

Ïóñòü Sev êëàññ áåñêîíå÷íî äè��åðåíöèðóåìûõ, ÷åòíûõ è äî-

ñòàòî÷íî áûñòðî óáûâàþùèõ ïðè x→ +∞ �óíêöèé.

Äðîáíûå Â-ïðîèçâîäíûå Ëèóâèëëÿ-Êèïðèÿíîâà ïîðÿäêà

β>0 ââîäÿòñÿ íà îñíîâå ïðåîáðàçîâàíèÿ Áåññåëÿ

(−B)βγu(x) = F−1
B [ξ2β û(ξ)]. (1)

Â òàêîì âèäå äðîáíûå ñòåïåíè îïåðàòîðà Áåññåëÿ ââîäèëèñü â ðÿäå

ðàáîò È.À. Êèïðèÿíîâà, êîòîðûå ìîæíî íàéòè â ñïèñêå ëèòåðàòóðû
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[1℄. Åñëè ââåñòè îïåðàòîð D = (−B)1/2, òî åãî äåéñòâèå â îáðàçàõ
ïðÿìîãî è îáðàòíîãî ïðåîáðàçîâàíèÿ Áåññåëÿ ïðåäñòàâèòñÿ â âèäå

Dαu(x) = F−1
B [ξα û(ξ)], α = 2β > 0.

Äðîáíàÿ Â-ïðîèçâîäíàÿ Ìàðøî ââîäÿòñÿ íà îñíîâå êîíå÷-

íîé ðàçíîñòè, ïîðîæäåííîé îáîáùåííûì ñäâèãîì Ïóàññîíà T y
:

Bβu(x) = C(α, p)

∞∫

0

u(x)− (T yu)(x)

y1+α
dy, α = 2β < 2, (2)

ãäå íîðìèðóþùàÿ êîíñòàíòà C(α, p) âûáðàíà òàê, ÷òîáû Â-ïðîèç-

âîäíàÿ Ìàðøî (2) â îáðàçàõ Áåññåëÿ èìåëà ïðåäñòàâëåíèå

Â-ïðîèçâîäíîé Ëèóâèëëÿ�Êèïðèÿíîâà. Ñïðàâåäëèâî ñëåäóþùåå

óòâåðæäåíèå î ñîâïàäåíèè Â-ïðîèçâîäíûõ (1) è (2).

Òåîðåìà. Ïóñòü u∈Sev. Äðîáíàÿ Â-ïðîèçâîäíàÿ Ìàðøî ïîðÿä-

êà β < 1 îò �óíêöèè u â îáðàçàõ ïðåîáðàçîâàíèÿ Áåññåëÿ èìå-

åò ïðåäñòàâëåíèå Bβ
γu(x) = F−1

B [ ξαFB[ u ]] (ξ) è ñîâïàäàåò ñ Â-

ïðîèçâîäíîé Ëèóâèëëÿ.

Ëèòåðàòóðà

1. Êèïðèÿíîâ È.À.Ïðåîáðàçîâàíèå Ôóðüå-Áåññåëÿ è òåîðåìû âëîæåíèÿ äëÿ
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�ÀÓÑÑÎÂÎ ÑÎÎÒÍÎØÅÍÈÅ ÄËß ÔÓÍÊÖÈÉ �Î�ÍÀ

H3 Ñ ÔÈÊÑÈ�ÎÂÀÍÍÛÌ ÂÒÎ�ÛÌ ÏÀ�ÀÌÅÒ�ÎÌ
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Êàçàíñêèé (Ïðèâîëæñêèé) �åäåðàëüíûé óíèâåðñèòåò (�îññèÿ, Êàçàíü)

1
e-mail: mavly72�mail.ru,

2
e-mail: ilnur_garipov�mail.ru

Â òåîðèè îñåñèììåòðè÷åñêîãî óðàâíåíèÿ �åëüìãîëüöà èñïîëüçó-

åòñÿ êîí�ëþýíòíàÿ �óíêöèÿ �îðíà [1℄

H3 (α, β; δ; z, t) =
∞∑

n=0

∞∑

m=0

(α)n−m(β)n
(δ)n

zn

n!

tm

m!
,

äëÿ êîòîðîé â [2℄ ïðèâåäåíû äâå �îðìóëû òèïà �àóññîâà ñîîòíîøå-

íèÿ. Â ðàáîòå [3℄ áûëà äîêàçàíà �îðìóëà

(β − α)H3 (α, β; δ; z, t) = βH3 (α, β + 1; δ; z, t)−

−αH3 (α+ 1, β; δ; z, t) +
t

1− α
H3 (α− 1, β; δ; z, t) ,
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èç êîòîðîé ïðè t = 0 êàê ÷àñòíûé ñëó÷àé ñëåäóåò

(β − α)F (α, β; δ; z) = βF (α, β + 1; δ; z)− αF (α + 1, β; δ; z) .

Â ýòîé ðàáîòå äîêàçàíà �îðìóëà

(δ − 1− α)H3 (α, β; δ; z, t) = (δ − 1)H3 (α, β; δ − 1; z, t)−

−αH3 (α + 1, β; δ; z, t) +
t

α− 1
H3(α− 1, β, δ; z, t),

èç êîòîðîé ïðè t = 0 êàê ÷àñòíûé ñëó÷àé ñëåäóåò

(δ− 1−α)F (α, β; δ; z) = (δ− 1)F (α, β; δ − 1; z)−αF (α + 1, β; δ; z) .
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3. Ìàâëÿâèåâ �.Ì., �àðèïîâ È.Á. �àóññîâî ñîîòíîøåíèå äëÿ ñìåæíûõ �óíê-

öèé �îðíà H3 // Ìàòåðèàëû Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè �Àê-

òóàëüíûå ïðîáëåìû ïðèêëàäíîé ìàòåìàòèêè è èí�îðìàòèêè� è XIVØêî-

ëû ìîëîäûõ ó÷åíûõ �Íåëîêàëüíûå êðàåâûå çàäà÷è è ñîâðåìåííûå ïðî-

áëåìû àíàëèçà è èí�îðìàòèêè�. Òåðñêîë, 2016. Ñ. 184-186.

ÌÎÄÅËÈ�ÎÂÀÍÈÅ Ï�ÎÖÅÑÑÎÂ Ñ Ô�ÀÊÒÀËÜÍÎÉ

ÑÒ�ÓÊÒÓ�ÎÉ ÎÏÅ�ÀÒÎ�ÀÌÈ Ä�ÎÁÍÎ�Î

ÄÈÔÔÅ�ÅÍÖÈ�ÎÂÀÍÈß Â ÁÀÍÊÎÂÑÊÎÉ

ÑÈÑÒÅÌÅ
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Äàãåñòàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (�îññèÿ, Ìàõà÷êàëà)

e-mail: magomedova.e.s�mail.ru

Â áàíêîâñêîé ñèñòåìå, �èðìàõ, ïðåäïðèÿòèÿõ, ñâÿçàííûõ ñ ýêî-

íîìèêîé, âîçíèêàþò ñèòóàöèè íàðóøåíèÿ ðàâíîâåñèÿ. Òàêèå ÿâëå-

íèÿ â �èçè÷åñêèõ òåðìèíàõ ìîæíî îïèñàòü ñèñòåìîé ñ �ðàêòàëü-

íîé ñòðóêòóðîé. Íàçîâåì ýòîò ïðîöåññ äåòåðìèíèðîâàííûì õàîñîì,

îáðàçóþùèìñÿ ñëó÷àéíûìè �àêòîðàìè, äåéñòâóþùèìè â ýêîíîìè-

êå. �àññìîòðèì íà ïîäîáèè äèíàìè÷åñêèõ ñèñòåì, îïèñûâàåìûõ îä-

íèì äè��åðåíöèàëüíûì îñöèëëÿòîðíûì óðàâíåíèåì ñ ïðîèçâîä-

íûìè äðîáíîãî ïîðÿäêà âèäà

CD2β
0t x(t) + 2γCDβ

0tx(t) + ω2βx(t) = f(x), (1)
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ãäå 0 < β ≤ 1, γ � êîý��èöèåíò îáû÷íîãî çàòóõàíèÿ. Çàäà÷à äëÿ

óðàâíåíèÿ äåíåæíûõ âêëàäîâ â áàíê ñ íåëîêàëüíûìè ãðàíè÷íûìè

óñëîâèÿìè èìååò âèä:

ut −
1

2
buxx = 0, 0 < x < l, t > 0, b = const,

u|t=0 = φ(x), 0 ≤ x ≤ l, u|x=0 = 0,
∫ l

0

u(x, t)dx = No, t ≥ 0, N0 = const,

(2)

ãäå u(x, t) � ïëîòíîñòü ðàñïðåäåëåíèÿ áàíêîâñêèõ âêëàäîâ. Çàìåíèì
ñòàíäàðòíóþ òðàäèöèîííóþ ïðîèçâîäíóþ äðîáíîé ïðîèçâîäíîé, òî-

ãäà çàäà÷à (2) ïðèíèìàåò âèä

∂α
0tu(x, t)−

1

2
b∂β

0xu(x, t) = 0, ãäå ∂α
0tu(x, t) =

1

Γ(1− α)

∫ t

0

u′t(x, τ)

(t− τ)
dτ,

∂β
0xu(x, t) =

1

Γ(2− β)

∫ x

0

u′′xx(s, t)

(x− s)β−1
ds, 0 < α ≤ 1, 1 < β ≤ 2,

u(0, t) = 0, u(l, t) = 0, t ≥ 0, u(x, 0) = φ(x), 0 ≤ x ≤ l,

â êîòîðîé òðåáóåòñÿ îïðåäåëèòü ðåøåíèå u(x, t) ∈ C2
óäîâëåòâîðÿ-

þùåå íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿì.

ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ ÌÍÎ�ÎØÀ�ÎÂÎÉ

ÑÒÎÕÀÑÒÈ×ÅÑÊÎÉ È��Û ÇÀÙÈÒÛ

ÈÍÔÎ�ÌÀÖÈÈ


© Ìàãîìåäîâà Å.Ñ., �àäæàáîâà Ì.Ò.

Äàãåñòàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (�îññèÿ, Ìàõà÷êàëà)

magomedova.e.s�mail.ru

Â íàñòîÿùåå âðåìÿ çàùèòà èí�îðìàöèè ÿâëÿåòñÿ âàæíåéøåé, à

òàêæå ñòîèìîñòíîé çàäà÷åé íà ñîâðåìåííîì ýòàïå.

Â ðàáîòå ïðåäïîëàãàåòñÿ èñïîëüçîâàòü òåîðèþ ìíîãîøàãîâûõ

ìàòðè÷íûõ èãð äëÿ ïðèíÿòèÿ ðåøåíèÿ ïî çàùèòå �çàêðûòîé� èí-

�îðìàöèè.

Èãðà íàçûâàåòñÿ ìíîãîøàãîâîé, åñëè â íåé èìååòñÿ íåñêîëüêî

èãðîâûõ ñîñòîÿíèé è ïåðåõîä îò îäíîãî ñîñòîÿíèÿ ê äðóãîìó ñîâåð-

øàåòñÿ ñ îïðåäåëåííîé âåðîÿòíîñòüþ. Òàêóþ âåðîÿòíîñòü íàçûâàþò

ïåðåõîäíîé âåðîÿòíîñòüþ, à èãðó � ñòîõàñòè÷åñêîé.
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Ïðåäïîëîæèì, ÷òî çàäàíà ìàòðèöà èãðû äâóõ ëèö, â êîòîðîé

ïåðâûé èãðîê, çàùèùàþùèé èí�îðìàöèþ, èìååò m ñòðàòåãèé â

âèäå ñòðîê ìàòðèöû, à âòîðîé èãðîê â âèäå íåîïðåäåëåííîãî ëè-

öà èìååò n ñòðàòåãèé â âèäå ñòîëáöîâ

M =
(
akij
)
, i = 1, 2, . . . , m; j = 1, 2, . . . n; k = 1, 2, . . . , N.

Îáîçíà÷èì ÷åðåç S = {s1, s2, . . . , sN} � ìíîæåñòâî ñîñòîÿíèé èãðû,

à ÷åðåçA(k) =
{
A

(k)
1 , A

(k)
2 , . . . , A

(k)
m

}
èB(k) =

{
B

(k)
1 , B

(k)
2 , . . . , B

(k)
n

}

� ñòðàòåãèè ïåðâîãî è âòîðîãî èãðîêà ñîîòâåòñòâåííî.

Ñîâîêóïíîñòü ðåøåíèé �îðìèðóåòñÿ â ðåçóëüòàòå îïûòà ïåðâîãî

èãðîêà è â âåðîÿòíîñòíîì âûáîðå âòîðîãî èãðîêà.

Â êà÷åñòâå ïîêàçàòåëÿ ý��åêòèâíîñòè ñòðàòåãèè èãðîêà A
ìîæíî ïðèìåíèòü íåñêîëüêî êðèòåðèåâ îïòèìàëüíîñòè ñòðàòåãèé,

èñïîëüçóåìûõ â èãðå ñ íåîïðåäëåííîñòüþ, à äëÿ ïðåäîòâðàùåíèÿ

èãðû äî áåñêîíå÷íîñòè ìîæíî çàäàâàòü ïåðåõîäíûå âåðîÿòíîñòè

βk → 0.
Äëÿ îãðàíè÷åíèÿ èçäåðæåê ìîæíî ââåñòè êîý��èöèåíò îáåñöå-

íèâàíèÿ γ.

Ëèòåðàòóðà
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ìåí�, 2004. 800 ñ.
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Â îïèñàíèè óðàâíåíèÿ ñîñòîÿíèÿ ðåàëüíûõ âåùåñòâ ìîæíî ïðî-

ñëåäèòü äâà îñíîâíûõ íàïðàâëåíèÿ. Ïåðâîå îñíîâàíî íà ïðèìåíå-

íèè ìåòîäîâ ñòàòèñòè÷åñêîé �èçèêè, ãäå ó÷èòûâàåòñÿ ïðèðîäà ïî-

òåíöèàëà âçàèìîäåéñòâèÿ ÷àñòèö. Óðàâíåíèÿ, ïîëó÷åííûå òàêèì
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îáðàçîì, ñîäåðæàò ìèíèìàëüíîå ÷èñëî ïàðàìåòðîâ, èìåþùèõ ÿñ-

íûé �èçè÷åñêèé ñìûñë, íî èõ îáëàñòü ïðèìåíåíèÿ ñèëüíî îãðàíè-

÷åíà. Âòîðîå íàïðàâëåíèå ïðåäñòàâëÿåò ñîáîé ïîñòðîåíèå ýìïèðè-

÷åñêîãî ìíîãîïàðàìåòðè÷åñêîãî óðàâíåíèÿ ñîñòîÿíèÿ. Ïðè òàêîì

ïîäõîäå äîñòèãàåòñÿ õîðîøåå ñîãëàñèå ñ ýêñïåðèìåíòîì, îäíàêî çà-

÷àñòóþ òåðÿåòñÿ �èçè÷åñêèé ñìûñë ïàðàìåòðîâ. Â ýòîé ñâÿçè â ïî-

ñëåäíåå âðåìÿ íàáëþäàþòñÿ èíòåíñèâíûå èññëåäîâàíèÿ ïî îáîáùå-

íèþ êàê ðàâíîâåñíîé, òàê è íåðàâíîâåñíîé òåðìîäèíàìèêè, è ñòà-

òèñòè÷åñêîé �èçèêè, â ÷àñòíîñòè, ñ ïðèìåíåíèåì äðîáíîãî èñ÷èñ-

ëåíèÿ [1-3℄, ãäå â òåîðèþ âíîñèòñÿ îäèí ïàðàìåòð � ïîêàçàòåëü ïðî-

èçâîäíîé äðîáíîãî ïîðÿäêà.

Â íàñòîÿùåé ðàáîòå äàåòñÿ îáîáùåíèå òåðìîäèíàìèêè â �îðìà-

ëèçìå ïðîèçâîäíûõ äðîáíîãî ïîðÿäêà, ïîçâîëÿþùåå ó÷åñòü íåëî-

êàëüíûå ý��åêòû â òåðìîäèíàìè÷åñêèõ ïðîöåññàõ [3℄ íà ïðèìåðå

óðàâíåíèÿ ñîñòîÿíèÿ âîäÿíîãî ïàðà.

�àáîòà ÷àñòè÷íî ïîääåðæàíà ãðàíòîì �ÔÔÈ, ïðîåêò � 16-08-00067à.
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�àññìîòðèì óðàâíåíèå

0 = Lu ≡





xuxx + α0ux − uy − λ21u, x > 0, y > 0,

−xuxx + (−x)nuyy + α1ux − λ22u, x < 0, y > 0,
(1)
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ãäå λ1, λ2, α0, α1, n = const, ïðè÷åì

0 < α0 < 1, n > 1,
1− n

2
< α1 < 1, λ1. (2)

Ïóñòü D � îáëàñòü îãðàíè÷åííàÿ ïðè x < 0, y > 0 íîðìàëüíîé

êðèâîé σ :
(
y − 1

2

)2
+ 4

(n+1)2
(−x)n+1 = 1

4
ñ êîíöàìè â òî÷êàõ O (0, 0)

è A (0, 1) à ïðè x > 0, y > 0 ïðÿìûìè y = 0, y = 1.
Ââåäåì îáîçíà÷åíèÿ: I = {(x, y) : x = 0, 0 < y < 1}, D1 = D ∩

(x > 0, y > 0), D2 = D ∩ (x < 0, y > 0), Γ = {(x, y) : 0 < x < +∞,
y = 0} ∪ {(x, y) : 0 < x < +∞, y = 1} .

Â îáëàñòè D èçó÷àåòñÿ ñëåäóþùàÿ çàäà÷à äëÿ óðàâíåíèÿ (1).

Çàäà÷à Eλ. Íàéòè �óíêöèþ u (x, y) ñî ñëåäóþùèìè ñâîéñòâà-

ìè:

1) u (x, y) ∈ C(D̄) ∩ C2, 1
x,y (D1 ∪ Γ) ∩ C2 (D2);

2) u (x, y) óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòÿõ D1 è D2,

êðîìå òîãî u (x, y) �óíêöèÿ îãðàíè÷åíà äëÿ âñåõ 0 ≤ x < +∞ è

0 ≤ y ≤ 1;
3) íà ëèíèè âûðîæäåíèÿ I âûïîëíÿåòñÿ óñëîâèå ñêëåèâàíèÿ

lim
x→−0

(−x)α1ux = f (y) lim
x→+0

xα0ux + g (y) ðàâíîìåðíî ïðè 0 < y < 1;

4) u (x, y) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

u (x, y)|σ = ψ (x, y), (x, y) ∈ σ; u (x, y)|y=0 = ϕ (x), 0 ≤ x <∞;

ãäå ϕ(x), ψ(x, y), f(y), g(y) � çàäàííûå �óíêöèè, ïðè÷åì

ϕ(x) îãðàíè÷åíà íà [0,∞), (3)

ψ(x, y) ∈ (−x)ε+1ψ(x, y), ψ(x, y) ∈ C(σ), ε > 0, (4)

f(y), g(y) ∈ C(I) ∩ C2(I), f(y) > 0 ∀(0, y) ∈ I, (5)

è âûïîëíåíî óñëîâèå ñîãëàñîâàíèÿ ϕ(0) = ψ(0, 0).
Òåîðåìà. Åñëè âûïîëíåíû óñëîâèÿ (2)�(5), òî â îáëàñòè D ñó-

ùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è Eλ.

Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Eλ äîêàçûâàåòñÿ ñ ïîìîùüþ

ïðèíöèïà ýêñòðåìóìà, à ñóùåñòâîâàíèå - ìåòîäîì èíòåãðàëüíûõ

óðàâíåíèé.
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�àññìîòðèì óðàâíåíèå

Dα
0tu(t)− λu(t)− µH(t− τ)u(t− τ) = f(t), 0 < t < 1, (1)

ãäå Dα
0t � îïåðàòîð äðîáíîãî èíòåãðî-äè��åðåíöèðîâàíèÿ �èìàíà�

Ëèóâèëëÿ [1, 
. 9℄, H(t) � �óíêöèÿ Õåâèñàéäà, 1<α≤2, λ, µ � ïðî-

èçâîëüíûå ïîñòîÿííûå, τ � �èêñèðîâàííîå ïîëîæèòåëüíîå ÷èñëî.
Äëÿ óðàâíåíèÿ (1) ñ îïåðàòîðîì Êàïóòî íà÷àëüíàÿ è êðàåâûå

çàäà÷è èññëåäîâàíû â ðàáîòàõ [2-4℄.

�åãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) íàçîâåì �óíêöèþ u(t) èç
êëàññà Dα−2

0t u(t) ∈ C2(0, 1), u(t) ∈ L(0, 1) è óäîâëåòâîðÿþùóþ ýòîìó

óðàâíåíèþ.

Â äàííîé ðàáîòå èññëåäóåòñÿ ñëåäóþùàÿ

Çàäà÷à. Íàéòè ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâî-

ðÿþùåå óñëîâèÿì:

lim
t→0

Dα−1
0t u(t) = a, lim

t→1
Dα−1

0t u(t) = b. (2)

�åøåíèå çàäà÷è (1)�(2) âûïèñàíî â òåðìèíàõ �óíêöèè �ðèíà. Íàé-

äåíî óñëîâèå îäíîçíà÷íîé ðàçðåøèìîñòè èññëåäóåìîé çàäà÷è.

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäà-

ìåíòàëüíûõ èññëåäîâàíèé, ïðîåêò � 16-01-00462.
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2003. 272 ñ.
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ãóìåíòîì // Ó÷åíûå çàïèñêè Î�Ó. 2015. � 4 (67). C. 46-47.

3. Ìàæãèõîâà Ì.�. Çàäà÷à Äèðèõëå äëÿ îáûêíîâåííîãî äè��åðåíöèàëü-

íîãî óðàâíåíèÿ äðîáíîãî ïîðÿäêà ñ çàïàçäûâàþùèì àðãóìåíòîì // ÄÀ-

ÌÀÍ. 2015. Ò. 17, � 2. Ñ. 42-47.

4. Ìàæãèõîâà Ì.�. Çàäà÷à Íåéìàíà äëÿ îáûêíîâåííîãî äè��åðåíöèàëü-

íîãî óðàâíåíèÿ äðîáíîãî ïîðÿäêà ñ çàïàçäûâàþùèì àðãóìåíòîì // Èç-

âåñòèÿ ÊÁÍÖ �ÀÍ. 2016. � 2 (70). Ñ. 15-20.
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Â åâêëèäîâîé ïëîñêîñòè òî÷åê (x, y) ðàññìàòðèâàåòñÿ óðàâíåíèå

0 =

{
uy − auxx − buxxy, y > 0,

(−y)muxx − uyy − c(−y)m−2
2 ux, y < 0,

(1)

ãäå a, b, m � çàäàííûå ïîëîæèòåëüíûå ÷èñëà; |c| ≤ m
2
; u = u(x, y).

Óðàâíåíèå (1) ïðè y < 0 ÿâëÿåòñÿ âûðîæäàþùèìñÿ ãèïåðáî-

ëè÷åñêèì óðàâíåíèåì ïåðâîãî ðîäà [1℄, à ïðè y > 0 - óðàâíåíèåì

Àëëåðà [2℄.

Ïóñòü Ω+ = {(x, y) : 0 < x < r, 0 < y < T}. ×åðåç Ω−
îáîçíà÷èì

îáëàñòü, îãðàíè÷åííóþ õàðàêòåðèñòèêàìè óðàâíåíèÿ (1) ïðè y < 0:

A0C : x − 2
m+2

(−y)m+2
2 = 0, CAr : x + 2

m+2
(−y)m+2

2 = r, âûõîäÿùè-
ìè èç òî÷åê A0 = (0, 0), Ar = (r, 0) è ïåðåñåêàþùèåñÿ â òî÷êå C =(

r
2
,−
[
(m+2)r

4

]m+2
2

)
è A0Ar= {(x, 0):0 <x <r}; Ω = Ω+ ∪ Ω− ∪ A0Ar.

�åãóëÿðíûì â îáëàñòè Ω ðåøåíèåì óðàâíåíèÿ (1) íàçîâåì

�óíêöèþ u = u(x, y) òàêóþ, ÷òî u ∈ C(Ω) ∩ C1(Ω) ∩ C2(Ω−), uxx,
uxxy ∈ C(Ω+), ux, uy ∈ L(A0Ar) è óäîâëåòâîðÿþùóþ óðàâíåíèþ (1).

Çàäà÷à. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå óðàâíåíèÿ

(1) èç êëàññà ux ∈ C(Ω+ ∪ A0B0), óäîâëåòâîðÿþùåå ñëåäóþùèì

óñëîâèÿì:

u(0, y) = τ(y), ux(0, y) = ν(y), 0 ≤ y ≤ T, (2)

u(x, y) = h(x), ∀(x, y) ∈ A0C, (3)

ãäå τ(y), ν(y), h(x) � äîñòàòî÷íî ãëàäêèå �óíêöèè.

Èññëåäîâàí âîïðîñ îá îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (2), (3)

äëÿ óðàâíåíèÿ (1).
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Â ýòîé ðàáîòå ïðåäëîæåíî îáîáùåíèå ëîãèñòè÷åñêîãî óðàâíåíèÿ,

ðàññìîòðåííîãî â ñòàòüå [1℄, â ñëó÷àå ïåðåìåííîãî äðîáíîãî ïîðÿäêà

ïðîèçâîäíîé. �àññìîòðåíà ñëåäóþùàÿ çàäà÷à Êîøè:

∂
α(t)
0t u (τ) = ρu (t) (1− u (t)) , u (0) = φ, 0 < α (t) < 1, (1)

ãäå ∂
α(t)
0t u (τ) =

1

Γ (1− α (t))

t∫
0

u̇ (τ) dτ

(t− τ)α(t)
, Γ (1− α (t)) � ãàììà-�óíê-

öèÿ, ρ > 0 � êîíñòàíòà, t ∈ [0, T ] , T > 0, φ � êîíñòàíòà.

Äàëåå ñ ïîìîùüþ ñîîòâåòñòâóþùåé àïïðîêñèìàöèè ïðîèçâîäíîé

äðîáíîãî ïåðåìåííîãî ïîðÿäêà, áûëà ïîëó÷åíà ñèñòåìà àëãåáðàè÷å-

ñêèõ íåëèíåéíûõ óðàâíåíèé, êîòîðàÿ áûëà ðåøåíà ìåòîäîì Íüþòî-

íà. Ïîñòðîåíû ðàçëè÷íûå êðèâûå ðåøåíèé â çàâèñèìîñòè îò âûáîðà

�óíêöèè α (t). Ïîêàçàíî, ÷òî ýðåäèòàðíîå ëîãèñòè÷åñêîå óðàâíåíèå
(1) ìîæåò áûòü èñïîëüçîâàíî â ìîäåëèðîâàíèè ýêîíîìè÷åñêèõ öèê-

ëîâ ïî àíàëîãèè ñ ðàáîòàìè [2-4℄.
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Äàãåñòàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (�îññèÿ, Ìàõà÷êàëà)

2
Èíñòèòóò ïðîáëåì ãåîòåðìèè ÄÍÖ �ÀÍ (�îññèÿ, Ìàõà÷êàëà)

e-mail: faridadavudova�mail.ru

�àññìîòðèì â îáëàñòè D = {(x, t) : −L< x<L, 0< t < T} êðàåâóþ

çàäà÷ó äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ ïðîèçâîäíûìè äðîáíîãî

ïîðÿäêà �èññà.

Çàäà÷à. Íàéòè ðåøåíèå u(x, t) ∈ C2(D) óðàâíåíèÿ:

ut(x, t) = C(x, t)Rβu(x, t) + f(x, t), (1)

ãäå 1 < β ≤ 2, C(x, t) ≥ 0 óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ

u(x, 0)=φ(x) è ãðàíè÷íûì óñëîâèÿì u(−L, t)=µ1(t) è u(L, t)=µ2(t).
Çäåñü

Rβu(x, t) =
1

2Γ(β) cos βπ
2

∂2

∂x2

∫ +L

−L

u(s, t)

|x− s|β−1
ds,

÷àñòíàÿ äðîáíàÿ ïðîèçâîäíàÿ �èññà [1℄. Èñïîëüçóÿ âûðàæåíèå [2℄

Rβu(x, t) =
1

2Γ(β) cos βπ
2

(
Dβ

0−u(x, t) +Dβ
0+u(x, t)

)
, (2)

óðàâíåíèå (1) ïðèìåò âèä:

∂u(x, t)

∂t
=

C(x, t)

2Γ(β) cos βπ
2

(
Dβ

0−u(x, t) +Dβ
0+u(x, t)

)
+ f(x, t). (3)

Êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ (1) áóäåì ðåøàòü ÷èñëåííûì ìåòî-

äîì. Äëÿ ýòîãî D̄ = {(x, t) : −L≤ x≤+L, 0≤ t≤ T} ââåäåì ñåòêó:

ω̄hτ = {(xi, tn) : xi = −L+ ih, tn = nτ, i = 0, 1, ..., K,

h = 2L/K, n = 0, 1, ..., N, τ = T/N} ,
ñ øàãîì h ïî x è τ ïî t. Äðîáíûå ïðîèçâîäíûå ïî êîîðäèíàòå â

ïðàâîé ÷àñòè çàìåíèì ðàçíîñòíûìè âûðàæåíèÿìè [3℄:

(
Dβ

+u
)
i
∼ 1

hβ

i+1∑

k=0

qkui−k+1 = Λβ
+ui, (4)
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(
Dβ

−u
)
i
∼ 1

hβ

K−i+1∑

k=0

qkui+k−1 = Λβ
−ui, (5)

ãäå qk = (−1)k · β·(β−1)···(β−k+1)
k!

.
Äëÿ ïðîèçâîäíîé ut íà îòðåçêå [tn, tn+1] èìååò ìåñòî ðàçíîñòíàÿ

àïïðîêñèìàöèÿ (
∂u(x, t)

∂t

)

n

∼ un+1 − un

τ
. (6)

Ñ ó÷åòîì ñîîòíîøåíèé (4), (5) è (6) ïîëó÷èì ñëåäóþùóþ ðàçíîñò-

íóþ ñõåìó ñ âåñàìè

un+1
i − uni
τ

=
Cn+1

i

2Γ(β) cos βπ
2
hβ

[
σ
(
Λβ

+u
n+1
i + Λβ

−u
n
i

)
+

+ (1− σ)
(
Λβ

+u
n+1
i + Λβ

−u
n
i

)]
+ fn+1

i , (7)

ãäå Cn+1
i ≈ C(xi, tn), f

n+1
i ≈ f(xi, tn). Äîêàçàíà òåîðåìà.

Òåîðåìà 1. �àçíîñòíàÿ ñõåìà (7) óñòîé÷èâà ïî íà÷àëüíûì

äàííûì è ïî ïðàâîé ÷àñòè.
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e-mail: mega.mamanazarov�mail.ru

Â äîêëàäå â îáëàñòè Q =
2⋃

j=0

Qj äëÿ ñëåäóþùåãî óðàâíåíèÿ

(
∂2u/∂x2

)
−
(
∂2−H(x)u/∂t2−H(x)

)
+ (k/x) (∂u/∂x)− λ2u = 0, (1)
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ãäå H (x) - �óíêöèÿ Õåâèñàéäà, Q0 = {(x, t) : x = 0, 0 < t < T},
Q1 = {(x, t) : x > 0, 0 < t ≤ T}, Q2 = {(x, t) : x < t < T + x, x ∈
(−T/2, 0)}; k, λ, T ∈ R, ïðè÷åì k ∈ (0, 1), T > 0, ðàññìàòðèâàåòñÿ
ñëåäóþùàÿ íåëîêàëüíàÿ çàäà÷à:

Çàäà÷à H. Íàéòè �óíêöèþ u (x, t) ∈
2⋂

j=1

[
C
(
Q̄j

)
∩ C2,j

x,t (Qj)
]
,

óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) â Q1 ∪Q2, óñëîâèÿì ñêëåèâàíèÿ

u (−0, t) = u (+0, t) , lim
x→−0

(−x)kux (x, t) = lim
x→+0

xkux (x, t)

íà îòðåçêå Q̄0 è ñëåäóþùèì êðàåâûì óñëîâèÿì

u (x, 0) = ϕ (x) , x ∈ [0,+∞) ; lim
x→+∞

u (x, t) = 0, t ∈ [0, T ] ;

a(t)A1,λ
0t D

k/2
0t

[
tk−1u (−t/2, t/2)

]
+

+b(t)A1,λ
T tD

k/2
Tt

{
(T − t)k−1u [(t− T )/2, (t+ T )/2]

}
= ψ (t) , t ∈ (0, T ) ,

ãäå ϕ (x), ψ (t) , a(t), b(t) � çàäàííûå �óíêöèè;

D
k/2
mt [f (t)] ≡ 1

Γ (1− k/2)

d

dt

t∫

m

|z − t|−k/2f (z) dz,

A1,λ
mt [g (t)] ≡ g (t)−

t∫

m

g (z)
z −m

t−m

∂

∂z
J0

[
λ
√
(t−m) (t− z)

]
dz,

J0 (z) � �óíêöèÿ Áåññåëÿ ïåðâîãî ðîäà, Γ (z) � ãàììà-�óíêöèÿ.

ÔÎ�ÌÓËÀ ��ÈÍÀ ÄËß ÎÏÅ�ÀÒÎ�À ÊÀÏÓÒÎ
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Ïîëó÷åíà �îðìóëà �ðèíà äëÿ îïåðàòîðà ∂α
0y äðîáíîãî äè��å-

ðåíöèðîâàíèÿ â ñìûñëå Êàïóòî [1, ñ. 9℄.

Ïóñòü η < yε < y < T, yε = y − ε, n− 1 < α ≤ n, n ∈ N.
Ëåììà 1. Ïóñòü u(η) ∈ C[0, T ], u(n)(η) ∈ L[0, y] è v(y; η) ∈

L[0, y] ∩ C[0, y) äëÿ ëþáîé �èêñèðîâàííîé òî÷êè y ∈ (0, T ). Òîãäà
ñïðàâåäëèâî ñîîòíîøåíèå

yε∫

0

(
v∂α

0ηu− uDα
yηv
)
dη =

n∑

k=1

u(k−1)(yε)D
α−k
yyε

v(y; yε)−
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−
n∑

k=1

u(k−1)(0)Dα−k
yη v(y; η)

∣∣
η=0

+R(y, yε),

ãäå

R(y, yε) = (−1)nsinαπ

yε∫

0

∂α
0ηu · Sn−α

yεy
vdη.

Çäåñü Dγ
ay � îïåðàòîð äðîáíîãî èíòåãðîäè��åðíöèðîâàíèÿ ïîðÿäêà

γ â ñìûñëå �èìàíà-Ëèóâèëëÿ [1, ñ. 9℄, Sδ
ηy � ñèíãóëÿðíûé îïåðàòîð,

îïðåäåëåíèå êîòîðîãî ìîæíî íàéòè â [1, ñ. 22℄.

Ëåììà 2. Ïóñòü u(η) ∈ C[0, T ], ∂α
0ηu(η) ∈ L[0, y] ∩ C(0, yε],

|v(y; η)| ≤ C(y − η)γ−1, 0 < γ < 1, òîãäà ñïðàâåäëèâà îöåíêà

|R(y, yε)| ≤ K1(yε, ρ)ε
γ+K2(yε, ρ)ε

γ+n−α−θ, 0 ≤ θ ≤ 1, 0 < ρ < yε,

ãäå

K1(yε, ρ) = C1M1

[
(yε − ρ)−α+n−1 + y−α+n−1

ε

]
,

K2(yε, ρ) = C2M2(yε − ρ)α+θ−n,

M1 = max
[0,T ]

|u(n−1)(y)|, M2 = max
[ρ,yε]

|∂α
ρηu(η)|, Ci = const > 0 (i = 1, 2).

Îòìåòèì, ÷òî �îðìóëà �ðèíà äëÿ îïåðàòîðà �èìàíà-Ëèóâèëëÿ

áûëà ïîëó÷åíà â ðàáîòå [2℄.
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�àöèîíàëüíîå èñïîëüçîâàíèå òîïëèâíî-ýíåðãåòè÷åñêèõ ðåñóðñîâ

è ïîñòîÿííîå èñòîùåíèå èñêîïàåìîãî òîïëèâà ÿâëÿåòñÿ àêòóàëü-

íîé ïðîáëåìîé. Îäíèì èç ðåøåíèé äàííîé ïðîáëåìû ÿâëÿåòñÿ èñ-

ïîëüçîâàíèå íèçêîïîòåíöèàëüíîé òåïëîâîé ýíåðãèè (ÍÒÈ) ãðóíòà

ïîâåðõíîñòè Çåìëè. Òåïëîâîé íàñîñ (ÒÍ) ÿâëÿåòñÿ óñòðîéñòâîì ïå-
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ðåíîñà òåïëîâîé ýíåðãèè îò èñòî÷íèêà ÍÒÈ ê ïîòðåáèòåëþ.

Äëÿ èññëåäîâàíèÿ ý��åêòèâíîñòè ïðèìåíåíèÿ ÒÍ íà òåððèòî-

ðèè ÊÁ� ïðîâåäåí àíàëèç 10 ðàéîíîâ ðåñïóáëèêè. Òåïëîâûå íàñî-

ñû èñïîëüçóþò áåñïëàòíûå è âîçîáíîâëÿåìûå èñòî÷íèêè ýíåðãèè:

íèçêî ïîòåíöèàëüíóþ òåïëîòó âîçäóõà, ãðóíòà, ïîäçåìíûõ âîä è

îòêðûòûõ íåçàìåðçàþùèõ âîäîåìîâ, äàííûé �àêò äåëàåò âîçìîæ-

íûì èõ ïðèìåíåíèå â �åðìåðñêèõ õîçÿéñòâàõ, óäàëåííûõ îò ñåòåé

öåíòðàëèçîâàííîãî òåïëîñíàáæåíèÿ.

Îñíîâíûì âîïðîñîì ïðè èñïîëüçîâàíèè ÒÍ ÿâëÿåòñÿ îöåíêà åãî

ý��åêòèâíîñòè. Â ðàáîòå ïðîâîäèòñÿ ìàòåìàòè÷åñêîå ìîäåëèðîâà-

íèå òåïëîâîãî ïîëÿ ãðóíòà âåðòèêàëüíîé ñêâàæèíû. Çàäà÷à ñâî-

äèòñÿ ê ðåøåíèþ óðàâíåíèÿ òåïëîïðîâîäíîñòè äëÿ öèëèíäðè÷åñêîé

ñèñòåìû êîîðäèíàò ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ.

Íà îñíîâå íàéäåííîãî ðåøåíèÿ ïðîèçâåäåíû ðàñ÷åòû ïðîñòðàí-

ñòâåííî-âðåìåííûõ çàâèñèìîñòåé òåïëîâîãî ïîëÿ ãðóíòà âåðòèêàëü-

íîé ñêâàæèíû.

ÇÀÄÀ×À ÄÈ�ÈÕËÅ Â ÏÎËÓÏËÎÑÊÎÑÒÈ ÄËß
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Â ïîëóïëîñêîñòè Ω = {(x, y) : −∞<x<∞, 0<y<∞} ðàññìîò-
ðèì óðàâíåíèå

∂2

∂x2
u(x, y) +Dα

0yD
α
0yu(x, y) = 0, 0 < α < 1. (1)

Çàäà÷à. Íàéòè â îáëàñòè Ω ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1),

óäîâëåòâîðÿþùåå óñëîâèþ

lim
y→0

Dα−1
0y u(x, y) = τ(x), −∞ < x <∞,

ãäå τ(x) � çàäàííàÿ îãðàíè÷åííàÿ è íåïðåðûâíàÿ �óíêöèÿ.

Â äàííîé ðàáîòå îáñóæäàþòñÿ âîïðîñû, ñâÿçàííûå ñ ïðåäñòàâëå-

íèåì îáùåãî ðåøåíèÿ è äîêàçàòåëüñòâîì åäèíñòâåííîñòè ðåøåíèÿ

ðàññìàòðèâàåìîé çàäà÷è. Â ðàáîòå [1℄ ìåòîäîì ab
 èññëåäîâàíà çà-

äà÷à Äèðèõëå äëÿ îáîáùåííîãî óðàâíåíèÿ Ëàïëàñà äðîáíîãî ïî-

ðÿäêà â îãðàíè÷åííîé îáëàñòè.
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Â áîëüøîì êîëè÷åñòâå ñëó÷àåâ êà÷åñòâî âûÿâëåíèÿ ñêðûòîé èí-

�îðìàöèè èç èçîáðàæåíèÿ îïðåäåëÿåòñÿ ïî ìåðå ñõîæåñòè äâóõ

èçîáðàæåíèé: èñõîäíîãî è îáðàáîòàííîãî. Ñóùåñòâóåò íåñêîëüêî

êðèòåðèåâ îöåíêè, êîòîðûå ìîæíî ðàçäåëèòü íà äâå ãðóïïû: ñóáú-

åêòèâíàÿ îöåíêà è îáúåêòèâíàÿ. Ïîä ñóáúåêòèâíîé îöåíêîé ïîíè-

ìàþò âèçóàëüíîå ñðàâíåíèå, ïîä îáúåêòèâíîé îöåíêîé � ñðàâíåíèå

ïàðàìåòðîâ ñèãíàëîâ èçîáðàæåíèé: êîý��èöèåíòû ñæàòèÿ èí�îð-

ìàöèè, ñîîòíîøåíèå ñèãíàë-øóì, ñðåäíåå êâàäðàòè÷íîå îòêëîíåíèå

è ò.ä [1℄.

Ñðåäíåå êâàäðàòè÷íîå îòêëîíåíèå âû÷èñëÿåòñÿ ïî �îðìóëå:

σ =

√√√√ 1

MN

M∑

m=1

N∑

n=1

(xm,n −mx)
2, (1)

ãäå mx=
1

MN

∑M
m=1

∑N
n=1 xm,n, MN � îáúåì âûáîðêè.

Äëÿ òîãî ÷òîáû âûÿâèòü çàâèñèìîñòü êà÷åñòâà âûÿâëåíèÿ îò

èçìåíåíèÿ ñðåäíåãî êâàäðàòè÷íîãî îòêëîíåíèÿ áûë ïðîâåäåí ýêñ-

ïåðèìåíò. Èç êóïþðû íîìèíàëîì 1000 ðóáëåé âûäåëèëè �ðàãìåíò

èçîáðàæåíèÿ, ñîäåðæàùèé ñêðûòóþ èí�îðìàöèþ. Äàëåå âûÿâëÿëè

ñêðûòóþ èí�îðìàöèþ èç äàííîãî �ðàãìåíòà, èñïîëüçóÿ âåéâëåò

Õààðà (Haar) ðàçëè÷íûõ óðîâíåé ðàçëîæåíèÿ. Âåéâëåò-ïðåîáðàçî-

âàíèÿ ðåàëèçîâûâàëè â ñèñòåìå Matlab, ñ ïîìîùüþ ïàêåòà Wavelet

Toolbox [2℄.
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Èç ïîëó÷åííûõ ðåçóëüòàòîâ ìîæíî óòâåðæäàòü, ÷òî íà áîëåå

íèçêîì óðîâíå ðàçëîæåíèÿ âûÿâëåíèå ñàìîå êà÷åñòâåííîå, à òàêæå,

÷åì âûøå ñðåäíåå êâàäðàòè÷íîå îòêëîíåíèå, òåì ëó÷øå ðåçóëüòàò

âûÿâëåíèÿ. Íî äàííûé âûâîä íå îòíîñèòñÿ êî âñåì äåòàëèçèðóþ-

ùèì êîý��èöèåíòàì, à òîëüêî ëèøü ê ãîðèçîíòàëüíûì êîý��èöè-

åíòàì.

Ëèòåðàòóðà
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Ìîñêîâñêèé èíñòèòóò ýëåêòðîìåõàíèêè è àâòîìàòèêè (�îññèÿ, Ìîñêâà)

e-mail: salomaa�mail.ru

Òåîðåìà. Ïóñòü

f1(z), . . . , fm(z)

ïðåäñòàâëÿþò ñîáîé òðàíñöåíäåíòíûå F � ðÿäû ñ öåëûìè êîý�-

�èöèåíòàìè, ñîñòàâëÿþùèå ðåøåíèå ñèñòåìû âèäà

P1,iy
′
i + P0,iyi = Qi, i = 1, . . . , m,

ãäå P0,i, P1,i, Qi ∈ Q(z).
Ïóñòü ξ ∈ Z, ξ 6= 0, P1,i(ξ) 6= 0, i = 1, . . . , m, à òàêæå âûïîëíÿ-

þòñÿ ñëåäóþùèå óñëîâèÿ:

exp

(∫ (
P0,i(z)

P1,i(z)
− P0,j(z)

P1,j(z)

)
dz

)
6∈ C(z), i 6= j.

Òîãäà äëÿ ëþáîãî d ∈ N ñóùåñòâóåò ý��åêòèâíàÿ ïîñòîÿííàÿ

H0, çàâèñÿùàÿ îò ðÿäîâ f1(z), . . . , fm(z) òàêàÿ, ÷òî äëÿ ëþáîãî
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ìíîãî÷ëåíà P (x1, . . . , xm) ñòåïåíè d ïî ñîâîêóïíîñòè ïåðåìåííûõ

x1, . . . , xm, îòëè÷íîãî îò òîæäåñòâåííîãî íóëÿ è èìåþùåãî öåëûå

êîý��èöèåíòû è âûñîòó H ≥ H0 ñóùåñòâóåò áåñêîíå÷íîå ìíîæå-

ñòâî ïðîñòûõ ÷èñåë p, äëÿ êîòîðûõ â ïîëÿõ Qp âûïîëíåíî íåðà-

âåíñòâî

|P (f1(ξ), . . . , fm(ξ))|p > H
−M− M+C0√

ln lnH

ñ ý��åêòèâíîé ïîñòîÿííîé C0 è

M =

(
m+ d− 1

d

)
.

Î ÌÎÄÅËÈ�ÎÂÀÍÈÈ ÎÑÍÎÂÍÛÕ ÏÎÊÀÇÀÒÅËÅÉ

ÑÎÖÈÀËÜÍÎ-ÝÊÎÍÎÌÈ×ÅÑÊÎ�Î �ÀÇÂÈÒÈß

ÑÒ�ÀÍÛ Â ÓÑËÎÂÈßÕ ÍÅ×ÅÒÊÎÉ

ÍÅÎÏ�ÅÄÅËÅÍÍÎÑÒÈ


© Ìèðçîåâ Ô.À., Êóëèåâ �.Ì., Àááàñîâà Ø.À.

Áàêèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Àçåðáàéäæàí, Áàêó)

e-mail: farhad_1958�mail.ru

Èçâåñòíî, ÷òî óñòîé÷èâîñòü ñîöèàëüíî-ýêîíîìè÷åñêîãî ðàçâèòèÿ

êàæäîé ñòðàíû ïðåäïîëàãàåò îáåñïå÷åíèå äîñòîéíîãî óðîâíÿ æèç-

íè íàñåëåíèÿ, ñîõðàíèâ äëÿ ïîòîìêîâ, áëàãîïðèÿòíóþ îêðóæàþ-

ùóþ ñðåäó. Íåîáõîäèìûì óñëîâèåì äîñòèæåíèÿ ýòîé öåëè ÿâëÿåò-

ñÿ ñîèçìåðåíèå ðåçóëüòàòîâ ýêîíîìè÷åñêîãî ðàçâèòèÿ ñ êà÷åñòâîì

æèçíè íàñåëåíèÿ è îêðóæàþùåé ñðåäû. Â ñâÿçè ñ ýòèì âîçíèêàåò

çàäà÷à �îðìèðîâàíèÿ ñèñòåìû ïîêàçàòåëåé, íà îñíîâå êîòîðîé áó-

äåò äàíà êîìïëåêñíàÿ îöåíêà ñîñòîÿíèÿ è ðàçâèòèÿ âçàèìîäåéñòâèÿ

ýêîíîìèêè, ïðèðîäû è îáùåñòâà [1℄.

Èñõîäÿ èç ýòîãî, öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ àíàëèç óñòîé÷è-

âîñòè ñîöèàëüíî-ýêîíîìè÷åñêîãî ðàçâèòèÿ íà áàçå ïîñòðîåíèÿ íåé-

ðîííîé ñåòè äëÿ ïðîãíîçà îñíîâíûõ ìàêðîïîêàçàòåëåé, êîòîðûå â

îñíîâíîì íîñÿò íå÷åòêèé õàðàêòåð. Ïðè ïîìîùè ïðîãðàììû SPSS

[3℄ íàì óäàëîñü ïîñòðîèòü íà áàçå íåéðîííûõ ñåòåé ìîäåëü, êîòî-

ðàÿ îòðàçèëà çàâèñèìîñòü ÂÂÏ íà äóøó íàñåëåíèÿ îò ïîêàçàòåëåé

óñòîé÷èâîñòè ñîöèàëüíî-ýêîíîìè÷åñêîãî ðàçâèòèÿ ñòðàíû [2℄. Âàæ-

íîñòü ïîñòðîåíèÿ òàêîãî òèïà ìîäåëåé äëÿ àíàëèçà êà÷åñòâà ýêîíî-

ìè÷åñêîãî ðîñòà, ñîñòîèò â òîì, ÷òî â äàëüíåéøåì ñ èõ ïîìîùüþ
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ìîæíî ðåøàòü çàäà÷è ïðîãíîçèðîâàíèÿ è óïðàâëåíèÿ. Ýòî ïîçâî-

ëèò îïðåäåëèòü ïðèîðèòåòíûå íàïðàâëåíèÿ óñòîé÷èâîãî ñîöèàëüíî

� ýêîíîìè÷åñêîãî ðàçâèòèÿ îáùåñòâà.

Ëèòåðàòóðà

1. Àááàñîâà Ø.À., Îðóäæåâà Ì.Ø., Îðóäæåâà Ò.Â. Îöåíêà óñòîé÷èâîñòè
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3. Áþþëü À. Öå�åëü Ï. SPSS: èñêóññòâî îáðàáîòêè èí�îðìàöèè. Àíàëèç
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Òåðìåçñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Óçáåêèñòàí, Òåðìåç)

e-mail: mirsaburov�mail.ru

�àññìîòðèì óðàâíåíèå

(signy)|y|muxx + uyy = 0, m = const > 0. (1)

Ïóñòü Ω � êîíå÷íàÿ îäíîñâÿçíàÿ îáëàñòü êîìïëåêñíîé ïëîñêîñòè

z = x + iy, îãðàíè÷åííàÿ ïðè y > 0 íîðìàëüíîé êðèâîé σ0 : x2 +
4(m+2)−2ym+2 = 1, ñ êîíöàìè â òî÷êàõ A(−1, 0), B(1, 0), à ïðè y < 0
� õàðàêòåðèñòèêàìè AC è BC óðàâíåíèÿ (1). Îáîçíà÷èì ÷åðåç Ω+

è Ω−
÷àñòè îáëàñòè Ω, ëåæàùèå ñîîòâåòñòâåííî â ïîëóïëîñêîñòÿõ

y > 0 è y < 0, a ÷åðåç C0 è C1, ñîîòâåòñòâåííî òî÷êè ïåðåñå÷åíèÿ

õàðàêòåðèñòèê AC è BC ñ õàðàêòåðèñòèêàìè èñõîäÿùèìè èç òî÷êè

E(c, 0), ãäå c ∈ I = (−1, 1) � èíòåðâàë îñè y = 0.
Ïóñòü p(x) = δ − kx � ëèíåéíûé äè��åîìîð�èçì èç ìíîæå-

ñòâà òî÷åê îòðåçêà [−1, c] â ìíîæåñòâî òî÷åê îòðåçêà [c, 1], ïðè÷åì
p(−1) = 1, p(c) = c, ãäå δ = 2c/(1 + c), k = (1− c)/(1 + c).

Çàäà÷à A. Òðåáóåòñÿ íàéòè â îáëàñòè Ω �óíêöèþ u(x, y), óäî-
âëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì:

1) u(x, y) íåïðåðûâíà â êàæäîé èç çàìêíóòûõ îáëàñòåé Ω
+
è

Ω
−
;

2) u(x, y) ∈ C2(Ω+) è óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòè

Ω+
;
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3) u(x, y) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì êëàññà R1 óðàâíåíèÿ

(1) â îáëàñòè Ω−
;

4) íà îòðåçêå AB � ëèíèè ïàðàáîëè÷åñêîãî âûðîæäåíèÿ óðàâ-

íåíèÿ (1) âûïîëíÿþòñÿ îáùèå óñëîâèÿ ñêëåèâàíèÿ:

u(x,−0) = u(x,+0) + a0(x), x ∈ I,

lim
y→−0

∂u
∂y

= b(x) lim
y→+0

∂u
∂y

+ b0(x), x ∈ I\{c}, (2)

ýòè ïðåäåëû ïðè x→ ±1, x→ c ìîãóò èìåòü îñîáåííîñòè ïîðÿäêà

íèæå 1− 2β, ãäå β = m/(2(m+ 2));
5) âûïîëíÿþòñÿ óñëîâèÿ

u(x, σ0(x)) = c0(x)u(x,+0)+ ϕ0(x), x ∈ I,

u[θ∗1(x)]− µu[θ∗0(p(x))] = ψ0(x), x ∈ [−1, c], (3)

u(p(x),−0)− u(x,+0) = f0(x), x ∈ [−1, c], (4)

ãäå θ∗1(x0), θ
∗
0(p(x0)) � ñîîòâåòñòâåííî à��èêñû òî÷åê ïåðåñå÷åíèÿ

õàðàêòåðèñòèê EC0 è EC1 ñ õàðàêòåðèñòèêàìè èñõîäÿùèìè èç

òî÷åê M(x0, 0) è M(p(x0), 0), x0 ∈ [−1, c].
Ââåäåì îáîçíà÷åíèÿ

u(x,−0) = τ−(x), x ∈ I; lim
y→−0

∂u
∂y

= ν−(x),

u(x,+0) = τ(x), x ∈ I; lim
y→+0

∂u
∂y

= ν(x), x ∈ I.
(5)

Â ñèëó îáîçíà÷åíèé (5) îáùèå óñëîâèÿ ñêëåèâàíèÿ (2) çàïèøåì â

âèäå

τ−(x) = τ(x)+a0(x), x ∈ I, ν−(x) = b(x)ν(x)+b0(x), x ∈ I\{c}, (6)

à óñëîâèå ëîêàëüíîãî ñìåùåíèÿ (4) ñ ó÷åòîì (6) ïðèìåò âèä

τ(p(x)) = τ(x) + f(x), x ∈ [−1, c],

ãäå f(x) = f0(x)− a0(p(x)).
�åøåíèå âèäîèçìåíåííîé çàäà÷è Êîøè ñ äàííûìè (5) äëÿ óðàâ-

íåíèÿ (1) â îáëàñòè Ω−
äàåòñÿ �îðìóëîé Äàðáó. Èç êðàåâîãî óñëî-

âèÿ (3) èìååì

b(x)ν(x)− µk1−2βb(p(x))ν(p(x)) =

= γ(1− µ)D1−2β
x,c τ(x) + ψ1(x), x ∈ (−1, c), (8)
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ãäå ψ1(x) = 2
(
m+2
4

)2β Γ(1−β)
Γ(1−2β)

(c − x)βD1−β
x,c ψ0(x) − γµD1−2β

x,c f(x)+

+µb0(p(x))k
1−2β − b0(x) � èçâåñòíàÿ �óíêöèÿ.

�àâåíñòâî (7) ÿâëÿåòñÿ ïåðâûì �óíêöèîíàëüíûì ñîîòíîøåíè-

åì ìåæäó íåèçâåñòíûìè �óíêöèÿìè τ(x) è ν(x) ïðèâíåñåííûì íà

èíòåðâàë (−1, c) èç îáëàñòè Ω−
.

Òåîðåìà. �åøåíèå u(x, y) çàäà÷è A, ïðè âûïîëíåíèè óñëîâèé

a0(x) ≡ 0, b0(x) ≡ 0, ϕ0(x) ≡ 0, ψ0(x) ≡ 0, f0(x) ≡ 0

µ < 0, 0 ≤ c0(x) < 1, b(x) > 0

â çàìêíóòîé îáëàñòè Ω òîæäåñòâåííî ðàâíî íóëþ.

Ëèòåðàòóðà
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�àññìîòðèì óðàâíåíèå

(signy)|y|muxx + uyy − (m/2y)uy = 0, m > 0. (1)

ÏóñòüΩ− êîíå÷íàÿ îäíîñâÿçíàÿ îáëàñòü êîìïëåêñíîé ïëîñêîñòè

z = x + iy, îãðàíè÷åííàÿ ïðè y > 0 íîðìàëüíîé êðèâîé σ0 : x2 +
4(m + 2)−2ym+2 = 1, ñ êîíöàìè â òî÷êàõ A(−1, 0) è B(1, 0), à ïðè
y < 0 - õàðàêòåðèñòèêàìè AC è BC óðàâíåíèÿ (1).

Îáîçíà÷èì ÷åðåç Ω+
è Ω−

÷àñòè îáëàñòè Ω, ëåæàùèå ñîîòâåò-
ñòâåííî â ïîëóïëîñêîñòÿõ y>0 è y<0, I={(x, y)| − 1<x<1, y=0} .

Çàäà÷à A. Íàéòè â îáëàñòè Ω �óíêöèþ u(x, y) ∈ C
(
Ω
)
, óäî-

âëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì:

1) �óíêöèÿ u(x, y) ïðèíàäëåæèò C2(Ω+) è óäîâëåòâîðÿåò óðàâ-

íåíèþ (1) â îáëàñòè Ω+
;

2) �óíêöèÿ u(x, y) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì êëàññà R1,

τ ′(x), ν(x) ∈ H, ïðè÷åì ux(x, 0), uy(x, 0) íåïðåðûâíû â òî÷êå

x = −1 â îáëàñòè Ω−
;
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3) íà èíòåðâàëå âûðîæäåíèÿ èìååò ìåñòî ñëåäóþùåå óñëîâèå

ñîïðÿæåíèÿ

lim
y→−0

(−y)−m/2∂u

∂y
= lim

y→+0
y−m/2∂u

∂y
, x ∈ I,

ïðè÷åì ýòè ïðåäåëû ïðè x→ 1 ìîãóò èìåòü îñîáåííîñòè ïîðÿäêà

íèæå åäèíèöû;

4) âûïîëíåíû óñëîâèÿ

u(x, y)|σ0 = a(x)u(x, 0) + ϕ(x), x ∈ I, (2)

u[θ(x)] = µu[θk(x)] + (1− µ)u(x, 0) + ψ(x), x ∈ I, (3)

ãäå ïîñòîÿííàÿ µ 6= 1, çàäàííûå �óíêöèè ϕ(x) ∈ C1,α0(I), ψ(x) ∈
C2,α0(I), α0 = const < 1, ïðè÷åì ϕ(±1) = 0, ψ(−1) = 0,

θ(x) = (x0 − 1)/2− i[(m+ 2)(1 + x0)/4]
2/(m+2),

θk(x) = (kx0 − 1)/(1 + k)− i[(m+ 2)(1 + x0)/2(1 + k)]2/(m+2)

� à��èêñû òî÷åê ïåðåñå÷åíèÿ õàðàêòåðèñòèêè AC è êðèâîé

AC1 : x− (2k/(m+ 2))(−y)(m+2)/2 = −1, k = const > 1

ãäå C1∈BC, ñ õàðàêòåðèñòèêîé èñõîäÿùåé èç òî÷êè (x0, 0), x0∈I.
Óñëîâèå (2) ÿâëÿåòñÿ àíàëîãîì óñëîâèÿ Áèöàäçå-Ñàìàðñêîãî ñâÿ-

çûâàþùåé çíà÷åíèÿ èñêîìîé �óíêöèè íà êðèâîé σ0 è íà îòðåçêå âû-
ðîæäåíèÿ AC, óñëîâèå (3) ÿâëÿåòñÿ íàãðóæåííûì àíàëîãîì óñëî-

âèÿ Áèöàäçå-Ñàìàðñêîãî ñâÿçûâàþùåé çíà÷åíèÿ èñêîìîé �óíêöèè

íà AC, AC1 è AB. Ïðè µ = 0, çàäà÷à À ïåðåõîäèò â çàäà÷ó Áèöàäçå-

Ñàìàðñêîãî äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà.

Òåîðåìà. Çàäà÷à À ïðè âûïîëíåíèè óñëîâèé

| µa/(µ− 1) |< 1, a = (k − 1)/(k + 1), 0 ≤ a(x) < 1 (5)

îäíîçíà÷íî ðàçðåøèìà.

Òåîðåìà äîêàçûâàåòñÿ ìåòîäîì, ïðåäëîæåííûì â ðàáîòå [1℄.
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�àññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Ôîðìàöèè âñåõ àáå-

ëåâûõ, íèëüïîòåíòíûõ, ñâåðõðàçðåøèìûõ è ðàçðåøèìûõ ãðóïï îáî-

çíà÷àþòñÿ ÷åðåç A, N, U è S ñîîòâåòñòâåííî. Çàêðåïèì òàêæå ñëå-

äóþùèå îáîçíà÷åíèÿ: A1 � �îðìàöèÿ âñåõ àáåëåâûõ ãðóïï ñ ýëå-

ìåíòàðíûìè àáåëåâûìè ñèëîâñêèìè ïîäãðóïïàìè; A � �îðìàöèÿ

âñåõ ðàçðåøèìûõ ãðóïï ñ àáåëåâûìè ñèëîâñêèìè ïîäãðóïïàìè.

Îáîáùåíèåì òåîðåòèêî-ãðóïïîâûõ ïîíÿòèé ñóáíîðìàëüíîñòè è

àáíîðìàëüíîñòè ÿâëÿþòñÿ F-ñóáíîðìàëüíîñòü è F-àáíîðìàëüíîñòü,

ãäå F � �îðìàöèÿ [1, IV.5.12, IV.5.6℄. Ýòè �îðìàöèîííûå ïîíÿòèÿ

ÿâëÿþòñÿ àëüòåðíàòèâíûìè äëÿ ñîáñòâåííûõ ïîäãðóïï.

Ò.È. Âàñèëüåâà è À.Ô. Âàñèëüåâ [2℄ ïðåäëîæèëè îáîçíà÷åíèå

wF äëÿ êëàññà âñåõ ãðóïï, â êîòîðûõ êàæäàÿ ñèëîâñêàÿ ïîäãðóïïà

F-ñóáíîðìàëüíà, è îïèñàëè åãî ñâîéñòâà. Íåñëîæíî ïðîâåðèòü, ÷òî

â ëþáîé ðàçðåøèìîé ãðóïïå êàæäàÿ ñèëîâñêàÿ ïîäãðóïïà A1N-ñóá-

íîðìàëüíà, ïîýòîìó S ⊆ wF äëÿ ëþáîé �îðìàöèè F, ñîäåðæàùåé

A1N. Ñëåäîâàòåëüíî, â óíèâåðñóìå âñåõ ðàçðåøèìûõ ãðóïï èçó÷àòü

êëàññ ãðóïï, â êîòîðûõ êàæäàÿ ñèëîâñêàÿ ïîäãðóïïà F-ñóáíîðìàëü-

íà èëè F-àáíîðìàëüíà, ñëåäóåò äëÿ �îðìàöèé, íå ñîäåðæàùèõ A1N.

Òåîðåìà. Â ãðóïïå G êàæäàÿ ñèëîâñêàÿ ïîäãðóïïà A1A-ñóáíîð-

ìàëüíà èëè A1A-àáíîðìàëüíà êëàññà íèëüïîòåíòíîñòè íå áîëüøå

2 òîãäà è òîëüêî òîãäà, êîãäà ëèáî G ∈ NA, ëèáî G = GN ⋋ P ,
ãäå P � íåàáåëåâà A1A-àáíîðìàëüíàÿ ñèëîâñêàÿ p-ïîäãðóïïà äëÿ

íåêîòîðîãî p ∈ π(G), ÿâëÿþùàÿñÿ ïîäãðóïïîé Êàðòåðà è �àøþöà,

P ′ ≤ Z(P ) è GN = GU ∈ NA.
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Íàó÷íóþ ïðîáëåìó ïîíèìàíèÿ ðå÷è (spee
h understanding) áîëü-

øèíñòâî èññëåäîâàòåëåé îòíîñÿò ê ðàçðÿäó òàê íàçûâàåìûõ AI-

ïîëíûõ çàäà÷ [1℄. Â ðàíåå ïðîâåäåííûõ èññëåäîâàíèÿõ è îáçîðàõ

[2℄, õîðîøî âèäíî, ÷òî íà äàííûé ìîìåíò ïîäõîä ê �îðìàëèçà-

öèè ñåìàíòèêè ìûøëåíèÿ è ìîäåëèðîâàíèþ ïðîöåññîâ ïîíèìàíèÿ

íà îñíîâå ìóëüòèàãåíòíîé ðåêóðñèâíîé êîãíèòèâíîé àðõèòåêòóðû

(Ìó�ÊÀ), ïðåäëîæåííûé â [3℄ îòâå÷àåò âñåì òðåáîâàíèÿì, ò.ê. ïîç-

âîëÿåò íà îñíîâå èìèòàöèîííîãî ìîäåëèðîâàíèÿ, ñ èñïîëüçîâàíèåì

ìåòà�îðû ïðîåêòèðîâàíèÿ ðàöèîíàëüíîãî àãåíòà, ñîçäàâàòü ìóëü-

òèàãåíòíûå ñàìîîðãàíèçóþùèåñÿ ñèñòåìû, äèíàìèêà êîòîðûõ ìî-

æåò áûòü èíòåðïðåòèðîâàíà â òåðìèíàõ �îðìèðîâàíèÿ ðàçâèòèÿ

è ðàñïàäà �óíêöèîíàëüíûõ ñèñòåì íåéðîíîâ ãîëîâíîãî ìîçãà (ïî

Àíîõèíó).

�àíåå óñòàíîâëåíî, ÷òî âçàèìîîòíîøåíèÿ ìåæäó àãåíòàìè íà

ðàçíûõ óðîâíÿõ êîãíèòèâíîé àðõèòåêòóðû îðãàíèçîâàíû íà îñíîâå

ìóëüòèàãåíòíîãî ýêçèñòåíöèàëüíîãî îòîáðàæåíèÿ (ÌÀÝÎ) [1, 4℄. Â

ýòîì ñëó÷àå âîçíèêàþò èíòåðåñíûå íîâûå âîçìîæíîñòè äëÿ �îð-

ìàëèçàöèè ñàìîîðãàíèçóþùèõñÿ ìóëüòèàãåíòíûõ àëãîðèòìîâ, îñ-

íîâàííûõ íà êîíòðàêòíûõ îòíîøåíèÿõ ìåæäó àãåíòàìè.

�àçâèâàÿ àíàëîãèþ ñ êàòåãîðèàëüíîé êëàññè�èêàöèåé ñåìàíòè-

êè ëåêñåì, ââåäåì àíàëîãè÷íûå ìíîæåñòâà àãåíòîâ-ïîíÿòèé (ïî-

íÿòèÿ-äåéñòâèÿ) è ìåíòàëüíûõ àãåíòîâ äëÿ îïèñàíèÿ äåéñòâèé, à

òàêæå ââåäåì �îðìàëüíîå îïèñàíèå àãåíòîâ-ïîíÿòèé äëÿ îïèñà-

íèÿ ïðèçíàêîâ îáúåêòîâ (ïîíÿòèå-ïðèçíàê) è ìåíòàëüíûõ àãåíòîâ

äëÿ îïèñàíèÿ ïðèçíàêîâ îáúåêòîâ, �îðìàëüíîå îïèñàíèå àãåíòîâ-

ïîíÿòèé äëÿ îïèñàíèÿ ïðèçíàêîâ äåéñòâèé (ïîíÿòèå-ïðèçíàê äåé-

ñòâèÿ) è ìåíòàëüíûõ àãåíòîâ äëÿ îïèñàíèÿ ïðèçíàêîâ äåéñòâèé.

Àíàëîãè÷íûì îáðàçîì ìîãóò áûòü ââåäåíû àãåíòû-ïîíÿòèÿ è ìåí-

òàëüíûå àãåíòû äëÿ îñòàëüíûõ ñåìàíòè÷åñêèõ òèïîâ, âûðàæåííûõ

ëèíãâèñòè÷åñêèìè êàòåãîðèÿìè ÷àñòåé ðå÷è. Êîëè÷åñòâî è ñîñòàâ

òàêèõ êàòåãîðèé, êàê èçâåñòíî, ïðàêòè÷åñêè âî âñåõ åñòåñòâåííûõ
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ÿçûêàõ ìèðà, ñîâïàäàþò ñ íåáîëüøèìè ðàñõîæäåíèÿìè. Íàøà ãè-

ïîòåçà ñîñòîèò â òîì, ÷òî ýòè ïðàâèëà, â öåëîì, ðåàëèçóþò ëèíãâè-

ñòè÷åñêóþ ñèíòàêñè÷åñêóþ ïàðàäèãìó.

Ò.î., �îðìèðóþòñÿ ïðåäïîñûëêè ðåøåíèÿ ïðîáëåìû ñåìàíòè÷å-

ñêîãî îáîñíîâàíèÿ ñèìâîëîâ.
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Äîêëàä ïîñâÿùåí àñèìïòîòè÷åñêîé �îðìóëå â ïðîáëåìå Âàðèí-

ãà äëÿ ïÿòûõ ñòåïåíåé ñ ïî÷òè ðàâíûìè ñëàãàåìûìè. Òàêàÿ çàäà÷à

äëÿ êóáîâ è ÷åòâ¼ðòûõ ñòåïåíåé áûëà èçó÷åíà â ðàáîòàõ [1, 2℄.

Òåîðåìà. Ïóñòü N > N0 � íàòóðàëüíîå ÷èñëî, ε � ïðîèç-

âîëüíîå ïîëîæèòåëüíîå ÷èñëî, íå ïðåâîñõîäÿùåå 10−8
, òîãäà äëÿ

÷èñëà J(N,H) ïðåäñòàâëåíèé N ñóììîþ 33 ïÿòûõ ñòåïåíåé ÷è-

ñåë xi, i = 1, 2, . . . , 33 ñ óñëîâèÿìè
∣∣∣xi −

(
N
33

) 1
5

∣∣∣ ≤ H, H ≥ N
1
5
− 1

340
+ε
,

ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ �îðìóëà:

J(N,H) =
Bσ(N)H32

5
√
N4

+ O

(
H32

5
√
N4 lnN

)
,

ãäå S(N) - îñîáûé ðÿä, ñóììà êîòîðîãî ïðåâîñõîäèò íåêîòîðîå

ïîëîæèòåëüíîå ïîñòîÿííîå, B - àáñîëþòíàÿ ïîñòîÿííàÿ.
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Äîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ êðóãîâûì ìåòîäîì è èñ-

ïîëüçóåòñÿ îöåíêà êîðîòêèõ ñóìì Âåéëÿ [3-5℄ è òåîðåìà î ïðàâèëü-

íîì ïîðÿäêå èíòåãðàëà îò òðèäöàòü âòîðîé ñòåïåíè ìîäóëÿ êîðîò-

êîé ñóììû Âåéëÿ [6℄.
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�. Âåéëÿ ïÿòîé ñòåïåíè // ÄÀÍ �Ò. 2014. Ò. 57, � 7. Ñ. 531-537.

ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈ�ÎÂÀÍÈÅ ÓÏ�Ó�Î�Î

ÊÎÍÒÀÊÒÀ ÖÈËÈÍÄ�È×ÅÑÊÎ�Î ÇÎÍÄÀ Ñ

ÏËÎÑÊÎÉ ÏÎÂÅ�ÕÍÎÑÒÜÞ


© Íàðîæíîâ Â.Â.

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ �ÀÍ

(�îññèÿ, Íàëü÷èê)

e-mail: narojnov.vi
tor�gmail.
om

Â ðàáîòå ðàññìàòðèâàåòñÿ áåñêîíå÷íûé öèëèíäð, êîòîðûé íà-

õîäèòñÿ â óïðóãîì êîíòàêòå ñ òâåðäîé ïëîñêîé ïîâåðõíîñòüþ. Öè-

ëèíäð ìîäåëèðóåò çîíä-óäàðíèê â ýêñïåðèìåíòàõ ïî çîíäîâîé àêó-

ñòè÷åñêîé äèàãíîñòèêå ìåòàëëîâ [1℄. Ñ÷èòàåòñÿ, ÷òî ê öèëèíäðó

ïðèëîæåíà ðàâíîìåðíàÿ ïî ñå÷åíèþ âåðòèêàëüíàÿ íàãðóçêà, à ìà-

òåðèàë öèëèíäðà ÿâëÿåòñÿ îäíîðîäíûì è èçîòðîïíûì. Èùåòñÿ ðàñ-

ïðåäåëåíèå äàâëåíèÿ âäîëü âñåãî êîíòàêòà ìåæäó ïîâåðõíîñòüþ è

öèëèíäðîì. Àíàëèòè÷åñêîå ðåøåíèå êîíòàêòíîé çàäà÷è ñðàâíèâà-

åòñÿ ñ ðåçóëüòàòàìè åå ìîäåëèðîâàíèÿ â COMSOL Multiphysi
s.
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Äëÿ ìîäåëèðîâàíèÿ êîíòàêòà èñïîëüçóåòñÿ òàê íàçûâàåìûé ìå-

òîä ¾øòðà�à/áàðüåðà¿, êîòîðûé áûë ïðåäëîæåí â [2℄.

Ëèòåðàòóðà

1. �åõâèàøâèëè Ñ.Ø., Íàðîæíîâ Â.Â. Íåëèíåéíàÿ äèíàìèêà è àêóñòè÷å-
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� 6. Ñ. 49-57.
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Êëàññ èñêóññòâåííûõ íåéðîííûõ ñåòåé (ÈÍÑ), õàðàêòåðèçóþ-

ùèõñÿ âûñîêîé ý��åêòèâíîñòüþ ðàñïîçíàâàíèÿ èçîáðàæåíèé, íà-

çûâàþòñÿ Deep Convolutional Neural Networks (DCNNs). Â ïîñëåä-

íåå âðåìÿ DCNNs íàõîäÿò âñå íîâûå ïðèìåíåíèÿ [1, 2℄. Îäíîé èç

ïåðñïåêòèâíûõ îáëàñòåé ïðèìåíåíèÿ DCNNs - ñèíòåç èçîáðàæåíèé.

Äàííûé ìåõàíèçì íàäåëÿåò èñêóññòâåííûå èíòåëëåêòóàëüíûå ñè-

ñòåìû ñïîñîáíîñòüþ ê òâîð÷åñòâó: ðèñîâàíèå êàðòèí ñ çàäàííûìè

ñòèëÿìè; ãåíåðèðîâàíèå àóäèî ñ îïðåäåëåííûìè õàðàêòåðèñòèêà-

ìè; ãåíåðèðîâàíèå èñõîäíîãî êîäà. �åíåðèðóþùèå DCNN îáó÷àþò-

ñÿ ñ èñïîëüçîâàíèåì àëãîðèòìà îáðàòíîãî ðàñïðîñòðàíåíèÿ, íî ïðè

îïðåäåëåíèè îøèáêè ÈÍÑ èñïîëüçóåòñÿ ìàòðèöà �ðàììàGl
[3℄, ýëå-

ìåíòû êîòîðîé ðàññ÷èòûâàþòñÿ êàê:

Gl
ij =

∑

k

F l
ikF

l
jk, (1)

ãäå Gl
ij - ñêàëÿðíîå ïðîèçâåäåíèå êàðò ïðèçíàêîâ Fi è Fj äëÿ íåé-

ðîííîãî ñëîÿ l.
Íàáîð ìàòðèö ãðàììà G1, G2, ..., GL

äëÿ êàæäîãî ñëîÿ 1, 2, ..., L
íåéðîííîé ñåòè ý��åêòèâíî îïèñûâàåò èçîáðàæåíèå è ïîçâîëÿåò

ïðåäñòàâèòü �óíêöèþ ïîòåðü EL ïðè îáó÷åíèè ÈÍÑ êàê:

EL =
∑

(ĜL −GL)2, (2)

ãäå ĜL
- ìàòðèöà �ðàììà äëÿ èçîáðàæåíèÿ, ñãåíåðèðîâàííîãî íåé-

ðîñåòüþ;GL
- ìàòðèöà �ðàììà, ïîëó÷åííàÿ èç êàðò ïðèçíàêîâ êëàñ-

ñè�èöèðóþùåé DCNN.
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Â ðàáîòå ïðåäëîæåíà íîâàÿ ìàòåìàòè÷åñêàÿ ìîäåëü îñöèëëÿòî-

ðà Âàí äåð Ïîëÿ-Äó��èíãà ñ âíåøíèì ïåðèîäè÷åñêèì âîçäåéñòâè-

åì ñ ó÷åòîì ýðåäèòàðíîñòè. Ýðåäèòàðíîñòü èëè ý��åêò ïàìÿòè â

äèíàìè÷åñêîé ñèñòåìå îïðåäåëÿåò çàâèñèìîñòü òåêóùèõ åå ñîñòîÿ-

íèé îò ïðåäûäóùèõ è îïèñûâàåòñÿ ñ ïîìîùüþ èíòåãðî-äè��åðåíöè-

àëüíûõ óðàâíåíèé [1℄. Â ðàáîòå ðàññìîòðåí ñïåöèàëüíûé êëàññ èíòå-

ãðî-äè��åðåíöèàëüíûõ óðàâíåíèé � óðàâíåíèé ñ ïðîèçâîäíûìè

äðîáíûõ ïîðÿäêîâ [2℄. Îäíî èç òàêèõ óðàâíåíèé, õàðàêòåðèçóþùåå

íåëèíåéíûå êîëåáàíèÿ Âàí äåð Ïîëÿ-Äó��èíãà, áóäåò ÿâëÿòüñÿ

îáúåêòîì íàøåãî èññëåäîâàíèÿ. Ïðåäëîæåí àëãîðèòì íàõîæäåíèÿ

÷èñëåííîãî ðåøåíèÿ èñõîäíîãî ìîäåëüíîãî óðàâíåíèÿ, êîòîðûé îñ-

íîâàí íà êîíå÷íî-ðàçíîñòíîé ñõåìå [3, 4℄. �àçðàáîòàíà êîìïüþòåð-

íàÿ ïðîãðàììà, ðåàëèçóþùàÿ ýòîò àëãîðèòì. Ñ ïîìîùüþ ïðîãðàì-

ìû ïîñòðîåíû îñöèëëîãðàììû è �àçîâûå òðàåêòîðèè äëÿ ýðåäè-

òàðíîãî îñöèëëÿòîðà Âàí äåð Ïîëÿ-Äó��èíãà â çàâèñèìîñòè îò

ðàçëè÷íûõ çíà÷åíèé óïðàâëÿþùèõ ïàðàìåòðîâ.
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e-mail: shmatova_aaa�mail.ru

�ðà�îì Êýëè Γ = Cay(G, S) = (V, E) íà ãðóïïå G îòíîñèòåëüíî

ïîðîæäàþùåãî ìíîæåñòâà S íàçûâàåòñÿ ãðà� ñ ìíîæåñòâîì âåð-

øèí V = G è ìíîæåñòâîì ðåáåð E = {{g, h} : g, h ∈ G, g−1, h ∈ S}.
Ñïåêòð ãðà�à Γ îïðåäåëÿåòñÿ êàê ìíîæåñòâî âåùåñòâåííûõ ñîá-

ñòâåííûõ çíà÷åíèé ìàòðèöû ñìåæíîñòè [1℄.

Â ñèëó îïðåäåëåíèÿ ââåäåííîãî Ô. Õàðàðè è À.Ä. Øâåíêîì [2℄,

ãðà� G íàçûâàåòñÿ öåëî÷èñëåííûì, åñëè åãî ñïåêòð ñîñòîèò èç öå-

ëûõ ÷èñåë. Â ýòîé æå ðàáîòå îíè ïîñòàâèëè çàäà÷ó ïîèñêà öåëî÷èñ-

ëåííûõ ãðà�îâ Êýëè. Öåëüþ íàøåé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå

ãðà�îâ Êýëè íà çíàêîïåðåìåííûõ ãðóïïàõ An äëÿ ðàçëè÷íûõ n.
Òåîðåìà. Ñëåäóþùèå ãðà�û Êýëè íà çíàêîïåðåìåííûõ ãðóïïàõ

ÿâëÿþòñÿ öåëî÷èñëåííûìè:

1) Γ1 = Cay(G, S), ãäå G = A4, S = {(123), (124)} èëè
S = {(123), (234)} èëè S = {(123), (134)} èëè S = {(123), (12)(34)};

2) Γ2 = Cay(G, S), ãäå G = A5, S = {(123), (124), (125)};
3) Γ3 = Cay(G, S), ãäå G = A6, S = {(123), (124), (125), (126)}.
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1
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om,

2
e-mail: algluiza�gmail.
om
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Ñàìàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò ïóòåé ñîîáùåíèÿ (�îññèÿ, Ñàìàðà)

3
e-mail: nailya99�yandex.ru

Â ðàáîòå ðàññìîòðåíû íåêîòîðûå íåëèíåéíûå âàðèàíòû äðîá-

íûõ àíàëîãîâ êëàññè÷åñêèõ ìîäåëåé Ôîéõòà, Ìàêñâåëëà, Êåëüâèíà

è Çåíåðà, êîòîðûå âîçíèêàþò ïðè îïðåäåëåííûõ ïðåäïîëîæåíèÿõ

î íåëèíåéíîì õàðàêòåðå óïðóãèõ è âÿçêèõ ýëåìåíòîâ ñòðóêòóðíûõ

ìîäåëåé. Áóäåì ñ÷èòàòü, ÷òî çàâèñèìîñòü ìåæäó íàïðÿæåíèåì σ(t)
è äå�îðìàöèåé ε(t) â óïðóãèõ ýëåìåíòàõ îïðåäåëÿåòñÿ ðàâåíñòâîì
σ = Eεn (n > 0); çàâèñèìîñòü ìåæäó íàïðÿæåíèåì è äðîáíîé ïðî-

èçâîäíîé Dα
0tε(t) â ìîäåëè Ñêîòò Áëýðà � ðàâåíñòâîì σ = η (Dα

0tε)
m

(m > 0), ãäå E è η � íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû, ñîâïà-

äàþùèå ñ ìîäóëåì óïðóãîãî ýëåìåíòà è êîý��èöèåíòîì äåìï�è-

ðîâàíèÿ, åñëè n = m = 1, α = 1. �àññìàòðèâàåòñÿ òàêæå âàðèàíò
âÿçêîóïðóãîãî ýëåìåíòà, ìîäåëèðóåìîãî ðàâåíñòâîì σ = ηDα

0tε
n
.

Î÷åâèäíî, ðåøåíèå çàäà÷è î ïîëçó÷åñòè ïðè ïîñòîÿííîé íàãðóç-

êå σ(t) = σ0 = const â ðàìêàõ îáîèõ íåëèíåéíûõ âàðèàíòîâ ìîäåëè
Ñêîòò Áëýðà íå âûçûâàåò çàòðóäíåíèé, êàê è ðåøåíèå ýòîé æå çà-

äà÷è äëÿ íåëèíåéíûõ äðîáíûõ àíàëîãîâ ìîäåëè Ìàêñâåëëà.

Îïðåäåëÿþùèå ñîîòíîøåíèÿ äëÿ íåëèíåéíûõ äðîáíûõ àíàëîãîâ

ìîäåëåé Ôîéõòà, Êåëüâèíà è Çåíåðà ïðèâîäÿò ê íåëèíåéíûì äè�-

�åðåíöèàëüíûì óðàâíåíèÿì ñ ïðîèçâîäíûìè �èìàíà�Ëèóâèëëÿ.

Íàõîæäåíèå ÿâíûõ ðåøåíèé çàäà÷è î ïîëçó÷åñòè äëÿ òàêèõ óðàâ-

íåíèé çàòðóäíèòåëüíî, åñëè èñïîëüçîâàòü ïåðâûé âàðèàíò íåëèíåé-

íîãî àíàëîãà ìîäåëè Ñêîòò Áëýðà. Åñëè æå èñïîëüçîâàòü âòîðîé âà-

ðèàíò ýòîé ìîäåëè, òî îïðåäåëÿþùèå ñîîòíîøåíèÿ äëÿ âñåõ âûøå

íàçâàííûõ ìîäåëåé â äè��åðåíöèàëüíîé �îðìå áóäóò çàïèñûâàòü-

ñÿ â âèäå äè��åðåíöèàëüíîãî óðàâíåíèÿ Áàððåòòà îòíîñèòåëüíî

íåêîòîðûõ �óíêöèé, ñîäåðæàùèõ èñêîìóþ äå�îðìàöèþ. �åøåíèå

òàêèõ óðàâíåíèé íå âûçûâàåò çàòðóäíåíèé, è îíè ëåãêî íàõîäÿòñÿ â

òåðìèíàõ íåêîòîðûõ ñïåöèàëüíûõ �óíêöèé, ñâÿçàííûõ ñ �óíêöèåé

òèïà Ìèòòàã�Ëå��ëåðà.
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Èçâåñòíî, ÷òî äëÿ ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé

Lm(u) = y2m+1
uxx − yuyy + ymAux +Buy = 0 (m > 0), (1)

ãäå u(x, y) = (u1; u2; . . . ; un)
T
, ïðè ñïåöèàëüíîì âûáîðå ìàòðè÷íûõ

êîý��èöèåíòîâ A = (m+ 1)GP , B = mE − (m+ 1)G,
2G = (α + β)E + (α − β)P (α, β > 0), P � ïðîèçâîëüíàÿ èíâî-

ëþòèâíàÿ, à E � åäèíè÷íàÿ [n × n] � ìàòðèöû, ïðîèñõîäèò ïîòåðÿ
åäèíñòâåííîñòè ðåøåíèÿ â çàäà÷àõ Êîøè��óðñà ñ äàííûìè íà ëþ-

áîé õàðàêòåðèñòèêå, îãðàíè÷èâàþùåé îáëàñòü

Ω =
{
(x, y) : 0 < x− ym+1/(m+ 1) < x+ ym+1/(m+ 1) < 1

}
.

Â ðàáîòå [1℄ ïîêàçàíî âîññòàíîâëåíèå åäèíñòâåííîñòè ðåøåíèÿ

ýòèõ çàäà÷ äëÿ ñèñòåìû íàãðóæåííûõ óðàâíåíèé

Lm(u) + εyB+E ∂

∂y
u(ξ, 0) = 0 (ε > 0) (2)

è îòìå÷åíà ñâÿçü ìåæäó ëîêàëüíûìè è íåëîêàëüíûìè ïîñòàíîâêà-

ìè êðàåâûõ çàäà÷ äëÿ íàãðóæåííûõ äè��åðåíöèàëüíûõ óðàâíå-

íèé [2℄.

Â íàñòîÿùåé ðàáîòå ïðèâåäåíû ïðèìåðû êîððåêòíûõ ïîñòàíî-

âîê íåëîêàëüíûõ àíàëîãîâ çàäà÷è Êîøè��óðñà äëÿ ñèñòåì óðàâíå-

íèé (1) è (2) ñ óñëîâèÿìè òèïà Áèöàäçå�Ñàìàðñêîãî.

Ëèòåðàòóðà

1. Îãîðîäíèêîâ Å. Í. Êîððåêòíîñòü çàäà÷è Êîøè��óðñà äëÿ ñèñòåìû âû-

ðîæäàþùèõñÿ íàãðóæåííûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé â íåêîòîðûõ ñïå-

öèàëüíûõ ñëó÷àÿõ è åå ðàâíîñèëüíîñòü çàäà÷àì ñ íåëîêàëüíûìè êðàåâû-

ìè óñëîâèÿìè // Âåñòí. Ñàì. ãîñ. òåõí. óí-òà. Ñåð. Ôèç.-ìàò. íàóêè. 2004.

� 26. C.26-38

2. Íàõóøåâ À.Ì. Íàãðóæåííûå óðàâíåíèÿ è èõ ïðèìåíåíèå. Ì.: Íàóêà,

2012. 232 ñ.
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Â ñîîáùåíèè îòíîñèòåëüíî óðàâíåíèÿ �èêêàòè

y′ = P (x)y2 +Q(x)y + R(x), x ∈ Γ = [a, b],

óñòàíîâëåíî, ÷òî åñëè

Q(x), R(x) ∈ C(Γ), P (x), s(x) ∈ C1(Γ), s(x) = −P (x)Q(x) + P ′(x)

2P (x)
,

ïðè÷åì P (x) íèãäå íå ðàâíà íóëþ, òî îáùåå ðåøåíèå èç êëàññà

C1(Γ), â ñëó÷àå âûïîëíåíèÿ ñâÿçè R(x) = s′(x)+s2(x)
P (x)

ìåæäó êîý�-

�èöèåíòàìè, âûðàæàåòñÿ �îðìóëîé

y(x) =
c[s(x)(x− x0)− 1] + s(x)

P (x)[c(x− x0) + 1]
,

à â ñëó÷àå íå âûïîëíåíèÿ ýòîé ñâÿçè, âûðàæàåòñÿ �îðìóëîé

y(x)=
c[s(x)F1(x)−

∫ x

x0
Ω(ξ)F1(ξ)dξ− 1]+s(x)F0(x)−

∫ x

x0
Ω(ξ)F0(ξ)dξ

P (x)[cF1(x) + F0(x)]
,

ãäå x0 ∈ Γ− �èêñèðîâàííàÿ òî÷êà, Ω(x) = s′(x) + s2(x)−P (x)R(x),

Fj(x) = (x− x0)
j +

∫ x

x0

Γ(x, ξ)(ξ − x0)
jdξ, j = 0, 1,

Γ(x, ξ) � ðåçîëüâåíòà èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà âòîðîãî

ðîäà

ϕ(x)−
∫ x

x0

(x− ξ)Ω(ξ)ϕ(ξ)dξ = c1(x− x0) + c0,

ñ íåïðåðûâíûì ÿäðîì è ïðàâîé ÷àñòüþ, c, cj - ïðîèçâîëüíûå ïîñòî-
ÿííûå.

Àíàëîãè÷íûì îáðàçîì ìîæíî èññëåäîâàòü óðàâíåíèå �èêêàòè ñ

êîý��èöèåíòàìè, èìåþùèìè îñîáûå òî÷êè.
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Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò ÂÍÖ �ÀÍ,

Ôèíàíñîâûé óíèâåðñèòåò ïðè Ïðàâèòåëüñòâå �Ô (�îññèÿ, Âëàäèêàâêàç)

e-mail: norlova.umi.vn
�gmail.
om

Â íàñòîÿùåå âðåìÿ äëÿ ìîäåëèðîâàíèÿ äâèæåíèÿ îáâàëîâ èñ-

ïîëüçóþòñÿ ìîäåëè íà îñíîâå äâóõ ïîäõîäîâ (äèñêðåòíûé è êîí-

òèíóàëüíûé). Äèñêðåòíûå ìîäåëè îïèñûâàþò äâèæåíèå ïîòîêà âå-

ùåñòâà â âèäå äâèæåíèÿ ñîâîêóïíîñòè îòäåëüíûõ ñòðóêòóðíûõ ÷à-

ñòèö. Â íåïðåðûâíûõ (íà îñíîâå êîíòèíóàëüíîãî ïîäõîäà) ìîäåëÿõ

äâèæåíèå âåùåñòâà ïðåäñòàâëÿåòñÿ â âèäå ñïëîøíîé ñðåäû, õàðàê-

òåðèçóþùåéñÿ íåðàçðûâíûì ïîëåì çíà÷åíèé �èçè÷åñêèõ ïàðàìåò-

ðîâ � ñêîðîñòè, äàâëåíèÿ, ñèë.

Áûëî ïðîâåäåíî èññëåäîâàíèå äâóõ ìîäåëåé, îñíîâàííûõ íà ðàç-

íûõ ïîäõîäàõ. Â ðàáîòå [1℄ ïîëó÷åíû ðåçóëüòàòû ìîäåëèðîâàíèÿ

äâèæåíèÿ îáâàëîâ ñ èñïîëüçîâàíèåì ìåòîäà äèñêðåòíûõ ýëåìåí-

òîâ. Äëÿ âåðè�èêàöèè ìîäåëè áûë ïðîâåäåí ýêñïåðèìåíò íà ëà-

áîðàòîðíîé óñòàíîâêå. Ïðåäñòàâëåíî ñðàâíåíèå äàëüíîñòè ïðîáåãà

îáâàëüíîé ìàññû â çàâèñèìîñòè îò êðóòèçíû ñêëîíà â ýêñïåðèìåí-

òàõ è ðàñ÷åòàõ. Ïîëó÷åíî óäîâëåòâîðèòåëüíîå ñîâïàäåíèå ðåçóëü-

òàòîâ [1℄. Â ðàáîòå [2℄ ïîëó÷åíû ðåçóëüòàòû ìîäåëèðîâàíèÿ äâèæå-

íèÿ îáâàëîâ ñ èñïîëüçîâàíèåì êîíòèíóàëüíîãî ïîäõîäà. Áûëî ïðî-

âåäåíî ñðàâíåíèå ïîëó÷åííûõ ðåçóëüòàòîâ ðàñ÷åòîâ ñ ðåçóëüòàòàìè

äðóãèõ èçâåñòíûõ ìîäåëåé, êîòîðûå îïèñûâàþò ðåàëüíûå íàáëþäå-

íèÿ. Ïîëó÷åííûå ðàçìåðû çîíû ïîðàæåíèÿ â ñðåäíåì ñîâïàäàþò ñ

ðåçóëüòàòàìè, êîòîðûå ðàññ÷èòàíû ïî óïðîùåííûì äèíàìè÷åñêèì

ìîäåëÿì è ïðè îáðàáîòêå äàííûõ íàáëþäåíèé.

Ñ öåëüþ îïðåäåëåíèÿ îáëàñòè ïðèìåíåíèÿ êàæäîé ìîäåëè â äàëü-

íåéøåì ïëàíèðóåòñÿ ïðîâåäåíèå äîïîëíèòåëüíûõ âû÷èñëèòåëüíûõ

ýêñïåðèìåíòîâ ñ èñïîëüçîâàíèåì ìîäåëè íà îñíîâå êîíòèíóàëüíîãî

ïîäõîäà è ñðàâíåíèå ïîëó÷åííûõ ðåçóëüòàòîâ ñ ðåçóëüòàòàìè ýêñ-

ïåðèìåíòà, ïðîâåäåííîãî íà ëàáîðàòîðíîé óñòàíîâêå [1℄.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ

èññëåäîâàíèé, ïðîåêò � 16-35-00147.

Ëèòåðàòóðà

1. Êóñðàåâ À.�., Ìèíàñÿí Ä.�., Îðëîâà Í.Ñ., Ïàíòèëååâ Ä.�., Õóáåæ-

òû Ø.Ñ. Âåðè�èêàöèÿ ìîäåëè îáâàëîâ, èñïîëüçóþùåé ìåòîä äèñêðåò-

íîãî ýëåìåíòà // �åîëîãèÿ è ãåî�èçèêà Þãà �îññèè. 2016. � 4. Ñ. 83-93.

164



2. Îðëîâà Í.Ñ., Âîëèê Ì.Â. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå äâèæåíèÿ îá-

âàëîâ ñ èñïîëüçîâàíèåì êîíòèíóàëüíîãî ïîäõîäà // Èçâåñòèÿ âûñøèõ

ó÷åáíûõ çàâåäåíèé. Ñåâåðî-Êàâêàçñêèé ðåãèîí. Åñòåñòâåííûå íàóêè. 2016.

� 3. Ñ. 20-24.

Î �ÀÇÁÈÅÍÈßÕ ÈÊÎÑÀÝÄ�À ÍÀ ÒÅËÀ Ñ
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© Îòìàõîâà Å.Ñ.

1
, Òèìî�ååíêî À.Â.

2

Êðàñíîÿðñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò

èì. Â.Ï. Àñòà�üåâà

(�îññèÿ, Êðàñíîÿðñê)

1
e-mail: nasait123�mail.ru,

2
e-mail: A.V.Timofeenko62�mail.ru

Èçâåñòíî, ÷òî êàæäîå âûïóêëîå ñîåäèíåíèå òåë M3, M3a, M19a

M19b ïðè óñëîâèè, ÷òî ëþáûå äâà åãî ðåáðà ëèáî ðàâíû, ëèáî îä-

íî âäâîå êîðî÷å äðóãîãî, [1℄. Åñëè ïîñëåäíåå òðåáîâàíèå îñëàáèòü,

îñòàâëÿÿ âîçìîæíûå äëèíû ð¼áåð ðàâíûìè åäèíèöå, äâîéêå èëè

òðîéêå, òî ñðåäè ñîåäèíÿåìûõ òåë ïîÿâèòñÿ èêîñàýäð. Ñîåäèíåíèå

èêîñàýäðà è ëþáîãî âûïóêëîãî òåëà ñ ïðàâèëüíûìè èëè ñîñòàâëåí-

íûìè èç ïðàâèëüíûõ ìíîãîóãîëüíèêîâ ãðàíÿìè áóäåò íåâûïóêëûì

ìíîãîãðàííèêîì. Äîêëàä ïîñâÿù¼í ñîñòîÿíèþ ñëåäóþùèõ âîïðî-

ñîâ, [2℄.

Âîïðîñ 1.Íàéòè âñå âûïóêëûå ñîåäèíåíèÿ òåëM3,M3a,
1/2M3a,

2/3M3a,
3/4M3a,M19a,M19b,M19c ñ óñëîâèåì, ÷òî äëèíû ð¼áåð ïðèíè-

ìàþò öåëûå çíà÷åíèÿ îò îäíîãî äî ÷åòûð¼õ.

Âîïðîñ 2. Íàéòè âñå âûïóêëûå ñîåäèíåíèÿ òåë M3,M3a, M19a,

M19d, CA5 ñ óñëîâèåì, ÷òî äëèíû ð¼áåð ïðèíèìàþò öåëûå çíà÷åíèÿ

îò îäíîãî äî òðåõ.

Èññëåäîâàíèå âûïîëíåíî ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà

�óíäàìåíòàëüíûõ èññëåäîâàíèé, Ïðàâèòåëüñòâà Êðàñíîÿðñêîãî êðàÿ, Êðàñíî-

ÿðñêîãî êðàåâîãî �îíäà ïîääåðæêè íàó÷íîé è íàó÷íî-òåõíè÷åñêîé äåÿòåëüíî-

ñòè â ðàìêàõ íàó÷íîãî ïðîåêòà ��16-41-240670.

Ëèòåðàòóðà

1. Òèìî�ååíêî À.Â., Îòìàõîâà Å.Ñ. Î âûïóêëûõ òåëàõ ñ ïàðêåòíûìè ãðà-

íÿìè // Ìàòåðèàëû ìåæäóíàðîäíîé êîí�åðåíöèè ïî àëãåáðå, àíàëèçó è

ãåîìåòðèè, ïîñâÿù¼ííîé þáèëåÿì âûäàþùèõñÿ ïðî�åññîðîâ Êàçàíñêîãî

óíèâåðñèòåòà, ìàòåìàòèêîâ Ïåòðà Àëåêñååâè÷à (1895-1944) è Àëåêñàíäðà

Ïåòðîâè÷à (1926-1998) Øèðîêîâûõ, è ìîëîä¼æíîé øêîëû-êîí�åðåíöèè

ïî àëãåáðå, àíàëèçó, ãåîìåòðèè. � Êàçàíü, Êàçàíñêèé óíèâåðñèòåò; èçä-âî

Àêàäåìèè íàóê �Ò, 2016. Ñ. 330-331.

http : //kpfu.ru/portal/docs/F1397737406/Proceedings_fpaag_2016.pdf
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2. Îòìàõîâà Å.Ñ., Òèìî�ååíêî À.Â Î ðàçáèåíèÿõ èêîñàýäðà íà òåëà ñ ïàð-

êåòíûìè ãðàíÿìè // Èí�îðìàöèîííûå òåõíîëîãèè â ìàòåìàòèêå è ìàòå-

ìàòè÷åñêîì îáðàçîâàíèè: ìàòåðèàëû V Âñåðîññèéñêîé íàó÷íî-ìåòîäè÷åñ-

êîé êîí�åðåíöèè ñ ìåæäóíàðîäíûì ó÷àñòèåì. Êðàñíîÿðñê, 16�17 íîÿáðÿ

2016. C. 132-136.

�ÀÇËÈ×ÍÛÅ �ÅØÅÍÈß Ó�ÀÂÍÅÍÈÉ

ÄÔÓÕÔÀÇÍÎÉ �ÀÇÎÂÎÉ ÄÈÍÀÌÈÊÈ
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×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (�îññèÿ, ×åëÿáèíñê)

e-mail: gjd�bk.ru

Â ðàáîòå èññëåäóåòñÿ ñâîéñòâî ñèììåòðèè ñèñòåìû óðàâíåíèé â

÷àñòíûõ ïðîèçâîäíûõ, îïèñûâàþùåé äèíàìèêó äâóõ�àçíîé ñðåäû

(ìîäåëü Õ.À. �àõìàòóëèíà [1℄). Ìåòîäîì Ëè-Îâñÿííèêîâà íàéäåíû

äîïóñêàåìûå ïðåîáðàçîâàíèÿ ñèñòåìû [2℄. Äëÿ ðàçëè÷íûõ ïîäàë-

ãåáð èç äîïóñêàåìîé àëãåáðû Ëè íàéäåíû èíâàðèàíòíûå, ëèáî ÷à-

ñòè÷íî èíâàðèàíòíûå ðåøåíèÿ ñèñòåìû. Âûïèñàíû ïîäìîäåëè ðàç-

ëè÷íûõ ðàíãîâ è äå�åêòîâ.

Ëèòåðàòóðà

1. �àõìàòóëèí Õ.À. Îñíîâû ãàçîäèíàìèêè âçàèìîïðîíèêàþùèõ äâèæåíèé

ñæèìàåìûõ ñðåä // Ïðèêë. ìàòåìàòèêà è ìåõàíèêà. 1956. Ò. 20, � 2.

C. 184-195.

2. Îâñÿííèêîâ Ë.Â. �ðóïïîâîé àíàëèç äè��åðåíöèàëüíûõ óðàâíåíèé. Ì.:

Íàóêà, 1978. 399 ñ.
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Èíñòèòóò êîñìî�èçè÷åñêèõ èññëåäîâàíèé è ðàñïðîñòðàíåíèÿ ðàäèîâîëí

ÄÂÎ �ÀÍ (�îññèÿ, Ïàðàòóíêà)

Êàì÷àòñêèé ãîñóäàñðñòâåííûé óíèâåðñèòåò èìåíè Âèòóñà Áåðèíãà

(�îññèÿ, Ïåòðîïàëîâñê-Êàì÷àòñêèé)

e-mail: romanparovik�gmail.
om

Â ðàáîòå èññëåäîâàíà ÿâíàÿ êîíå÷íî-ðàçíîñòíàÿ ñõåìà äëÿ çà-

äà÷è Êîøè:

∂β
0tx (η) + λ∂γ

0tx (η) = 0, x (0) = α1, ẋ (0) = α2, (1)
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ãäå ∂β
0tx (η) è ∂

γ
0tx (η) � äðîáíûå ïðîèçâîäíûå ïî Êàïóòî ïîðÿäêîâ

1 < β < 2, 0 < γ < 1, t ∈ [0, T ] , T > 0 � âðåìÿ ìîäåëèðîâàíèÿ, λ
� ïîëîæèòåëüíûé êîý��èöèåíò îòâå÷àþùèé çà òðåíèå, α1 è α2 �

çàäàííûå êîíñòàíòû. Ñîãëàñíî ìåòîäèêå ðàáîòû [1℄ áûëà ïîñòðîåíà

ÿâíàÿ êîíå÷íî-ðàçíîñòíàÿ ñõåìà. Äàëåå â ðàáîòå ïðèâîäèòñÿ ðÿä

âñïîìîãàòåëüíûõ ëåìì äëÿ äîêàçàòåëüñòâà ñëåäóþùåé êëþ÷åâîé

òåîðåìû.

Òåîðåìà. ßâíàÿ êîíå÷íî-ðàçíîñòíàÿ ñõåìà óñòîé÷èâà è ñõî-

äèòñÿ ñ ïåðâûì ïîðÿäêîì, åñëè âûïîëíåíî ñëåäóþùåå óñëîâèå:

τ ≤ τ0 = min

(
1,

(
2Γ (2− γ)

λΓ (3− β)

) 1
β−γ

)
. (2)

Äàëüíåéøåå èññëåäîâàíèå çàäà÷è Êîøè (1) ñâÿçàíî ñ ââåäåíèåì

�óíêöèé β (t) è γ (t) [2, 3℄, à òàêæå íåëèíåéíîé ïðàâîé ÷àñòè â

èñõîäíîå óðàâíåíèå.
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Äàåòñÿ îïèñàíèå öèêëè÷åñêèõ ïîäãðóïï ïîëíîé ëèíåéíîé ãðóï-

ïû GL3(F ) ñòåïåíè 3 íàä ïîëåì F íóëåâîé õàðàêòåðèñòèêè. Òåì

ñàìûì ïîëó÷åíî óñèëåíèå ðåçóëüòàòà èç [1℄, îòíîñÿùåãîñÿ òîëüêî

ê ñëó÷àþ àëãåáðàè÷åñêè çàìêíóòîãî ïîëÿ F è çíà÷èò, íàïðèìåð,

ñëó÷àé ïîëÿ F = Q ðàöèîíàëüíûõ ÷èñåë âûïàäàë èç ðàññìîòðåíèÿ.

Àíàëîãè÷íîå èññëåäîâàíèå ïðîâîäèëîñü â [2℄ äëÿ ïîëíîé ëèíåéíîé
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ãðóïïû GL2(F ). Ïðè ýòîì ìû èñïîëüçóåì íåñêîëüêî èíîé ïîäõîä,

îñíîâàííûé íà ñâîéñòâàõ õàðàêòåðèñòè÷åñêèõ êîðíåé ìàòðèöû.

Èòàê, ïóñòü M ∈ GL3(F ), ãäå charF = 0 è α, β, γ � õàðàêòå-

ðèñòè÷åñêèå êîðíè ìàòðèöû M . Òîãäà èìååò ìåñòî ñëåäóþùèé ðå-

çóëüòàò, äàþùèé îïèñàíèå öèêëè÷åñêèõ ïîäãðóïï ïîëíîé ëèíåéíîé

ãðóïïû GL3(F ).
Òåîðåìà. Åñëè α, β, γ � õàðàêòåðèñòè÷åñêèå êîðíè ìàòðèöû

M ∈ GL3(F ), òî öèêëè÷åñêàÿ ïîäãðóïïà 〈M〉, ïîðîæäåííàÿ ìàò-

ðèöåé M íàä ïîëåì F íóëåâîé õàðàêòåðèñòèêè îïðåäåëÿåòñÿ ðà-

âåíñòâàìè

1) Mn =
∆1

W
M2 +

∆2

W
M +

∆3

W
M0, ïðè ðàçëè÷íûõ α, β, γ;

W =

∣∣∣∣∣∣

α2 α 1
β2 β 1
γ2 γ 1

∣∣∣∣∣∣
, ∆i � îïðåäåëèòåëü, ïîëó÷åííûé çàìåíîé i-ãî

ñòîëáöà ñòîëáöîì

t(αn, βn, γn);

2) Mn = − ∆1

(α− β)2
M2 − ∆2

(α− β)2
M − ∆3

(α− β)2
M0, ãäå ∆i �

îïðåäåëèòåëü, ïîëó÷åííûé çàìåíîé i-ãî ñòîëáöà îïðåäåëèòåëÿ∣∣∣∣∣∣

α2 α 1
nαn−1 1 0
βn β 1

∣∣∣∣∣∣
ñòîëáöîì

t(αn, nαn−1, βn);

α � äâóêðàòíûé êîðåíü, β� ïðîñòîé õàðàêòåðèñòè÷åñêèé êî-

ðåíü;

3)Mn =
n(n− 1)

2
αn−2M2+(2n−n2)αn−1M+

1

2
(n−1)(n−2)αnM0

,

ãäå α � òðåõêðàòíûé õàðàêòåðèñòè÷åñêèé êîðåíü.
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�àáîòà ïîñâÿùåíà èññëåäîâàíèþ âîïðîñîâ îäíîçíà÷íîé ðàçðå-

øèìîñòè íà÷àëüíûõ çàäà÷ è çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ äëÿ

óðàâíåíèé ñ äðîáíîé ïðîèçâîäíîé �åðàñèìîâà�Êàïóòî

Dα
t Lx(t) =Mx(t) +N(t, x(t), x′(t), . . . , x(r)(t)) + f(t), (1)

(Sx)(k)(t0) = xk, k = 0, 1, . . . , m− 1. (2)

Çäåñü X, Y � áàíàõîâû ïðîñòðàíñòâà, L∈L(X;Y), ò.å. ëèíåéíûé íå-
ïðåðûâíûé îïåðàòîð,M ∈Cl(X;Y), ò.å. ëèíåéíûé çàìêíóòûé îïåðà-
òîð, ïëîòíî îïðåäåëåííûé â X, äåéñòâóþùèé â Y,N : R×Xr+1 → Y �

íåëèíåéíûé îïåðàòîð, f � çàäàííàÿ �óíêöèÿ, Dα
t � îïåðàòîð äðîá-

íîé ïðîèçâîäíîé, m ∈ N, m− 1 < α ≤ m, r ∈ {0, 1, . . . , m− 1}.
Óðàâíåíèå (1) ðàññìàòðèâàåòñÿ â íåâûðîæäåííîì ñëó÷àå (X = Y,

L = I), à òàêæå ïðè kerL 6= {0}. Çàäà÷à (1), (2) ïðåäñòàâëÿåò ñîáîé
çàäà÷ó Êîøè (S = I â (2)) èëè îáîáùåííóþ çàäà÷ó Øîóîëòåðà-

Ñèäîðîâà â âûðîæäåííîì ñëó÷àå.

Ïîëó÷åííûå îáùèå ðåçóëüòàòû èñïîëüçóþòñÿ ïðè èññëåäîâàíèè

ðàçðåøèìîñòè íà÷àëüíî-êðàåâûõ çàäà÷ è çàäà÷ óïðàâëåíèÿ äëÿ

óðàâíåíèé è ñèñòåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ äðîáíîãî

èëè âûñîêîãî ïîðÿäêà ïî âðåìåíè, â òîì ÷èñëå äëÿ ñîîòâåòñòâó-

þùèõ ìîäè�èêàöèé òàêèõ óðàâíåíèé, êàê óðàâíåíèå Îñêîëêîâà-

Áåíäæàìåíà-Áîíà-Ìàõîíè-Áþðãåðñà, óðàâíåíèå Àëëåðà, ñèñòåìà

ãðàâèòàöèîííî-ãèðîñêîïè÷åñêèõ âîëí, ñèñòåìà óðàâíåíèé äèíàìè-

êè äðîáíûõ âÿçêîóïðóãèõ òåë Êåëüâèíà-Ôîéãòà è äð.
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Â ðàáîòå èññëåäóåòñÿ çàäà÷à ñòàáèëèçàöèè [1℄ äëÿ êëàññà äðîá-

íûõ äè��óçèîííî-âîëíîâûõ óðàâíåíèé. Íàéäåíû óñëîâèÿ íà íà-

÷àëüíûå �óíêöèè, îáåñïå÷èâàþùèå ñòàáèëèçàöèþ ðåøåíèÿ íà÷àëü-
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Ïðèíöèïèàëüíóþ çíà÷èìîñòü äëÿ ðåàëèçàöèè ñèñòåìû îáâîëà-

êèâàþùåãî èíòåëëåêòà (ÑÎÁ) èìååò àâòîìàòè÷åñêîå �îðìèðîâà-

íèå êîíòåêñòà òåêóùåé ñèòóàöèè íà áàçå èñïîëüçîâàíèÿ óñòðîéñòâ

ðàçëè÷íîãî óðîâíÿ èíòåëëåêòóàëüíîñòè, ðàñïðåäåëåííûõ âû÷èñëè-

òåëüíûõ ìîùíîñòåé, óäàëåííûõ ñåíñîðîâ è èñïîëíèòåëüíûõ ìåõà-

íèçìîâ (ý��åêòîðîâ) [1, 2, 3℄. �àñïðåäåëåííûé èñêóññòâåííûé èí-

òåëëåêò, êîòîðûé âûïîëíÿåò ðîëü ëîãè÷åñêîé íàäñòðîéêè íàä ÷åëî-

âåêî-öåíòðè÷åñêèì èí�ðàñòðóêòóðíûì áàçèñîì, ÿâëÿåòñÿ öåíòðàëü-

íûì èíòåãðèðóþùèì çâåíîì ñèñòåìû óïðàâëåíèÿ, îáåñïå÷èâàþùåé

òàêóþ �óíêöèîíàëüíîñòü. Ñëîæíîñòü, íåñòðóêòóðèðîâàííîñòü, ãå-

òåðîãåííîñòü, íå÷åòêîñòü è çíà÷èòåëüíûå îáúåìû âõîäíûõ èí�îð-

ìàöèîííûõ ïîòîêîâ îáóñëîâèëè ñëîæíîñòü è â îáùåì ñëó÷àå íåðå-

øåííîñòü çàäà÷è èíòåëëåêòóàëüíîãî àíàëèçà ðàçëè÷íûõ ñèòóàöèé

äëÿ öåëè ïîñòðîåíèÿ òåêóùåãî êîíòåêñòà â ÑÎÁ [2, 3℄. Îñíîâíàÿ

ìåòîäîëîãè÷åñêàÿ ïðîáëåìà â ðåøåíèè äàííîé çàäà÷è ñîñòîèò â
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ðàçðàáîòêå �îðìàëüíûõ ñèñòåì ðàññóæäåíèé è îòñóòñòâèè ñèñòåì-

íîãî ïîäõîäà ê âîïðîñàì èçó÷åíèÿ è ìîäåëèðîâàíèÿ ïñèõè÷åñêèõ

ïðîöåññîâ, ñâÿçàííûõ ñ àíàëèçîì ñëîæíûõ ñèòóàöèé [3℄. Îäíèì èç

ïîäõîäîâ ê ðåøåíèþ óêàçàííîé çàäà÷è ÿâëÿåòñÿ ïîñòðîåíèå ðàñïðå-

äåëåííîé ïîäñèñòåìû �îðìèðîâàíèÿ òåêóùåãî êîíòåêñòà â ÑÎÁ íà

îñíîâå êîãíèòèâíîãî ìîäåëèðîâàíèÿ è ïðîöåññîâ ìóëüòèàãåíòíîé

ñàìîîðãàíèçàöèè [1, 2, 3℄.

Â ðåçóëüòàòå ïðîâåäåííîãî àíàëèçà âûÿâëåíû îñíîâíûå íàïðàâ-

ëåíèÿ ñîâðåìåííûõ èññëåäîâàíèé â îáëàñòè ñèñòåì îáâîëàêèâàþ-

ùåãî èíòåëëåêòà: ðàçðàáîòêè, ñâÿçàííûå ñ ñîçäàíèåì ¾óìíûõ ãî-

ðîäîâ¿, ¾óìíûõ êîìíàò¿, ¾óìíûõ òåïëèö¿, ðîáîòîâ, îáëàäàþùèõ

âñòðîåííîé �óíêöèåé ïðèíÿòèÿ ðåøåíèé; ñåíñîðîâ, ðåàãèðóþùèõ

íà ðàçëè÷íûå èçìåíåíèÿ îêðóæàþùåé ñðåäû, ñèñòåìû ïðèíÿòèÿ

ðåøåíèé, èñïîëüçóåìûå â ðàçëè÷íûõ ñ�åðàõ äåÿòåëüíîñòè.

�àñøèðåíèå ðûíêà è ðîñò �èíàíñîâûõ âëîæåíèé â ïðîåêòû

Ambient Intelligen
e (AI), ïîçâîëÿþò ñäåëàòü âûâîä î ïåðñïåêòèâàõ

ðàçâèòèÿ äàííîãî íàïðàâëåíèÿ íàóêè è íåîáõîäèìîñòè ïðîäîëæå-

íèÿ èññëåäîâàíèé.
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Äëÿ óðàâíåíèÿ

∂α
0x∂

β
0yu(x, y) + λu(x, y) = f(x, y), (1)
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ãäå α, β ∈ (0, 1), â îáëàñòè D = (0, a)× (0, b), a <∞, b < ∞ ðàññìîò-

ðåíà ñëåäóþùàÿ

Çàäà÷à. Íàéòè ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâî-

ðÿþùåå óñëîâèÿì

u(x, 0) = ψ(x), 0 < x < a, (2)

a∫

0

K(x, y)u(x, y)dx = η(y), 0 < y < b, (3)

ãäå K(x, y), ϕ, η � çàäàííûå íåïðåðûâíûå �óíêöèè.

Â äàííîé ðàáîòå ïîñòðîåíî ðåøåíèå çàäà÷è ñ èíòåãðàëüíûì óñëî-

âèåì äëÿ óðàâíåíèÿ (1). �àíåå â ðàáîòå [2℄ äîêàçàíà òåîðåìà ñó-

ùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ äëÿ äàííîé çàäà÷è ïðè

K(x, y) = 1. �àíåå, â ðàáîòå [3℄ äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è
åäèíñòâåííîñòè ðåøåíèÿ àíàëîãà çàäà÷è �óðñà äëÿ óðàâíåíèÿ âèäà

(1) ñ ïðîèçâîäíûìè �èìàíà-Ëèóâèëÿ.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäî-

âàíèé, ïðîåêò � 16-01-00462.
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Â ðàáîòå ðàññìàòðèâàåòñÿ ñèñòåìà ñëåäóþùåãî âèäà

{
∂u
∂x

− ∂v
∂y

− µ
|y|v = 0,

∂u
∂y

+ ∂v
∂x

= 0, µ = const,
(1)

â îáëàñòè Π = Π+∪Π−
, ãäå Π+ = {(x, y);−∞ < x <∞, 0 < y <∞},

Π− = {(x, y);−∞ < x < ∞,−∞ < y < 0}.
Â [1℄ äëÿ ñèñòåìû (1) â îáëàñòè Π ïðè µ 6= −(2m − 1), µ 6=

2m+ 1 ïîëó÷åíû ïðåäñòàâëåíèÿ ìíîãîîáðàçèÿ ðåøåíèé è ðåøåíû

ðÿä êðàåâûõ çàäà÷ òèïà ëèíåéíîãî ñîïðÿæåíèÿ. Ñëó÷àè µ = −(2m−
1), µ = 2m+1 áóäåì íàçûâàòü èñêëþ÷èòåëüíûìè, ãäåm > 0 � öåëîå
÷èñëî.

Â [2℄ äëÿ ñèñòåìû (1) ïðè µ = −(2m−1) ïîëó÷åíî ïðåäñòàâëåíèå
ìíîãîîáðàçèÿ ðåøåíèé â âèäå ðÿäà.

×åðåç B∞
îáîçíà÷èì êëàññ �óíêöèé f(x) èìåþùèõ íåïðåðûâ-

íûå ïðîèçâîäíûå ëþáîãî ïîðÿäêà, âñå ïðîèçâîäíûå êîòîðûõ îãðà-

íè÷åíû îäíîé êîíñòàíòîé.

�åøåíèå ñèñòåìû (1), êîòîðîå âûðàæàåòñÿ ÷åðåç äâå ïðîèçâîëü-

íûå �óíêöèè êëàññà B∞
è 4m− 2 ïðîèçâîëüíûå ïîñòîÿííûå, íàçî-

â¼ì ðåøåíèåì èç êëàññà W 4m−2
2 (Π).

Â äàííîé ðàáîòå äëÿ ñèñòåìû (1) ïðè µ = −(2m − 1) ðåøåíà
êðàåâàÿ çàäà÷à òèïà ëèíåéíîãî ñîïðÿæåíèÿ.

Çàäà÷à. Íàéòè ðåøåíèå ñèñòåìû (1) èç êëàññà W 4m−2
2 (Π) ïðè

µ = −(2m− 1) è óäîâëåòâîðÿþùåå óñëîâèÿì

aj
∂2mu(x, y)

∂y2m

∣∣∣
y=+0

+ bj
∂2m−2

∂y2m−2
(y2m−2u(x, y))

∣∣∣
y=−0

= ϕj, j = 1, 2,

v(x, y)
∣∣∣
y=+0

= 0, (y2mv(x, y))
∣∣∣
y=−0

= 0;

αi

(∫
u(x, y)dx

)∣∣∣
x=0
y=+0

+ βi

(
y2m−2

∫
u(x, y)dx

)∣∣∣
x=0
y=−0

= γi, i = 1, 2,





α2i+1
∂i−1u(x,y)

∂xi−1

∣∣∣
x=0
y=+0

+ β2i+1
∂i−1(y2m−1u(x,y))

∂xi−1

∣∣∣
x=0
y=−0

= γ2i+1,

α2i+2
∂i−1u(x,y)

∂xi−1

∣∣∣
x=0
y=+0

+ β2i+2
∂i−1(y2m−1u(x,y))

∂xi−1

∣∣∣
x=0
y=−0

= γ2i+2,

i = 1, 2, . . . , (2m− 3)

∂2m−3u(x, y)

∂x2m−3

∣∣∣
x=0
y=+0

= γ4m−3,
∂2m−2u(x, y)

∂x2m−2

∣∣∣
x=0
y=+0

= γ4m−2,
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v(x, y)
∣∣∣
x=0
y=+0

= 0, (y2mv(x, y))
∣∣∣
x=0
y=−0

= 0,

α1, α2, . . . , α4m−4; β1, β2, . . . , β4m−4; a1, a2; b1, b2; γ1, γ2, . . . , γ4m−2 � çà-

äàííûå ïîñòîÿííûå ÷èñëà, ϕi(x) � çàäàííûå �óíêöèè êëàññà B∞,
i = 1, 2.

Ïðåäïîëàãàåòñÿ, ÷òî îïðåäåëèòåëè ñèñòåì îòëè÷íû îò íóëÿ. Ýòà

çàäà÷à ðåøàåòñÿ ñ ïîìîùüþ ïðåäñòàâëåíèé ïîëó÷åííûõ â ðàáî-

òå [2℄.
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Â ðàáîòå èññëåäóåòñÿ äè��óçèîííàÿ ëîãèñòè÷åñêàÿ ìîäåëü ñî

ñâîáîäíîé ãðàíèöåé ïîïóëÿöèîííîé áèîëîãèè [1℄.

Òðåáóåòñÿ íàéòè ïàðó �óíêöèé (s(t), u(t, x)) óäîâëåòâîðÿþùèõ
óñëîâèÿì

ut = (d(x)ux)x + u (a(x)− b(x)u) , 0 < t ≤ T, 0 < x < s(t), (1)

u (0, x) = ϕ(x), 0 ≤ x ≤ s(0) = s0, (2)

ux (t, 0) = 0, 0 ≤ t ≤ T, (3)
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u (t, s(t)) = 0, 0 ≤ t ≤ T, (4)

ṡ(t) = −µux (t, s(t)) , 0 ≤ t ≤ T. (5)

Çäåñü u (t, x)− ïëîòíîñòü ïîïóëÿöèè, ñâîáîäíàÿ ãðàíèöà x = s(t)
ïðåäñòàâëÿåò ñîáîé ðàñïðîñòðàíåíèå �ðîíòà.

Çàäàííûå �óíêöèè óäîâëåòâîðÿþò ñëåäóþùèÿì óñëîâèÿì:

a) d(x) ≥ d0 > 0, a(x) ≥ a0 > 0, b(x) ≥ b0 > 0, d0, a0, b0 − const;
b) ϕ(x) ∈ C2 [0, s0], ϕ

′(0) = ϕ(s0) = 0, ϕ(x) > 0, x ∈ [0, s0] .
Çàäà÷à (1)�(5) ðàíåå èññëåäîâàíà â ðàáîòå [2℄ â ñëó÷àå k(u) ≡ 1,

d(x) ≡ d0, a(x) ≡ a0, b(x) ≡ b0.
Â ðàáîòå èçó÷åíî ïîâåäåíèå ñâîáîäíîé ãðàíèöû, óñòàíîâëåíû

àïðèîðíûå îöåíêè íîðì �åëüäåðà, äîêàçàíû ñóùåñòâîâàíèå è åäèí-

ñòâåííîñòü ðåøåíèÿ çàäà÷è è ïðîâåäåíû íåêîòîðûå êà÷åñòâåííûå

èññëåäîâàíèÿ.

Òåîðåìà. Ïóñòü (s(t), u(t, x)) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1)�

(5).

i)Åñëè lim
t→∞

s(t) <∞, òî lim
t→∞

‖u (t, x)‖C[0,s(t)] = 0;

ii)Åñëè lim
t→∞

s(t) = ∞, òî lim
t→∞

u(t, x) = ũ(x) ðàâíîìåðíî íà ëþáîì

îãðàíè÷åííîì ïîäìíîæåñòâå îáëàñòè [0,∞), ãäå ũ(x) ðàâíîâåñíîå
ðåøåíèå çàäà÷è (1)�(5).
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Ïóñòü Ω � êîíå÷íàÿ îäíîñâÿçíàÿ îáëàñòü ïëîñêîñòè, îãðàíè÷åí-

íàÿ êðèâûìè Γj :
1
q2
|x|2q+ 1

p2
y2p = 1, y > 0, Γ2j+1 :

1
q
|x|q+ 1

p
(−y)p = 1,

y 6 0, Γ2j+2 :
1
q
|x|q − 1

p
(−y)p = 0, y 6 0, çäåñü x > 0 ïðè j = 1, x 6 0
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ïðè j = 2, 2p = m + 2, 2q = n + 2 ïðè÷åì m > n. Ââåäåì îáî-

çíà÷åíèÿ Ω+
1 = Ω ∩ (x > 0, y > 0), Ω+

2 = Ω ∩ (x < 0, y > 0),
Ω−

1 = Ω ∩ (x > 0, y < 0), Ω−
2 = Ω ∩ (x < 0, y < 0).

Â äàííîé ðàáîòå äëÿ óðàâíåíèÿ

sign y |y|m uxx + |x|n uyy = 0, (1)

â îáëàñòè Ω èññëåäîâàí àíàëîã çàäà÷è Òðèêîìè â ñëåäóþùåé ïî-

ñòàíîâêå.

Çàäà÷à. Íàéòè �óíêöèþ u (x, y) ñî ñëåäóþùèìè ñâîéñòâàìè:

1) u (x, y) ∈ C
(
Ω
)
∩C1 (Ω)∩C2 (Ω+ ∪ Ω−) ïðè÷åì ux è uy ìîãóò

îáðàùàòüñÿ â áåñêîíå÷íîñòü ïîðÿäêà ìåíüøå åäèíèöû â òî÷êàõ

O(0, 0), A1(h1, 0), A2(−h1, 0), B(h2, 0);
2) óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòÿõ Ω+

j è Ω−
j (j = 1, 2);

3) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì u|Γj
=ϕj (x, y) , (x, y)∈ Γj,

u|Γ3
= ψ2 (x) , −(q1/q) 6 x 6 − (q/2)1/q, u|Γ5

= ψ1 (x), (q/2)
1/q

6

x 6 q1/q, ãäå ϕj (x, y) è ψj (x) (j = 1, 2) � çàäàííûå �óíêöèè, ïðè÷åì
ψ2 (−h1) = ϕ1 (−h1), ψ1 (h1) = ϕ2 (h1), h1 = q1/q, h2 = p1/p.

Àíàëîãè÷íàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) â îáëàñòè Ω áûëà èçó÷å-

íà â ðàáîòå [1℄.
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Äîêëàä ïîñâÿùåí ïîâåäåíèþ êîðîòêèõ òðèãîíîìåòðè÷åñêèõ ñóìì

�. Âåéëÿ âèäà

T (α, x, y) =
∑

x−y<m≤x

e(αmn),

â áîëüøèõ äóãàõ è èõ ïðèëîæåíèÿì â òåðíàðíîé ïðîáëåìå Ýñòåð-

ìàíà î ïðåäñòàâëåíèè íàòóðàëüíîãî ÷èñëà N > N0 â âèäå

p1 + p2 +mk = N,
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ãäå p1 è p2 � ïðîñòûå ÷èñëà, m > 0 � öåëîå ÷èñëî, ñ óñëîâèÿìè
∣∣∣∣pi −

N

3

∣∣∣∣ ≤ H; i = 1, 2,

∣∣∣∣mk − N

3

∣∣∣∣ ≤ H, H ≥ N θ(k)(lnN)ν(k).

Ïðè k = 2, 3, 4 â ýòîé çàäà÷å äîêàçàíû [1-4℄ àñèìïòîòè÷åñêèå

�îðìóëû ñîîòâåòñòâåííî ñî ñëåäóþùèìè ïîêàçàòåëÿìè:

θ(k) =





3/4, åñëè k = 2;
5/6, åñëè k = 3;
11/12, åñëè k = 4,

ν(k) =





2, åñëè k = 2;
3, åñëè k = 3;
14, åñëè k = 4.
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Íà îñíîâå ðåçóëüòàòîâ ðàáîò [1, 2℄ ïðîâåäåíî ìîäåëèðîâàíèå òåð-

ìîäèíàìè÷åñêèõ ñâîéñòâ �óëëåðèòà C70. Ïîëó÷åíû ñëåäóþùèå ðå-

çóëüòàòû.

1. Èçîõîðíàÿ òåïëîåìêîñòü:

CV = CV 1 + CV 2, (1)

CV 1 = 9Ry21

∫ 1

0

[exp(−2xy1) + 6 exp(−xy1) + 1] exp(−xy1) x4dx
[1− exp(−xy1)]2 [1 + exp(−xy1)]2

,
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CV 2 = 630Ry22

∫ 1

0

exp(−xy2) x4dx
[1− exp(−xy2)]2

,

yi =
θi
T

(
V0
V

)γi

(i = 1, 2),

ãäå R � óíèâåðñàëüíàÿ ãàçîâàÿ ïîñòîÿííàÿ, T � àáñîëþòíàÿ òåìïå-

ðàòóðà, θi è γi � õàðàêòåðèñòè÷åñêèå òåìïåðàòóðû è àíàëîãè ïàðà-

ìåòðà �ðþíàéçåíà, îòâå÷àþùèå êîëåáàòåëüíî-âðàùàòåëüíîé (i = 1)
è âíóòðèìîëåêóëÿðíîé (i = 2) ìîäàì, V � ðàâíîâåñíûé îáúåì, V0
� ðàâíîâåñíûé îáúåì, ñîîòâåòñòâóþùèé ìèíèìóìó ïîòåíöèàëüíîé

ýíåðãèè ïðè T = 0.
2. Óðàâíåíèå ñîñòîÿíèÿ:

p =
B

2

[(
V0
V

)5

−
(
V0
V

)3
]
+
γ1E1 + γ2E2

V
, (2)

E1 = 9Rθ1

[
3

8
−
∫ 1

0

exp (−xy1) (3 exp (−xy1) + 1) x3dx

exp (−2xy1)− 1

]
,

E2 = 630Rθ2

(
1

8
−
∫ 1

0

exp (−xy2) x3dx
exp (−xy2)− 1

)
,

ãäå B � îáúåìíûé ìîäóëü óïðóãîñòè. Â ðàìêàõ ìîäåëè ïðîâåäåíû

÷èñëåííûå ðàñ÷åòû, êîòîðûå ïîêàçàëè õîðîøåå ñîãëàñèå ñ èçâåñò-

íûìè ýêñïåðèìåíòàëüíûìè äàííûìè ïî òåïëîåìêîñòè è ñæèìàåìî-

ñòè �óëëåðèòà Ñ70.
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Äëÿ ñòàáèëüíûõ ñîñòîÿíèé êâàíòîâîé ñèñòåìû èìååò ìåñòî ñòà-

öèîíàðíîå óðàâíåíèå Øðåäèíãåðà HΨ = EΨ, ãäå Ψ � íîðìèðîâàí-

íàÿ ñîáñòâåííàÿ �óíêöèÿ, E � óðîâåíü ýíåðãèè. �àññìàòðèâàåòñÿ

÷àñòíûé ñëó÷àé, êîãäà

H = − 1

2m

N∑

i=1

∆i +

N∏

i=1

vi(~xi), ~xi ∈ R3.

Èìïóëüñíîå ïðåäñòàâëåíèå îïåðàòîðà H èìååò âèä

Ĥφ(x) =
|~x|2
2m

φ(~x) +

∫

R3N

N∏

i=1

v̂i(~xi − ~yi)φ(~y)d~y,

ãäå |~x|2 =∑N
i=1 |~xi|2, v̂i � îáðàç Ôóðüå v, ~x, ~y ∈ R3N

.

Îïåðàòîðû H è Ĥ óíèòàðíî ýêâèâàëåíòû, èìåþò îäèí è òîò æå

ñïåêòð, �óíêöèè v̂i óäîâëåòâîðÿþò óñëîâèÿì |v̂i(~xi)|6C0(1+|~xi|)−α0,

α0 > 3; vi(~xi) = vi(
−→−xi).

Èññëåäóåòñÿ äèñêðåòíûé îòðèöàòåëüíûé ñïåêòð îïåðàòîðà Ĥ . Â

÷àñòíîñòè, îáîñíîâàíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà. Åñëè îïåðàòîð Ĥ èìååò äèñêðåòíûé îòðèöàòåëü-

íûé ñïåêòð, òî îí ñîñðåäîòî÷åí íà ñåãìåíòå [−(π ‖v‖)4; 0].
ÌÎÄÅËÈ�ÎÂÀÍÈÅ ÊÎËÅÁÀÍÈÉ

ÌÀ�ÍÈÒÎÆÈÄÊÎÑÒÍÛÕ ÌÈÊ�ÎÊÀÏÅËÜ

Ñ Ó×ÅÒÎÌ ÇÀÂÈÑÈÌÎÑÒÅÉ ÂßÇÊÎÑÒÈ È

ÏÎÂÅ�ÕÍÎÑÒÍÎ�Î ÍÀÒßÆÅÍÈß

ÎÒ ÒÅÌÏÅ�ÀÒÓ�Û
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Â äàííîé ðàáîòå èññëåäîâàíî âëèÿíèå ñèë ðàçëè÷íîé ïðèðîäû

íà õàðàêòåð êîëåáàíèé ìàãíèòîæèäêîñòíûõ ìèêðîêàïåëü ñ ó÷åòîì

çàâèñèìîñòåé âÿçêîñòè è ïîâåðõíîñòíîãî íàòÿæåíèÿ îò òåìïåðàòó-

ðû â ïåðåìåííîì ìàãíèòíîì ïîëå.

Äëÿ ïîëó÷åíèÿ óðàâíåíèÿ, ïîçâîëÿþùåãî îñóùåñòâèòü ìîäåëè-

ðîâàíèå âûíóæäåííûõ êîëåáàíèé ìàãíèòîæèäêîñòíîé ìèêðîêàï-

ëè ñ ó÷åòîì äåéñòâèÿ: èíåðöèîííûõ ñèë:

d
dt

∂T
∂q̇

− ∂T
∂q
; ïîâåðõíîñòíûõ

ñèë:

∂Eσ

∂q
; ìàãíèòíûõ ñèë

∂Em

∂q
è ñèë âÿçêîé äèññèïàöèè

∂Ėη

∂q
, èñïîëü-

çîâàí ìåòîä ìîäåëèðîâàíèÿ [1℄, íà îñíîâå óðàâíåíèÿ Ëàãðàíæà:
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d

dt

∂T

∂q̇
− ∂T

∂q
= −∂Eσ

∂q
− ∂Em

∂q
− ∂Ėη

∂q̇
, (1)

ãäå T=
∫
V

(ρ1+ρ2/(2·q))~v2
2

dV � êèíåòè÷åñêàÿ ýíåðãèÿ, ~v � ñêîðîñòü, îïðå-
äåëÿåìàÿ èç óðàâíåíèÿ Ëàïëàñà ∇2Φ = 0, Φ � ïîòåíöèàë ñêîðîñòè,

Eσ = σ.S � ïîâåðõíîñòíàÿ ýíåðãèÿ, σ.
� ïîâåðõíîñòíîå íàòÿæåíèå,

S � ïîâåðõíîñòü ýëëèïñîèäàëüíîé êàïëè, îïðåäåëÿåìàÿ íà îñíîâå

êèíåìàòè÷åñêîãî óñëîâèÿ:

∂S
∂t

+ (~v · ∇)S = 0, Em = −V µ0

∫ H0

0
~MdH�

ýíåðãèÿ ìàãíèòíîãî ïîëÿ, Ėη =
−η
2

∫
V

(
∂~vi
∂xj

+
∂~vj
∂xi

)2
dV � ñêîðîñòü âÿç-

êîé äèññèïàöèè, q � îáîáùåííàÿ êîîðäèíàòà, ïðåäñòàâëÿþùàÿ ñî-

áîé îòíîøåíèå ïîëóîñåé ýëëèïñîèäà q = a(t)/b(t), a(t) > b(t), q̇ �

ïðîèçâîäíàÿ îáîáùåííîé êîîðäèíàòû, η � âÿçêîñòü êàïëè.
Â ðåçóëüòàòå ïîëó÷åíî óðàâíåíèå:

4πR2

135

(

ρ1 +
ρ2

2

)

(

q̈ (t)
(

q(t)−8/3 + 2q(t)−2/3
)

−

2

3
q̇ (t)2

(

2q(t)−11/3 + q(t)−5/3
)

)

+

+
16

9
η(T )πq(t)−2

q̇(t)+
πσ(T )q(t)1/3

3R (q(t)2 − 1)

(

q(t)2 − 4
√

q(t)2 − 1
arcsin

(

√

q(t)2 − 1

q(t)

)

+ 2q(t)−2 + 1

)

−

−

2πµ0 (µi − µe)
2
H2
(

q(t)2 − 1
)2

(

q(t)
(

µi

µe
− 1
)(

ln
(

2q(t)2 + 2q(t)
√

q(t)2 − 1− 1
)

− 2
√

1− q(t)−2
)

+ 2 (q(t)2 − 1)3/2
)2

×

1

3

[(

ln
(

2q(t)2 + 2q(t)
√

q(t)2 − 1− 1
)

− 2
√

1− q(t)−2
)

·

·

(

2q(t)2 + 1
) (

q(t)2 − 1
)−3/2

− 2q(t)−1
]

= 0, (2)

â êîòîðîì âÿçêîñòü è ïîâåðõíîñòíîå íàòÿæåíèå ÿâëÿþòñÿ �óíêöè-

ÿìè òåìïåðàòóðû.

Ñ ïîìîùüþ óðàâíåíèÿ (2) ìîæíî îöåíèòü âëèÿíèå âÿçêèõ, ïî-

âåðõíîñòíûõ è ìàãíèòíûõ ñèë íà õàðàêòåð êîëåáàíèé ìàãíèòîæèä-

êîñòíûõ ìèêðîêàïåëü ïðè ðàçëè÷íîé òåìïåðàòóðå.

Ëèòåðàòóðà
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�àññìîòðèì óðàâíåíèå

(sign y)|y|muxx + uyy + (β0/y)uy = 0, (1)

ãäå m > 0, 1 < β0 < (m + 4)/2, â îáëàñòè D = D+ ∪ D− ∪ I, ãäå
D+

- ïåðâûé îòêðûòûé êâàäðàíò ïëîñêîñòè, D−
- êîíå÷íàÿ îáëàñòü

÷åòâåðòîãî êâàäðàíòà ïëîñêîñòè, îãðàíè÷åííàÿ õàðàêòåðèñòèêàìè

OC è BC óðàâíåíèÿ (1), âûõîäÿùèìè èç òî÷åê O(0, 0) è B(1, 0), è
îòðåçêîì OB ïðÿìîé y = 0, I = {(x, y) : 0 < x < 1, y = 0}.

Çàäà÷à. Íàéòè �óíêöèþ u(x, y) ñî ñâîéñòâàìè:
1) u(x, y) ∈ C(D̄\Ī0)∩C2(D+∪D−) è óäîâëåòâîðÿåò óðàâíåíèþ

(1) â îáëàñòè D+ ∪D−;

2) lim
R→∞

u(x, y) = 0, R2 = x2 + 4ym+2

(m+2)2
, x ≥ 0, y ≥ 0;

3) u(x, y) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

u(0, y) = ϕ(y),y > 0, lim
y→+0

yβ0−1u(x, y) = τ1(x), ∀x ∈ Ī1,

u|OC = ψ(x), 0 < x ≤ 1/2, è óñëîâèþ ñîïðÿæåíèÿ

lim
y→+0

y2−β0 ∂
∂y
(yβ0−1u(x, y)) = lim

y→−0
(−y)2−β0 ∂

∂y
((−y)β0−1u(x, y)), x ∈ I,

ãäå ϕ(y), τ1(x), ψ(x) � çàäàííûå �óíêöèè, ïðè÷åì lim
y→+0

yβ0−1u(0, y)=

ϕ(0), lim
y→−0

(−y)β0−1u|OC = ψ(0), Ī1 = {(x, y) : 1 ≤ x <∞, y = 0},
Ī0 = {(x, y) : 0 ≤ x <∞, y = 0}.

Ñ ïîìîùüþ ïðèíöèïà ýêñòðåìóìà è ìåòîäîì èíòåãðàëüíûõ óðàâ-

íåíèé äîêàçàíû åäèíñòâåííîñòü è ñóùåñòâîâàíèå ðåøåíèÿ èññëåäó-

åìîé çàäà÷è. Îòìåòèì, ÷òî êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) ïðè

m = 0 è 0 < β0 < 1 â îáëàñòè D èçó÷åíà â ðàáîòå [1℄.

Ëèòåðàòóðà

1. �óçèåâ Ì.Õ. Î íåëîêàëüíîé çàäà÷å äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà ñ

ñèíãóëÿðíûì êîý��èöèåíòîì â íåîãðàíè÷åííîé îáëàñòè // Èçâåñòèÿ âó-

çîâ. Ìàòåìàòèêà. 2010. � 11. Ñ. 41-49.
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Âûñîêîãîðíûé ãåî�èçè÷åñêèé èíñòèòóò (�îññèÿ, Íàëü÷èê)

e-mail: atajuk�mail.ru

Â ðàáîòå ïðåäñòàâëåíà òðåõìåðíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ðàñ-

ïðîñòðàíåíèÿ ïðèìåñåé â ëîêàëüíîé îáëàñòè àòìîñ�åðû ñ ó÷åòîì

�àêòè÷åñêèõ èëè ïðîãíîçíûõ ïîëåé ìåòåîðîëîãè÷åñêèõ ïàðàìåò-

ðîâ. Äëÿ ïîëó÷åíèÿ ïðîãíîñòè÷åñêèõ ïîëåé ìåòåîðîëîãè÷åñêèõ ïà-

ðàìåòðîâ èñïîëüçóþòñÿ äàííûå �ëîáàëüíîé ïðîãíîçíîé ñèñòåìû

(GFS). �åàëüíûå ïàðàìåòðû îáëàêîâ è âîçäóøíûõ ïîòîêîâ â ëî-

êàëüíîé îáëàñòè êîíòðîëèðóþòñÿ äîïëåðîâñêèì ìåòåîðîëîãè÷åñêèì

ðàäèîëîêàòîðîì (ÄÌ�Ë-Ñ).

Ìîäåëü âêëþ÷àåò ñèñòåìó óðàâíåíèé ãèäðîòåðìîäèíàìèêè äëÿ

îïèñàíèÿ ðåãèîíàëüíûõ àòìîñ�åðíûõ ïðîöåññîâ, ïåðåíîñ ìíîãî-

êîìïîíåíòíûõ ãàçîâûõ ïðèìåñåé ðàññ÷èòûâàåòñÿ ñ ó÷åòîì ìèêðî-

�èçè÷åñêèõ ïðîöåññîâ âûìûâàíèÿ îñàäêàìè è òóìàíàìè.

Óäàëåíèå ìèêðîïðèìåñåé ãàçîâ èç âîçäóõà îñóùåñòâëÿåòñÿ çà

ñ÷åò ðàçëè÷íûõ ìåõàíèçìîâ. Îíè âêëþ÷àþò â ñåáÿ àáñîðáöèþ è

îñàæäåíèå íà ïîâåðõíîñòü çåìëè, ñàìîî÷èùåíèå â ïðîöåññàõ îáðà-

çîâàíèÿ îáëàêîâ è òóìàíîâ, âûìûâàíèå îñàäêàìè è ò.ä.

Èñõîäíîé èí�îðìàöèåé äëÿ èíèöèàëèçàöèè ìîäåëåé ÿâëÿþòñÿ

ìåòåîðîëîãè÷åñêàÿ èí�îðìàöèÿ è äàííûå î õàðàêòåðèñòèêàõ èñ-

òî÷íèêà ïðèìåñåé.

Óðàâíåíèå òóðáóëåíòíîé äè��óçèè ðåøàåòñÿ ìåòîäîì ðàñùåï-

ëåíèÿ.

Äëÿ ðàñ÷åòà âëàæíîãî âûìûâàíèÿ ïðèìåñåé àòìîñ�åðíûìè

îñàäêàìè â ìîäåëè èñïîëüçóþòñÿ äàííûå ðàäèîëîêàöèîííûõ íà-

áëþäåíèé. Ñ ïîìîùüþ ìåòåîðîëîãè÷åñêèõ ëîêàòîðîâ ÄÌ�Ë-Ñ â

àýðîïîðòàõ ÷åðåç ðàâíûå ïðîìåæóòêè âðåìåíè (10 ìèí) ñòðîÿòñÿ

êàðòû ðàñïðåäåëåíèÿ îáëàêîâ è îñàäêîâ íà áîëüøîé ïëîùàäè. Äàí-

íûå îá èíòåíñèâíîñòè îñàäêîâ ïîçâîëÿþò ðàññ÷èòûâàòü ïîòîê ïðè-

ìåñåé íà ïîâåðõíîñòü çåìëè â ðåçóëüòàòå âûìûâàíèÿ. Ìîäåëü ïîç-

âîëÿåò ïî ðåàëüíûì äàííûì ïîëÿ âåòðà è îáëà÷íîñòè â àòìîñ�åðå

ðàññ÷èòûâàòü ðàñïðîñòðàíåíèå ïðèìåñåé îò ðàçëè÷íûõ èñòî÷íèêîâ.

Èñïîëüçîâàíèå äàííûõ äîïëåðîâñêèõ ÄÌ�Ë-Ñ çíà÷èòåëüíî óëó÷-

øàåò àíàëèç ýêîëîãè÷åñêîé îáñòàíîâêè â èññëåäóåìîì ðàéîíå.
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Èññëåäîâàíèå ðàñïðîñòðàíåíèÿ ïðèìåñåé â àòìîñ�åðå âåñüìà

àêòóàëüíî äëÿ ðåøåíèÿ çàäà÷ îõðàíû îêðóæàþùåé ñðåäû. Ýòà ïðî-

áëåìà òðåáóåò ñåðüåçíîãî èññëåäîâàíèÿ, â ÷àñòíîñòè, äëÿ ëîêàëü-

íûõ îáëàñòåé, ðåãèîíîâ ñ øèðîêèì ñïåêòðîì ìåñòíûõ óñëîâèé, ñî

ñïåöè�è÷åñêèìè èñòî÷íèêàìè ïðèìåñåé. Íåîáõîäèìîñòü ó÷åòà ïî-

äîáíûõ óñëîâèé â ìàòåìàòè÷åñêèõ ìîäåëÿõ îáóñëîâëåíà çà÷àñòóþ

íàëè÷èåì îñîáûõ õàðàêòåðíûõ äëÿ ìåçîðàéîíà îñîáåííîñòåé, êîòî-

ðûå âåñüìà ñóùåñòâåííû äëÿ êîððåêòíûõ îöåíîê.

�àçðàáîòàííàÿ íàìè ìîäåëü âêëþ÷àåò ñèñòåìó óðàâíåíèé ãèäðî-

òåðìîäèíàìèêè äëÿ îïèñàíèÿ ðåãèîíàëüíûõ àòìîñ�åðíûõ ïðîöåñ-

ñîâ [1℄, îíà îïèñûâàåò èçìåíåíèå ñî âðåìåíåì òåðìîäèíàìè÷åñêèõ

õàðàêòåðèñòèê àòìîñ�åðû â ðàñ÷åòíîé îáëàñòè è ðàñïðîñòðàíåíèå

ïðèìåñåé. Èñõîäíîé èí�îðìàöèåé äëÿ èíèöèàëèçàöèè ÿâëÿåòñÿ ìå-

òåîðîëîãè÷åñêàÿ èí�îðìàöèÿ è äàííûå î õàðàêòåðèñòèêàõ èñòî÷-

íèêà [2℄. Ïðè ñîçäàíèè èí�îðìàöèîííûõ ñèñòåì îáåñïå÷åíèÿ ìå-

òåîðîëîãè÷åñêîé è ýêîëîãè÷åñêîé áåçîïàñíîñòè æèçíåäåÿòåëüíîñòè

ëþäåé ìîäåëè ïîäîáíîãî óðîâíÿ ÿâëÿþòñÿ åäèíñòâåííûì äîñòóï-

íûì èñòî÷íèêîì äåòàëüíîãî êîëè÷åñòâåííîãî àíàëèçà ñèòóàöèè íà

�îíå ðåàëüíîé êàðòèíû ðàñïðåäåëåíèÿ ìåòåîðîëîãè÷åñêèõ ïàðà-

ìåòðîâ.
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Äîêëàä ïîñâÿùåí èññëåäîâàíèþ ñòàöèîíàðíîé ñòðóêòóðû âîë-

íû �èëüòðàöèîííîãî ãîðåíèÿ íåñæèìàåìîãî ãàçà â äâóõòåìïåðà-

òóðíîé è îäíîìåðíîé ìîäåëÿõ [1℄, â êîòîðûõ ïðåíåáðåãàåòñÿ äè�-

�óçèåé íåäîñòàþùåãî êîìïîíåíòà è òåïëîïðîâîäíîñòüþ â ãàçîâîé

�àçå, êîòîðûé ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîò [2-4℄. Ìàòåìàòè÷åñêàÿ

ìîäåëü ñîñòîèò èç óðàâíåíèÿ ýíåðãèè òâåðäîé è ãàçîâîé �àç, à òàê-

æå óðàâíåíèÿ ñîõðàíåíèÿ ìàññû íåäîñòàþùåãî êîìïîíåíòà ãàçîâîé

�àçû.

Äàëåå äëÿ îïðåäåëåíèÿ çàâèñèìîñòè ñêîðîñòè îò îïðåäåëÿþùèõ

ïàðàìåòðîâ èñïîëüçóåòñÿ ìåòîä ðàáîòû [5℄. �àñ÷åòíàÿ ñêîðîñòü àíà-

ëèçèðóåòñÿ ñ ó÷åòîì èçìåíåíèÿ ñêîðîñòè âäóâà ãàçà è âëèÿíèÿ ðàç-
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Ìíîãèå ïðîöåññû â ñëîæíûõ ñèñòåìàõ îáëàäàþò íåëîêàëüíî-

ñòüþ è õàðàêòåðèçóþòñÿ äîëãîñðî÷íîé ïàìÿòüþ. Ïîäîáíûå çàäà÷è

âñòðå÷àþòñÿ â òåîðèè ðàñïðîñòðàíåíèÿ âîëí â ðåëàêñèðóþùèõ ñðå-

äàõ ([1, ñòð. 86℄). Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ëîêàëüíî-îäíî-

ìåðíàÿ ñõåìà äëÿ óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà ñ íåëîêàëüíûì

èñòî÷íèêîì, êîãäà ðåøåíèå çàâèñèò îò çíà÷åíèÿ t âî âñå ïðåäøå-

ñòâóþùèå âðåìåíà.

Â öèëèíäðå QT = G× (0, T ], îñíîâàíèåì êîòîðîãî ÿâëÿåòñÿ ïðÿ-

ìîóãîëüíûé ïàðàëëåëåïèïåä G = {x = (x1, x2, ..., xp) : 0 < xα < lα,
α = 1, 2, ..., p} ñ ãðàíèöåé Γ, ðàññìàòðèâàåòñÿ çàäà÷à

∂u

∂t
= Lu+ f(x, t), (x, t) ∈ QT ,

u|Γ = 0, u(x, 0) = u0(x), 0 ≤ t ≤ T,

ãäå Lαu =
p∑

α=1

Lαu, Lαu = ∂
∂xα

(
kα(x, t)

∂u
∂xα

)
− 1

p

t∫
0

K(x, t, τ)u(x, τ)dτ,

0 < c0 ≤ kα(x, t) ≤ c1, |K(x, t, τ)| ≤ c2.

Äëÿ ðåøåíèÿ ñîîòâåòñòâóþùåé ðàçíîñòíîé çàäà÷è ïîëó÷åíà îöåí-

êà [2℄

‖yj′+1‖2L2(ωh)
+

j∑

j′=0

τ

p∑

α=1

‖yj
′+α

p

x̄α ]|2L2(ωh)
≤

≤M(t)

(
j∑

j′=0

τ

p∑

α=1

‖ϕj′+α
p ‖2L2(ωh)

+ ‖y0‖2L2(ωh)

)
,

185



îòêóäà ñëåäóåò ñõîäèìîñòü ñõåìû ñî ñêîðîñòüþ O(|h|2 + τ),

|h|2 =
p∑

α=1

h2α.
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�àññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ íåîäíîðîäíîãî óðàâíåíèÿ

âèäà

Dα2
∗ u(t, x)+A1(Dx)D

α1
∗ u(t, x)+A0(Dx)u(t, x) = f(t, x), t > 0, x ∈ Rn,

u(0, x) = ϕ 0(x), u t(0, x) = ϕ 1(x),

ãäå Dα1
∗ , 0 < α1 < 1; Dα2

∗ , 1 < α2 < 2 � îïåðàòîðû äðîáíîãî äè��å-

ðåíöèðîâàíèÿ â ñìûñëå Êàïóòî [1℄; A1(Dx) è A0(Dx) - ïñåâäîäè�-
�åðåíöèàëüíûå îïåðàòîðû ñ àíàëèòè÷åñêèìè â íåêîòîðîé îáëàñòè

G ⊆ Rn
ñèìâîëàìè A1(ξ) è A0(ξ) ñîîòâåòñòâåííî; Dx = (D1, ..., Dn),

Dj = − i ∂
∂ xj

, j = 1, ..., n; f(t, x), ϕ 0 (x) è ϕ1 (x) � çàäàííûå �óíê-
öèè.

�àññìîòðèì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå

Dα2
∗ u(t, x) + A1(Dx)D

α1
∗ u(t, x) + A0(Dx) u(t, x) = 0, t > 0, x ∈ Rn.

Ïóñòü χ(s, ξ) = sα2 + A1(ξ)s
α1 + A0(ξ) � õàðàêòåðèñòè÷åñêàÿ �óíê-

öèÿ ýòîãî óðàâíåíèÿ. Ïðèìåíÿÿ ïîñëåäîâàòåëüíî ïðåîáðàçîâàíèå

Ôóðüå ïî ïåðåìåííîé x ∈ Rn
, çàòåì ïðåîáðàçîâàíèå Ëàïëàñà ïî ïå-

ðåìåííîé t > 0, è èñïîëüçóÿ ïðåîáðàçîâàíèå Ëàïëàñà äëÿ äðîáíîé

ïðîèçâîäíîé [1℄

L[Dα
∗u(t)](s) = sαL[u(t)](s)−

m−1∑

k=0

sα−k−1u(k)(0), m−1<α<m, m ∈ N,
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ãäå L [u(t)](s) ≡ ũ(s) îáîçíà÷àåò ïðåîáðàçîâàíèå Ëàïëàñà, ïîëó÷èì

ũ(s, ξ) =
sα2 − 1 + A1(ξ) s

α1 − 1

χ(s, ξ)
u(0, ξ) +

sα2 − 2

χ(s, ξ)
u t(0, ξ).

Òåîðåìà. �åøåíèå çàäà÷è Êîøè ñóùåñòâóåò, åäèíñòâåííî è ïðåä-

ñòàâèìî â âèäå

u(t, x) = L−1

[
sα2−1] + A1(Dx)s

α1−1

χ(s,Dx)

]
(t)ϕ0(x)+

+L−1

[
sα2−2

χ(s,Dx)

]
(t)ϕ1(x) +

t∫

0

L−1

[
sα2−2

χ(s,Dx)

]
(t− τ)D2−α2

+ f(τ, x)dτ,

ãäå L−1
� îïåðàòîð îáðàòíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà, Dα

+,
0 < α < 1 � îïåðàòîð äðîáíîãî äè��åðåíöèðîâàíèÿ â ñìûñëå �èìàíà�
Ëèóâèëëÿ [2℄.
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e-mail: mohirasalomova�gmail.
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Â íàñòîÿùåå âðåìÿ ñòàíöèè è îòäåëåíèÿ ñêîðîé ìåäèöèíñêîé ïî-

ìîùè �åñïóáëèêè Òàäæèêèñòàí â ñâîåé ðàáîòå íîðìàòèâàìè 2010 ã.

èç ðàñ÷¼òà 1 ñàíèòàðíàÿ ìàøèíà íà 10 òûñÿ÷ íàñåëåíèÿ áåç ó÷åòà

ãåîãðà�è÷åñêîé îñîáåííîñòè ðåëüå�à è ïëîòíîñòè ïðîæèâàíèÿ íà-

ñåëåíèÿ. Ñëåäóþùàÿ ïîñòàíîâêà áîëåå îòâå÷àåò ñîâðåìåííûì òðå-

áîâàíèÿì.

Ïîñòàíîâêà çàäà÷è. Ïóñòü â ðåãèîíå ñ ÷èñëåííîñòüþ íàñåëå-

íèÿ N ÷åëîâåê, ñîñòîÿùåì èç p íàñåëåííûõ ïóíêòîâ, â òå÷åíèå ãîäà
îñóùåñòâèëîñü V âûçîâîâ. Òðåáóåòñÿ îïðåäåëèòü M � ÷èñëî àâòî-

ìàøèí ÑÌÏ, íåîáõîäèìûõ ðåãèîíó ñ õàðàêòåðèñòèêàìè:
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• ÷èñëî ñòàíöèé ìåäèöèíñêèé ïîìîùè (ÑÌÏ) � k ;
• i � ÿ ÑÌÏ îáñëóæèâàåò pi íàñåëåííûõ ïóíêòîâ, 1 ≤ i ≤ k, ò.å.
p1 + p2 + . . .+ pk = p;

• ÷èñëåííîñòü íàñåëåíèÿ j-ãî íàñåëåííîãî ïóíêòà, i ≤ j ≤ pi,
êîòîðûé îáñëóæèâàåòñÿ i-îé ÑÌÏ � nij, ñëåäîâàòåëüíî,∑k

i=1

∑pi
j=1 nij = N ;

• êîëè÷åñòâî âûçîâîâ îò j-ãî íàñåëåííîãî ïóíêòà, 1 ≤ j ≤ pi,
êîòîðûé îáñëóæèâàåòñÿ i-îé ÑÌÏ � vij, ñëåäîâàòåëüíî, Vi �
êîëè÷åñòâî âûçîâîâ, êîòîðûå îáñëóæèâàþòñÿ i-îé ÑÌÏ ðàâíî

k
∑pi

j=1 vij = Vi;
• êîëè÷åñòâî âûçîâîâ ñ ãîñïèòàëèçàöèåé îò j-ãî íàñåëåííîãî ïóíê-
òà, 1 ≤ j ≤ pi, êîòîðûé îáñëóæèâàåòñÿ i-îé ÑÌÏ � vgij;

• êîëè÷åñòâî âûçîâîâ áåç ãîñïèòàëèçàöèè îò j-ãî íàñåëåííîãî

ïóíêòà, 1 ≤ j ≤ pi, êîòîðûé îáñëóæèâàåòñÿ i-îé ÑÌÏ � vbgij ;
• tij � âðåìÿ (â ìèí) îáñëóæèâàíèÿ áîëüíîãî èç j-ãî íàñåëåííîãî
ïóíêòà, 1 ≤ j ≤ pi, êîòîðûé îáñëóæèâàåòñÿ i-îé ÑÌÏ.

ÏîýòîìóN = N1+N2+. . .+Nk, V = V1+V2+. . .+Vk, è óêàçàííûå
âûøå íàñåëåííûå ïóíêòû îáðàçóþò k � ãðóïï, ðàñïðåäåëåííûõ ïî

ïîäñòàíöèÿì. Â îñíîâó àëãîðèòìà ïîëîæåíî îïðåäåëåíèå çàòðàò

îáùåãî âðåìåíè ìàøèí i � ãî ïóíêòà ÑÌÏ äëÿ îáñëóæèâàíèÿ j �
ãî íàñåëåííîãî ïóíêòà, ïðèêðåïë¼ííîãî ê ýòîé ñòàíöèè (1 ≤ i ≤ k,
1 ≤ j ≤ pi), â òå÷åíèå ãîäà.

Î �ÅØÅÍÈÈ ÎÄÍÎ�Î ÍÀ��ÓÆÅÍÍÎ�Î

ÑÈÍ�ÓËß�ÍÎ�Î ÈÍÒÅ��ÀËÜÍÎ�Î Ó�ÀÂÍÅÍÈß Ñ

ßÄ�ÎÌ ¾ÏÝ¿ ÔÓÍÊÖÈÈ ÂÅÉÅ�ØÒ�ÀÑÑÀ
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Êóðãàí-Òþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

(Òàäæèêèñòàí, Êóðãàí-Òþáå)

e-mail: safarov-5252�mail.ru

Ïóñòü

ω(z) = z +m1h1 +m2h2; m1, m2 = 0,±1,±2, ...

ãäå h1, h2− îòëè÷íûå îò íóëÿ îñíîâíûå ïåðèîäû äâîÿêîïåðèîäè-

÷åñêîé ãðóïïû P, òàêèå ÷òî Im(h2/h1) 6= 0. Îáîçíà÷èì ÷åðåç Ω
ïàðàëëåëîãðàìì ïåðèîäîâ, ñîäåðæàùèé íà÷àëî êîîðäèíàò.

Èçâåñòíî, ÷òî ýëëèïòè÷åñêèå �óíêöèè ñ ïåðèîäàìè h1, h2 îáðà-
çóþò íåêîòîðîå ïîëå K è �óíêöèè Âåéåðøòðàññà ℘(z), ℘′(z) � ñóòü
îáðàçóþùèå ýòîãî ïîëÿ [1℄.
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Â îáëàñòè Ω ñ âåðøèíàìè u0, u0 + h1, u0 + h1 + h2, u0 + h2 ðàñ-
ñìîòðèì èíòåãðàëüíîå óðàâíåíèå âèäà

ρ(z)− qSζρ(z) + a(z)ρ(z0) = f(z), (1)

ãäå ρ(z) = ρ1(x, y) + iρ2(x, y) � èñêîìàÿ, q, z0 � ïîñòîÿííûå, ïðè÷åì
|q| < 1 è z0 ∈ Ω, a(z), f(z) � çàäàííûå äâîÿêîïåðèîäè÷åñêèå �óíê-
öèè ñ ïåðèîäàìè h1, h2,

Sζρ(z) = − 1

π

∫∫

Ω

℘(t)℘(t− z)dtΩ, (2)

℘(z) = −ζ ′(z), ζ(z) =
1

z
+
∑

h 6=0

(
1

z − h
+

1

h
+

z

h2
),

h = m1h1 +m2h2, m1, m2 = 0,±1,±2, ...
Ñèíãóëÿðíûé èíòåãðàë ñóùåñòâóåò â ñìûñëå ãëàâíîãî çíà÷åíèÿ

ïî Êîøè è èíòåãðàëüíîå óðàâíåíèå (1) â îáùåì ñëó÷àå ïðè a ≡ 0
èññëåäîâàíî â [2℄. Íàãðóæåííûå óðàâíåíèÿ ñ èõ ïðèìåíåíèÿìè èçó-

÷åíû â ìîíîãðà�èè À.Ì. Íàõóøåâà [3℄.

Îáîçíà÷èì ÷åðåç Hα
∗ ïðîñòðàíñòâî äâîÿêîïåðèîäè÷åñêèõ �óíê-

öèé ñ ïåðèîäàìè h1, h2, íåïðåðûâíûõ ïî �åëüäåðó â Ω ñ ïîêàçàòå-

ëåì α, 0 < α ≤ 1. ×åðåç C1+α
∗ � ïðîñòðàíñòâî äâîÿêîïåðèîäè÷åñêèõ

�óíêöèé, ÷àñòíûå ïðîèçâîäíûå êîòîðûõ íåïðåðûâíû ïî �åëüäåðó

â Ω.
Òåïåðü ïðè óñëîâèè a(z), f(z) ∈ Hα

∗ áóäåì èñêàòü ðåøåíèå óðàâ-

íåíèÿ (1) èç êëàññà Hα
∗ , óäîâëåòâîðÿþùåå óñëîâèþ

∫∫

Ω

ρ(z)dΩ = 0. (3)

Åñëè ρ(z) � ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèþ (3),

òî �óíêöèÿ [2℄

w(z) = Tζρ = − 1

π

∫∫

Ω

ρ(t)℘(t− z)dtΩ ∈ C1+α
∗ ,

è ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

wz − qwz + a(z)wz0(z) = f(z). (4)

Îáðàòíî, åñëè w(z) ∈ C1+α
∗ � ðåøåíèå ýòîãî óðàâíåíèÿ, òî �óíê-

öèÿ ρ(z) = wz(z) óäîâëåòâîðÿåò óðàâíåíèþ (1).
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Èíòåãðèðóÿ óðàâíåíèå (4) ïî îáëàñòè Ω, â ñèëó �îðìóëû �ðèíà

íàõîäèì íåîáõîäèìîå óñëîâèå ðàçðåøèìîñòè

a0wz(z0) = f0, a0 =

∫∫

Ω

a(z)dΩ, f0 =

∫∫

Ω

a(z)dΩ.

Åñëè a0 6= 0, òî óðàâíåíèå (4) ïðèìåò âèä

wz − qwz + a(z)F0 = f(z), F0 =
f0
a0
. (5)

Òîãäà ðåøåíèå óðàâíåíèÿ (1) ïðåäñòàâèìî â âèäå

ρ(z) =
1

1− |q|2 (f(z)− F0a(z0) + q(1− |q|2)S̃ζ(f(z)− F0a(z0)), (6)

ãäå S̃ζF � èíòåãðàëüíûé îïåðàòîð âèäà

S̃ζF = − 1

π

∫∫

Ω

F (t)℘(t+ qt− (z + qz))dΩ.

Ïîäñòàâëÿÿ â (6) z = z0, íàõîäèì ïîñòîÿííîå F0. Âñå ðåøåíèÿ
óðàâíåíèÿ (5) èç êëàññà C1+α

∗ âûïèñàíû â ðàáîòå [4℄.

Èòàê, äîêàçàíà

Òåîðåìà. Ïóñòü a0 6= 0 è ðåøåíèå (1) â òî÷êå z0 ïðèíèìàåò

çíà÷åíèÿ F0. Òîãäà ïðè âûïîëíåíèå óñëîâèÿ

1 + Ba(z0) 6= 0,

ãäå Ba(z0) =
a(z0)
1−|q|2 + q(1 − |q|2)S̃ζa(z0), ðåøåíèå óðàâíåíèÿ (1) óäî-

âëåòâîðÿþùåå óñëîâèþ (3) ïðåäñòàâèìî â âèäå (6), â êîòîðîì

F0 = Bf(z0)(1 + Ba(z0))
−1.

Åñëè 1+Ba(z0) = 0, òî óðàâíåíèå (1) ðàçðåøèìî ëèøü ïðè âûïîë-
íåíèè óñëîâèÿ âèäà

Bf(z0) = 0.
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Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ �ÀÍ
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Îäíèì èç íàèáîëåå èí�îðìàòèâíûõ ìåòîäîâ ìåäèöèíñêîé èí-

òðîñêîïèè ÿâëÿåòñÿ òîìîãðà�è÷åñêèé ìåòîä, îñíîâàííûé íà ìà-

òåìàòè÷åñêèõ àëãîðèòìàõ âîññòàíîâëåíèÿ èçîáðàæåíèé ïî ìíîãî-

÷èñëåííûìè ïðîåêöèîííûì äàííûì [1-3℄. Ïðè ïðàêòè÷åñêîé ðåà-

ëèçàöèè ðåíòãåíîâñêîãî àïïàðàòà ìîãóò âîçíèêàòü ñèòóàöèè, êî-

ãäà òåõíè÷åñêè íåâîçìîæíî ïîëó÷èòü ïîëíûé íàáîð ïðîåêöèîííûõ

äàííûõ. Â ýòîì ñëó÷àå îïðàâäàíî ïðèìåíåíèå àëãîðèòìîâ öè�ðî-

âîãî òîìîñèíòåçà, â îñíîâå êîòîðîãî ëåæèò ñõåìà ìíîãîðàêóðñíîãî

ïðîñâå÷èâàíèÿ îáúåêòà, ïðåäóñìàòðèâàþùàÿ ïîëó÷åíèå äâóìåðíûõ

ðåíòãåíîãðàìì îáúåêòà è âîññòàíîâëåíèå åãî âíóòðåííåé ñòðóêòó-

ðû ïóòåì ðåøåíèÿ ñèñòåìû èíòåãðàëüíûõ ïðîåêöèîííûõ óðàâíåíèé

[3-4℄.

Â äîêëàäå ïîäðîáíî ðàññìàòðèâàþòñÿ ìàòåìàòè÷åñêèå è òåõíè-

÷åñêèå îñîáåííîñòè ðåàëèçàöèè ìåòîäà ðåíòãåíîâñêîé òîìîãðà�èè

â çàäà÷àõ ñ îãðàíè÷åííûì íàáîðîì ïðîåêöèîííûõ äàííûõ. Äëÿ

òåëåóïðàâëÿåìîãî ðåíòãåíîâñêîãî ñòîëà-øòàòèâà �Êîñìîñ-Ä� ÎÎÎ

�Ñåâêàâðåíòãåí-Ä� ïðåäëîæåíà îïòèìàëüíàÿ ñõåìà ñêàíèðîâàíèÿ,

â êîòîðîé ðåíòãåíîâñêàÿ òðóáêà è ïëàíàðíûé äåòåêòîð ïåðåìåùà-

þòñÿ ñèíõðîííî â ïàðàëëåëüíûõ ïëîñêîñòÿõ.
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�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè �Ô â ðàìêàõ

ïîñòàíîâëåíèÿ Ïðàâèòåëüñòâà �îññèéñêîé Ôåäåðàöèè �218.
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Âîðîíåæñêèé èíñòèòóò ÌÂÄ �îññèè (�îññèÿ, Âîðîíåæ)

e-mail: mathsms�yandex.ru

Â ðàáîòå ðàññìàòðèâàþòñÿ äðîáíûå ñòåïåíè äè��åðåíöèàëüíî-

ãî îïåðàòîðà Áåññåëÿ

Bν = D2 +
ν

x
D, ν ≥ 0, D :=

d

dx
. (1)

Ýòîò îïåðàòîð èãðàåò ñóùåñòâåííóþ ðîëü â òåîðèè äè��åðåíöè-

àëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè, òàê êàê ÿâëÿåòñÿ ðà-

äèàëüíîé ÷àñòüþ îïåðàòîðà Ëàïëàñà, à òàêæå âõîäèò â ðàçëè÷íûå

êëàññû óðàâíåíèé, êîòîðûå íàçûâàþòñÿ â òåðìèíîëîãèè È.À. Êè-

ïðèÿíîâà �Â � ýëëèïòè÷åñêèìè�, �Â � ãèïåðáîëè÷åñêèìè�, �Â � ïàðà-

áîëè÷åñêèìè�, èëè èíîãäà �óðàâíåíèÿìè Ëàïëàñà � Áåññåëÿ�. Äðîá-

íûå ñòåïåíè îïåðàòîðà Áåññåëÿ èçó÷àþòñÿ âî ìíîãèõ ðàáîòàõ, íî â

ïîäàâëÿþùåì áîëüøèíñòâå ðàáîò îïðåäåëÿþòñÿ íåÿâíî â òåðìèíàõ

èõ äåéñòâèÿ â îáðàçàõ ïðåîáðàçîâàíèÿ Õàíêåëÿ.

Â äîêëàäå ðàññìàòðèâàþòñÿ ÿâíûå ðåàëèçàöèè äðîáíûõ ñòåïå-

íåé îïåðàòîðà Áåññåëÿ êàê èíòåãðàëüíûõ îïåðàòîðîâ ñî ñïåöèàëü-

íûìè �óíêöèÿìè â ÿäðàõ [1℄-[3℄. Îíè ÿâëÿþòñÿ îáîáùåíèÿìè îïå-

ðàòîðîâ äðîáíîãî èíòåãðîäè��åðåíöèðîâàíèÿ �èìàíà�Ëèóâèëëÿ.

�àññìàòðèâàþòñÿ ÿâíûå ïðåäñòàâëåíèÿ äðîáíûõ ñòåïåíåé, îáîáù¼í-

íàÿ �îðìóëà Òýéëîðà, ïðåäñòàâëåíèå ðåçîëüâåíòû, äåéñòâèå â îá-

ðàçàõ ïðåîáðàçîâàíèÿ Õàíêåëÿ, ïîëóãðóïïîâîå ñâîéñòâî, ïðèìåíå-

íèå ê ðàçëè÷íûì äè��åðåíöèàëüíûì óðàâíåíèÿì äðîáíîãî ïîðÿä-

êà.
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Ñîâìåñòíî ñ Å.Á. Äóðàêîâûì äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü G � ãðóïïà, i, a ∈ G, |i| = 2, |a| > 2,
H = CG(i) è äëÿ ëþáîãî g ∈ G \H ïîäãðóïïà Lg = 〈i, ag〉 êîíå÷íà è
ÿâëÿåòñÿ ãðóïïîé Ôðîáåíèóñà ñ ÿäðîì, íå ñîäåðæàùèì ýëåìåíòû

i è ag. Òîãäà èíâîëþöèÿ i êîíå÷íà è èçîëèðîâàíà â G, a, i /∈ [i, G] è
G = [i, G]H.

Èíâîëþöèÿ i íàçûâàåòñÿ èçîëèðîâàííîé â ãðóïïå G, åñëè äëÿ

êàæäîãî ýëåìåíòà g ∈ G êîììóòàòîð [i, g] = ig−1ig èìååò íå÷åòíûé
ïîðÿäîê [1℄.

Îñíîâíàÿ ãèïîòåçà: Åñëè ïîäãðóïïà H ∩ [i, G] ëîêàëüíî êîíå÷-
íà, òî è ãðóïïà [i, G] ëîêàëüíî êîíå÷íà.

Â ñëó÷àå êîãäà |a| = 4 [2℄, ïîëó÷àåì âîïðîñ 12.100 Ï.Â. Øóìÿö-

êîãî èç [3℄. Ñëó÷àé |a| = p, p � íå÷åòíîå ïðîñòîå ÷èñëî, ïðèâîäèò ê
âîïðîñó Â.Ï. Øóíêîâà 6.56 [3℄ ñ äîïîëíèòåëüíûì ðåñóðñîì â âèäå

àâòîìîð�èçìà i ïîðÿäêà 2:
Òåîðåìà 2. Åñëè ïðè óñëîâèÿõ òåîðåìû 1 |a| = p � ïðîñòîå

íå÷åòíîå ÷èñëî è äëÿ ëþáîãî ýëåìåíòà h ∈ H ∩ [i, G] ïîäãðóïïà
〈a, ah〉 êîíå÷íà, òî [i, G] ⋋ 〈a〉 � ïåðèîäè÷åñêàÿ ãðóïïà Ôðîáåíèóñà

ñ ÿäðîì [i, G] è íåèíâàðèàíòíûì ìíîæèòåëåì 〈a〉, ïðè ýòîì äëÿ

ëþáîãî ýëåìåíòà f ∈ [i, G] ïîäãðóïïà 〈a, f〉 êîíå÷íà.
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Îäíèì èç íîâûõ äèíàìè÷íî ðàçâèâàþùèõñÿ ðàçäåëîâ ñîâðåìåí-

íîé �èçèêè, èìåþùèì âàæíîå ïðàêòè÷åñêîå çíà÷åíèå, ÿâëÿåòñÿ íà-

íî�ëþèäèêà. Íàíî�ëþèäèêà èçó÷àåò ïîâåäåíèå æèäêîñòåé âíóò-

ðè ìàëîðàçìåðíûõ ñòðóêòóð íàíîìåòðîâûõ ìàñøòàáîâ, íàïðèìåð,

âíóòðè íàíîêàïèëëÿðîâ è íàíîïîð [1℄. Òàêîãî ðîäà ñîñòîÿíèÿ õàðàê-

òåðèçóþòñÿ ñóùåñòâåííûì èçìåíåíèåì �èçèêî-õèìè÷åñêèõ ñâîéñòâ

æèäêîñòåé, â ÷àñòíîñòè, òåðìîäèíàìè÷åñêèõ ïàðàìåòðîâ. Êàê èç-

âåñòíî, îäíèì èç îñíîâíûõ òåðìîäèíàìè÷åñêèõ õàðàêòåðèñòèê ðàç-

äåëà �àç ÿâëÿåòñÿ ïîâåðõíîñòíîå íàòÿæåíèå, êîòîðîå ïðîÿâëÿåò

ðàçìåðíûé ý��åêò. Â íàñòîÿùåé ðàáîòå ñ èñïîëüçîâàíèåì àíàëî-

ãà äè��åðåíöèàëüíîãî óðàâíåíèÿ �èááñà�Òîëìåíà�Êåíèãà�Áà��à

[2℄ èññëåäóåòñÿ ðàçìåðíàÿ çàâèñèìîñòü ïîâåðõíîñòíîãî íàòÿæåíèÿ

æèäêîñòè â íàíîêàïèëëÿðå. Íà îñíîâå ïîëó÷åííûõ ðåçóëüòàòîâ ðàñ-

ñìàòðèâàåòñÿ âîïðîñ îá îáðàçîâàíèè êîíóñà Òåéëîðà [3℄ â æèäêîñòè

èç íàíîêàïèëëÿðà.
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�àññìàòðèâàåòñÿ ëèíåéíàÿ äèñêðåòíàÿ óïðàâëÿåìàÿ ñèñòåìà

z(t+ 1) = Az(t) +Bu(t), (1)

ãäå z ∈ Rn, u ∈ Rm, t-íîìåð øàãà, A, B � ïîñòîÿííûå ìàòðèöû

ñîîòâåòñòâóþùèõ ðàçìåðíîñòåé, u � ïàðàìåòð óïðàâëåíèÿ.
Ïîñëåäîâàòåëüíîñòü u(·) : N → Rm

, óäîâëåòâîðÿþùàÿ óñëîâèþ

‖u(·)‖ =

( ∞∑

t=0

|u(t)|p
)1/p

≤ ρ, ρ > 0, (2)

íàçûâàåòñÿ óïðàâëåíèåì, ãäå N � ìíîæåñòâî íåîòðèöàòåëüíûõ öå-

ëûõ ÷èñåë è p > 1.
Óñëîâèÿ (2), ÿâëÿþùèåñÿ äèñêðåòíûìè àíàëîãàìè èíòåãðàëü-

íûõ îãðàíè÷åíèé, åñòåñòâåííî íàçâàòü ñóììàðíûìè îãðàíè÷åíèÿ-

ìè. Öåëüþ çàäà÷è óïðàâëåíèÿ â ñèñòåìå (1), ÿâëÿåòñÿ îñóùåñòâëå-

íèå ðàâåíñòâà z(t) = 0 ïðè íåêîòîðîì t.
Óïðîñòèì âèä ñèñòåìû (1) ïîñðåäñòâîì íåâûðîæäåííîãî ëèíåé-

íîãî ïðåîáðàçîâàíèÿ. ßñíî, ÷òî ïîíÿòèÿ 0-óïðàâëÿåìîñòè èíâàðè-

àíòíî îòíîñèòåëüíî òàêèõ ïðåîáðàçîâàíèé. Èñõîäÿ èç ýòîãî áóäåì

ñ÷èòàòü, ÷òî ïîñëå ëèíåéíîé çàìåíû â ñèñòåìàõ (1) ìàòðèöà êîý�-

�èöèåíòîâ ïðèíÿëà äåéñòâèòåëüíóþ æîðäàíîâó �îðìó

A = diag {I1, I2, ... , Iτ , K1, K2, ... , Kη} ,

ãäå Ij � êëåòêè, ñîîòâåòñòâóþùèå ñîáñòâåííûì ÷èñëàì, îòëè÷íûì

îò 0, à Kj � êëåòêè, ñîîòâåòñòâóþùèå íóëåâûì ñîáñòâåííûì ÷èñëàì
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(åñëè òàêîâûå èìåþòñÿ, ðàçóìååòñÿ). Òåïåðü ñèñòåìó (1) ìîæíî çà-

ïèñàòü â âèäå

x(t+ 1) = A1x(t) + B1u(t), x ∈ Rq,
y(t+ 1) = A2y(t) + B2u(t), y ∈ Rn−q,

(3)

ïðè ýòîì âñå ñîáñòâåííûå ÷èñëà äåéñòâèòåëüíîé ìàòðèöû A1, ñî-
ñòàâëåííîé èç êëåòîê Iα, îòëè÷íû îò íóëÿ, à âñå ñîáñòâåííûå ÷èñëà

äåéñòâèòåëüíîé ìàòðèöû A2, ñîñòàâëåííîé èç êëåòîê òèïà Kj , ðàâ-
íû íóëþ. �àçìåðíîñòè ýòèõ ìàòðèö ðàâíû q × q è (n− q)× (n− q)
ñîîòâåòñòâåííî, à ðàçìåðíîñòè B1 è B2 � q ×m è (n− q)×m ñîîò-

âåòñòâåííî.

Ëåììà 1 [2℄. Ïóñòü z0 = (x0, y0) � ïðîèçâîëüíîå íà÷àëüíîå

ñîñòîÿíèå. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò óïðàâëåíèå ū(t),
t = 0, 1, ..., t∗ − 1, òàêîå, ÷òî äëÿ ñîîòâåòñòâóþùåé òðàåêòîðèè

z(·) = (x(·), y(·)) ñèñòåìû (1) îêàæåòñÿ x(t∗) = 0. Åñëè óïðàâëå-

íèå ū(t) ïðîäîëæèòü äëÿ t = t∗, t∗ + 1, ..., ïîëàãàÿ ū(t) = 0, òî
z(t∗ + n− q) = 0.

Ïðåæäå âñåãî îòìåòèì, ÷òî â [3, òåîðåìà 2℄ äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 1. Åñëè B � åäèíè÷íàÿ (n × n) - ìàòðèöà è âñå ñîá-

ñòâåííûå ÷èñëà ìàòðèöû A ïî ìîäóëþ íå ïðåâîñõîäÿò åäèíèöû,

òî ñèñòåìà (1) 0-óïðàâëÿåìà â öåëîì.

Òåîðåìà 2. Ñèñòåìà (1) 0-óïðàâëÿåìà â öåëîì òîãäà è òîëüêî

òîãäà, êîãäà âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

à) âñå ñîáñòâåííûå ÷èñëà ìàòðèöû A ïî ìîäóëþ íå ïðåâîñõîäÿò

åäèíèöû;

á) ñèñòåìà (3) óïðàâëÿåìà ïî Êàëüìàíó [1℄, ò.å.

rank

∥∥B1, A1B1, ... , A
q−1
1 B1

∥∥ = q.
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Â ðàáîòå, ñëåäóÿ [1℄, ðàññìàòðèâàåòñÿ óðàâíåíèå òðàíñïîðòà íà-

íîñîâ, êîòîðîå â äèâåðãåíòíîì âèäå ìîæíî çàïèñàòü:

(1− ε)
∂H

∂t
+ div(k · ~τb) = div

(
k

τbc
sinϕ0

gradH

)
, (1)

ãäå H = H(x, y, t) � ãëóáèíà âîäîåìà; ε � ïîðèñòîñòü äîííûõ ìàòå-
ðèàëîâ; ~τb � âåêòîð êàñàòåëüíîãî òàíãåíöèàëüíîãî íàïðÿæåíèÿ íà

äíå âîäîåìà; τbc � êðèòè÷åñêîå çíà÷åíèå òàíãåíöèàëüíîãî íàïðÿæå-
íèÿ, τbc = a sinϕ0, ϕ0 � óãîë åñòåñòâåííîãî îòêîñà ãðóíòà â âîäîåìå;

k = k(H, x, y, t) � êîý��èöèåíò, íåëèíåéíûì îáðàçîì çàâèñÿùèé îò

÷àñòíûõ ïðîèçâîäíûõ ïî ïðîñòðàíñòâåííûì ïåðåìåííûì �óíêöèè

H = H(x, y, t).
Óðàâíåíèå (1) äîïîëíÿåòñÿ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿ-

ìè Äèðèõëå, êîòîðûå ïðåäïîëàãàþòñÿ ïîëîæèòåëüíûìè ñ çàïàñîì.

Îñóùåñòâèì ëèíåàðèçàöèþ óêàçàííîé íà÷àëüíî-êðàåâîé çàäà-

÷è, èñïîëüçóÿ ðàâíîìåðíóþ âðåìåííóþ ñåòêó ωτ = {tn = nτ, n =

0, 1, . . . , N, Nτ = T}. Ëèíåàðèçàöèþ ÷ëåíà div
(
k τbc
sinϕ0

gradH
)
âû-

ïîëíèì ïóòåì âûáîðà èõ çíà÷åíèé â ìîìåíò âðåìåíè t = tn, n =
0, 1, . . . , N è ðàññìîòðåíèÿ óðàâíåíèÿ (1) íà âðåìåííîì ïðîìåæóò-

êå tn<t6 tn−1, n = 0, 1, 2, . . . , N−1.
Àâòîðàìè îïðåäåëåíû äîñòàòî÷íûå óñëîâèÿ, ïðè êîòîðûõ ðåøå-

íèå ïîñòðîåííîé ëèíåàðèçîâàííîé çàäà÷è ñóùåñòâóåò, åäèíñòâåííî,

ïîëîæèòåëüíî è ïðèíàäëåæèò êëàññó �óíêöèé C2(ÖT ) ∩ C(ÖT ).
�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ïðîåêòû 15-01-08619

è 15-07-08626) è ïðè �èíàíñîâîé ïîääåðæêå ïî ïðîåêòó � 00-16-13 â ðàìêàõ

Ïðîãðàììû �óíäàìåíòàëüíûõ èññëåäîâàíèé Ïðåçèäèóìà �ÀÍ � I.33Ï.
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Èçâåñòíî, ÷òî íåëèíåéíûå ïàðàáîëè÷åñêèå ñèñòåìû îïèñûâàþò

áîëüøîå ÷èñëî ðàçëè÷íûõ �èçè÷åñêèõ ïðîöåññîâ. Íàïðèìåð, ïðî-

öåññ ãîðåíèÿ â ñðåäå ñ íåëèíåéíîé òåïëîïðîâîäíîñòüþ ìîæåò ñîïðî-

âîæäàòüñÿ îáðàçîâàíèåì íåñòàöèîíàðíûõ äèññèïàòèâíûõ ñòðóêòóð

[1℄.

Ý��åêòèâíûé ìåòîä èññëåäîâàíèÿ ïîäîáíûõ çàäà÷ ñîñòîèò â

ïîñòðîåíèè ïîäõîäÿùèõ àâòîìîäåëüíûõ ðåøåíèé. Îíè èìåþò ïðî-

ñòóþ ïðîñòðàíñòâåííî-âðåìåííóþ ñòðóêòóðó è äàþò âñþ íåîáõîäè-

ìóþ èí�îðìàöèþ îá àñèìïòîòè÷åñêîì ðàçâèòèè ïðîöåññà.

Â çàìåòêå â îáëàñòè Q = {(t, x) : t > 0, x ∈ Rn} ðàññìàòðèâàåòñÿ
çàäà÷à Êîøè

ut = div(|x|kum1−1|∇u|p−2∇u)− γ(t)uβ1vγ1,

vt = div(|x|kvm2−1|∇v|p−2∇v)− γ(t)uβ2vγ2,

u(0, x) = u0(x) ≥ 0, v(0, x) = v0(x) ≥ 0, x ∈ Rn,

ãäå k ∈ R, p > 2, mi > 1, βi, γi ≥ 1(i = 1, 2), 0 < γ(t) ∈ C(0,+∞).
Ñíà÷àëà îïðåäåëÿþòñÿ óñëîâèÿ ðàçðåøèìîñòè çàäà÷è â öåëîì

[2℄. Çàòåì ñ ïîìîùüþ ìåòîäà, îñíîâàííîãî íà àíàëèçå ñåìåéñòâà

àâòîìîäåëüíûõ ðåøåíèé ñèñòåìû, îïðåäåëèì îãðàíè÷åíèÿ íà ïàðà-

ìåòðû çàäà÷è, ïðè êîòîðûõ îíà âñåãäà ãëîáàëüíî ðàçðåøèìà ïðè

ïðîèçâîëüíûõ íà÷àëüíûõ �óíêöèÿõ u0, v0, è óñòàíîâèì óñëîâèå îò-

ñóòñòâèÿ ý��åêòà ëîêàëèçàöèè ðåæèìîâ ñ îáîñòðåíèåì â çàäà÷å

Êîøè.
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Áàçîâîé ìîäåëüþ ñèíåðãåòèêè ÿâëÿåòñÿ ñèñòåìà íåëèíåéíûõ ïà-

ðàáîëè÷åñêèõ óðàâíåíèé òèïà ðåàêöèÿ-äè��óçèÿ.

Îäíà èç êîìïîíåíò ñèñòåìû îáû÷íî èãðàåò ðîëü àêòèâàòîðà,

ñêîðîñòü íàðàáîòêè êîòîðîãî óâåëè÷èâàåòñÿ ïî ìåðå ðîñòà åãî êîí-

öåíòðàöèè. Âòîðîå âåùåñòâî (èíãèáèòîð) ïðåïÿòñòâóåò ðîñòó êîí-

öåíòðàöèè àêòèâàòîðà.

Ïðèìåðîì ìîãóò ñëóæèòü çàäà÷à î òåïëîâîì ñàìîâîñïëàìåíå-

íèè, çàäà÷à î ðàñïðîñòðàíåíèè ïëàìåíè [1℄, äèíàìèêà ñâåðòûâàíèÿ

êðîâè [2℄ è äð. (ñì.íàïð.[3℄).

Â îáëàñòè D = {(t, x) : −l < x < l, 0 < t ≤ T} íàéòè �óíêöèè

u(t, x), v(t, x), óäîâëåòâîðÿþùèå ñèñòåìå óðàâíåíèé

ut = (a1(u, v)ux)x + f1(u, v), (t, x) ∈ D,

vt = (a2(u, v)vx)x + f2(u, v), (t, x) ∈ D,

à òàêæå íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿì

u(0, x) = u0(x), v(0, x) = v0(x), −l ≤ x ≤ l,

u(t,−l) = 0, u(t, l) = m1u(t, l0), 0 ≤ t ≤ T,

v(t, l) = 0, v(t,−l) = m2v(t,−l0), 0 ≤ t ≤ T, 0 < t0 < l.

Çäåñü ai, fi � îïðåäåëåíû, íåïðåðûâíû è îãðàíè÷åíû â ëþáîì çàì-

êíóòîì ìíîæåñòâå ñâîèõ àðãóìåíòîâ.

Äàëåå ïðè îïðåäåëåííûõ îãðàíè÷åíèÿõ íà çàäàííûå �óíêöèè

äîêàçàíû òåîðåìû åäèíñòâåííîñòè è ñóùåñòâîâàíèÿ ðåøåíèÿ. Ïðè

ýòîì ñíà÷àëà óñòàíàâëèâàþòñÿ àïðèîðíûå îöåíêè íîðì �åëüäåðà, à

çàòåì ïðèìåíÿåòñÿ ïðèíöèï Øàóäåðà.
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Â ýòîé ðàáîòå ïðåäëîæåíî îáîáùåíèå óðàâíåíèÿ �èêêàòè, ðàñ-

ñìîòðåííîãî â ñòàòüå [1℄, â ñëó÷àå ïåðåìåííîãî äðîáíîãî ïîðÿäêà

ïðîèçâîäíîé. �àññìîòðåíà ñëåäóþùàÿ çàäà÷à Êîøè:

∂
α(t)
0,t u (τ) + u2 (t)− 1 = 0, u (0) = φ, 0 < α (t) < 1, (1)

ãäå ∂
α(t)
0,t u (τ) =

1

Γ (1− α (t))

t∫
0

u̇ (τ) dτ

(t− τ)α(t)
, Γ (1− α (t)) � ãàììà-�óíê-

öèÿ, t ∈ [0, T ] , T > 0, φ � êîíñòàíòà.

Çàäà÷à Êîøè (1), ñ ïîìîùüþ àïïðîêñèìàöèè, áûëà ñâåäåíà ê

äèñêðåòíîìó àíàëîãó [2℄. Äàëåå ðåàëèçàöèÿ ÷èñëåííîãî àëãîðèòìà

ñâîäèëàñü ê ðåøåíèþ ñèñòåìû êâàäðàòíûõ óðàâíåíèé. Âûáèðàÿ ïî-

ðÿäîê äðîáíîé ïðîèçâîäíîé êàê íåêîòîðóþ �óíêöèþ îò âðåìåíè,

áûëî ïîñòðîåíî ñåìåéñòâî ðàñ÷åòíûõ êðèâûõ, à òàêæå �àçîâûå òðà-

åêòîðèè. Áûëè ïîëó÷åíû íîâûå ðåæèìû ðàñïðåäåëåíèé, êîòîðûå

çàâèñÿò îò êîíêðåòíîãî âèäà ïåðåìåííîãî ïîðÿäêà äðîáíîé ïðîèç-

âîäíîé. Ïîêàçàíî, ÷òî íåêîòîðûå êðèâûå ðàñïðåäåëåíèé õàðàêòåð-

íû äëÿ äðóãèõ ýðåäèòàðíûõ äèíàìè÷åñêèõ ñèñòåì [3, 4℄.
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Â äîêëàäå áóäóò ïðåäñòàâëåíû äëÿ êàæäîãî ïðîñòîãî ÷èñëà p ñå-
ðèè êîíå÷íûõ p-ãðóïï Gk è Ak, k = 1, 2, . . ., àïïðîêñèìèðóþùèõ êî-
íå÷íî ïîðîæä¼ííûå ïîäãðóïïóG ãðóïïû �îëîäà, [1,2℄, è AT -ãðóïïó,
[3℄, A ñîîòâåòñòâåííî, ïðè÷¼ì êàæäàÿ ãðóïïà Ak åñòü ãîìîìîð�-

íûé îáðàç ãðóïïû Gk. Ïðåäñòàâëåíû òàêæå êîíå÷íûå ñèñòåìû îá-

ðàçóþùèõ ïðîñòîãî ïîðÿäêà áåñêîíå÷íûõ ïîäãðóïï ãðóïïû �îëîäà.

Ïîñòðîåíèå òàêèõ ñåðèé ìîæåò îêàçàòüñÿ ïîëåçíîé ïðè îòâåòå íà

âîïðîñ �Ñóùåñòâóåò ëè ãðóïïà �îëîäà, èçîìîð�íàÿ AT -ãðóïïå?�
(Êîóðîâñêàÿ òåòðàäü, âîïðîñ 13.55).

Íà îòëè÷èÿ ãðóïï �îëîäà è AT -ãðóïï óêàçûâàåò ñëåäóþùàÿ
Òåîðåìà. Äëÿ êàæäîãî ïðîñòîãî ÷èñëà p è êàæäîãî r ≥ 2

ìîæíî ïîñòðîèòü òàêóþ p-ãðóïïó �îëîäà Gr, ÷òî: à) âñå (r− 1)-
ïîðîæä¼ííûå ïîäãðóïïû ãðóïïû Gr êîíå÷íû, á) ãðóïïà Gr èìååò

áåñêîíå÷íóþ d-ïîðîæä¼ííóþ ïîäãðóïïó H, d ≥ r, â) ãðóïïà H ñî-

äåðæèòñÿ â íîðìàëüíîé ïîäãðóïïå N ãðóïïû Gr, ã) èíäåêñ |Gr : N |
áåñêîíå÷åí, ä) öåíòð ãðóïïû Gr áåñêîíå÷åí.

�àíåå äëÿ êàæäîãî èç ýòèõ ñâîéñòâ ñòðîèëàñü îòäåëüíî ãðóïïà

�îëîäà.

Èññëåäîâàíèå âûïîëíåíî ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà

�óíäàìåíòàëüíûõ èññëåäîâàíèé, Ïðàâèòåëüñòâà Êðàñíîÿðñêîãî êðàÿ, Êðàñíî-

ÿðñêîãî êðàåâîãî �îíäà ïîääåðæêè íàó÷íîé è íàó÷íî-òåõíè÷åñêîé äåÿòåëüíî-

ñòè â ðàìêàõ íàó÷íûõ ïðîåêòîâ �� 16-41-240670, 15-01-04897.
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Ñîñòàâëåííûå èç íå áîëåå ïÿòíàäöàòè ïðàâèëüíîãðàííûõ ïè-

ðàìèä ñ åäèíè÷íûìè ð¼áðàìè âûïóêëûå òåëà ñ ð¼áðàìè äëèíû 1

èëè 2 îïóáëèêîâàíû, [1,2℄. Ñîåäèíåíèÿ ïðàâèëüíîãðàííûõ ïèðàìèä

îáîçíà÷åíû Si,j, ãäå ïåðâûé èíäåêñ óêàçûâàåò íà êîëè÷åñòâî ïèðà-

ìèä, èç êîòîðûõ ñîñòàâëåíî ýòî òåëî, à âòîðîé èíäåêñ ñîîòâåòñòâó-

åò íîìåðó ìíîãîãðàííèêà Si,j â ñïèñêå ñîñòàâëåííûõ èç i ïèðàìèä
òåë, [1℄. Ñîñòàâëåííûå èç øåñòíàäöàòè ïðàâèëüíîãðàííûõ ïèðàìèä

ñ åäèíè÷íûìè ð¼áðàìè òåëà ñ ð¼áðàìè äëèíû 1 èëè 2 íàõîäÿòñÿ

ñîåäèíåíèåì êàæäîãî òåëà Si,j ñ êàæäûì ìíîãîãðàííèêîì S16−i,k

ïî îäèíàêîâûì ãðàíÿì. Ïîêà íàéäåíû âñå òàêèå ñîåäèíåíèÿ äëÿ

i = 1, 2, 3, 4, ÷òî ïîçâîëèëî äîêàçàòü
Ïðåäëîæåíèå. Ñóùåñòâóåò íå ìåíåå äåñÿòè óêàçàííûõ â ÿâíîì

âèäå âûïóêëûõ ñîåäèíåíèé øåñòíàäöàòè ïðàâèëüíîãðàííûõ ïèðà-

ìèä ïðè óñëîâèè, ÷òî ð¼áðà ïèðàìèä åäèíè÷íûå, à ð¼áðà ñîåäèíå-

íèé èìåþò äëèíó 1 èëè 2.

Èññëåäîâàíèå âûïîëíåíî ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà

�óíäàìåíòàëüíûõ èññëåäîâàíèé, Ïðàâèòåëüñòâà Êðàñíîÿðñêîãî êðàÿ, Êðàñíî-

ÿðñêîãî êðàåâîãî �îíäà ïîääåðæêè íàó÷íîé è íàó÷íî-òåõíè÷åñêîé äåÿòåëüíî-

ñòè â ðàìêàõ íàó÷íîãî ïðîåêòà �� 16-41-240670.
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êîâ ñ ïàðêåòíûìè ãðàíÿìè // Èí�îðìàöèîííûå òåõíîëîãèè â ìàòåìàòè-

êå è ìàòåìàòè÷åñêîì îáðàçîâàíèè: ìàòåðèàëû V Âñåðîññèéñêîé íàó÷íî-

ìåòîäè÷åñêîé êîí�åðåíöèè ñ ìåæäóíàðîäíûì ó÷àñòèåì. Êðàñíîÿðñê,

16�17 íîÿáðÿ 2016. C. 147-154.
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Â äîêëàäå â îáëàñòè Ω = Ω1∪Ω2∪OA äëÿ ñëåäóþùåãî íàãðóæåí-

íîãî óðàâíåíèÿ

0 =

{
L1u ≡ uxx − uy + λu− k1u (x, 0) , (x, y) ∈ Ω1,

L2u ≡ uxx − uyy + λu− k2u (x+ y, 0) , (x, y) ∈ Ω2,
(1)

ãäå Ω1 = {(x, y) ∈ R2, 0 < x < 1 , 0 < y ≤ 1},
Ω2 = {(x, y) ∈ R2, −y < x < y + 1, −(1/2) < y < 0 },
OA = {(x, y) : y = 0 , 0 < x < 1}, ðàññìàòðèâàåòñÿ ñëåäóþùàÿ

Çàäà÷à. Íàéòè �óíêöèþ u (x, y) ∈
2⋂

i=1

[(
Ω̄i

)
∩ C2, i

x, y (Ωi)
]
, óäîâ-

ëåòâîðÿþùóþ â îáëàñòè Ω1 ∪ Ω2 óðàâíåíèþ (1), è íà ãðàíèöå îá-

ëàñòè Ω � ñëåäóþùèì êðàåâûì óñëîâèÿì

u (0, y) = ϕ0 (y) , u (1, y) = ϕ1 (y) , 0 ≤ y ≤ 1;

u (x, −x) = ψ (x) , 0 ≤ x ≤ (1/2 ) ,

à íà îòðåçêå OA � óñëîâèÿì ñêëåèâàíèÿ

lim
y→+0

u (x, y) = lim
y→−0

u (x, y) , 0 ≤ x ≤ 1;

lim
y→+0

uy (x, y) = lim
y→−0

uy (x, y) , 0 < x < 1,

ãäå ϕ0 (y) , ϕ1 (y) , ψ (x) � çàäàííûå �óíêöèè, ïðè÷åì ϕ0 (0) = ψ (0) ,
à λ, k1, k2 � çàäàííûå äåéñòâèòåëüíûå ÷èñëà.

Äîêàçàíî, ÷òî åñëè λ > 0, k2 ≤ λ ≤ k1; ϕ0(y), ϕ1(y) ∈ C[0, 1],
ψ(x) ∈ C[0, 1/2]∪C2(0, 1/2), òî çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå.

Ïðè ýòîì äëÿ äîêàçàòåëüñòâà åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è

ïðèìåíåí ìåòîä èíòåãðàëîâ ýíåðãèè, à äëÿ ñóùåñòâîâàíèÿ � ìåòîä

èíòåãðàëüíûõ óðàâíåíèé.
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Òðåáîâàíèÿ ñîâðåìåííîé íàóêè è òåõíèêè ïðèâîäÿò ê íåîáõîäè-

ìîñòè ðàññìàòðèâàòü ïðîöåññû, ïðîèñõîäÿùèå â íåëèíåéíûõ ñðå-

äàõ. Çäåñü ìîæíî óêàçàòü çàäà÷è ãèäðî- è ãàçîäèíàìèêè, �èçèêè

ïëàçìû, òåîðèè õèìè÷åñêèõ ðåàêöèé è äð [1℄. Â ñâÿçè ñ ïîñòàíîâêîé

íîâûõ çàäà÷ âîçíèêàåò íåîáõîäèìîñòü ðàçðàáîòêè íîâûõ ïîäõîäîâ

â èññëåäîâàíèè íåëèíåéíûõ çàäà÷ ìàòåìàòè÷åñêîé �èçèêè, ÿâëÿþ-

ùèõñÿ ìàòåìàòè÷åñêèìè ìîäåëÿìè ïðîöåññîâ â íåëèíåéíûõ ñðåäàõ.

Ïðè ýòîì ìíîãèå èç óêàçàííûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíå-

íèé ïðèâîäÿòñÿ ê êðàåâûì çàäà÷àì ñî ñâîáîäíîé ãðàíèöåé.

Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ íàéòè íà íåêîòîðîì îòðåçêå

0 < t ≤ T íåïðåðûâíî äè��åðåíöèðóåìóþ �óíêöèþ s(t), òàêóþ,
÷òî s(0) = s0 > 0, 0 < ṡ(t) ≤ N , s(t) � óäîâëåòâîðÿåò óñëîâèþ

�åëüäåðà, à �óíêöèÿ u(t, x) â îáëàñòè D = {(t, x) : 0 < t ≤ T, 0 <
x < s(t)} óäîâëåòâîðÿåò óðàâíåíèþ

ut = (a(u)ux)x + b(t, x, ux), (t, x) ∈ D

è ñëåäóþùèì íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿì

u(0, x) = ϕ(x), 0 ≤ x ≤ s0,

ux(t, 0) = ω(t), 0 ≤ t ≤ T,

αu(t, x0) = u(t, s(t)), 0 ≤ t ≤ T,

ux(t, s(t)) = ψ(t), 0 ≤ t ≤ T.

Ñíà÷àëà çàäà÷à ñâîäèòñÿ ê çàäà÷å òèïà çàäà÷è Ñòå�àíà è äîêà-

çûâàåòñÿ èõ ýêâèâàëåíòíîñòü. Äàëåå, óñòàíàâëèâàþòñÿ àïðèîðíûå

îöåíêè äëÿ ñâîáîäíîé ãðàíèöû, ðåøåíèé è èõ ïðîèçâîäíûõ â íîð-

ìå �åëüäåðà. È â èòîãå íà îñíîâå àïðèîðíûõ îöåíîê äîêàçûâàåò-

ñÿ åäèíñòâåííîñòü ðåøåíèÿ. Ñóùåñòâîâàíèå ðåøåíèÿ ïîëó÷åííîé è

ïåðâîíà÷àëüíîé çàäà÷ äîêàçûâàåòñÿ ïðè ïîìîùè ìåòîäà íåïîäâèæ-

íîé òî÷êè Øàóäåðà [1℄.
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Â ñîâðåìåííîé íàóêå íàáëþäàåòñÿ ïîâûøåííûé èíòåðåñ ê çàäà-

÷àì äëÿ íàãðóæåííûõ ïàðàáîëè÷åñêèõ óðàâíåíèé [1℄. À çàäà÷è ñî

ñâîáîäíîé ãðàíèöåé äëÿ íàãðóæåííîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ

îòíîñÿòñÿ ê êàòåãîðèè ìàëîèçó÷åííûõ [2, 3℄.

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ íåëîêàëüíàÿ çàäà÷à ñî ñâîáîäíîé

ãðàíèöåé äëÿ íàãðóæåííîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ.

Òðåáóåòñÿ íàéòè ïàðó �óíêöèé s(t), u(t, x), òàêóþ, ÷òî íåïðå-

ðûâíî äè��åðåíöèðóåìàÿ �óíêöèÿ s(t) îïðåäåëåíà íà îòðåçêå 0 <
t ≤ T, s(0) = s0 > 0, 0 < ṡ(t) ≤ N , à �óíêöèÿ u(t, x) â îáëàñòè

D = {(t, x) : 0<t ≤ T, 0 < x < s(t)} óäîâëåòâîðÿåò óðàâíåíèþ
a(t, x)uxx(t, x)− ut(t, x) = cu(t, x0), (t, x) ∈ D (1)

è ñëåäóþùèì íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿì

u(0, x) = ϕ(x), 0 ≤ x ≤ s0, (1)

ux(t, 0) = ψ1(t), 0 ≤ t ≤ T, (2)

αu(t, 0) = u(t, s(t)), 0 ≤ t ≤ T, (3)

ux(t, s(t)) = ψ2(t), 0 ≤ t ≤ T. (4)

Ñíà÷àëà óñòàíàâëèâàþòñÿ íåêîòîðûå àïðèîðíûå îöåíêè â íîðìå

�åëüäåðà äëÿ ðåøåíèÿ çàäà÷è (1)�(5). Äàëåå, íà îñíîâå ïîëó÷åí-

íûõ îöåíîê èññëåäóåòñÿ ïîâåäåíèå ñâîáîäíîé ãðàíèöû â ðàññìàò-

ðèâàåìîì ïðîìåæóòêå âðåìåíè è äîêàçûâàåòñÿ åäèíñòâåííîñòü è

ñóùåñòâîâàíèå ðåøåíèÿ ïîñòàâëåííûé çàäà÷è.

Ëèòåðàòóðà
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�àññìàòðèâàåòñÿ ëèíåéíàÿ äè��åðåíöèàëüíàÿ èãðà ïðåñëåäîâà-

íèÿ

ż = Az + u− v, z ∈ Rm, (1)

ãäå u, v ∈ Rm − ïàðàìåòðû óïðàâëåíèÿ, A− ïîñòîÿííàÿ ìàòðè-

öà, òåðìèíàëüíîå ìíîæåñòâî: M∗ = M0 + M, ãäå M0 − ëèíåéíîå

ïîäïðîñòðàíñòâî, V, M − âûïóêëûå êîìïàêòíûå ìíîæåñòâà â Rm

è L, L
⊕

M0 = Rm, ñîîòâåòñòâåííî, {τi}∞i=0− ïîñëåäîâàòåëüíîñòü

ìîìåíòîâ âðåìåíè.

Ìíîæåñòâî èçìåðèìûõ �óíêöèè u(t), t ≥ 0, òàêèõ, ÷òî

||u(·)||L2[τi−1,τi] ≤ σ, i = 1, ..., q(t), ||u(·)||L2[τq(t),t] ≤ σ,

îáîçíà÷èì U [τi−1, τi], i = 1, ..., q(t), U [τq(t), t] ñîîòâåòñòâåííî, ãäå
q(t) = [t].

Êëàññîì äîïóñòèìûõ óïðàâëåíèé óáåãàþùåãî èãðîêà ÿâëÿåòñÿ

ìíîæåñòâî èìïóëüñíûõ �óíêöèé, êîòîðûå âûðàæàþòñÿ äåëüòà -

�óíêöèåé Äèðàêà [1℄.

Îïðåäåëåíèå. Îòîáðàæåíèå F = F0 × F1 × ...× Fq(t) íàçûâà-

åòñÿ ïî÷òè ñòðîáîñêîïè÷åñêîé ñòðàòåãèåé ïðåñëåäóþùåãî èãðîêà,

ãäå îòîáðàæåíèé Fi−1 : V → U [τi−1, τi], i = 1, ..., q(t)−1, Fq(t) : V →
U [τq(t), t].

Òåîðåìà. Åñëè intWi(n) 6= ∅, T 6= ∅, τi∈̄T è ìíîæåñòâî T (z0, w)
íå ïóñòî, òî äëÿ ëþáîãî T ∈ T (z0, w) ñóùåñòâóåò ïî÷òè ñòðîáî-

ñêîïè÷åñêàÿ ñòðàòåãèÿ F ïðåñëåäîâàòåëÿ òàê, ÷òî, ïðè ëþáîì äî-

ïóñòèìîì óïðàâëåíèè óáåãàþùåãî èãðîêà, ñîîòâåòñòâóþùóþòðà-

åêòîðèþ z(t) ñèñòåìû (1) ìîæíî âûâåñòè íà òåðìèíàëüíîå ìíî-

æåñòâî M∗
â ìîìåíò âðåìåíè T .

Çàìå÷àíèå. Îáîçíà÷åíèÿ Wi(n), T, T (z
0, w), q(t) è w ñì. [1℄.
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Äëÿ äè��åðåíöèàëüíîãî óðàâíåíèÿ, îïèñûâàþùåãî èçãèáíûå

êîëåáàíèÿ íåëèíåéíî-óïðóãîãî ñòåðæíÿ:

∂2u

∂t2
− ∂4u

∂x2∂t2
+ α2∂

4u

∂x4
= β2 ∂

2

∂x2
u3,

ãäå α, β � çàäàííûå íåîòðèöàòåëüíûå ïàðàìåòðû, èññëåäîâàíà ðàç-

ðåøèìîñòü çàäà÷è Êîøè â ïðîñòðàíñòâå íåïðåðûâíûõ �óíêöèé íà

âñåé ÷èñëîâîé îñè ñâåäåíèåì ê àáñòðàêòíîé çàäà÷å Êîøè â áàíàõî-

âîì ïðîñòðàíñòâå.

Íàéäåí ÿâíûé âèä ñîîòâåòñòâóþùåãî ëèíåéíîãî óðàâíåíèÿ. Óñòà-

íîâëåí âðåìåííîé îòðåçîê ñóùåñòâîâàíèÿ êëàññè÷åñêîãî ðåøåíèÿ

çàäà÷è Êîøè äëÿ íåëèíåéíîãî óðàâíåíèÿ è ïîëó÷åíà îöåíêà íîð-

ìû ýòîãî ëîêàëüíîãî ðåøåíèÿ. �àññìîòðåíû óñëîâèÿ ñóùåñòâîâà-

íèÿ ãëîáàëüíîãî ðåøåíèÿ.
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1
, Êàðèìîâ Ø.Ò.

2

Ôåðãàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Óçáåêèñòàí, Ôåðãàíà)

1
e-mail: urinovak�mail.ru,

2
e-mail: shkarimov09�rambler.ru

Äàííàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ðàçðåøèìîñòè â êëàñ-

ñè÷åñêîì ñìûñëå àíàëîãà êðàåâîé çàäà÷è �óðñà äëÿ óðàâíåíèÿ

Lλ
α(u) ≡

∂

∂ t

(
∂2u

∂x2
+

2α

x

∂u

∂x
+ λu

)
+
∂2u

∂x2
+

2α

x

∂u

∂x
= f(x, t), (1)

ãäå f(x, t) � çàäàííàÿ �óíêöèÿ, α, λ ∈ R, ïðè÷åì 0 < α < 1/2.
Çàäà÷à G. Â îáëàñòè Ω = {(x, t) : 0 < x < l, 0 < t < h} òðåáó-

åòñÿ íàéòè �óíêöèþ u(x, t) ∈ C(Ω̄), óäîâëåòâîðÿþùóþ óðàâíåíèþ

(1) è êðàåâûì óñëîâèÿì

u(x, 0) = ψ(x), 0 ≤ x ≤ l;
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u(0, t) = ϕ1(t), lim
x→0

x2αux(x, t) = ϕ2(t), 0 ≤ t ≤ h,

ãäå ψ(x), ϕ1(t), ϕ2(t) � çàäàííûå ãëàäêèå �óíêöèè, ïðè÷åì ϕ1(0) =
ψ(0), ϕ2(0) = 0.

Èññëåäîâàíèåì ðàçëè÷íûõ çàäà÷ äëÿ îäíîìåðíîãî îáùåãî ëè-

íåéíîãî ïñåâäîïàðàáîëè÷åñêîãî óðàâíåíèÿ ñî ñòàðøåé ïðîèçâîä-

íîé uxxt è ñ ãëàäêèìè êîý��èöèåíòàìè çàíèìàëèñü Ä. Êîëòîí,

À.Ì. Íàõóøåâ, À.Ï. Ñîëäàòîâ, Ì.Õ. Øõàíóêîâ, Â.È. Æåãàëîâ,

Å.À. Óòêèíà, Â.À. Âîäàõîâà è äðóãèå.

Èñïîëüçóÿ äðîáíûé îïåðàòîð Ýðäåéè-Êîáåðà [1℄ è ìåòîä �èìàíà

[2℄, íàìè ïîëó÷åíà ÿâíàÿ �îðìóëà ðåøåíèÿ ïîñòàâëåííîé çàäà÷è.

Â ðàáîòå ïîñòðîåíà �óíêöèÿ �èìàíà îïåðàòîðà Lλ
α(u), êîòîðàÿ âû-

ðàæàåòñÿ ÷åðåç ãèïåðãåîìåòðè÷åñêóþ �óíêöèþ Êàìïå äå Ôåðüå.

Ëèòåðàòóðà

1. Ñàìêî Ñ.�., Êèëáàñ À.À., Ìàðè÷åâ Î.È. Èíòåãðàëû è ïðîèçâîäíûå äðîá-

íîãî ïîðÿäêà è èõ ïðèëîæåíèÿ. Ìèíñê: Íàóêà è òåõíèêà, 1987. 702 ñ.

2. Âëàäèìèðîâ Â.Ñ. Óðàâíåíèÿ ìàòåìàòè÷åñêîé �èçèêè. Ì.: Íàóêà, 1981.

512 ñ.

Ï�ßÌÛÅ ÈÇÎÊËÈÍÛ Â ÊÀ×ÅÑÒÂÅÍÍÎÉ ÒÅÎ�ÈÈ

ÏÎËÈÍÎÌÈÀËÜÍÛÕ ÂÅÊÒÎ�ÍÛÕ ÏÎËÅÉ


© Óøõî À.Ä., Òëÿ÷åâ Â.Á.

1
, Óøõî Ä.Ñ.

2

Àäûãåéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (�îññèÿ, Ìàéêîï)

1
e-mail: tlya
hev�adygnet.ru,

2
e-mail: damiruby
h�mail.ru

Êàê èçâåñòíî èç êà÷åñòâåííîé òåîðèè äè��åðåíöèàëüíûõ óðàâ-

íåíèé ïîâåäåíèå òðàåêòîðèé äèíàìè÷åñêîé ñèñòåìû îïðåäåëÿåòñÿ

îñîáûìè òðàåêòîðèÿìè, òàêèìè êàê ñîñòîÿíèå ðàâíîâåñèÿ, ñåïàðà-

òðèñà, ïðåäåëüíûé öèêë. Ïðè ýòîì íåîáõîäèìî çíàòü êîëè÷åñòâî

ñîñòîÿíèé ðàâíîâåñèÿ, èõ êîîðäèíàòû, âçàèìíîå ðàñïîëîæåíèå ñå-

äåë è ñåäëîóçëîâ, ÷èñëî ïðåäåëüíûõ öèêëîâ, èõ óñòîé÷èâîñòü è

âçàèìíîå ðàñïîëîæåíèå. �åøåíèþ ýòèõ è äðóãèõ âîïðîñîâ ìîæåò

ïîìî÷ü àíàëèç ãëàâíûõ èçîêëèí. Èñïîëüçîâàíèå èçîêëèí âíîñèò

îïðåäåëåííûé ìåòîäîëîãè÷åñêèé àñïåêò ïðè èññëåäîâàíèè ïîâåäå-

íèÿ �àçîâûõ òðàåêòîðèé. Íàïðèìåð, øèðîêî èçâåñòåí ¾ìåòîä äâóõ

èçîêëèí¿ (ìåòîä Í.Ï. Åðóãèíà), êîòîðûé â íàñòîÿùåå âðåìÿ àêòèâ-

íî ïðèìåíÿåòñÿ [1℄. Â �óíäàìåíòàëüíîé ðàáîòå Â.Â. Íåìûöêîãî [2℄

óêàçûâàåòñÿ íà âîçìîæíîñòè êà÷åñòâåííîãî èññëåäîâàíèÿ äèíàìè-

÷åñêèõ ñèñòåì ñ ïîìîùüþ ãëàâíûõ èçîêëèí.
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Ñðåäè èçîêëèí âàæíóþ ðîëü èãðàþò ïðÿìîëèíåéíûå (ïðÿìûå)

èçîêëèíû, îñîáåííî â ñëó÷àå, êîãäà ïðàâàÿ ÷àñòü ñèñòåìû � âçàèìíî

ïðîñòûå ìíîãî÷ëåíû. Â ðàáîòå äàí îáçîð èññëåäîâàíèé ïîëèíîìè-

àëüíûõ âåêòîðíûõ ïîëåé, îñíîâíûì ýëåìåíòîì êîòîðûõ ÿâëÿþòñÿ

èçîêëèíû. Ïðèìåíåíèå àâòîðñêîé òåîðèè ïðÿìûõ èçîêëèí ïîçâî-

ëèëî ïîëó÷èòü ðÿä íåòðèâèàëüíûõ ðåçóëüòàòîâ, ïðåäñòàâëåííûõ â

ìîíîãðà�èÿõ [3,4℄.

Ëèòåðàòóðà

1. Gaiko V.A. Limit 
y
le bifur
ations in a quadrati
 system with two parallel

straight line-iso
lines. Report 08-06. Delft: Delft University of Te
hnology,

2008. 10 p.

2. Íåìûöêèé Â.Â. Íåêîòîðûå ñîâðåìåííûå ïðîáëåìû êà÷åñòâåííîé òåîðèè

îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé // Óñïåõè ìàòåìàòè÷åñêèõ

íàóê. 1965. Ò. 20, � 4. Ñ. 3-36.

3. Óøõî Ä.Ñ. Ïðÿìûå èçîêëèíû è êàíîíè÷åñêèå �îðìû ïîëèíîìèàëüíûõ

äè��åðåíöèàëüíûõ ñèñòåì íà ïëîñêîñòè. Ìàéêîï: Èçäàòåëüñòâî À�Ó,

2007. 93 
.

4. Òëÿ÷åâ Â.Á., Óøõî À.Ä., Óøõî Ä.Ñ. Ïîëèíîìèàëüíûå âåêòîðíûå ïîëÿ íà

ïëîñêîñòè: èçáðàííûå âîïðîñû. Ìàéêîï: Èçäàòåëüñòâî À�Ó, 2012. 325 ñ.

ÑÕÎÄÈÌÎÑÒÜ ÎÏÅ�ÀÒÎ�ÎÂ Â Ï�ÎÑÒ�ÀÍÑÒÂÅ

ÑÓÌÌÈ�ÓÅÌÛÕ ÔÓÍÊÖÈÉ


© Õàçèðèøè Ý.Î.

Àáõàçñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Àáõàçèÿ, Ñóõóì)

e-mail: khazirishi�mail.ru

Â ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû ñõîäèìîñòè ïî ìåðå ïîñ-

ëåäîâàòåëüíîñòè îïåðàòîðîâ, äåéñòâóþùèõ èç ïðîñòðàíñòâà

Lp(1 ≤ p < ∞) â ïðîñòðàíñòâî èçìåðèìûõ ïî÷òè âñþäó êîíå÷íûõ

�óíêöèé.

Ïóñòü P = ω(M) � íåêîòîðîå âçàèìíî-îäíîçíà÷íîå ïðåîáðàçî-

âàíèå Ω íà Ω, ãäå P,M ∈ Ω; è ïóñòü ε � ñåìåéñòâî òàêèõ ïðåîáðà-
çîâàíèé. �îâîðÿò, ÷òî ãðóïïà ïðåîáðàçîâàíèé ε åñòü ýðãîäè÷åñêîå
ñåìåéñòâî ïðåîáðàçîâàíèé íà ñåáÿ, åñëè:

1) äëÿ ëþáîãî A∈F ñóùåñòâóåò òàêîå ω∈ε, ÷òî µ(A∩Aω)<µA,
Aω = ω−1A, ïðè µA 6= 0 è µA 6= µΩ;

2) äëÿ ëþáîãî A ⊂ F : ω(A) ∈ F, ãäå ω−1(A) ∈ F è µ[ω−1(A)] =
µ[ω(A)] = µA.
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�îâîðÿò, ÷òî îïåðàòîð T :B→S(Ω, F ) (ãäå B � ïîëíîå ëèíåéíîå

íîðìèðîâàííîå ïðîñòðàíñòâî, (Ω, F, µ) � ïðîñòðàíñòâî ñ σ � êîíå÷-

íîé ìåðîé, S(Ω, F ) � ïðîñòðàíñòâî èçìåðèìûõ ïî÷òè âñþäó êîíå÷-
íûõ �óíêöèé) êîììóòèðóåòñÿ ñ ñåìåéñòâîì ε, åñëè äëÿ ∀a ∈ B, ω ∈
ε è bω ∈ B èìååò ìåñòî íåðàâåíñòâî |T (a, ωx)| ≤ |T (bω, x)|.

�àññìîòðèì ïîñëåäîâàòåëüíîñòü îïåðàòîðîâ Tn äåéñòâóþùèõ èç

B = Lp(Ω, F, µ) â S(Ω, F ).
Òåîðåìà 1.Ïóñòü Tn - ïîñëåäîâàòåëüíîñòü ëèíåéíûõ, íåïðå-

ðûâíûõ ïî ìåðå è ïîëîæèòåëüíûõ îïåðàòîðîâ, êîììóòèðóþùèåñÿ

ñ íåêîòîðûìè ýðãîäè÷åñêèì ñåìåéñòâîì {E} = ε ïðåîáðàçîâàíèé
[0, 1] íà ñåáÿ. Òîãäà äëÿ ñõîäèìîñòè ïî ìåðå

lim
λ→∞

sup
n
µ{x : |Tn(f, x)| ≥ λ||f ||Lp = 0 (1)

äîñòàòî÷íî, ÷òîáû äëÿ ìíîæåñòâà E[0, 1] ñ ìåðîé µ E > 0, âû-
ïîëíÿëîñü ñîîòíîøåíèå

sup
n
µ{x ∈ E : |Tn(f, x)| ≥ λ0||f ||Lp ≤ q (2)

ãäå ÷èñëî q òàêîå, ÷òî 0 < q < µE, f ∈ Lp(1 ≤ p < ∞).
Çàìå÷àíèå. Ïóñòü � � ïðîñòîé çàìêíóòûé êîíòóð, îõâàòûâàþ-

ùèé íà÷àëî êîîðäèíàò. �àññìîòðèì ñèíãóëÿðíûé èíòåãðàë

Sϕ = S (ϕ, t) = 1
πi

∫
ϕ(τ)
τ−t

dτ , t ∈ Γ ïîíèìàåìûé â ñìûñëå ãëàâíî-

ãî çíà÷åíèÿ ïî Êîøè. Ââåäåì íà � øêàëó áàíàõîâûõ ïðîñòðàíñòâ

Wp =Wp (Γ), òåñíî ñâÿçàííûõ ñ ïðîñòðàíñòâàìè Lp.

Ïóñòü Wp (Γ) = {ϕ ∈ Lp (Γ) : S (ϕ, t) ∈ Lp (Γ)} ñ íîðìîé

‖ϕ‖Wp
= ‖ϕ‖Lp

+ ‖Sϕ‖Lp
, 1 ≤ p ≤ ∞. (3)

Â [2℄ äîêàçûâàåòñÿ, ÷òî ïðîñòðàíñòâî ïîëíî ïî íîðìå (3) ïðè ëþáûõ

p ∈ [1,∞].
Âûøå äàííàÿ òåîðåìà 1 áåç îñîáîãî òðóäà ïåðåíîñèòñÿ è íà ïî-

ñëåäîâàòåëüíîñòü îïåðàòîðîâ äåéñòâóþùèõ èç Wp â S. À çíà÷èò

ïîëó÷åííûå ðåçóëüòàòû ìîæíî ïåðåíåñòè äëÿ ïîëó÷åíèÿ óñëîâèé

ñõîäèìîñòè ïî ìåðå ñèíãóëÿðíûõ èíòåãðàëîâ.

Ëèòåðàòóðà

1. Êèïèàíè �.�. Îöåíêè ïîñëåäîâàòåëüíîñòè îïåðàòîðîâ // Ñîîáù. ÀÍ

�ÑÑ�. 1974. T. 76, � 2.

2. �àáäóëõàåâ Á.�., Õàçèðèøè Ý.Î. Î ïðèáëèæåííûõ ðåøåíèÿõ ñèíãóëÿð-

íûõ èíòåãðàëüíûõ óðàâíåíèé // 1985. Ñîîáù. ÀÍ �ÑÑ�. T. 117, �2.
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Î ÍÓËßÕ ÔÓÍÊÖÈÈ ÕÀ�ÄÈ È ÅÅ Ï�ÎÈÇÂÎÄÍÛÕ


© Õàéðóëëîåâ Ø.À.

Èíñòèòóò ìàòåìàòèêè èì. À. Äæóðàåâà ÀÍ �Ò (Òàäæèêèñòàí, Äóøàíáå)

e-mail: shamsullo�rambler.ru

Ïåðâûì ðåçóëüòàòîì î íóëÿõ äçåòà-�óíêöèè �èìàíà ζ(s) íà êðè-
òè÷åñêîé ïðÿìîé ÿâëÿåòñÿ òåîðåìà �. Õàðäè [1℄. Â 1914 ã. îí äî-

êàçàë, ÷òî ζ(1/2 + it) èìååò áåñêîíå÷íî ìíîãî âåùåñòâåííûõ íó-

ëåé. Çàòåì Õàðäè è Ëèòòëâóä [2℄ â 1921 ã. äîêàçàëè, ÷òî ïðîìåæó-

òîê (T, T + H) ïðè H ≥ T 1/4+ε
ñîäåðæèò íóëü íå÷åòíîãî ïîðÿäêà

ζ(1/2+it). ßí Ìîçåð [3℄ â 1976 ã. äîêàçàë, ÷òî ýòî óòâåðæäåíèå èìå-

åò ìåñòî ïðè H ≥ T 1/6 ln2 T . Â 1981 ã. À.À. Êàðàöóáà [4℄ äîêàçàë

òåîðåìó Õàðäè-Ëèòòëâóäà óæå ïðè H ≥ T 5/32 ln2 T .
Â ðàáîòå [5℄ íàéäåíà íèæíÿÿ ãðàíü äëèíû ïðîìåæóòêà êðèòè÷å-

ñêîé ïðÿìîé, â êîòîðîì ñîäåðæèòñÿ íóëü íå÷åòíîãî ïîðÿäêà äçåòà-

�óíêöèè è âûðàæåíà îíà ÷åðåç êîíñòàíòó �àíêèíà. Ïîëó÷åííûé

ðåçóëüòàò â ðàìêàõ äàííîãî ìåòîäà ÿâëÿåòñÿ îêîí÷àòåëüíûì.

Â ðàáîòå íàéäåíà íîâàÿ òåîðåìà î íóëÿõ ïðîèçâîäíîé j�ãî ïî-
ðÿäêà �óíêöèè Õàðäè.

Òåîðåìà. Ïóñòü T ≥ T0 > 0, H ≥ cTæj lnT ,

æj =
35

220 + 212j
, c = c0 > 0, j ∈ N.

Òîãäà ïðîìåæóòîê (T, T +H) ñîäåðæèò íóëü íå÷åòíîãî ïîðÿäêà

�óíêöèè Z(j)(t).

Ëèòåðàòóðà

1. Hardy G.H. Sur les zeros de la fon
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�èìàíà, ëåæàùèìè íà êðèòè÷åñêîé ïðÿìîé // ÒðóäûÌÈÀÍ. 1981. Ò. 157.

Ñ. 49-63.

5. �àõìîíîâ Ç.Õ., Õàéðóëëîåâ Ø.À.Ñîñåäíèå íóëè äçåòà-�óíêöèè �èìàíà,

ëåæàùèå íà êðèòè÷åñêîé ïðÿìîé // Äîêëàäû ÀÍ �Ò. 2009. Ò. 52, � 5.

C. 331-335.
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© Õàëèëîâ Ê.Ñ.

Ôåðãàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Óçáåêèñòàí, Ôåðãàíà)

e-mail: xalilov_q�mail.ru

Ïóñòü D � êîíå÷íàÿ îäíîñâÿçíàÿ îáëàñòü ïëîñêîñòè xOy, îãðà-
íè÷åííàÿ ïðè y ≥ 0 îòðåçêàìè AA0, A0B0, B0B ïðÿìûõ x = 0, y = 1,
x = 1 ñîîòâåòñòâåííî, à ïðè y ≤ 0 � ïðÿìûìè AE : x + y = 0,
BE : x − y = 1; D1 = D ∩ {(x, y) : x > 0, y > 0}; D2 = D ∩ {(x, y) :
x > 0, y < 0}; J = D ∩ (y = 0).

Â îáëàñòè D ðàññìîòðèì óðàâíåíèå

0 =
∂

∂x

{
uxx − uy, (x, y) ∈ D1,
uxx − uyy, (x, y) ∈ D2.

(1)

Â äàííîé ðàáîòå â îáëàñòè D äëÿ óðàâíåíèÿ (1) èññëåäóåòñÿ

íåêëàññè÷åñêàÿ çàäà÷à ñ èíòåãðàëüíûì óñëîâèåì â îáëàñòè D1.

Çàäà÷à. Íàéòè �óíêöèþ u(x, y) ñî ñëåäóþùèìè ñâîéñòâàìè:
1) u(x, y) ∈ C(D), ux ∈ C(AA0 ∪ AE ∪D), uy ∈ C(AE ∪D);
2) u(x, y) ÿâëÿåòñÿ ðåãóëÿðíûì â îáëàñòÿõ D1 è D2 ðåøåíèåì

óðàâíåíèÿ (1);

3) u(x, y) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì

u(0, y) = µ1(y), ux(0, y) = µ2(y), 0 ≤ y ≤ 1;

∫ 1

0

u(x, y)dx = µ3(y), 0 ≤ y ≤ 1;

u(x,−x) = ψ1(x), x ∈ [0, 1/2];
∂u

∂n
|AE= ψ2(x), x ∈ (0, 1/2),

ãäå n - âíóòðåííÿÿ íîðìàëü, µ1(y), µ2(y), µ3(y), ψ1(x), ψ2(x) - çàäàí-
íûå äîñòàòî÷íî ãëàäêèå �óíêöèè, ïðè÷åì ψ1(0) ≡ µ1(0).
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Èññëåäóåòñÿ çàäà÷à äëÿ íàãðóæåííîãî äè��åðåíöèàëüíîãî óðàâ-

íåíèÿ ïàðàáîëè÷åñêîãî òèïà, ïðè 0 < x < l, 0 < t ≤ T :

ut(x, t) = a2uxx(x, t) + bu(x, t) +

m∑

k=1

dku(x, t̄k) + f(x, t), (1)

u(0, t) = µ1(t), u(l, t) = µ2(t), 0 ≤ t ≤ T, (2)

u(x, 0) = ϕ(x), 0 ≤ x ≤ l. (3)

Çäåñü a, b, dk, k = 1, 2, ..., m � äåéñòâèòåëüíûå ÷èñëà, t̄k, k=1, 2, ..., m
� òî÷êè èíòåðâàëà (0, T ], f(x, t), µ1(t), µ2(t), ϕ(x) � íåïðåðûâíûå

�óíêöèè ñâîèõ àðãóìåíòîâ.

Çàäà÷à (1)�(3) àïïðîêñèìèðîâàíà ìåòîäîì êîíå÷íûõ ðàçíîñòåé

ñ òî÷íîñòüþO(h2+τ). Îòíîñèòåëüíî ðåøåíèÿ ïîñòðîåííîé ðàçíîñò-
íîé çàäà÷è äîêàçàíà ñëåäóþùàÿ

Òåîðåìà. Ïóñòü u(x, t) � ðåøåíèå óðàâíåíèÿ (1) èìååò â îáëàñòè
D îãðàíè÷åííûå ÷àñòíûå ïðîèçâîäíûå ïî ïåðåìåííîé x äî ÷åòâåð-
òîãî, à ïî ïåðåìåííîé t äî âòîðîãî ïîðÿäêà, âêëþ÷èòåëüíî. Åñëè

âûïîëíÿþòñÿ óñëîâèÿ

dk > 0, k = 1, 2, ..., m, b+

m∑

k=1

dk ≤ −ε < 0, τ ≤ 2h2

2a2 − bh2
, ξ ≥ 1

lε
,

òî ðåøåíèå ðàçíîñòíîé çàäà÷è ñõîäèòñÿ ê ðåøåíèþ çàäà÷è (1)�(3).

Ïðè ýòîì èìååò ìåñòî îöåíêà

∣∣yjn − u(xn, tj)
∣∣ ≤ Lξ

(
h2 + τ

)
· 2l, n = 0, 1, ..., N, j = 0, 1, ..., j0,

ãäå yjn - ðåøåíèå ðàçíîñòíîé çàäà÷è, h, τ - øàãè ñåòêè, L - ïîëîæè-

òåëüíàÿ ïîñòîÿííàÿ.
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ðàçíîñòåé // Âåñòíèê Áàêèíñêîãî Óíèâåðñèòåòà, ñåðèÿ �èçèêî-ìàòåìàòè-
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�àññìîòðèì íàãðóæåííîå [1℄ óðàâíåíèå

{
uxx − uy + λu(x0, y) = 0, y > 0,
ux + uy + cu + µu(x0, y) = 0, y < 0,

(1)

â îáëàñòè Ω, îãðàíè÷åííîé îòðåçêàìè AA0, BB0, A0B0 ïðÿìûõ

x = 0, x = r, y = T > 0 ñîîòâåòñòâåííî ïðè y > 0, îòðåçêàìè
AA1, A1B1 ïðÿìûõ x = 0, y = −x0 è îòðåçêîì õàðàêòåðèñòèêè

óðàâíåíèÿ (1) BB1 : x− y = r; x0 ∈ [0, r), c, λ, µ = const.
Ïðè y > 0 óðàâíåíèÿ âèäà (1) âñòðå÷àþòñÿ â ìàòåìàòè÷åñêîé

áèîëîãèè [2, ñ. 187℄, â îñîáåííîñòè ïðè ìàòåìàòè÷åñêîì ìîäåëèðî-

âàíèè ÿâëåíèÿ ïåðåíîñà â æèâûõ ñèñòåìàõ. Ïðè µ = 0 óðàâíåíèå

(1) â îáëàñòè ãèïåðáîëè÷íîñòè íàçûâàþò óðàâíåíèåì íåðàçðûâíî-

ñòè Ìàê Êåíäðèêà - �îí Ôåðñòåðà èëè æå ýâîëþöèîííûì óðàâíå-

íèåì, â [2, 
. 244℄ äëÿ íåãî èññëåäîâàíû íåëîêàëüíûå çàäà÷è. Êðà-

åâûå çàäà÷è äëÿ ìîäåëüíûõ íàãðóæåííûõ óðàâíåíèé ñìåøàííîãî

ãèïåðáîëî-ïàðàáîëè÷åñêîãî è ýëëèïòèêî-ãèïåðáîëè÷åñêîãî òèïà ñ

âûðîæäåíèåì ïîðÿäêà â îáëàñòè åãî ãèïåðáîëè÷íîñòè è íàãðóçêîé

íà ëèíèè èçìåíåíèÿ òèïà èññëåäîâàíû â [1, ñ. 159,176℄. Â [3℄ èñ-

ñëåäîâàí ý��åêò âëèÿíèÿ "íàãðóçêè" íà êîððåêòíóþ ïîñòàíîâêó

íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ ñóùåñòâåííî íàãðóæåííîãî äè��åðåí-

öèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà.

Â äàííîé ðàáîòå èññëåäîâàíà êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1).
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íîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà // Âåñòíèê Ê�À-

ÓÍÖ. Ôèç.-ìàò. íàóêè. 2016. � 4-1 (16). Ñ. 9�14.
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Â îáëàñòè Ω = {(x, y) : −∞ < x < ∞, 0 < y < T} ðàññìîòðèì

óðàâíåíèå

Bxu(x, y)− ∂ α
0yu(x, y) = f(x, y), (1)

ãäå Bx = ∂2

∂x2 +
b
x

∂
∂x

� îïåðàòîð Áåññåëÿ, |b| < 1; ∂ α
0y � ïðîèçâîäíàÿ

Êàïóòî ïîðÿäêà 0 < α 6 1 [1, 
. 11℄, [2, ñ. 14℄.
Ïóñòü Ω+ = Ω ∩ {x > 0}, Ω− = Ω ∩ {x < 0}, Ω̄ � çàìûêàíèå

îáëàñòè Ω. �åãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â îáëàñòè Ω áóäåì

íàçûâàòü �óíêöèþ u = u(x, y), óäîâëåòâîðÿþùóþ óðàâíåíèþ (1)

â îáëàñòè Ω+ ∪ Ω−, è òàêóþ, ÷òî u ∈ C(Ω̄), |x|bux ∈ C(Ω), uxx,
∂ α
0yu ∈ C(Ω+ ∪ Ω−).
Çàäà÷à 1. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå óðàâíåíèÿ

(1), óäîâëåòâîðÿþùåå óñëîâèþ u(x, 0) = ϕ(x), −∞ < x < ∞, ãäå
ϕ(x) � çàäàííàÿ �óíêöèÿ.

Îáîçíà÷èì ÷åðåç β = (1− b)/2,

Γα, β(x, ξ, y) = Aα
y g(x, ξ, y),

g(x, ξ, y) =
|x|β|ξ|β
4y

e−
x2+ξ2

4y

[
I−β

( |xξ|
2y

)
+ signx · sign ξ · Iβ

( |xξ|
2y

)]
,

ãäå Aα
y � èíòåãðàëüíîå ïðåîáðàçîâàíèå ñ �óíêöèåé �àéòà â ÿäðå,

äåéñòâóþùåå ïî ïåðåìåííîé y [2, ñ. 72℄, Iν(z) � ìîäè�èöèðîâàííàÿ
�óíêöèÿ Áåññåëÿ ïåðâîãî ðîäà ïîðÿäêà ν [3, ñ. 643℄.

Òåîðåìà 1. Ïóñòü �óíêöèÿ ϕ(x) ∈ C(−∞,∞) óäîâëåòâîðÿåò
óñëîâèþ �åëüäåðà, y1−αf(x, y) ∈ C(Ω̄), �óíêöèÿ f(x, y) óäîâëåòâî-
ðÿåò óñëîâèþ �åëüäåðà ïî ïåðåìåííîé x è âûïîëíÿþòñÿ óñëîâèÿ

lim
|x|→∞

ϕ(x) exp
(
−ρ |x| 2

2−α

)
= 0,

lim
|x|→∞

y1−αf(x, y) exp
(
−ρ |x| 2

2−α

)
= 0,
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ãäå ρ < (2− α) 2− 2
2−α (α / T )

α
2−α . Òîãäà �óíêöèÿ

u(x, y) =

∞∫

−∞

|ξ| 1−2β D α−1
0y Γα, β(x, ξ, y)ϕ(ξ) dξ−

−
y∫

0

∞∫

−∞

|ξ| 1−2β Γα, β(x, ξ, y − η) f(ξ, η) dξ dη

ÿâëÿåòñÿ ðåãóëÿðíûì ðåøåíèåì çàäà÷è 1.

Òåîðåìà 2. �åøåíèå çàäà÷è 1 åäèíñòâåííî â êëàññå �óíêöèé,

óäîâëåòâîðÿþùèõ ïðè íåêîòîðîì ïîëîæèòåëüíîì k óñëîâèþ

lim
|x|→∞

u(x, y) exp
(
− k |x| 2

2−α

)
= 0, (2)

ïðè÷åì ñõîäèìîñòü â (2) ÿâëÿåòñÿ ðàâíîìåðíîé íà ìíîæåñòâå

{y ∈ (0, T )}.
Ëèòåðàòóðà
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2003. 272 
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óêà, 2005. 199 
.
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�àññìàòðèâàåòñÿ, èìåþùàÿ ïðàêòè÷åñêîå çíà÷åíèå, çàäà÷à ïðå-

îáðàçîâàíèÿ ïåðèîäè÷åñêîé ïîñëåäîâàòåëüíîñòè â íåïåðèîäè÷åñêóþ

ïîñëåäîâàòåëüíîñòü. Ê ðåøåíèþ ýòîé çàäà÷è ìîæíî ïðèâëå÷ü ðàç-

ëè÷íûå ìåòîäû: íàïðèìåð, ðàññìàòðèâàòü ÷ëåíû ýòîé ïîñëåäîâà-

òåëüíîñòè, êàê íåïîëíûå ÷àñòíûå íåïðåðûâíîé äðîáè, êîòîðàÿ, ïî
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òåîðåìå Ëàãðàíæà, ïðåäñòàâëÿåò ñîáîé êâàäðàòè÷íóþ èððàöèîíàëü-

íîñòü.

Äðóãîé ïîäõîä � èñïîëüçîâàíèå ìåòîäà Çèãåëÿ-Øèäëîâñêîãî â

òåîðèè òðàíñöåíäåíòíûõ ÷èñåë. Èñïîëüçóÿ åãî, ìîæíî íå òîëüêî äî-

êàçàòü èððàöèîíàëüíîñòü ÷èñëà

∑∞
n=1

an
n!
, íî è ïîëó÷èòü ý��åêòèâ-

íóþ îöåíêó ìåðû èððàöèîíàëüíîñòè ýòîãî ÷èñëà [1℄. Â [2℄ äîêàçàíà

áåñêîíå÷íàÿ òðàíñöåíäåíòíîñòü ïîëèàäè÷åñêîãî ÷èñëà

∑∞
n=1 ann!.

Â ðàáîòå [3℄ èñõîäíàÿ ïåðèîäè÷åñêàÿ ïîñëåäîâàòåëüíîñòü îïðå-

äåëÿåò ñîâîêóïíîñòü �óíêöèé, çíà÷åíèÿ êîòîðûõ â íåêîòîðûõ àë-

ãåáðàè÷åñêèõ òî÷êàõ àëãåáðàè÷åñêè íåçàâèñèìû. Äëÿ äîêàçàòåëü-

ñòâà èñïîëüçóåòñÿ ìåòîä Ìàëåðà â òåîðèè òðàíñöåíäåíòíûõ ÷èñåë.
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Ìíîãî÷ëåíû Áåðíóëëè Bs(x), ãäå B0(x) ≡ 1, Bs(x) = sB′
s−1(x),

óäîâëåòâîðÿþò ñëåäóþùåìó �óíêöèîíàëüíîìó óðàâíåíèþ

Bs(nx) = ns−1

n−1∑

k=0

Bs

(
x+

k

n

)
.

Çàìåòèì, ÷òî ïðè s = 1 è íåöåëûõ çíà÷åíèÿõ x ýòîìó óðàâíåíèþ

óäîâëåòâîðÿþò �óíêöèè

F (x) = log (2| sinπx|) = −
∞∑

s=1

cos 2πsx

s
,
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F (x) = ρ(x) =
1

2
− {x} =

∞∑

s=1

sin 2πsx

πs
, ρ(x) = 1/2− {x}.

Â íàñòîÿùåì ñîîáùåíèè íà îñíîâå �óíêöèîíàëüíîãî óðàâíåíèÿ

äàíû îöåíêè àðè�ìåòè÷åñêèõ ñóìì è èíòåãðàëîâ âèäà

S = S(N ; q; f) =
∑

n≤N

Bs

(
f(n)

q

)
; I = I(g) =

1∫

0

Bs(g(x)) dx,

ãäå q ≥ N > 1 � âåùåñòâåííîå ÷èñëî, f(x) = anx
n + · · ·+ a1x+ a0 è

g(x) = αnx
n + · · ·+ α1x+α0, ïðè÷åì an, . . . , a0 � öåëûå, αn, . . . , α0 �

âåùåñòâåííûå ÷èñëà.

Ýòè ðåçóëüòàòû ÿâëÿþòñÿ ïðîäîëæåíèåì èññëåäîâàíèé [1℄-[9℄.

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ, ãðàíò � 16-01-00-

071.

Ëèòåðàòóðà

1. Âèíîãðàäîâ È.Ì. Îñíîâû òåîðèè ÷èñåë. Ì.: Íàóêà, 1981. 176 ñ.

2. Âèíîãðàäîâ È.Ì. Ìåòîä òðèãîíîìåòðè÷åñêèõ ñóìì â òåîðèè ÷èñåë. Ì.:

Íàóêà, 1980. 144 ñ.

3. Àðõèïîâ �.È. Èçáðàííûå òðóäû. Îðåë: Èçä-âî Îðëîâñêîãî ãîñ. óí-òà,

2013. 464 ñ.

4. Àðõèïîâ �.È., Êàðàöóáà À.À., ×óáàðèêîâ Â.Í. Òåîðèÿ êðàòíûõ òðèãîíî-

ìåòðè÷åñêèõ ñóìì. Ì.: Íàóêà, 1987. 368 ñ.

5. Chubarikov V.N. Linear arithmeti
 sums and Gaussian multipli
ation theorem

// Azerbaijan-Turkey-Ukrainian Int. Conf. �Mathemati
al Analysis, Differen-

tial Equations and their Appli
ations�. 2015. Baku-Azerbaijan. Pp. 38.

6. ×óáàðèêîâ Â.Í.Ýëåìåíòàðíûé âûâîä îöåíêè ïîëíîé ðàöèîíàëüíîé àðè�-

ìåòè÷åñêîé ñóììû îò ìíîãî÷ëåíà // ×åáûøåâñêèé ñáîðíèê. 2015. Ò. 16,

� 3 (55). Ñ. 452-461.

7. ×óáàðèêîâ Â.Í. Ïîêàçàòåëü ñõîäèìîñòè ñðåäíåãî çíà÷åíèÿ ïîëíûõ ðà-

öèîíàëüíûõ àðè�ìåòè÷åñêèõ ñóìì // ×åáûøåâñêèé ñáîðíèê. 2015. Ò.16,

� 4 (56). Ñ. 303-318.

8. ×óáàðèêîâ Â.Í. Àðè�ìåòè÷åñêèå ñóììû îò çíà÷åíèé ïîëèíîìà // Äîêëà-

äû �ÀÍ. 2016. Ò. 466, � 2. Ñ. 152-153.

9. ×óáàðèêîâ Â.Í. Ïîëíûå ðàöèîíàëüíûå àðè�ìåòè÷åñêèå ñóììû // Âåñòí.

Ìîñê. óí-òà. Ñåð. I, Ìàòåìàòèêà, ìåõàíèêà. 2015. � 1. Ñ. 60-61.

218



Î ÑÕÎÄÈÌÎÑÒÈ �ßÄÎÂ ÝÊÑÏÎÍÅÍÒ

Â D-ÀÍÀËÈÇÅ


© ×óðèêîâ Â.À.

Òîìñêèé ïîëèòåõíè÷åñêèé óíèâåðñèòåò (�îññèÿ, Òîìñê)

e-mail: va
hurikov�list.ru

Â d-àíàëèçå, êàê â êëàññè÷åñêîì àíàëèçå, âàæíîå çíà÷åíèå èìå-

åò âîïðîñ î ñõîäèìîñòè ñòåïåííûõ ðÿäîâ ýëåìåíòàðíûõ �óíêöèé.

Îäíèìè èç íàèáîëåå âàæíûõ ýëåìåíòàðíûõ �óíêöèé ÿâëÿþòñÿ ýêñ-

ïîíåíòû, ïðè÷¼ì â d-àíàëèçå äëÿ êàæäîãî ïîðÿäêà s, â îáùåì ñëó-

÷àå, ìîæåò áûòü áîëåå îäíîé ýêñïîíåíòû. Äëÿ ïîðÿäêîâ s = 1/n
(n � íàòóðàëüíîå ÷èñëî) èìååòñÿ îäíà ýêñïîíåíòà. Äëÿ êàæäîãî

èððàöèîíàëüíîãî ïîðÿäêà èìååòñÿ ñ÷¼òíîå ìíîæåñòâî ýêñïîíåíò.

Äëÿ ðàöèîíàëüíûõ ïîðÿäêîâ s = p/q (p, q � íàòóðàëüíûå ÷èñëà,

s 6= 1/n), ìíîæåñòâî ýêñïîíåíò êîíå÷íî, íî áîëüøå îäíîé [1, 2℄.

Ñ�îðìóëèðóåì óòâåðæäåíèå äëÿ ïîòî÷å÷íîé ñõîäèìîñòè âñåõ

âîçìîæíûõ ðàçíîâèäíîñòåé ýêñïîíåíò âåùåñòâåííûõ ïîðÿäêîâ:

Òåîðåìà (î ñõîäèìîñòè ýêñïîíåíò). Äðîáíîñòåïåííûå ðÿäû

äðîáíûõ ýêñïîíåíò exps(x) âåùåñòâåííûõ ïîðÿäêîâ s > 0 èìåþò

îáëàñòè ñõîäèìîñòè ñîâïàäàþùèå ñ èõ îáëàñòÿìè îïðåäåëåíèÿ: äëÿ

ïîðÿäêîâ s < 1 ñõîäÿòñÿ â îáëàñòè 0 < x 6 ∞, äëÿ íåöåëî÷èñëåííûõ

ïîðÿäêîâ s > 1 ñõîäÿòñÿ â îáëàñòè 0 6 x 6 ∞, à äëÿ öåëî÷èñëåííûõ

ïîðÿäêîâ ñõîäÿòñÿ â îáëàñòè −∞ 6 x 6 ∞.

Êðîìå ýòîãî, âàæíî óòâåðæäåíèå.

Òåîðåìà. Çíà÷åíèÿ ýêñïîíåíò exps(x) 
 âåùåñòâåííûìè ïîðÿä-
êàìè s < 1 ñòðåìÿòñÿ ê áåñêîíå÷íîñòè ïðè ñòðåìëåíèè àðãóìåíòà

x ê òî÷êå x = 0.
Ýêñïîíåíòû â d -àíàëèçå, â îáùåì ñëó÷àå, óæå íå ÿâëÿåòñÿ ïîêà-

çàòåëüíûìè �óíêöèÿìè, êàê â êëàññè÷åñêîì àíàëèçå (s = 1). Ïî-
ýòîìó ñâîéñòâî exps(−x) = (exps(x))

−1
, êîòîðîå âûïîëíÿåòñÿ äëÿ

òðàäèöèîííîé ýêñïîíåíòû (s = 1), äëÿ ýêñïîíåíò äðóãèõ ïîðÿäêîâ
óæå íå âûïîëíÿåòñÿ, ò.å. â îáùåì ñëó÷àå ñïðàâåäëèâî íåðàâåíñòâî

exps(−x) 6= (exps(x))
−1
, (s 6= 1).
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×åðåç D îáîçíà÷èì ïðÿìîóãîëüíèê D ={(x, y) : 0 <x <δ1,
0 <y <δ2}, Γ1 = {y = 0, 0 < x < δ1}, Γ2 = {x = 0, 0 < y < δ2}.

Â îáëàñòè D ðàññìîòðèì óðàâíåíèå ñëåäóþùåãî âèäà

{
rα+βuxy + rβa1(x, y)ux + rαb1(x, y)uy + c1(x, y)u = f1(x, y),
rγux + b2(x, y)u = f2(x, y),

(1)

ãäå a1(x, y), bj(x, y), c1(x, y), fj(x, y) � çàäàííûå �óíêöèè, j = 1, 2,
α > 2, β = 2, γ > 2 (α, γ � öåëûå ïîëîæèòåëüíûå ÷èñëà).

Ïðîáëåìå ïîëó÷åíèÿ ìíîãîîáðàçèÿ ðåøåíèé è èññëåäîâàíèþ ãðà-

íè÷íûõ çàäà÷ äëÿ íåêîòîðûõ óðàâíåíèé è ñèñòåì ñ ñèíãóëÿðíûìè

êîý��èöèåíòàìè ïîñâÿùåíû ðàáîòû [1-4℄.

Â íàñòîÿùåé ðàáîòå íà îñíîâå ñïîñîáà ðàçðàáîòàííîãî â [3℄ ïîëó-

÷åíî ïðåäñòàâëåíèå ìíîãîîáðàçèÿ ðåøåíèé ñèñòåìû óðàâíåíèé (1),

ïðè ïîìîùè îäíîé ïðîèçâîëüíîé ïîñòîÿííîé.

Â äàëüíåéøåì ïîä C2(D) ïîíèìàåì êëàññ �óíêöèé, êîòîðûå

èìåþò íåïðåðûâíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà â D è uxy∈C(D).
Èòàê, äîêàçàíà

Òåîðåìà 1. Ïóñòü â ñèñòåìå óðàâíåíèé (1) êîý��èöèåíòû è

ïðàâûå ÷àñòè óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì

1. a1(x, y) ∈ C1
x(D), b1(x, y), f1(x, y) ∈ C(D);

2. c1(x, y) = rα+β∂x (a1(x, y)/r
α) + a1(x, y)b1(x, y);

3. |a1(x, y)− a1(0, 0)| ≤ H1r
α1 , H1 = const, α1 > α− 1,

|b2(x, 0)− b2(0, 0)| ≤ H2x
γ1, H2 = const, γ1 > γ − 1;

4. a1(0, 0) < 0, b1(0, 0) > 0;

5. a) ∂x (a1(x, y)/r
α) = ∂y (a2(x, y)/r

γ) â D;
b) f1(x, y) è f2(x, y) ñâÿçàíû ïðè ïîìîùè êîý��èöèåíòîâ ñè-

ñòåìû;

6. f(x, y) = o
(
exp

[
− b1(0,0)

y
arctg x

y

]
rν1
)
, ν1 > α + 1,

f2(x, 0) = o(xν2), ν2 > γ − 1.
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Òîãäà ëþáîå ðåøåíèå ñèñòåìû óðàâíåíèé (1) èç êëàññà C2(D)
ïðåäñòàâèìî â âèäå

u(x, y) = χ1(ϕ1(x), ψ1(y), f1(x, y)),

ϕ1(x) = N1 (c1, f2(x, 0)) ,

ψ1(y) =
F1(y)

yγ
,

ãäå χ1(ϕ1(x), ψ1(y), f1(x, y)), N1 (c1, f2(x, 0)) � èçâåñòíûå èíòåãðàëü-
íûå âûðàæåíèÿ, F1(y) � èçâåñòíàÿ �óíêöèÿ, c1 � ïðîèçâîëüíàÿ

ïîñòîÿííàÿ.
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Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ

òðåòüåãî ïîðÿäêà ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà âèäà

(
∂

∂x
+

∂

∂y

)
(Lu) = 0 (1)

221



â ïÿòèóãîëüíîé îáëàñòè D ïëîñêîñòè xOy, ãäå

Lu =

{
u1xx − u1y, (x, y) ∈ D1,
uixx − uiyy, (x, y) ∈ Di (i = 2, 3, 4),

u(x, y) = ui(x, y), (x, y) ∈ Di (i = 1, 2, 3, 4), à D=D1∪D2∪D3∪D4∪
J1 ∪ J2 ∪ J3 ∪ J4,

D1 =
{
(x, y) ∈ R2 : 0 < x < 1, 0 < y < 1

}
,

D2 =
{
(x, y) ∈ R2 : −1 < y < 0, 0 < x < y + 1

}
,

D3 =
{
(x, y) ∈ R2 : −1 < x < 0, −x− 1 < y < 0

}
,

D4 =
{
(x, y) ∈ R2 : −1 < x < 0, 0 < y < 1

}
,

J1 =
{
(x, y) ∈ R2 : y = 0, 0 < x < 1

}
,

J2 =
{
(x, y) ∈ R2 : y = 0, −1 < x < 0

}
,

J3 =
{
(x, y) ∈ R2 : x = 0, −1 < y < 0

}
,

J4 =
{
(x, y) ∈ R2 : x = 0, 0 < y < 1

}
.

Äëÿ óðàâíåíèÿ (1) ñòàâèòñÿ ñëåäóþùàÿ çàäà÷à:

Çàäà÷à 1. Òðåáóåòñÿ íàéòè �óíêöèþ u (x, y) , êîòîðàÿ íåïðå-

ðûâíà â çàìêíóòîé îáëàñòè D, óäîâëåòâîðÿåò óðàâíåíèþ (1) â

îòêðûòîé îáëàñòè D ïðè x 6= 0, y 6= 0 è êðàåâûì óñëîâèÿì:

u1 (1, y) = ϕ1 (y) , 0 ≤ y ≤ 1, u4 (−1, y) = ϕ2 (y) , 0 ≤ y ≤ 1,

u4x (−1, y) = ϕ4 (y) , 0 ≤ y ≤ 1, u2 (x, x− 1) = ψ1 (x) , 0 ≤ x ≤ 1

2
,

u3 (x, y)|y=−x−1 = ψ2 (x) ,−1≤x≤0,
∂u3
∂n

∣∣∣∣
y=−x−1

= ψ4 (x) ,−1≤x≤0;

à òàêæå ñëåäóþùèì óñëîâèÿì ñêëåèâàíèÿ:

u1 (x, 0) = u2 (x, 0) = τ1 (x) , 0 ≤ x ≤ 1,

u1y (x, 0) = u2y (x, 0) = ν1 (x) , 0 ≤ x ≤ 1,

u1yy (x, 0) = u2yy (x, 0) = µ1 (x) , 0 ≤ x ≤ 1,

u3 (x, 0) = u4 (x, 0) = τ2 (x) , −1 ≤ x ≤ 0,

u3y (x, 0) = u4y (x, 0) = ν2 (x) , −1 ≤ x ≤ 0,
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u3yy (x, 0) = u4yy (x, 0) = µ2 (x) , −1 ≤ x ≤ 0,

u2 (0, y) = u3 (0, y) = τ3 (y) , −1 ≤ y ≤ 0,

u2x (0, y) = u3x (0, y) = ν3 (y) , −1 ≤ y ≤ 0,

u2xx (0, y) = u3xx (0, y) = µ3 (y) , −1 ≤ y ≤ 0,

u1 (0, y) = u4 (0, y) = τ4 (y) , 0 ≤ y ≤ 1,

u1x (0, y) = u4x (0, y) = ν4 (y) , 0 ≤ y ≤ 1,

u1xx (0, y) = u4xx (0, y) = µ4 (y) , 0 ≤ y ≤ 1.

Òåîðåìà. Åñëè ϕ1, ϕ2 ∈ C3 [0, 1] , ϕ4 ∈ C2 [0, 1] , ψ1 ∈ C3
[
0, 1

2

]
,

ψ2∈C3 [−1, 0] , ψ4∈C2 [−1, 0] , ïðè÷åì âûïîëíÿþòñÿ óñëîâèÿ ñîãëà-

ñîâàíèÿ ψ2(0)=ψ1(0), τ2(−1)=ψ2(−1)=ϕ2(0), τ
′
2(−1)=

√
2ψ4(−1)−

ϕ′
2(0), ϕ4(0) + ϕ′

2(0) =
√
2ψ4(−1), òî çàäà÷à 1 äîïóñêàåò åäèí-

ñòâåííîå ðåøåíèå.

Ýòà òåîðåìà äîêàçûâàåòñÿ ñ ïîìîùüþ ìåòîäîâ òåîðèè äè��å-

ðåíöèàëüíûõ è èíòåãðàëüíûõ óðàâíåíèé è ìåòîäà ïðîäîëæåíèÿ.
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Â ðàáîòå ïðåäëàãàåòñÿ ðàñøèðåííûé âàðèàíò ïðèíöèïà ìèíèìè-

çàöèè ýìïèðè÷åñêîãî ðèñêà [1℄. Îí ñòðîèòñÿ íà îñíîâå ïðèìåíåíèÿ

óñðåäíÿþùèõ àãðåãèðóþùèõ �óíêöèé [2,3℄ äëÿ âû÷èñëåíèÿ ðèñêà,

âìåñòî ñðåäíåãî àðè�ìåòè÷åñêîãî. Ýòî îïðàâäàíî, íàïðèìåð, åñëè

ðàñïðåäåëåíèå ïîòåðü èìååò âûáðîñû èëè ñóùåñòâåííî èñêàæåíî,

îò÷åãî îöåíêà ðèñêà ñ ñàìîãî íà÷àëà ÿâëÿåòñÿ ñìåùåííîé. Ïîýòî-

ìó ïðè îïòèìèçàöèÿ ïàðàìåòðîâ â çàäà÷å ðåãðåññèè è êëàññè�èêà-

öèè ñëåäóåò èçíà÷àëüíî èñïîëüçîâàòü ðîáàñòíóþ îöåíêó ñðåäíåãî

ðèñêà. Òàêèå îöåíêè ñðåäíåãî ðèñêà ìîæíî ïîñòðîèòü, èñïîëüçóÿ

óñðåäíÿþùèå àãðåãèðóþùèå �óíêöèè, êîòîðûå ÿâëÿþòñÿ ðåøåíè-

åì çàäà÷è ìèíèìèçàöèè øòðà�íîé �óíêöèè çà îòêëîíåíèå îò ñâî-

åãî ñðåäíåãî çíà÷åíèÿ.
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Äëÿ ïîèñêà ïàðàìåòðîâ, ìèíèìèçèðóþùèõ ðàñøèðåííûé ýìïè-

ðè÷åñêèé ðèñê ïðåäëîæåíà íîâàÿ ïðîöåäóðà, êîòîðàÿ ÿâëÿåòñÿ ðàñ-

øèðåííûì àíàëîãîì ïðîöåäóðû èòåðàöèîííî ïåðåâçâåøèâàíèÿ, ïðè-

ìåíÿåìîé â ðàìêàõ Ì-ìåòîäà [4,5℄.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ

èññëåäîâàíèé, ïðîåêò � 15-01-03381-à.
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(�îññèÿ, Íàëü÷èê)

e-mail: shogenovae�inbox.ru

Àïðèîðíûå îöåíêè ðåøåíèé êðàåâûõ çàäà÷ äëÿ óðàâíåíèé äðîá-

íîãî ïîðÿäêà ïîëó÷åíû â ðàáîòå [1℄. Â [2℄ ðàññìîòðåíû ðàçíîñòíûå

ìåòîäû ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ äè��åðåíöèàëüíûõ óðàâíåíèé

äðîáíîãî ïîðÿäêà.

Â ïðÿìîóãîëüíèêå Q̄T = {(x, t) : 0 ≤ x ≤ 1, 0 ≤ t ≤ T} ðàññìîò-
ðèì ïåðâóþ êðàåâóþ çàäà÷ó:

∂α
0tu+ λD−β

0t ux = uxx + f(x, t), 0 < x < 1, 0 < t ≤ T, (1)

u(0, t) = 0, u(1, t) = 0, 0 ≤ t ≤ T, (2)

u(x, 0) = u0(x), 0 ≤ x ≤ 1, (3)
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ãäå ∂α
0tu(x, t) = 1

Γ(1−α)

t∫
0

uτ (x, τ)(t − τ)−αdτ � äðîáíàÿ ïðîèçâîäíàÿ

Êàïóòî ïîðÿäêà α, 0 < α < 1, D−β
0t u(x, t) =

1
Γ(β)

t∫
0

u(x, τ)(t−τ)β−1dτ

� äðîáíûé èíòåãðàë �èìàíà�Ëèóâèëëÿ ïîðÿäêà β, 0 < β < 1, λ �

çàäàííîå ÷èñëî.

Òåîðåìà. Äëÿ ðåøåíèÿ u(x, t) çàäà÷è (1)�(3) ñïðàâåäëèâà àïðè-

îðíàÿ îöåíêà

‖u‖20 +D−α
0t ‖ux‖20 ≤ M

(
D−α

0t ‖f‖20 + ‖u0‖20
)
, (4)

ãäå M > 0 � èçâåñòíàÿ ïîñòîÿííàÿ.
Èç àïðèîðíîé îöåíêè (4) ñëåäóåò åäèíñòâåííîñòü è íåïðåðûâíàÿ

çàâèñèìîñòü ðåøåíèÿ çàäà÷è (1)�(3) îò âõîäíûõ äàííûõ.
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1
e-mail: magomet_sh�mail.ru,

2
e-mail: tlya
hev�adygnet.ru

�àññìîòðèì ëèíåéíóþ ñòàöèîíàðíóþ îäíîðîäíóþ ñèñòåìó, âîç-

ìóùåííóþ áåëûì øóìîì â âèäå ñèñòåìû ñòîõàñòè÷åñêèõ óðàâíåíèé

â ñìûñëå Èòî

{
dx(t) = (ax(t) + by(t))dt+ (ex(t) + fy(t))dξ(t),

dy(t) = (cx(t) + dy(t))dt+ (gx(t) + hy(t))dξ(t),
(1)

ãäå a, b, c, d, e, f, g, h � âåùåñòâåííûå êîíñòàíòû, x(t) = x(t, ω),
y(t) = y(t, ω) � ñëó÷àéíûå ïðîöåññû, ξ(t) = ξ(t, ω) � âèíåðîâñêèé

ïðîöåññ, ω � ýëåìåíòàðíîå ñîáûòèå, dx(t), dy(t) è dξ(t) � ñòîõàñòè-
÷åñêèå äè��åðåíöèàëû ïðîöåññîâ x(t), y(t) è ξ(t) â ñìûñëå Èòî.

Ïðåäïîëàãàåòñÿ, ÷òî çàäàíî âåðîÿòíîñòíîå ïðîñòðàíñòâî (Ω,Σ, P ),
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ãäå Ω - ïðîñòðàíñòâî ýëåìåíòàðíûõ ñîáûòèé, Σ � σ-àëãåáðà ïîäìíî-
æåñòâ èç Ω, P � âåðîÿòíîñòíàÿ ìåðà íà Σ.

Íà îñíîâå ðåçóëüòàòîâ, ïðåäñòàâëåííûõ â ðàáîòå [1℄, ïîëó÷åí àë-

ãîðèòì äëÿ ðåøåíèÿ çàäà÷è î ïîñòðîåíèè �óíêöèé Ëÿïóíîâà â âèäå

êâàäðàòè÷íûõ �îðì äëÿ äâóìåðíûõ ëèíåéíûõ ñòîõàñòè÷åñêèõ ñè-

ñòåì è óñòàíîâëåíèè êðèòåðèåâ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè â

ñðåäíåì êâàäðàòè÷åñêîì. Ñîãëàñíî àëãîðèòìó ïîñòðîåíû �óíêöèè

Ëÿïóíîâà â ðàçëè÷íûõ êîý��èöèåíòíûõ ñëó÷àÿõ. Äàëåå íà îñíî-

âå ïîñòðîåííûõ �óíêöèé Ëÿïóíîâà ïîëó÷åíû íåîáõîäèìûå è/èëè

äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè ïî âåðîÿòíîñòè è ýêñïîíåíöè-

àëüíîé óñòîé÷èâîñòè â ñðåäíåì êâàäðàòè÷åñêîì äëÿ ðàññìàòðèâà-

åìûõ ñèñòåì. Ïðèâåäåíû àíàëèòè÷åñêèå âûðàæåíèÿ áè�óðêàöèîí-

íîãî çíà÷åíèÿ èíòåíñèâíîñòè áåëîãî øóìà, äåéñòâóþùåãî íà ïà-

ðàìåòðû ñèñòåìû. Â êà÷åñòâå ïðèìåðà ðàññìàòðèâàåòñÿ óðàâíåíèå

óïðóãèõ êîëåáàíèé â ñðåäå, êîý��èöèåíòû êîòîðûõ ïîäâåðæåíû

ñëó÷àéíîìó âîçìóùåíèþ �áåëûì øóìîì�.
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Ïîñòàíîâêà çàäà÷è. Â ïðÿìîóãîëüíèêå D̄ = {(x, y) : 0 ≤ x ≤ r,
0 ≤ y ≤ h} ðàññìîòðèì ñëåäóþùóþ êðàåâóþ çàäà÷ó:

∂α
0yu = λ1uxxx + λ2u, 0 < x < r, 0 < y ≤ h, (1)

u(0, y) = u(r, y) = 0,

r∫

0

u(x, y)dx = 0, 0 ≤ y ≤ h, (2)

u(x, 0) = τ(x), 0 ≤ x ≤ r, (3)
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ãäå ∂α
0yu(x, y) = 1

Γ(1−α)

y∫
0

uτ(x, τ)(y − τ)−αdτ � äðîáíàÿ ïðîèçâîäíàÿ

Êàïóòî ïîðÿäêà α, 0 < α < 1 [1℄, λ1, λ2 � èçâåñòíûå ïîñòîÿííûå.
Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü ñóùåñòâîâàíèå ðåøåíèÿ

u(x, y) ∈ C3,1
çàäà÷è (1)�(3), ãäå C3,1(D̄) � êëàññ �óíêöèé, íåïðå-

ðûâíûõ âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè òðåòüåãî ïîðÿä-

êà ïî x è ïåðâîãî ïîðÿäêà ïî y íà D̄.
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

‖u‖20 =
r∫
0

u2(x, y)dx, D−α
0y u = 1

Γ(α)

y∫
0

u(x, τ)(y− τ)α−1dτ � äðîáíûé

èíòåãðàë �èìàíà�Ëèóâèëëÿ ïîðÿäêà α [2, 
. 9℄.

Òåîðåìà. Åñëè λ2 < 0, òî äëÿ ðåøåíèÿ u = u(x, y) çàäà÷è

(1)�(3) ñïðàâåäëèâà àïðèîðíàÿ îöåíêà

‖u‖20 +D−α
0y ‖ux‖20 ≤M‖τ ′‖20, (4)

ãäå M > 0 � èçâåñòíàÿ ïîñòîÿííàÿ.

Èç àïðèîðíîé îöåíêè (4) ñëåäóåò åäèíñòâåííîñòü è íåïðåðûâíàÿ

çàâèñèìîñòü ðåøåíèÿ çàäà÷è îò âõîäíûõ äàííûõ.
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�àññìîòðèì óðàâíåíèå

Dα
0x∂

α
1xu(x)− λu(x) = 0, (1)

Dα
0x � îïåðàòîð äðîáíîãî èíòåãðî-äè��åðåíöèðîâàíèÿ �èìàíà�Ëèó-

âèëëÿ ñ íà÷àëîì â òî÷êå x = 0; ∂α
1x � äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî

ïîðÿäêà ñ íà÷àëîì â òî÷êå x = 1; 0 < α < 1; λ � ñïåêòðàëüíûé

ïàðàìåòð; x ∈]0, 1[.
Äè��åðåíöèàëüíûå óðàâíåíèÿ ñ îïåðàòîðàìè äðîáíîãî èíòå-

ãðèðîâàíèÿ è äè��åðåíöèðîâàíèÿ, êàê ïðàâèëî, ëåæàò â îñíîâå
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ìàòåìàòè÷åñêèõ ìîäåëåé �èçè÷åñêèõ è ãåî�èçè÷åñêèõ ïðîöåññîâ â

íåîäíîðîäíûõ ñðåäàõ [1℄. Óðàâíåíèå (1) ïðåäñòàâëÿåò ñîáîé ìîäåëü-

íîå óðàâíåíèå äâèæåíèÿ âî �ðàêòàëüíîé ñðåäå, âîçíèêàþùåå ïðè

èñïîëüçîâàíèè ïîíÿòèÿ ý��åêòèâíîé ñêîðîñòè [2℄, [3℄.

�àíåå, â ðàáîòàõ [4℄, [5℄ ïîêàçàíî, ÷òî çàäà÷à Äèðèõëå äëÿ óðàâ-

íåíèÿ (1) èìååò áåñêîíå÷íîå ÷èñëî ñîáñòâåííûõ çíà÷åíèé (âåùå-

ñòâåííûõ è ïîëîæèòåëüíûõ) è ñîáñòâåííûõ �óíêöèé, îáðàçóþùèõ

ïîëíóþ îðòîãîíàëüíóþ ñèñòåìó â L2(0, 1), è íàéäåíà îöåíêà ïåðâîãî
ñîáñòâåííîãî çíà÷åíèÿ.

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ñëåäóþùàÿ êðàåâàÿ çàäà÷à, êî-

òîðóþ åñòåñòâåííî íàçâàòü çàäà÷åé Íåéìàíà: íàéòè ðåøåíèå óðàâ-

íåíèÿ (1), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

lim
x→0

Dα−1
0x ∂α

1xu(x) = a, lim
x→1

Dα−1
0x ∂α

1xu(x) = b.
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îáûêíîâåííîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ ñ ïðîèçâîäíûìè äðîáíîãî

ïîðÿäêà ñ ðàçëè÷íûìè íà÷àëàìè // Èçâåñòèÿ ÊÁÍÖ �ÀÍ. 2017. � 1 (75).
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Ïðè èçó÷åíèè çàäà÷è Òðèêîìè äëÿ óðàâíåíèÿ ñìåøàííîãî òè-

ïà âòîðîãî ðîäà ñ äâóìÿ ëèíèÿìè âûðîæäåíèÿ è ñî ñïåêòðàëüíûì

ïàðàìåòðîì ïðèõîäèì ê ñëåäóþùåìó èíòåãðàëüíîìó óðàâíåíèþ:
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x∫

0

(
t

x

)α

(x− t)−2βΞ20 (α, 1− α; 1− β; u, λw) ν(t)dt = τ(x), (1)

ãäå

u = −(x− t)2/(4xt), w = (x− t)2,

Ξ2k(a, b, c; d, e; u, v) =
∞∑

m,n=0

(a)m(b)m(c)kn
m!n!(d)m+n(e)kn

umvn, k = 0, 1,

à α, β è λ - äåéñòâèòåëüíûå ÷èñëà, ïðè÷åì −1 < 2β < 2α ≤ 0.
Â íàñòîÿùåì ñîîáùåíèè ïðè îïðåäåëåííûõ îãðàíè÷åíèÿõ íà

�óíêöèè ν(x) è τ(x) äëÿ óðàâíåíèÿ (1) íàéäåíà �îðìóëà îáðàùå-

íèÿ â âèäå

ν(x) =
sin2βπ

2βπ
x−2α d

dx



x

α

x∫

0

tα(x− t)2β×

×Ξ21

(
−α, 1 + α, β − 1

2
; 1 + β, β +

1

2
; u, λw

)
τ ′(t)dt

}
. (2)

Îòìåòèì, ÷òî �îðìóëà (2) ïðè λ = 0 ïîëó÷åíà â ðàáîòå [1℄.
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Â èíòåðâàëå 0 < x < l ðàññìîòðèì óðàâíåíèå

Lu(x) ≡
1∫

0

K(x, α)Dα
0xu(x)dα+ λu(x) = f(x), (1)
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ãäå

Dα
0xu(x) =





1
Γ(−α)

x∫
0

u(t)dt
(x−t)α+1 , α < 0,

u(x), α = 0,
dn

dxnD
α−n
0x u(x), n− 1 < α ≤ n, n ∈ N

� îïåðàòîð äðîáíîãî èíòåãðîäè��åðåíöèðîâàíèÿ �èìàíà�Ëèóâèë-

ëÿ ïîðÿäêà α [1℄, Γ(α) � ãàììà-�óíêöèÿ Ýéëåðà, K(x, α), f(x) �
çàäàííûå �óíêöèè, λ � 
onst.

Çàäà÷à. Íàéòè ðåøåíèå u(x) óðàâíåíèÿ (1) â îáëàñòè ]0, l[, óäî-
âëåòâîðÿþùåå óñëîâèþ

lim
x→0

1∫

0

K(x, α)Dα−1
0x u(x)dα = u0, (2)

ãäå u0 � çàäàííàÿ ïîñòîÿííàÿ.

Â äàííîé ðàáîòå ïîñòðîåíî �óíäàìåíòàëüíîå ðåøåíèå óðàâíå-

íèÿ (1). Íàéäåíî â ÿâíîì âèäå ðåøåíèå íà÷àëüíîé çàäà÷è (2) äëÿ

óðàâíåíèÿ (1). Äîêàçàíà òåîðåìà åäèíñòâåííîñòè è ñóùåñòâîâàíèÿ

ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ

èññëåäîâàíèé, ïðîåêò � 16-01-00462-a.
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ON A FINITE NON-SOLVABLE GROUP WHOSE THE

PRIME GRAPH CONTAINS NO TRIANGLES
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Let G be a �nite group. Denote by π(G) the set of all prime divisors
of the order of G. The prime graph (or the Gruenberg-Kegel graph) of
G is the graph whose the vertex set is π(G), and two verti
es p and q
are adja
ent if and only if G 
ontains an element of order pq.

The authors investigate the problem of the des
ription of the stru
ture

of a �nite group G whose the prime graph 
ontains no triangles (3-

y
les). It is easy to see that the quotient G/S(G) of G by the solvable

radi
al S(G) is almost simple.
In [1℄, we found the isomorphi
 types of prime graphs and estimates

of the Fitting length for solvable groups G and determined almost

simple groups G.
In [2℄, we proved that |π(G)| ≤ 8 and |π(S(G))| ≤ 3 for non-solvable

groups G. Moreover, a detailed des
ription of the stru
ture of a non-

solvable group G in the 
ase when π(S(G)) 
ontains a number not

dividing the order of the group G/S(G) (if |π(S(G))| = 3, then it is

always so).

In the given work, we prove the following theorem.

Theorem. Let G be a �nite non-solvable group whose prime graph


ontains no triangles. If S(G) = Or(G) 6= 1 for some prime divisor

r > 3 of the order of G/S(G) then one of the following statements

holds:

(a) G/S(G) is isomorphi
 to Sz(2f), where either f = 9, or f is an

odd prime;

(b) G/S(G) is isomorphi
 to Aut(Sz(8)) for r ∈ {7, 13};
(
) G/S(G) is isomorphi
 to Aut(Sz(32)) for r = 5.
This work was supported by the grant of Russian S
ien
e Foundation, proje
t

� 15-11-10025.
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A DIFFERENCE SCHEMES WITH HIGHER ORDER OF

APPROXIMATION FOR FRACTIONAL DIFFUSION

EQUATION
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In the paper [1℄ has been found a spe
ial point for the interpolation

approximation of the Caputo fra
tional derivative and derived a nu-

meri
al di�erentiation L2 − 1σ formula to approximate the Caputo

fra
tional derivative at this point with the numeri
al a

ura
y of order

3−α uniformly. In the paper [2℄ a new di�eren
e analog of the Caputo

fra
tional derivative with the order of approximation 3 − α, 
alled
L1−2 formula, is 
onstru
ted. On the basis of this formula 
al
ulations
of di�eren
e s
hemes for the time-fra
tional sub-di�usion equations.

However, until now stability and 
onvergen
e of di�eren
e s
hemes


onstru
ted on the basis of the formula L1− 2 remains a 
hallenge.
In the present paper, insigni�
antly modi�ed formula L1−L2 is pro-

posed. The basi
 properties of this di�eren
e operator are investigated

and on its basis di�eren
e s
hemes of higher order of approximation for

the fra
tional, variable and distributed � order di�usion equation are


onstru
ted. The stability and 
onvergen
e of the di�eren
e s
hemes are

proved. The obtained results are supported by the numeri
al 
al
ulations


arried out for some test problems.
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LIGHT GAUGE BOSON PRODUCTION IN

LEPTON-LEPTON COLLISIONS


© Alikhanov I.A.

Institute for Nu
lear Resear
h of the RAS (Russia, Mos
ow)

Institute of Applied Mathemati
s and Automation of KBSC RAS

(Russia, Nal
hik)

e-mail: ialspbu�gmail.
om

New gauge bosons appear within many new physi
s models [1℄. In

this paper, we are interested in neutral light gauge bosons Z ′
(mZ′ . 1

GeV) 
oupling to the Standard Model leptons. They 
an be produ
ed

at ele
tron�positron and hadron 
olliders. They are able to manifest

themselves in neutrino s
attering pro
esses as well.

Assuming the following intera
tion:

L = l̄(gV ′ − gA′γ5)γµlZ ′
µ (1)

we investigate the angular distributions of the produ
ed bosons in

rea
tions

l l̄ → Z ′Z ′, (2)

where l stands for the leptons. We also propose a probability density

fun
tion of �nding a ve
tor boson in a lepton.

The obtained results 
an be useful for studies of new physi
s beyond

the Standard Model.
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Consider the paraboli
 system in non-divergen
e form with Cau
hy


onditions

∂u
∂t

= vm1 ∂
∂x

(∣∣∂u
∂x

∣∣p−2 ∂u
∂x

)
,

∂v
∂t

= um2 ∂
∂x

(∣∣ ∂v
∂x

∣∣p−2 ∂v
∂x

)
,
(t, x) ∈ Q, (1)
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u (0, x) = u0 (x) , v (0, x) = v0 (x) , x ∈ R, (2)

where Q = {(t, x) : t > 0, x ∈ R}, p,m1, m2 are positive 
onstants, the

fun
tions u = u(t, x) ≥ 0, v = v(t, x) ≥ 0 are the solutions.
Non-divergen
e form equations and system equations these are often

used to des
ribe various physi
al phenomena, su
h as the di�usive

pro
ess for biologi
al spe
ies, the resistive di�usion phenomena in for
e-

free magneti
 �elds, 
urve shortening �ow, spreading of infe
tious disease

and so on, see for [1-5℄. Comparing with the 
lassi
al divergen
e form

equations are more 
lose to the a
tual 
ir
umstan
es in some 
ases. For

example, for the biologi
al spe
ies, the di�usion of divergen
e form

implies that the spe
ies is able to move to all lo
ations within its

environment with equal probability, but if we 
onsider this problem

with the obje
tive 
onditions, the population density will a�e
ts the

rate of di�usion, so a kind of �biased� di�usion equation will be more

realisti
, for the non-divergen
e form di�usion. The di�usion rate is

regulated by population density, that is in
reasing for large populations

and de
reasing for small populations.

In this paper an asymptoti
 behavior of self-similar solutions for a

degenerate paraboli
 system not in divergen
e form (1) for slow and

the fast di�usion 
ases depending on value of the numeri
al parameters

is studied.

We introdu
e the notations b1i = p−p(γi − 1)−1
∣∣∣ (p−2)2−m1m2

p−2−mi

∣∣∣
p−2

,

b2i = c a
p−1
p p1−p(1− γi)

−1|αi|2−p, γi =
(p−1)(p−2−mi)

(p−2)2−m1m2
, i = 1, 2,

τ (t) =

{
(T+t)1−α1(p−2)−α2m1

1−α1(p−2)−α2m1
, at 1− α1 (p− 2)− α2m1 > 0,

− (T+t)1−α1(p−2)−α2m1

1−α1(p−2)−α2m1
, at 1− α1 (p− 2)− α2m1 < 0.

Assume α2m1 + α1 (p− 2) = α1m2 + α2 (p− 2). Then the following
theorems are valid.

Theorem 1. Let 1−α1 (p− 2)−α2m1 6= 0, mi < 1, i = 1, 2. Then

ompa
tly supported solution of the problem (1), (2) has an asymptoti


uA (t, x) = c1(T + t)−α1

(
a−

(
xτ−1/p

) p
p−1

)γ1
(1 + o(1)),

vA (t, x) = c2(T + t)−α2

(
a−

(
xτ−1/p

) p
p−1

)γ2
(1 + o(1)),

at x → a
p−1
p τ

1
p
where the 
oe�
ients ci (i=1,2) are solution of the

systems of nonlinear algebrai
 equations

cp−2
1 cm1

2 = b11 , cp−2
2 cm2

1 = b12 .
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Theorem 2. Let 1−α1 (p− 2)−α2m1 = 0, mi > 1, i = 1, 2. Then

ompa
tly supported solution of the problem (1), (2) has the asymptoti


uA (t, x) = c1(T + t)−α1

(
a− (c ln (T + t)− x)

p
p−1

)γ1
(1 + o(1)),

vA (t, x) = c2(T + t)−α2

(
a− (c ln (T + t)− x)

p
p−1

)γ2
(1 + o(1)),

at x→ c ln (T + t)−a
p−1
p
, where the 
oe�
ients ci (i=1,2) are solution

of the systems of nonlinear algebrai
 equations

cp−2
1 cm1

2 = b21 , c
p−2
2 cm2

1 = b22 .
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In this paper, we investigate the existen
e and non-existen
e of

global weak solutions to the following system of paraboli
 equations

with nonlinear boundary �ux





∂u
∂t

= ∂
∂x

(
υm1−1

∣∣∂u
∂x

∣∣p−2 ∂u
∂x

)
,

∂υ
∂t

= ∂
∂x

(
um2−1

∣∣∂υ
∂x

∣∣p−2 ∂υ
∂x

)
, x ∈ R+, t > 0,

(1)
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{
−υm1−1

∣∣∂u
∂x

∣∣p−2 ∂u
∂x

(0, t) = uq1 (0, t) ,

−um2−1
∣∣∂υ
∂x

∣∣p−2 ∂υ
∂x

(0, t) = υq2 (0, t) , t > 0,
(2)

u (x, 0) = u0 (x) , υ (x, 0) = υ0 (x) , x ∈ R+, (3)

wheremi, qi > 0, (i = 1, 2), p > max {m1, m2}+1, u0, υ0 are nonnegative

ontinuous fun
tions with 
ompa
t supports in R+.

Nonlinear paraboli
 equations like (1) appear in several bran
hes of

applied mathemati
s. They have been used as mathemati
al model of

example, 
hemi
al rea
tions, heat transfer, population dynami
s (see

[1, 2℄ and the referen
es therein).

In this paper, we will 
onstru
t various kinds of self-similar supersolu-

tions and subsolutions to obtain the 
riti
al global existen
e 
urve of

system (1)�(3). The 
riti
al 
urve of Fujita type is 
onje
tured with

the aid of some new results. An interesting feature of our results is

obtaining the prin
ipal term of 
ompa
tly supported global solutions

of problem (1)�(3).

Let us introdu
e the notations

αi =
(p−1)(pq3−i+mi−2p+1)

(pqi−2(p−1))(pq3−i−2(p−1))−
2∏

j=1
(mi−1)

,

βi =
p

2∏

j=1
qj−(p−1)(qi(mi+1)+pq3−i−2(p−1))+(p−m3−i)(mi−1)

(pqi−2(p−1))(pq3−i−2(p−1))−
2∏

j=1
(mj−1)

, (i = 1, 2).

Theorem. Assume (pq1 − 2(p− 1))(pq2 − 2(p− 1)) > (m1 − 1)×
×(m2 − 1).

1) If min{−αi+βi} > 0, (i = 1, 2), then there exists a global solution
to system (1)�(3);

2) If max{−αi+βi} < 0, i = (1, 2), then every nonnegative nontrivial
solution of (1)�(3) blows up in �nite time.
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We 
onsider nondire
ted graphs without loops and multiple edges.

For vertex a of a graph Γ the subgraph Ωi(a) = {b | d(a, b) = i} is


alled i-neighboorhod of a in Γ. We set [a] = Γ1(a), a
⊥ = {a} ∪ [a].

Automorphisms of distan
e-regular graph with interse
tion array

{35, 32, 1; 1, 4, 35} are founded in [1℄.
Proposition. Let Γ be a distan
e-regular graph with interse
tion

array {35, 32, 1; 1, 4, 35}, G = Aut(Γ), g be an element of prime order

p of G and Ω = Fix(g) 
ontains s verti
es in t antipodal 
lasses. Then
π(G) ⊆ {2, 3, 5, 7} and one of the following holds:

(1) Ω is empty graph, either p = 3, α1(g) = 18(2n+m) and α3(g) =
27m, or p = 2, α3(g) = 0 and α1(g) = 12(2l+ 3);

(2) Ω is subset of antipodal 
lass, α3(g) = 9− s and either
(i) p = 5, s = 4 and α1(g) = 60l − 10 or s = 9 and α1(g) =

60l + 15, or
(ii) p = 7, s = 2 and α1(g) = 84l + 28 or s = 9 and α1(g) =

84l − 21;
(3) p = 3, s = 3, t = 9, α3(g) = 54, α1(g) = 9(4l − 15) and lo
al

subgraph of Ω is the union of two isolated 4-gons or 8-gon;
(4) p = 2, α3(g) = t(9− s) and either

(i) Ω is the union of two antipodal 
lasses and α1(g) = 6(4l−13),
or

(ii) t = 4, s = 5, 7, 9 and every 
onne
ted 
omponent of Ω is

4-
lique or 
ube;
(iii) t = 6, s = 3, 5 or s = 3 and t = 8, 10.

In this paper vertex-symmetri
 distan
e-regular graph with inter-

se
tion array {35, 32, 1; 1, 4, 35} are investigated.
Theorem. Let Γ be a distan
e-regular graph with interse
tion array

{35, 32, 1; 1, 4, 35},G=Aut(Γ) be a nonsolvable group a
ting transitively
on the vertex set of Γ. Then S(G) is {2, 3}-group and for the so
le T̄
of Ḡ = G/S(G) and for global stabilizer S of antipodal 
lass in T one

of the following holds:

(1) T̄ ∼= A5, S̄ = Z5, Z5.Z2 and |S(G) : S(G)a| is devided by 27;
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(2) T̄ ∼= A6, S̄ ∼= A5 and |S(G) : S(G)a| is devided by 27.
Corollary. Let Γ be a distan
e-regular graph with interse
tion array

{35, 32, 1; 1, 4, 35}, and the group G = Aut(Γ) a
ts transitively on the

vertex set of Γ. Then G is solvable.
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For a positive integer n, we denote by π(n) the set of prime divisors
of n. For a �nite group G, the set π(G) := π(|G|) is 
alled prime

spe
trum of G. Let

I(G) = max{|π(|G :M |)| :M ⋖G},
K(G) = max{|π(G)| − |π(M)| :M ⋖G},
k(G) = min{|π(G)| − |π(M)| :M ⋖G},

where M ⋖G means that M is a maximal subgroup of G. Note that

k(G) ≤ K(G) ≤ I(G).

It is well known that I(G) ≤ 1 for every solvable group G and

I(G) is unbounded for some nonsolvable groups. The following problem
naturally arises.

Problem. Are k(G) and K(G) bounded by some 
onstant k?
This problem for K(G) was possed by V. Monakhov at Gomel

Algebrai
 Seminar and was pointed by A. Skiba as Problem 9.5 in [1℄.
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By using some well-known number theoreti
al results, we prove the

following theorem.

Theorem. Both K(G) and k(G) are unbounded in general.

This result means that [1, Problem 9.5℄ is solved in the negative.
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Let FLν(K) be the �nitary linear group where K is a ring with the

unit, ν is a linearly ordered set. FLν(K) is investigated in [1, 2℄. In

parti
ular the �nitary unitriangular group UTν(K) is studied in [2℄.
The main result of this paper is the theorem.

Theorem. If G is a periodi
 subgroup of FLν(K),K is a Dedekind

ring then G is lo
ally �nite. If ν is 
ountable then G = ∪i∈NGi where

G1 ≤ G2 ≤ · · · ≤ Gi ≤ · · · and the following 
onditions are true: (1)

Gi has the normal nilpotent subgroup Ni su
h that Gi/Ni is 
ountable fo

any i ∈ N; (2) N1N2 · · ·Ni · · · is a subgroup of G; (3) N1N2 · · ·Ni/Ni

is 
ountable fo any i ∈ N.
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FRACTIONAL ORDER DEGENERATE EVOLUTION
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Let U, V be re�exive Bana
h spa
es, linear 
losed operators L,M :
U → V have dense domains DL, DM ⊂ U. Denote by ρL(M) the set of
µ ∈ C, su
h that the operator µL −M : DL ∩ DM → V is inje
tive,

and RL
µ(M) ≡ (µL−M)−1L ∈ L(U), LL

µ(M) ≡ L(µL−M)−1 ∈ L(V),
i. e. the operators are bounded.

If (L,M) ∈ Hα(θ0, a0) [1℄, then U = U0 ⊕ U1
, V = V0 ⊕V1

, where

U0 = kerL, V0 = kerLL
µ(M), U1

and V1
are 
losures of the subspa
e

imRL
µ(M) in U and of imLL

µ(M) in the norm of V respe
tively. Denote

by P the proje
tion on U1
along U0

, and byQ the proje
tion onV1
along

V0
, Lk = L|Uk∩DL

,Mk = M |Uk∩DM
, k = 0, 1. Then L1,M1 ∈ Cl(U1;V1),

M0 ∈ Cl(U0;V0), there exist L−1
1 ∈ Cl(V1;U1), M−1

0 ∈ Cl(V0;U0).
Let α > 0, Dα

t be the Caputo derivative. The solution of equation

DαLu(t) =Mu(t) + f(t) (1)

with f ∈ C([0, T );V) is a fun
tion u ∈ C(R+;DM) ∩ C(R+;DL), su
h
that DαLu ∈ C([0, T );V) and for all t ∈ [0, T ) equality (1) holds.

Theorem 1. Let α∈(0, 2), (L,M)∈Hα(θ0, a0), and L
−1
1 ∈L(V1;U1)

or M−1
1 ∈ L(V1;U1). Suppose that f : [0, T ) → V0+̇L1[DM1 ], Qf ∈

C([0, T );DM1L
−1
1
), (I − Q)f ∈ Cm([0, T );V), uk ∈ DM , Puk ∈ DL,

k = 0, . . . , m − 1, equalities Dk
tM

−1
0 (I − Q)f(t)|t=0 = −(I − P )uk,

k = 0, . . . , m− 1, are valid. Then there exists a unique solution of the

Cau
hy problem u(k)(0) = uk, k = 0, 1, . . . , m−1, for equation (1), and

it has form

u(t) =

t∫

0

Uα,α(t− s)L−1
1 Qf(s)ds+

m−1∑

k=0

Uα,k+1(t)uk −M−1
0 (I −Q)f(t),

where Uα,k=
1

2πi

∫
Γ

µα−kRL
µα(M)eµtdµ,

Γ= {µ∈ C : | arg(µ−a0−1)|=θ0, µ = a0 + 1}.
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Finite groups of Lie type arise from linear algebrai
 groups as the

set of �xed points of a Steinberg endomorphism. Let G be a simple


onne
ted linear algebrai
 group over the algebrai
 
losure Fp of a �nite

�eld of positive 
hara
teristi
 p. Let σ be a Steinberg endomorphism and

T a maximal σ-invariant torus ofG. It's well known that all the maximal
tori are 
onjugated in G and the quotient NG(T )/T is isomorphi
 to

the Weyl group W of G. The following problem arises.

Problem 1.Des
ribe the groups G in whi
h NG(T ) splits over T .
A similar problem arises in simple groups of Lie type. Let T = T ∩G

be a maximal torus in a �nite group of Lie typeG,N(G, T ) = NG(T )∩G
an algebrai
 normalizer of G.

Problem 2.Des
ribe the groups G and their maximal tori T in

whi
h N(G, T ) splits over T .
The problem of splitting of the normalizer of a maximal torus was

stated by J.Tits in [1℄. An answer to Problem 1 for simple Lie groups

was given in [2℄. Problems 1, 2 were solved for the most of groups of

Lie type in series of papers [3�5℄.
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The divisor d of n is 
alled the unitary divisor if

(
n,
n

d

)
= 1. The

sum of unitary divisors of number n is denoted be σ∗(n). For some
�xed fun
tion f(n) let's denote by S(x, r) the number natural n ≤ x
for whi
h f(n) ≡ r(modN) for x > 0 and for r 
oprime with some

module N .
De�nition. A fun
tion f(n) be 
alled weakly uniformly distributed

modulo N if and only if for every r, (r, N) = 1

lim
x→∞

S(x, 1)

S(x, r)
= 1

provided that the set {r | (r, N) = 1} is in�nite.

Further the designation S(x, r) will be used for the fun
tion σ∗(n).
Let χ be Diri
hlet 
hara
ter modulo N , N̄ be the squaerfree part of

number N and ϕ(n) be the Euler fun
tion.
Theorem 1. If N is the odd number then for any positive integer

n and for any 
hara
ter χ modulo N there are the polynomials Pn(y)
and Qn(y, χ) su
h that for any r, (r, N) = 1, for x→ ∞

S(x, r) =
x

φ(N)

[
1

(log x)1−λ

(
Pn

(
1

log x

)
+ O

(
1

(log x)n+1

))
+

+
∑

χ 6=χ0

χφ(N̄)=χ0

1

(log x)1−µ

(
Qn

(
1

log x
, χ

)
+O

(
1

(logx)n+1

))]
,

where λ ∈ (0, 1) and µ ∈ (−λ, λ).
Theorem 2. The fun
tion σ∗(n) is weakly uniformly distributed

modulo N if and only if N is odd.
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We 
onsider nondire
ted graphs without loops and multiple edges.

For vertex a of a graph Γ the subgraph Ωi(a) = {b | d(a, b) = i} is


alled i-neighboorhod of a in Γ. We set [a] = Γ1(a), a
⊥ = {a} ∪ [a].

Degree of an vertex a of Γ is the number of verti
es in [a]. Graph Γ
is 
alled regular of degree k, if the degree of any vertex is equal k. The
graph Γ is 
alled strongly regular with parameters (v, k, λ, µ) if Γ is

regular of degree k on v verti
es, and |[u]∩ [w]| is equal λ, if u adja
ent
to w, is equal µ, if u not adja
ent to w.

Let Γ be a distan
e-regular graph with eigenvalues θ0>θ1>θ2> θ3.
If θ2 = −1, then by proposition 4.2.17 of [1℄ graph Γ3 is strongly regular.

Let Γ be a distan
e-regular graph and graphs Γ2, Γ3 are strongly

regular. If k < 44, then Γ has interse
tion array {19, 12, 5; 1, 4, 15},
{35, 24, 8; 1, 6, 28} or {39, 30, 4; 1, 5, 36}. In the �rst and se
ond 
ases

by [2, page 211℄ and [3℄ graph does not exist.

In this paper automorphisms of distan
e-regular graph with inter-

se
tion array {39, 30, 4; 1, 5, 36} are founded.
Theorem. Let Γ be a distan
e-regular graph with interse
tion array

{39, 30, 4; 1, 5, 36}, G = Aut(Γ), g be an element of prime order p of G
and Ω = Fix(g). Then π(G) ⊆ {2, 3, 5, 7, 17} and one of the following

holds:

(1) Ω is empty graph, either p = 5, α3(g) = 50s and α2(g) = 75t,
α1(g) = 200l, or p = 3, α3(g) = 30s and α2(g) = 45t, or p = 2,
α2(g) = 0 and α3(g) = 20s;

(2) Ω is n-
liqwue, either p = 13, n = 1 and α3(g) = 130s + 26
and α2(g) = 195t + 39, or p = 2, n = 2, 4, 6, α3(g) = 20s − 4n and

α2(g) = 30t− 6n;
(3) Ω 
ontains of l verti
es at distan
e 3, p = 3 end either l = 3,

α3(g) = 30s− 12, s=1, 2, ..., 6, α2(g)=45t− 18, or l=6, α3(g)=6, 36,
α2(g) = 45t− 36;

(4) Ω 
ontains verti
es b, c at distan
e 2, p = 2, 3 è |Ω| ≤ 60.
Corollary. Let Γ be a distan
e-regular graph with interse
tion array

{39, 30, 4; 1, 5, 36}, and the group G = Aut(Γ) a
ts transitively on the
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vertex set of Γ. Then 13 does not divide |G|. In parti
ular, G a
ts

intransitively on the ar
s set of Γ.
This work was supported by the grant of Russian S
ien
e Foundation, proje
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NUMERICAL SOLUTION FOR FRACTIONAL
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A novel 
ompa
t �nite di�eren
e s
heme is 
onstru
ted to solve

the fra
tional di�usion-wave equation with �xed time delay based on

its equivalent integro-di�erential equation with delay. In the temporal

dire
tion, the produ
t trapezoidal s
heme is employed to treat the

fra
tional integral term [1℄. The 
onvergen
e and stability of the s
heme

are proved. Numeri
al examples are also provided to verify the theore-

ti
al analysis. We 
onsider a high order di�eren
e method based on

fra
tional multistep method [2℄ for solving a 
lass of non-linear time

delay fra
tional di�usion-wave equation

1

c

∂αu(x, t)

∂tα
=
∂2u(x, t)

∂x2
+

1

K
f(x, t, u(x, t), u(x, t− s)), (1)

su
h that 1 < α < 2, (x, t) ∈ (0, L)× (0, T ], endowed by the following
initial and boundary 
onditions

u(x, t) = φ(x, t), x ∈ [0, L], t ∈ [−s, 0], (2)

∂tu(x, 0) = Φ(x) = lim
t→−0

∂tφ(x, t), (3)

u(0, t) = ψ1(t), u(L, t) = ψ2(t), t ∈ (0, T ], (4)

su
h that c,K are positive 
onstants and s>0 is the delay parameter.
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We 
onsider nondire
ted graphs without loops and multiple edges.

For vertex a of a graph Γ the subgraph Ωi(a) = {b | d(a, b) = i} is


alled i-neighboorhod of a in Γ. We set [a] = Γ1(a), a
⊥ = {a} ∪ [a].

Degree of an vertex a of Γ is the number of verti
es in [a]. Graph
Γ is 
alled regular of degree k, if the degree of any vertex is equal k.
The graph Γ is 
alled amply regular with parameters (v, k, λ, µ) if Γ is

regular of degree k on v verti
es, and |[u]∩ [w]| is equal λ, if u adja
ent
to w, is equal µ, if d(u, w) = 2. Amply regular graph of diameter 2 is


alled strongly regular.

Makhnev and Samoilenko [1℄ determined parameters of strongly

regular graphs with at most 1000 verti
es, whi
h may be lo
al subgraph

in antipodal distan
e-regular graph of diameter 3 with λ = µ.
It is suggested the program of investigations vertex-symmetri
 anti-

podal distan
e-regular graph of diameter 3 with λ = µ, in whi
h lo
al

subgraphs are strongly regular with parameters from [1℄. It is 
onsider

parameters (64, 21, 8, 6) in this paper.
Theorem 1. Let Γ be a distan
e-regular graph with interse
tion

array {64, 42, 1; 1, 21, 64}, G = Aut(Γ), g be an element of prime order

p of G and Ω = Fix(g) interse
t t antipodal 
lasses by s verti
es. Then
π(G) ⊆ {2, 3, 5, 7, 13, 17, 19} and one of the following holds:

(1) Ω is empty graph and p ∈ {3, 5, 13};
(2) p = 19 and Ω has interse
tion array {7, 4, 1; 1, 2, 7} or p = 17

and Ω has interse
tion array {13, 8, 1; 1, 4, 13};
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(3) p = 7, Ω is the union of three isolated t-
liques, t = 2, 9 or

p = 5, t = 5, 15, and in the 
ase t = 5 graph Ω has interse
tion array

{4, 2, 1; 1, 1, 4};
(4) p = 3, t ∈ {2, 5, ..., 20};
(5) p = 2, either s = 1, Ω is t-
lique and t ≤ 9, or s = 3, t ≤ 21.
Corollary. Let Γ be a distan
e-regular graph with interse
tion array

{64, 42, 1; 1, 21, 64} and G = Aut(Γ) a
ts transitively on the vertex set

of Γ. Then Γ is one of two ar
-transitive graphs with soc(G) isomorphi

to L2(64) or U3(4).
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HEAT CONDUCTION WITH FRACTIONAL

DUAL-PHASE-LAGGING MODEL AT THE NANOSCALE
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Nanos
ale heat transfer has shown many 
hara
teristi
s that are

di�erent from those familiar at the ma
ros
ale. Obtaining a

urate

temperature distributions in nanos
ale stru
tures is 
riti
al to funda-

mentally understand heat transfer in nanos
ale ele
tri
al and me
hani
al

devi
es and in thermal pro
essing of nanos
ale materials. In this paper,

we propose a new nanos
ale heat transfer model based on the fra
tional

dual-phase-lagging (DPL) heat 
ondu
tion equation with the tempera-

ture-jump boundary 
ondition in dimensionless as follows:

ut(x, t) +
C
0 D

α+1
t u(x, t) =

K2
n

3[Γ(1 + α)]1/α
(
u +Bα · C0 Dα

t u
)
xx
(x, t)+

+ F (x, t), 0 ≤ x ≤ L, 0 < t ≤ T, (1)

− γKnux(0, t) + u(0, t) = φ1(t), 0 < t ≤ T, (2)

γKnux(L, t) + u(L, t) = φ2(t), 0 < t ≤ T, (3)

u(x, 0) = ψ1(x), ut(x, 0) = ψ2(x), 0 ≤ x ≤ L, (4)
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where Kn is the Knudsen number, and γ should be determined in a

way that results of the fra
tional DPL model 
oin
ide with the solution

of the BTE [1℄, and the operator

C
0 D

α
t denotes the Caputo fra
tional

derivative of order α ∈ (0, 1). The model (1)�(4) 
an be viewed as

the extension of the 
onventional DPL model [2℄, and is proved to be

well-possed. We then present a �nite di�eren
e s
heme for solving the

fra
tional DPL model. Un
onditional stability and 
onvergen
e of the

s
heme are proved by using the dis
rete energy method in the maximum

norm. Numeri
al examples whi
h support the theoreti
al analysis and

show the appli
ability to the nanos
ale heat transfer are given.
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We 
onsider nondire
ted graphs without loops and multiple edges. It

was proved [1℄ that a strongly regular graph in whi
h the neighborhoods

of verti
es are pseudogeometri
 graphs for GQ(3, 5) has the parameters
(245, 64, 18, 16). In this paper we found the possible orders and the

stru
tures of subgraphs of the �xed points of automorphisms of strongly

regular graph with parameters (245, 64, 18, 16).
Theorem 1. Let Γ be a strongly regular graph with parameters

(245, 64, 18, 16), G = Aut(Γ), g be an element of prime order p of

G and Ω = Fix(g). Then π(G) ⊆ {2, 3, 5, 7} and one of the following

holds:

(1) Ω is empty graph and p ∈ {5, 7};
(2) Ω is n-
lique, either p=5 and n=5, 10 or p=3 and n=2, 5, 8, 11;
(3) Ω is m-
o
lique,p = 2, m is odd and 5 ≤ m ≤ 21;
(4) Ω 
ontains geodesi
 2-way and either
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(i) p = 7, |Ω| = 7r and 5 ≤ r ≤ 11, or
(ii) p = 5, |Ω| = 5s and 4 ≤ s ≤ 15, or
(iii) p = 3, |Ω| = 3t+ 2 and 2 ≤ t ≤ 25, or
(iv) p = 2, |Ω| = 2l + 1 and 2 ≤ l ≤ 38.

This work was supported by the grant of Russian S
ien
e Foundation, proje
t

�14-11-00061.
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A PRIORI ESTIMATE FOR THE SOLUTION OF ROBIN
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A priori estimates for the solution of boundary value problems for

the fra
tional order di�usion equation have been obtained in [1℄, [2℄.

In re
tangle QT = {(x, t) : 0 ≤ x ≤ l, 0 ≤ t ≤ T} let us study the
boundary value problem

∂α
0tu =

∂

∂x

(
k(x, t)

∂u

∂x

)
+ ∂β

0t

∂

∂x

(
η(x, t)

∂u

∂x

)
− q(x, t)u+ f(x, t), (1)

{
k(0, t)ux(0, t) + ∂α

0tη(0, t)ux(0, t) = β1(t)u(0, t)− µ1(t),

− (k(l, t)ux(l, t) + ∂β
0tη(l, t)ux(l, t)) = β2(t)u(l, t)− µ2(t), 0 ≤ t ≤ T,

(2)

u(x, 0) = u0(x), 0 ≤ x ≤ l, (3)

where ∂γ
0tu(x, t) =

1
Γ(1−γ)

t∫
0

us(x, s)(t− s)−γ ds � is a Caputo fra
tional

derivative of order γ, 0 < γ < 1, 0<c1≤k(x, t), η(x, t)≤c2, ηt(x, t)≥ 0,
q(x, t) ≥ 0 in QT .

Theorem. If k(x, t) ∈ C1,0(Q̄T ), η(x, t) ∈ C1,1(Q̄T ), η(x, t) ≤ c2,
ηt(x, t) ≥ 0, q(x, t), f(x, t) ∈ C(Q̄T ), 0 < c1 ≤ k(x, t), and βi(t)≥β0>0,
i = 1, 2, then the solution u(x, t) of the problem (1)�(3) satis�es a priori

estimate
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‖u‖2W 1
2 (0,l)

+D−α
0t

(
‖ux‖20 + u2(l, t) + u2(0, t)

)
≤

≤ M
(
D−α

0t (µ2
1(t) + µ2

2(t) + ‖f‖20) + ‖u0‖2W 1
2 (0,l)

)
,

where M > 0 is positive 
onstant.
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We 
onsider nondire
ted graphs without loops and multiple edges.

For vertex a of a graph Γ the subgraph Ωi(a) = {b | d(a, b) = i} is


alled i-neighboorhod of a in Γ. We set [a] = Γ1(a), a
⊥ = {a}∪ [a]. For

a vertex subset S of a graph Γ we denote as Γ(S) the set ∩a∈S([a]−S).
A partial geometry pGα(s, t) is a geometry of points and lines su
h

that every line has exa
tly s + 1 points, every point is on t + 1 lines

(with s > 0, t > 0) and for any anti�ag (P, y) there are exa
tly α lines

zi 
ontaining P and interse
ting y. Point-graph of a geometry (P, L) of
points and lines has P as a vertex set, and two verti
es a, b are adja
ent
if a, b belong to some line. Point-graph of partial geometry pGα(s, t) is
strongly regular with parameters v = (s + 1)(1 + st/α), k = s(t + 1),
λ = (s− 1) + (α − 1)t, µ = α(t+ 1). Strongly regular graph with this
parameters for some natural numbers α, s, t is 
alled pseudogeometri


graph for pGα(s, t).
A graph Γ is 
alled t-izoregular, if for every i ≤ t and for every

i-vertex subset S the number |Γ(S)| is depend only from isomorphi


type of the subgraph indu
ed by S. Finally t-izoregular graph Γ is
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alled exa
tly t-izoregular, if it is not (t + 1)-izoregular. Cameron [1℄

proved that every exa
tly 4-izoregular graph is pseudogeometri
 for

pGr(2r, 2r
3+3r2−1) or its 
omplement. Let Izo(r) be a pseudogeometri


graph for pGr(2r, 2r
3 + 3r2 − 1).

For every vertex a of a graph Izo(r) the subgraph Γ(a) is pseudo-
geometri
 for pGr−1(2r − 1, r3 + r2 − r − 1). Automorphisms of lo
al
subgraphs in Izo(4) were determined by A. Makhnev and M. Khamgo-

kova. In this paper automorphisms of strongly regular with parameters

(1305,4406,115,165) (parameters of [a]∩[b], where a, b adja
ent in Izo(5))
are determined.

Theorem. Let Γ be a strongly regular graph with parameters (1305,

4406,115,165), G = Aut(Γ), g be an element of prime order p of G and

Ω = Fix(g). Then π(G) ⊆ {2, 3, ..., 53} and one of the following holds:
(1) Ω is empty graph, p = 5, 29;
(2) Ω is n-
liqwue, n ≤ 9, either p = 3, n = 3t or p = 2, n = 2t+1;
(3) Ω is l-
o
lique, 2 ≤ l ≤ 145, either p = 11, l = 11t+7 or p = 5,

l = 5s;
(4) Ω is the union of isolated 
liques, p = 3, and the order of every

maximal 
lique in Ω is equal 3 or 6;
(5) Ω 
ontains geodesi
 2-way and p ≤ 53.
Corollary. Let Γ be a strongly regular graph with parameters (1305,

4406,115,165), nonsolvable group G = Aut(Γ) a
ts transitively on the

vertex set of Γ and T̄ be a so
le of Ḡ = G/S(G). Then of the following

holds:

(1) S(G) 
ontains an element f of order 29, T̄ isomorphi
 A5, A6,

PSp4(3) and �xes some vertex a;
(2) S(G) = O3,5(G), T̄ isomorphi
 A29 and T̄a

∼= A28.

In any 
ase graph Γ is not ar
 transitive.

This work was supported by the grant of Russian S
ien
e Foundation, proje
t

�15-11-10025.
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ABOUT BINARY ADDITIVE PROBLEMS WITH

QUADRATIC FORMS
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Let d � negative square-free number, δF � dis
riminant of imaginary

quadrati
 �eld F = Q(
√
d), Q1(m), Q2(k) � binary positive de�ned

primitive quadrati
 forms with determinant is −δF . Let ε � arbitrary
positive number, a, b, h � positive integers, a, b, h ≤ nε

. The asymptoti


formula is obtained for I(n, a, b, h) =
∑

aQ1(m)−bQ2(k)=h

e−
Q1(m)+Q2(k)

n
.

The proof is 
arried out by 
ir
ular method using A.Weyl estimates

[1℄ for Klostermann's sum. Obtained exa
t representation as produ
t of

prime numbers for the positive sum of spe
ial series of the asymptoti


formula. This problem is a generalization of the problems of �nding

asymptoti
 formulas for sums of I(n, 1, 1, 1) [2℄ and I(n, 1, 1, h) [3℄.
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2. Kurtova L.N. Ob odnoy binarnoy additivnoy zada
he s kvadrati
hnymi for-

mami // Vestnik Sam. gos. univer. Yestestvennonau
hnaya seriya. Matem.

2007. � 7(57). Pp. 107-121. [in Russia℄

3. Kurtova L.N. Ob odnom analoge additivnoy problemy deliteley s kvadrati
h-

nymi formami // Cheb. sb. 2014. Vol. 15, � 2. Pp. 33-49. [in Russia℄

ABOUT THE NUMBER OF SOLUTIONS OF
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In 1770, Lagrange proved that ea
h natural number N 
an be repre-

sented as the sum of four squares of integers.

In 1926, H.D. Kloosterman [1℄ obtained an asymptoti
 formula for

the number of representations of a positive integer N in the form ax2+
by2 + cz2 + dt2.

The report will provide the results of the study the main member

of this asymptoti
 formula.
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The study is based on the representation of the main member as a

produ
t of primes and the use of the exa
t formulas for Gauss sums.
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ON CHARACTERIZATIONS OF LOCALLY FINITE

SIMPLE LINEAR GROUPS IN THE CLASS OF

PERIODIC GROUPS
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Suppose thatM is a set of groups. We say that a groupG is saturated

with groups from M, if any �nite subgroup of G is 
ontained in a

subgroup isomorphi
 to some member ofM. A. K. Shl�opkin 
onje
tured

in [1℄ that a periodi
 group saturated with �nite simple groups of Lie

type of bounded Lie ranks is isomorphi
 to a group of Lie type over

a lo
ally �nite �eld (question 14.101). At present time the answer is

known for all groups of rank 1. Also, there is some signi�
ant progress

for groups of other ranks. A good example is the following

Theorem. Let n > 3 be a natural number, and G a periodi
 group.

Suppose that any �nite subgroup of G is 
ontained in a subgroup of G
isomorphi
 to Bn(q) = O2n+1(q) for some odd number q. Then G is

isomorphi
 to O2n+1(Q) for some lo
ally �nite �eld Q. In parti
ular, G
is lo
ally �nite.

Proof uses results from [2℄.
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We 
onsider nondire
ted graphs without loops and multiple edges.

For vertex a of a graph Γ the subgraph Ωi(a) = {b | d(a, b) = i} is


alled i-neighboorhod of a in Γ. We set [a] = Γ1(a), a
⊥ = {a} ∪ [a].

Degree of an vertex a of Γ is the number of verti
es in [a]. Graph Γ
is 
alled regular of degree k, if the degree of any vertex is equal k. The
graph Γ is 
alled strongly regular with parameters (v, k, λ, µ) if Γ is

regular of degree k on v verti
es, and |[u]∩ [w]| is equal λ, if u adja
ent
to w, is equal µ, if u not adja
ent to w.

In this paper distan
e-regular graphs with strongly regular graphs

Γ2, Γ3 are investigated.

Theorem 1. Let Γ be a distan
e-regular graph of diameter 3 su
h

that graph Γ3 is strongly regular. Then following statements hold:

(1) b2 = a3 + 1, b1 = rc2 and the graph Γ̄3 is pseudo-geometri
 for

pGc3(k, r);
(2) if Γ is antipodal graph and the graph Γ2 is strongly regular, then

either Γ is a Taylor graph without triangles, or graph Γ̄2 is pseudo-

geometri
 for GQ(r − 1, c2 + 1).
Remark 1. Let pseudo-geometri
 graph for GQ(s, t) has partition

by the set S of (s+1)-
liques (spread). Convert S in the set of 
o
liques,

then by [1, proposition 12.5.2℄ we have distan
e-regular graph with inter-

se
tion array {st, s(t− 1), 1; 1, t− 1, st}.
Generalized quadrangles have spread for orders (s, 1), (1, t), (q, q),

(q, q2), (q − 1, q + 1) for prime power q, (q + 1, q − 1) for q = 2n.
Theorem 2. Let Γ be a primitive distan
e-regular graph of diameter

3 su
h that graphs Γ2, Γ3 are strongly regular. Then following statements

hold:

(1) b1 = rc2, b2 = a3+1, a2 = (r−1)(c2+1), c3 = r(c2+1), a1 = a3+
r−1, k2 = kr, k3 = k(a3+1)/(c2+1), p133 = a3(a3+1)/(c2+1) = µ(Γ3)
and Γ has interse
tion array {r(c2+1)+a3, rc2, a3+1; 1, c2, r(c2+1)};

(2) if a3 = α(c2+1), then k = (r+α)(c2+1), Γ3 is pseudo-geometri


for Γ is antipodal graph and the graph Γ2 is strongly regular, then either
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Γ is a Taylor graph without triangles, or graph Γ̄2 is pseudo-geometri


for pGα(r + α, α(c2 + 1)) and k3 = (r + α)(α(c2 + 1) + 1);
(3) if α = 1, then Γ3 is pseudo-geometri
 for GQ(r+1, c2+1), Γ has

interse
tion array {(r+1)(c2+1), rc2, c2+2; 1, c2, r(c2+1)}, eigenvalues
θ1 = c2 + r + 1, θ2 = −1, θ3 = −c2 − 1 and Γ̄2 is pseudo-geometri
 for

pG2(r + 1, 2c2 + 2).
Corollary. Distan
e-regular graph with interse
tion array {44,35,3;

1,5,42} or {48, 35, 9; 1, 7, 40} does not exist.
Theorem 3. Let Γ be a primitive distan
e-regular graph of diameter

3 su
h that graphs Γ2, Γ3 are strongly regular. If Γ3 does not 
ontains

triangles and µ(Γ3) ≤ 11, then Γ has interse
tion array {(r + 5)((r +
3)2−3)/6, r(r+3)(r+8)/6, r+6; 1, (r+3)(r+8)/6, r(r+5)(r+6)/6},
r = 4, 6, 10, 16, 19, 24, 28, 40, 46, 52, 58, 60,
70, 79 or {119, 100, 15; 1, 20, 105}.

This work was supported by the grant of Russian S
ien
e Foundation, proje
t

� 15-11-10025.
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NONLOCAL PROBLEM WITH FRANKLE TYPE

CONDITION FOR THE PARABOLO-HYPERBOLIC
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In the present resear
h work we 
onsider the paraboli
-hyperboli


type equation

0 =

{
ym0uxx − xn0uy, in Ω0,

(−y)m1uxx − xn1uyy, in Ω1,
(1)

where m i, n i = const > 0, (i = 0, 1) .
Let's Ω is domain restri
ted at x > 0, y > 0, by the segments AB,
BB0, B0A0, A0A on the lines y = 0, x = h 1, y = h 2, x = 0. Ω1

is 
hara
teristi
s triangle whi
h restri
ted segment AB on the axis x
and with two 
hara
teristi
s AC : 1

q1
xq1 − 1

p1
(−y)p1 = 0 and BC :

1
q1
xq1 + 1

p1
(−y)p1 = 1

q1
h1

q1
of the (1), and by the segment (0, h 1) of
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the line y = 0, where A (0, 0) , B (h 1, 0) and C

(( q1
2

)1/q1 ,−
(p1

2

)1/p1
)
,

p1 =
m1+2

2
, q1 =

n1+2
2
.

We enter designations: I1 = {(x, y) : 0 < x < (q1κ)
1/q1 , y = 0},

I2= {(x, y) : (q1κ)1/q1 <x<h1, y=0}, 0<k< 1, α0 = n0+1
n1+2

, 2α1 = n 1/

(n1+2), 2β1=m1/(m1+2), E(κ1, 0)∈ [0, h1] , 0<κ1<h1, κ1=(q1κ)
1/q1 .

Fun
tion σ(x) ∈ C 2 [0, κ1] is di�eomorphism from the set of points of

the segment [0, κ1] to set of points of the segment [κ1, h1] and σ
′(x)<0,

σ(0) = h1, σ(κ1) = κ1.
Problem. To �nd a fun
tion u(x, y) with following 
onditions:

u(x, y) ∈ C(Ω); u(x, y) ∈ C2,1
x,y (Ω0) ∩ C2 (Ω1\EC1\EC2) , satis�es (1)

in the domain Ω0 and Ω1\ (EC 1 ∪ EC2) ; u(x, y) satis�es boundary


onditions: u|AA0
= ϕ1 (y) , u|BB0

= ϕ2 (y) , 0 6 y 6 h 2,

a1(x)(x
2q1)

1−α1+β1
2 F0x



α1 + β1 − 1

2
,
α1 + β1 − 2

2
β1 − 1; x2q1


(x2q1)

2α1−1

2 u [θ0(x)] +

+b1(x) (1− x2q1)−β1Dα1

x2q11
(xq1 + 1)α1−β1 Dxq11

1−α1−β1 u [θ1(x)] =

= a2(x) uy(x, 0) + b2(x), (x, 0) ∈ Ī1,

µ u (x, 0) = u (σ(x), 0) + ψ(x), (x, 0) ∈ I1,

uy ∈ C (Ω1 ∪ I1 ∪ I2) , y−m 0uy ∈ C (Ω0 ∪ I1 ∪ I2) and on intervals

Ij(j = 1, 2) takes pla
e gluing 
onditions lim
y→−0

∂u(x,y)
∂y

= lim
y→+0

y−m 0 ∂u(x,y)
∂y

,

(x, 0) ∈ I1 ∪ I2, where ψ(x), aj(x), bj(x), ϕj(y), (j = 1, 2) are given

fun
tions from the de�nite 
lass of fun
tions.

The unique solvability of the investigating problem will be proved

under 
ertain restri
tions on the parameters and the 
lass of fun
tions.

ABOUT MATHEMATICAL MODELS OF DEFORMABLE

MEDIA
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In order to des
ribe the deformable properties of 
ontinua media

the several models are used. The most known among there is theory of

elasti
ity. If the properties of solid media are elasti
, that is Hook's law
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take pla
e and displa
ements (strain) under loading are small enough

we get the system of ellipti
 type di�erential equations of

λ∆ui + µ
∂θ

∂xi
+Xi = 0, i = 1, 2, 3. (1)

Here λ, µ � elasti
 
onstant of isotropi
 media, ∆ � Laplasian, θ =
ε11+ε22+ε33 � mean deformation,Xi � gravitational for
e 
omponents

in Oxi dire
tions. For solving the system (1) it is ne
essary to set the

boundary 
onditions

ui|S1
= u0i , σijnj|S2

= σ0
i , (2)

where u0i , σ
0
i � given displa
ement and stress on the surfa
e S1, S2

respe
tively, ni � unit ve
tor 
omponents, perpendi
ular to the surfa
e

S2, S = S1 ∪ S2 � total surfa
e of body and summation Einstein's


ondition take pla
e.

If we repla
e the 
ontinuous media by parti
les with given intera
tion

for
e (whi
h equivalent elasti
ity 
ontinuous media) we give the new

method for analysis of deformable 
onstru
tion. We 
an use the se
ond

Newton's law for des
ription of parti
les system and give ui(x1, x2, x3, t),
u̇i(x1, x2, x3, t), . . . at any time. In this 
ase we have matrix equation

[m]{üi}+ [c]{u̇i}+ [k]{ui} = {F}, i = 1, 2, ..., n. (3)

Here [m], [c], [k] � mass, damping and sti�ness matrix respe
tively, {F}
� for
e ve
tor, {üi}, {u̇i}, {ui} � unknown meaning of displa
ement,

velo
ity and a

eleration ve
tors, n � total number of parti
les. System
(3) redu
es to a system of �rst-order di�erential equations and is solved

by one of the variants of the Runge-Kutt's method.

Obviously, elasti
ity problems take pla
e as a spe
ial 
ase at 
on-

dition does not depend on time [1℄. Su
h algorithm and 
orresponding

numeri
al experiments were realized in works [2℄.
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THE ORDER OF CONVERGENCE OF IMPLICIT AND

EXPLICIT DIFFERENCE SCHEMES FOR FRACTIONAL

EQUATIONS OF ORDER 0 < α < 1
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In this talk, we 
ontinue our resear
h on 
onvergen
e of di�eren
e

s
hemes for fra
tional di�erential equations. Using impli
it di�eren
e

s
heme and expli
it di�eren
e s
heme, we have a deal with the full

dis
retization of the solutions of fra
tional di�erential equations in time

variables and get the order of 
onvergen
e.

Lots of works were devoted to the dis
retization of C0-semigroups

in traditional way, see [1℄ and the referen
es therein. Re
ently, Li and

Piskarev 
onsidered the dis
rete approximation of integrated semigroups

[2, 3, 4℄, where the order of 
onvergen
e was obtained using ill-posed

problems theory. In this talk we 
ontinue our investigations [5, 6, 7℄

on dis
retization of di�erential equations of fra
tional order in Bana
h

spa
es and get the order of 
onvergen
e O(ταn ).
This work was supported by the Russian Foundation for Basi
 Resear
h, proje
ts

� 15-01-00026-a and � 17-51-53008 �ÔÅÍ_à.
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ON INTEGER POINTS IN CERTAIN DOMAINS
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Let f(x1, . . . , xs) is a homogenious polynom (form) of the degree

k ≥ 2 on s ≥ 2 variables with integer 
oe�tients. The domain Ω0

lies on the surfa
e f(x1, . . . , xs) = 1. Under the a
tion of substitution,

repla
ing (x1, . . . , xs) by N
− 1

k (x1, . . . , xs) the domain Ω0 is transformed

into the domain Ω on the surfa
e f(x1, . . . , xs) = N .
In [1℄, using a spe
ial parametrization we obtain an asymptoti


formula (for N → +∞) for the number of integer points on the de-

terminant surfa
e det(X) = N in the 
ase when X is a se
ond order

square matrix. In this 
ase k = 2, s = 4.
In the report we dis
uss various generalizations of this result, in

parti
ular, when the matrix X is a square matrix of n−th order. Here
we also use the method of smoothing the 
hara
teristi
 fun
tion of the

domain Ω, whi
h was 
onsidered in [2℄, [3℄.
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THE STATIONARY NONLINEAR SCHRODINGER

EQUATION ON THE DUMBBELL GRAPH
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We 
onsider the dumbbell graph with two loops b1,2 whi
h lengths

are L1 and L2 at the ends of one �nite bond b0 with the length L0

and we 
orrespond to the ea
h bond bj ∼ (0, Lj), j = 0, 1, 2. On the
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ea
h bond bj we have the following stationary nonlinear S
hrodinger

equation with repulsive nonlinearity

−ψ′′
j + βj|ψj|2ψj = λ2ψj , βj > 0, j = 0, 1, 2. (1)

The verti
es boundary 
onditions are given as

√
β0ψ0(0) =

√
β1ψ1(0) =

√
β1ψ1(L1), (2)

√
β0ψ0(L0) =

√
β2ψ2(0) =

√
β2ψ2(L2), (3)

1√
β0

∂ψ0

∂x

∣∣∣∣
x=0

+
1√
β1

∂ψ1

∂x

∣∣∣∣
x=0

− 1√
β1

∂ψ1

∂x

∣∣∣∣
x=L1

= 0, (4)

1√
β0

∂ψ0

∂x

∣∣∣∣
x=L0

− 1√
β2

∂ψ2

∂x

∣∣∣∣
x=0

+
1√
β2

∂ψ2

∂x

∣∣∣∣
x=L2

= 0. (5)

Solution of the equation (1) 
an be written

ψj(x) = Bjsn (αj(x+ Lj)|kj) , (6)

where sn(u|k) are Ja
obian ellipti
 fun
tions [1℄. Inserting equation

(6) into (1) and 
omparing the 
oe�
ients of similar terms one 
an

�nd Bj , j = 0, 1, 2.Using equations (2)�(5) we 
an obtain the system

of trans
endental equations with respe
t to αj and kj , j = 0, 1, 2. In
general 
ase this system 
an be solved using the di�erent iteration

s
hemes.
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FINITE GROUPS WITH H-PERMUTABLE SUBGROUPS
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Throughout this paper, all groups are �nite and G always denotes

a �nite group. Moreover, P is the set of all primes and p, q ∈ P. If n
is an integer, the symbol π(n) denotes the set of all primes dividing n;
as usual, π(G) = π(|G|), the set of all primes dividing the order of G.
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In what follows, σ is some partition of P. Thus σ = {σi|i ∈ I}, where
P = ∪i∈Iσi and σi∩σj = ∅ for all i 6= j. G is said to be: σ-primary [1℄ if
G is a σi-group for some i ∈ I; σ-nilpotent [1℄ if G = G1 × · · · ×Gn for

some σ-primary groups G1, . . . , Gn; σ-soluble [1℄ if every 
hief fa
tor of
G is σ-primary.

We use Nσ to denote the 
lasses of all σ-nilpotent. The symbol σ(n)
denotes the set {σi|σi ∩ π(n) 6= ∅}; σ(G) = σ(|G|).

A subgroup A of G is said to permute with a subgroup B if AB =
BA. If A permutes with all Sylow subgroups of G, then A is 
alled S-
permutable in G. A group G is 
alled a PST -group if S-permutability is
a transitive relation in G, that is, every S-permutable subgroup of an S-
permutable subgroup of G is S-permutable in G. A set H of subgroups

of G is a 
omplete Hall σ-set of G [2℄ if every member 6= 1 of H is a

Hall σi-subgroup of G for some σi ∈ σ and H 
ontains exa
tly one Hall

σi-subgroup of G for every σi ∈ σ(G). Then we say that a subgroup A
of G is H-permutable if AH = HA for all H ∈ H.

Let F be a 
lass of groups 
ontaining identity group 1. The inter-
se
tion of all normal subgroups N of G with G/N ∈ F is 
alled the

F-residual of G and denoted by GF
.

Theorem. Suppose that G is soluble and it has a 
omplete Hall

σ-set H su
h that every member H of H is a PST -group. Then every

subnormal subgroup of G is H-permutable if and only if G = D⋊M is

a supersoluble group, where D = GNσ
is an abelian Hall subgroup of G

and D is of odd order in the 
ase when D 6= 1, and every element of

M indu
es a power automorphism of D.

Referen
es

1. Skiba A.N. On σ-subnormal and σ-permutable subgroups of �nite groups //
Journal of Algebra. 2015. Vol. 436. Pp. 1-16.

2. Guo W., Skiba A.N. On Π-quasinormal subgroups of �nite group // Monatsh.

Math. DOI: 10.1007/s00605-016-1007-9.

ON RECOGNITION OF ALTERNATING GROUPS BY

PRIME GRAPH
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Let G be a �nite group. The set of prime divisors of |G| is denoted
by π(G). The spe
trum ω(G) of G is the set of its element orders. The
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spe
trum de�nes the prime graph (or the Gruenberg � Kegel graph)

GK(G) of G: the set of verti
es is π(G), and two distin
t verti
es r and
s are adja
ent if and only if rs ∈ ω(G).

Denote the alternating group of degree n by Altn. It was proved
in [1℄ that if G is a �nite group su
h that ω(G) = ω(Altn) with n ≥ 5
and n 6= 6, 10 then G ≃ Altn. We study �nite groups G su
h that

GK(G) = GK(Altn).
Theorem. Let n ≥ 90000 be an integer and p the largest prime less

than or equal to n. If G is a �nite group su
h that GK(G) = GK(Altn)
then G has a nonabelain 
omposition fa
tor isomorphi
 to Altt where
t ≥ p.
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NON-LOCAL MODELS FOR THE TURBULENT

DIFFUSION
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The ordinary di�usion equation is built of two lo
al operators: time-

derivative and spatial Lapla
ian. Chaoti
 
hara
ter of the di�usion

pro
ess demonstrated for instan
e by Brownian motion often oversha-

dows the fa
t that using this operators implies spatially un
orrelated

(Poissonian) distribution of di�usants. This 
ondition is stri
tly satis�ed

in 
ase of an ideal gas. The 
orrelations may also be ignored in 
ase

of a real gas with not very high density being in the equilibrium state.

However, what we observe in the stream of a mountain river is far

from su
h a pi
ture: the mole
ules 
onne
ted by vis
ous for
es form


orrelated jets of whi
h the turbulent motion is formed. Mu
h more

impressible pi
tures are observed by astronomers: giant turbulent hurri-


anes storm in our Universe. Naturally to admit, that these pro
esses

should be des
ribed in terms of nonlo
al analysis.

The report reviews nonlo
al models of the turbulent di�usion pro
es-

ses in their histori
al development paying parti
ular attention to fra
tio-

nal operators. The author shows how these ideas are 
onne
ted to


lassi
al works of Kolmogorov, Weizsa
ker, Heisenberg, Monin, and

demonstrates their appli
ation to modern astrophysi
al problems on
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examples of his own (with 
ollaborators) arti
les. The report 
ontains

logi
al basement of this approa
h substantiated by physi
al examples

and mathemati
al 
al
ulations. Along with ex
erpts from 
lassi
al works,

the author also 
ites his own results, referring to his arti
les and books.

The reported study was supported by Russian Foundation for Basi
 Resear
h,

proje
t 16-01-00556.
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ON PROPERTIES OF Fω
-PROJECTORS AND
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Considered only �nite groups. Let ω be a non-empty set of primes,

let F be a non-empty 
lass of groups. A subgroup H of the group G
is 
alled an Fω

-proje
tor of G if HN/N is an F-maximal subgroup

in G/N for every normal ω-subgroup N of G. A subgroup H of the

group G is 
alled an Fω
-
overing subgroup of G if H ∈ F and whenever

H ≤ U ≤ G, V is a normal ω-subgroup of U su
h that U/V ∈ F, then

U = HV [1℄. A group G is 
alled a π-sele
ted if | π(H/K)∩ π | ≤ 1 for
every nonabelian 
hief fa
tor H/K of G where π is a set of primes [2℄.

Let F and X be non-empty 
lasses of groups, F ⊆ X. A 
lass F is


alled ωP -
losed in X if for ea
h group G the following 
ondition is

satis�ed: if G/CoreG(M) ∩ Oω(G) ∈ F for every maximal subgroup

M of G, then G ∈ F. Let f : ω ∪ {ω′} → {formations of groups} be

an ωF -fun
tion. A formation ωLF (f) = (G : G/Oω(G) ∈ f(ω′) and
G/Fp(G) ∈ f(p) for all p ∈ ω ∩ π(G)) is 
alled an ω-lo
al formation
with the ω-satellite f .

Theorem 1. Let X be an S-
losed homomorph, let F be a non-

empty ωP -
losed homomorph in X and let G be an X-group whi
h has

π(F)-sele
ted F-residual normal ω-subgroup. A subgroup H of G is an

Fω
-proje
tor of G if and only if H is an Fω

-
overing subgroup of G.

262



Theorem 2. Let F be an ω-lo
al formation, let G be a group and

let GF
be a π(F)-sele
ted ω-group. Then G has at least one Fω

-
overing

subgroup (Fω
-proje
tor) and any two Fω

-
overing subgroups (any two

Fω
-proje
tors) of G are 
onjugate.

Theorems 1 and 2 extend the main results of B. Li and W. Guo

from [3℄.
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INVERSE PROBLEM FOR QUASILINEAR MIXED-TYPE

PARABOLIC EQUATION
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We 
onsider in

D := {0 < x < π, −T < t < T}

quasilinear high-order paraboli
 equation

∂u

∂t
+ sgnt(−1)ka2

∂2ku

∂x2k
+ p(t)u = f(t, x, u), k ∈ N, (1)

with 
onditions

u(x,−T ) = ϕ(x), 0 ≤ x ≤ π, (2)

u(x,−0) = u(x,+0), 0 ≤ x ≤ π, (3)

the boundary 
onditions

∂2iu

∂x2i
|x=0=

∂2iu

∂x2i
|x=π= 0, i = 0, 1, ..., k− 1, −T ≤ t ≤ T, (4)

and the integral overdetermination data

∫ π

0

u(x, t)dx = E(t), −T ≤ t ≤ T. (5)
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De�nition. The pair {p(t), u(x, t)} from the 
lass

C[−T, T ] × (C2k,1(D)
⋂
C2k−1,0(D)), for whi
h 
onditions (1)�(5) are

satis�ed and p(t) ≥ 0 on the interval [-T,T℄, is 
alled the 
lassi
al

solution of inverse problem (1)�(5).

We prove the existen
e and uniqueness of the solution of inverse

problem (1)�(5) by using the Fourier method and the iteration method.

Also, 
ontinuous dependen
e upon the data of the inverse problem is

shown.
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AUTOMORPHISMS OF DISTANCE-REGULAR GRAPHS

WITH INTERSECTION ARRAY {75,64,18,1;1,6,64,75}
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We 
onsider nondire
ted graphs without loops and multiple edges.

For vertex a of a graph Γ the subgraph Ωi(a) = {b | d(a, b) = i} is


alled i-neighboorhod of a in Γ. We set [a] = Γ1(a), a
⊥ = {a} ∪ [a].

Degree of an vertex a of Γ is the number of verti
es in [a]. Graph Γ
is 
alled regular of degree k, if the degree of any vertex is equal k. The
graph Γ is 
alled strongly regular with parameters (v, k, λ, µ) if Γ is

regular of degree k on v verti
es, and |[u]∩ [w]| is equal λ, if u adja
ent
to w, is equal µ, if u not adja
ent to w.

In this paper automorphisms of distan
e-regular graphs (see [1℄)

with interse
tion array {75, 64, 18, 1; 1, 6, 64, 75} are investigated.
Theorem. Let Γ be a distan
e-regular graph interse
tion array {75,

64,18,1;1,6,64,75}, G = Aut(Γ), g � an element of G prime order p
and Ω = Fix(g). Then π(G) ⊆ {2, 3, 5, 7, 23} and one of the following

statements hold:

(1) g indu
es trivial automorphism of antipodal quotient Γ̄, p = 2
and α4(g) = v;
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(2) Ω is empty graph, α0(g)=α4(g)=0 and either p=23, α1(g)=92,
α2(g) = 736, α3(g) = 276, or p = 3, α1(g) = 60t + 15s + 3, α2(g) =
1056−240s, α3(g) = −60t+225s+45, or p = 2, α1(g) = 40t+40s−8,
α2(g) = 1056− 160s, α3(g) = −40t+ 120s+ 56;

(3) Ω̄ is n-
lique, either Ω is antipodal 
lass, p = 5, α1(g) = 100s+
100t+ 20, α2(g) = 800− 400t, α3(g) = −100s+ 300t+ 280, or p = 2,
α0(g)+α4(g) = 16, α1(g) = 40s+40t+24−5α0(g), α2(g) = 992−160t,
α3(g) = 120t− 40s+ 72 + 5α0(g);

(4) Ω̄ is l-
o
lique, 3 ≤ l≤48, l divided by 3, p=3, α0(g)+α4(g)=4l,
α1(g) = 60s + 60t + 8l + 12 − 5α0(g), α2(g) = 1056 − 240t − 16l,
α3(g) = 180t+ 4l + 36− 60s+ 5α0(g);

(5) Ω̄ 
ontains geodesi
 2-way and either
(i) p = 7, |Ω̄| = 7l + 3, l ∈ {5, 6, 7, 8}, or
(ii) p = 5, |Ω̄| = 5r + 1, 4 ≤ r ≤ 17, or
(iii) p = 3, |Ω̄| = 3s, 3 ≤ s ≤ 27, or
(iv) p = 2, |Ω̄| = 2t, 4 ≤ t ≤ 46.

Corollary Let Γ be a distan
e-regular graph interse
tion array {75,

64,18,1;1,6,64,75}. Then G = Aut(Γ) a
ts intransitively on the vertex

set of Γ.
This work was supported by the grant of Russian S
ien
e Foundation, proje
t

� 14-11-00061.
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