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ÈÍÑÒÈÒÓÒ ÏÐÈÊËÀÄÍÎÉ ÌÀÒÅÌÀÒÈÊÈ È
ÀÂÒÎÌÀÒÈÇÀÖÈÈ

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè îñíîâàí â
1991 ãîäó. Íåñêîëüêî ðàç çà äâàäöàòü ïÿòü ëåò èñòîðèè ìåíÿëîñü íà-
çâàíèå èíñòèòóòà: Íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò ïðèêëàäíîé
ìàòåìàòèêè è àâòîìàòèçàöèè (ÍÈÈ ÏÌÀ), Íàó÷íî-èññëåäîâàòåëü-
ñêèé èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè Êàáàð-
äèíî-Áàëêàðñêîãî íàó÷íîãî öåíòðà Ðîññèéñêîé àêàäåìèè íàóê
(ÍÈÈ ÏÌÀ ÊÁÍÖ ÐÀÍ). Â íàñòîÿùåå âðåìÿ ïîëíîå íàçâàíèå èí-
ñòèòóòà: Ôåäåðàëüíîå ãîñóäàðñòâåííîå áþäæåòíîå íàó÷íîå ó÷ðå-
æäåíèå "Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè"
(ÈÏÌÀ). Ïîääåðæêà òàêèõ âûäàþùèõñÿ ó÷åíûõ, êàê ÷ëåíà-êîððåñ-
ïîíäåíòà ÀÍ ÑÑÑÐ, ÷ëåíà-êîððåñïîíäåíòà ÐÀÍ, àêàäåìèêà Ãðó-
çèíñêîé ÑÑÐ À.Â. Áèöàäçå, Ãåðîÿ ñîöèàëèñòè÷åñêîãî òðóäà àêà-
äåìèêà ÀÍ ÑÑÑÐ, àêàäåìèêà ÐÀÍ À.À. Ñàìàðñêîãî, Ãåðîÿ ñîöè-
àëèñòè÷åñêîãî òðóäà àêàäåìèêà ÐÀÍ Ì.×. Çàëèõàíîâà, àêàäåìè-
êà ÐÀÍ, ïðåäñåäàòåëÿ ïîäêîìèòåòà ïî íàóêå Âåðõîâíîãî Ñîâåòà
ÐÑÔÑÐ À.Ê. Ìèêèòàåâà ñäåëàëà âîçìîæíûì òîò ôàêò, ÷òî 26 àâ-
ãóñòà 1991 ãîäà çàìåñòèòåëåì Ïðåäñåäàòåëÿ Ïðàâèòåëüñòâà Ðîññèè,
ïðåäñåäàòåëåì Ãîñêîìèòåòà ÐÑÔÑÐ ïî äåëàì íàóêè è âûñøåé øêî-
ëû Í.Ã. Ìàëûøåâûì áûëî ïîäïèñàíî ïîñòàíîâëåíèå î ñîçäàíèè â
Êàáàðäèíî-Áàëêàðñêîé Ðåñïóáëèêå ÍÈÈ ÏÌÀ è íàçíà÷åíèè åãî
äèðåêòîðîì çàñëóæåííîãî äåÿòåëÿ íàóêè ÐÔ, ä.ô.-ì.í., ïðîôåññî-
ðà Íàõóøåâà Àäàìà Ìàðåìîâè÷à. 25 äåêàáðÿ 1991 ãîäà ñîñòîÿëàñü
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ïðåçåíòàöèÿ íîâîãî èíñòèòóòà.

Ñ ïåðâûõ îðãàíèçàöèîííûõ øàãîâ ñîçäàíèå ÍÈÈ ÏÌÀ áûëî
ïîääåðæàíî ðóêîâîäñòâîì Êàáàðäèíî-Áàëêàðèè. Åùå â 1987 ãîäó
Ñîâåò ìèíèñòðîâ ÊÁÐ õîäàòàéñòâóåò ïåðåä Ìèíèñòåðñòâîì âûñøå-
ãî îáðàçîâàíèÿ ÑÑÑÐ îá îòêðûòèè ÍÈÈ ïðèêëàäíîé ìàòåìàòèêè è
àâòîìàòèçàöèè. Â 1991 ãîäó ïðåäñåäàòåëü Âåðõîâíîãî Ñîâåòà ÊÁÐ
Â.Ì. Êîêîâ îáðàùàåòñÿ â Ãîñêîìèòåò ÐÑÔÑÐ ïî äåëàì íàóêè è
âûñøåé øêîëû ñ ïðîñüáîé îá îòêðûòèè Èíñòèòóòà. Ïîçäíåå ïîñòà-
íîâëåíèåì Ïðåçèäèóìà Ñîâåòà ÊÁÐ ìîëîäîìó Èíñòèòóòó ïåðåäà-
åòñÿ çäàíèå áûâøåãî ãîðîäñêîãî êîìèòåòà ÊÏÑÑ. Â 1993 ãîäó ÍÈÈ
ÏÌÀ âîøåë â ñèñòåìó Ðîññèéñêîé àêàäåìèè íàóê è ñòàë îäíèì èç
èíñòèòóòîâ Êàáàðäèíî-Áàëêàðñêîãî íàó÷íîãî öåíòðà ÐÀÍ.

Èñòîðèÿ ñîçäàíèÿ è ðàçâèòèÿ èíñòèòóòà íåðàçðûâíî ñâÿçàíà ñ
èìåíåì âûäàþùåãîñÿ ó÷åíîãî, çàñëóæåííîãî äåÿòåëÿ íàóêè ÐÔ,
ÊÁÐ, Ê×Ð, Ðåñïóáëèêè Àäûãåÿ, îñíîâàòåëÿ è Ïðåçèäåíòà Àäûã-
ñêîé (×åðêåññêîé) Ìåæäóíàðîäíîé àêàäåìèè íàóê, äîêòîðà ôèçèêî-
ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîðà Àäàìà Ìàðåìîâè÷à Íàõóøåâà.
À.Ì. Íàõóøåâ � äâàæäû ëàóðåàò ãîñóäàðñòâåííîé ïðåìèè Êàáàð-
äèíî-Áàëêàðñêîé Ðåñïóáëèêè â îáëàñòè íàóêè è òåõíèêè; íàãðàæ-
äåí îðäåíîì Äðóæáû, ìíîãî÷èñëåííûìè ìåäàëÿìè è ãðàìîòàìè. Â
2007 ãîäó ìèðîâûì Àðòèéñêèì êîìèòåòîì è ìèðîâîé àññàìáëååé
îáùåñòâåííîãî ïðèçíàíèÿ åìó ïðèñâîåíî ïî÷åòíîå çâàíèå "×åëî-
âåê ìèðà-2007", 9 íîÿáðÿ 2010 ãîäà óêàçîì Ïðåçèäåíòà Ðîññèéñêîé
Ôåäåðàöèè îò � 1400 çà çàñëóãè â îáëàñòè îáðàçîâàíèÿ è íàóêè
è ìíîãîëåòíþþ ïëîäîòâîðíóþ ðàáîòó Àäàì Ìàðåìîâè÷ Íàõóøåâ
íàãðàæäåí îðäåíîì Ïî÷åòà.

Ñåãîäíÿ Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè �
èçâåñòíàÿ è â Ðîññèè, è çà ðóáåæîì íàó÷íàÿ øêîëà À.Ì. Íàõó-
øåâà. Îáøèðíà è ðàçíîîáðàçíà ãåîãðàôèÿ "øêîëû À.Ì. Íàõóøå-
âà". Ýòî Ðîññèÿ, Êàçàõñòàí, Êîðåÿ, Óçáåêèñòàí, Ïàêèñòàí, Òóðöèÿ.
Âñåãî íàó÷íàÿ øêîëà À.Ì. Íàõóøåâà íàñ÷èòûâàåò áîëåå 150 ÷å-
ëîâåê. "Âû, ñòàëè Ìåêêîé äëÿ ðîññèÿí, çàíèìàþùèõñÿ äðîáíûìè
ïðîèçâîäíûìè" � ýòè ñëîâà îäíîãî èç âåäóùèõ ñïåöèàëèñòîâ â îá-
ëàñòè äðîáíîãî èñ÷èñëåíèÿ äîêòîðà ôèçèêî-ìàòåìàòè÷åñêèõ íàóê
ïðîôåññîðà Â.Â. Ó÷àéêèíà êàê íåëüçÿ ëó÷øå ïîä÷åðêèâàþò ðîëü
è ìåñòî â ìàòåìàòè÷åñêîé íàóêå èíñòèòóòà, ñîçäàííîãî â íå òàêèå
óæ è äàëåêèå äåâÿíîñòûå ãîäû.

Íà äàííûé ìîìåíò â ÈÏÌÀ äåéñòâóþò 7 íàó÷íî-èññëåäîâàòåëü-
ñêèõ îòäåëîâ: Äðîáíîãî èñ÷èñëåíèÿ (ÄÈ), Íåéðîèíôîðìàòèêè è
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ìàøèííîãî îáó÷åíèÿ (ÍèÌÎ), Óðàâíåíèé ñìåøàííîãî òèïà (ÓÑÒ),
Ñèñòåì àâòîìàòèçèðîâàííîãî ïðîåêòèðîâàíèÿ ñìåøàííûõ ñèñòåì è
óïðàâëåíèÿ (ÑÀÏÐ ÑÑèÓ), Òåîðåòè÷åñêîé è ìàòåìàòè÷åñêîé ôèçè-
êè (ÒÌÔ), Âû÷èñëèòåëüíûõ ìåòîäîâ (ÂÌ), Ìàòåìàòè÷åñêîãî ìîäå-
ëèðîâàíèÿ ãåîôèçè÷åñêèõ ïðîöåññîâ (ÌÌÃÏ); 2 ëàáîðàòîðèè: Ëà-
áîðàòîðèÿ ñèíåðãåòè÷åñêèõ ïðîáëåì (ËÑÏ), Ëàáîðàòîðèÿ àâòîìà-
òèçàöèè èçìåðåíèé (ËàáÀÈ). Òàêæå â èíñòèòóòå ôóíêöèîíèðóåò
Íàó÷íî-îáðàçîâàòåëüíûé öåíòð, â ñîñòàâå êîòîðîãî Áàçîâàÿ êàôåä-
ðà "Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ìàòåìàòè÷åñêàÿ ôèçèêà"
(ÁÊÄÓÌÔ) è Ìåæâóçîâñêàÿ áàçîâàÿ êàôåäðà ìàòåìàòè÷åñêîãî ìî-
äåëèðîâàíèÿ (ÌÁÊÌÌ). Â èíñòèòóòå åñòü ñâîå íàó÷íî-îïûòíîå ýêñ-
ïåðèìåíòàëüíîå õîçÿéñòâî (ÍÝÎÕ), êîòîðîå äàåò âîçìîæíîñòü ñî-
áèðàòü ýêñïåðèìåíòàëüíûå äàííûå äëÿ ñîçäàâàåìûõ ñîòðóäíèêàìè
èíñòèòóòà ìàòåìàòè÷åñêèõ ìîäåëåé áèîëîãè÷åñêèõ ñèñòåì.

Îñíîâíûìè íàïðàâëåíèÿìè íàó÷íîé äåÿòåëüíîñòè èíñòèòóòà ÿâ-
ëÿþòñÿ: Íåëîêàëüíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ è ìàòåìàòè-
÷åñêàÿ ôèçèêà ôðàêòàëîâ; Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå íåëî-
êàëüíûõ ýêñòðåìàëüíûõ ïðîöåññîâ â ñèñòåìàõ ñ ôðàêòàëüíîé ñòðóê-
òóðîé è ïàìÿòüþ; Äðîáíîå èñ÷èñëåíèå è åãî ïðèìåíåíèå ê ôóíäà-
ìåíòàëüíûì è ïðèêëàäíûì ïðîáëåìàì èíôîðìàòèêè, åñòåñòâîçíà-
íèÿ è ñîöèàëüíî-èñòîðè÷åñêèõ íàóê; Ðàçâèòèå ãåòåðîãåííûõ ïîëè-
íîìèàëüíûõ íåéðîííûõ ñåòåé, îïòèìàëüíûõ áàç çíàíèé è ñèñòåì
îáó÷åíèÿ â ñëàáîôîðìàëèçîâàííûõ îáëàñòÿõ; Ìàòåìàòè÷åñêèå ïðî-
áëåìû ÑÀÏÐ ñìåøàííûõ ñèñòåì; Ðàçâèòèå ÷èñëåííî-àíàëèòè÷åñêèõ
è ôóíêöèîíàëüíûõ ìåòîäîâ ïîñòðîåíèÿ óðàâíåíèé ñîñòîÿíèÿ âåùå-
ñòâà äëÿ ðàçðàáîòêè ìîäåëåé ðàçëè÷íûõ ñðåä è íåëîêàëüíûõ ôè-
çè÷åñêèõ ïðîöåññîâ â ýêñòðåìàëüíûõ óñëîâèÿõ âûñîêèõ äàâëåíèé
è òåìïåðàòóð; Ìàòåìàòè÷åñêèå ïðîáëåìû ñåëå-, ãðàäî- è ëàâèíî-
îáðàçíûõ ïðîöåññîâ â ýêñòðåìàëüíûõ óñëîâèÿõ. Ðåçóëüòàòû, ïîëó-
÷åííûå ñîòðóäíèêàìè èíñòèòóòà, âûñîêî îöåíåíû Ðîññèéñêîé àêà-
äåìèåé íàóê, ðóêîâîäñòâîì ÊÁÐ. Äâàæäû òâîð÷åñêèé êîëëåêòèâ
ó÷åíûõ ïîä ðóêîâîäñòâîì À.Ì. Íàõóøåâà ñòàíîâèëñÿ ëàóðåàòîì ãî-
ñóäàðñòâåííîé ïðåìèè ÊÁÐ.

Âñå ðàçíîîáðàçèå íàó÷íûõ èíòåðåñîâ è ðàçíîïëàíîâîñòü íàó÷-
íûõ èññëåäîâàíèé, ïðîâîäèìûõ â èíñòèòóòå, ìîæíî â ïîëíîé ìåðå
îùóòèòü íà ìåæäóíàðîäíûõ êîíôåðåíöèÿõ è ñèìïîçèóìàõ, òðàäè-
öèîííî ïðîâîäèìûõ êîëëåêòèâîì èíñòèòóòà. Ñ 1996 ãîäà èíñòèòó-
òîì ïðîâåäåíî 32 ìåæäóíàðîäíûõ è âñåðîññèéñêèõ ìåðîïðèÿòèÿ:
4 Ìåæäóíàðîäíûõ êîíôåðåíöèè "Íåëîêàëüíûå êðàåâûå çàäà÷è è
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ðîäñòâåííûå ïðîáëåìû ìàòåìàòè÷åñêîé áèîëîãèè, èíôîðìàòèêè è
ôèçèêè"(B&Nak); 2 Ðîññèéñêî-Óçáåêñêèõ, Ðîññèéñêî-Áîëãàðñêèé,
3 Ðîññèéñêî-Êàçàõñêèõ, Ðîññèéñêî-Àçåðáàéäæàíñêèé, Ðîññèéñêî-
Àáõàçñêèé ìåæäóíàðîäíûå ñèìïîçèóìû; Ðîññèéñêî-Êèòàéñêàÿ êîí-
ôåðåíöèÿ, Ìåæäóíàðîäíûå è Âñåðîññèéñêèå êîíôåðåíöèè ìîëîäûõ
ó÷åíûõ; Øêîëû ìîëîäûõ ó÷åíûõ, ãäå èçâåñòíûå ïðîôåññîðà ÷èòà-
þò ëåêöèè ìîëîäûì ó÷åíûì.

Â äàííîì ñáîðíèêå îïóáëèêîâàíû òåçèñû äîêëàäîâ ó÷àñòíèêîâ
Ìåæäóíàðîäíîé íàó÷íîé êîíôåðåíöèè "Àêòóàëüíûå ïðîáëåìû ïðè-
êëàäíîé ìàòåìàòèêè è èíôîðìàòèêè"è XIV Øêîëû ìîëîäûõ ó÷å-
íûõ (17-22 îêòÿáðÿ 2016 ã., Íàëü÷èê, Ïðèýëüáðóñüå). Êîíôåðåíöèÿ
è Øêîëà ïðîâîäÿòñÿ â ðàìêàõ þáèëåéíûõ ìåðîïðèÿòèé, ïîñâÿùåí-
íûõ äâàäöàòèïÿòèëåòèþ èíñòèòóòà, â íåé ó÷àñòâóþò ó÷åíûå èç 12
ñòðàí è áîëåå ÷åì èç 25 ãîðîäîâ Ðîññèè. Êîíôåðåíöèÿ ïðîâîäèòñÿ
ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ
èññëåäîâàíèé (ïðîåêò � 16-01-20738).
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ÏÐÅÄÑÒÀÂËÅÍÈÅ ÐÅØÅÍÈß ÍÀÃÐÓÆÅÍÍÎÃÎ
ÓÐÀÂÍÅÍÈß ÏÀÐÀÁÎËÈ×ÅÑÊÎÃÎ ÒÈÏÀ Â

ÎÃÐÀÍÈ×ÅÍÍÎÉ ÎÁËÀÑÒÈ
c⃝ Àáàçîêîâ Ì.Á.

Ôåäåðàëüíîå ãîñóäàðñòâåííîå áþäæåòíîå íàó÷íîå ó÷ðåæäåíèå
"Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè" (Ðîññèÿ, Íàëü÷èê)

e-mail: Abazokov.Mukhammed@yandex.ru

Ðàññìîòðèì â îáëàñòè Ω = { (x, t) : 0 < x < 1, 0 < t < 2π}
ñëåäóþùóþ ãðàíè÷íóþ çàäà÷ó:

Lu ≡ ∂u

∂t
− ∂2u

∂x2
+ αxu(x, t)

∣∣
x=x

= f(x, t),

u(0, t) = u(1, t) = 0, u(x, 0) = u(x, 2π),

ãäå x ∈ (0, 1) - ôèêñèðîâàííàÿ òî÷êà, α ∈ C - çàäàííîå ÷èñëî,

f ∈ L2(0, 2π;W
2
2 (0, 1)∩

◦
W 1

2 (0, 1)) - çàäàííàÿ ôóíêöèÿ. W l
p(Ω) -

ëèíåéíîå ïðîñòðàíñòâî âñåõ ôóíêöèé, ñóììèðóåìûõ íà ëþáîì çà-
ìêíóòîì îãðàíè÷åííîì ìíîæåñòâå, ñîäåðæàùåìñÿ â îáëàñòè Ω, èìå-
þùèõ â îáëàñòè Ω âñå îáîáùåííûå ïðîèçâîäíûå ïîðÿäêà l, ñóììè-
ðóåìûå â ñòåïåíè p ≥ 1.

Îïèðàÿñü íà ðåçóëüòàòû ðàáîòû [1, c.16, 289], ïîëó÷åíî ïðåä-
ñòàâëåíèå ðåøåíèÿ äàííîé ãðàíè÷íîé çàäà÷è â âèäå

u(x, t) =
∑
s∈Z

1∫
0

Js(x, x, ξ)fs(ξ)dξ,

ãäå Z - ìíîæåñòâî öåëûõ ÷èñåë. Ïðè λ2 = is è ∀s ∈ Z,

Js(x, x, ξ) = eλ
2t

[
α(shλx− xshλ)

λ2shλ− α(shλx− xshλ)
Gs(x, ξ) +Gs(x, ξ)

]
,

Gs(x, ξ) =

{
shλξ sh(1−x)

λ shλ
, 0 ≤ ξ ≤ x ≤ 1,

shλx sh(1−ξ)
λ shλ

, 0 ≤ x ≤ ξ ≤ 1,
s ̸= 0,

G0(x, ξ) =

{
ξ (1− x), 0 ≤ ξ ≤ x ≤ 1,
x (1− ξ), 0 ≤ x ≤ ξ ≤ 1,

fs(x) - êîýôôèöèåíòû ðàçëîæåíèÿ ôóíêöèè f(x, t) â ðÿä Ôóðüå.
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THE INFLUENCE FUNCTION OF THE ELASTIC
PROBLEM ON THE GRAPH

c⃝ Àãàõàíîâà ß.Ñ.
Ìîñêîâñêèé ôèçèêî-òåõíè÷åñêèé èíñòèòóò (Ðîññèÿ, Ìîñêâà)

e-mail: ladushki_22@mail.ru

Ïóñòü èçó÷àåìàÿ ðåàëüíàÿ ñèñòåìà, ñîñòîÿíèå êîòîðîé îïèñû-
âàåòñÿ ñêàëÿðíîçíà÷íîé ôóíêöèåé u(x), íàõîäèòñÿ ïîä äåéñòâèåì
çàêîíà íàèìåíüøåãî äåéñòâèÿ. Ýòî � òèïè÷íàÿ îñíîâîïîëàãàþùàÿ
ïðåäïîñûëêà (êàê ïðàâèëî � íåÿâíàÿ è ñàìà ïî ñåáå ðàçóìåþùàÿ-
ñÿ). Ïóñòü ïîòåíöèàëüíàÿ ýíåðãèÿ ýòîé ñèñòåìû, ñîîòâåòñòâóþùàÿ
âèðòóàëüíîìó ñîñòîÿíèþ u(x), îïðåäåëÿåòñÿ èíòåãðàëîì

V (u(x)) =

∫
Γ

pu′2

2
dx−

∫
Γ

udF, (1)

ãäå Γ - íåêîòîðûé êîíå÷íûé ãðàô èç R3.
Ôóíêöèåé âëèÿíèÿ Hξ(x) îïèñàííîé ñèñòåìû ìû íàçûâàåì ìè-

íèìàëü ôóíêöèîíàëà

Vξ(u) =

∫
Γ

pu′2

2
dx− u(ξ). (2)

Ýòîò ïîñëåäíèé ôóíêöèîíàë îòëè÷àåòñÿ îò ïðåäûäóùåãî òåì,
÷òî âòîðîå ñëàãàåìîå íå èìååò ïðèâû÷íîãî èíòåãðàëüíîãî âèäà,
íî ìîæåò îïðåäåëÿòüñÿ äèôôåðåíöèàëîì Ñòèëüòüåñà ñ åäèíè÷íûì
àòîìîì ìåðû. Ôèçè÷åñêèé ñìûñë âòîðîãî ñëàãàåìîãî î÷åâèäåí � îíî
îïðåäåëÿåò ðàáîòó, âûïîëíåííóþ åäèíè÷íîé ñèëîé íà äèñòàíöèè
u(ξ). Ïîýòîìó ôèçè÷åñêèé ñìûñë ìèíèìàëè (2) � ðåàëüíàÿ ôîðìà,
ïðèíÿòàÿ ñèñòåìîé ïîä âîçäåéñòâèåì ïðèëîæåííîé â òî÷êå x = ξ
åäèíè÷íîé ñèëû.

Çäåñü, êàê è âñþäó äàëåå, ìû áóäåì ÷åðåç Å îáîçíà÷àòü ìíîæå-
ñòâî ôèçè÷åñêè äîïóñòèìûõ ôóíêöèé, êîòîðûå äîëæíû áûòü:

- îïðåäåëåíû íà Γ;
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- íåïðåðûâíû íà Γ, âêëþ÷àÿ âñå âíóòðåííèå óçëû;
- èìåòü ïî÷òè âñþäó íà ðåáðàõ Ã îáû÷íóþ ïðîèçâîäíóþ � èíà÷å

ôîðìóëû (1) è (2) ëèøàþòñÿ ñìûñëà.
Ìû äîïóñêàåì, ÷òî â ãðàíè÷íûõ óçëàõ (èç ∂Γ) èìåþòñÿ êàêèå-

ëèáî äîïîëíèòåëüíûå óñëîâèÿ � ãëóõîãî çàêðåïëåíèÿ, óïðóãèõ ðå-
àêöèé, ëèíåéíîãî âçàèìîäåéñòâèÿ ñ êàêîé-ëèáî äðóãîé ëèíåéíîé
ñèñòåìîé � äëÿ íåå ýòî íå âàæíî. Òàê æå, êàê ïîêà íåâàæíî, ãäå
íàøè ðåàëüíûå ôîðìû èìåþò âòîðóþ ïðîèçâîäíóþ.

Ôóíêöèþ âëèÿíèÿHξ(x), çàâèñÿùóþ ïîêà îò ξ êàê îò ïàðàìåòðà,
ìû áóäåì îáîçíà÷àòü ÷åðåç H(x,ξ), ¾ïîäíèìàÿ àâòîðèòåò ξ¿, èáî
äàëåå âûÿñíèòñÿ ãëàâåíñòâóþùàÿ â íåêîòîðûõ âîïðîñàõ ðîëü ýòîãî
ïàðàìåòðà ξ.

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû îïðåäåëåííàÿ íà Γ × Γ ôóíêöèÿ
H(x,ξ) áûëà ôóíêöèåé âëèÿíèÿ íàøåé çàäà÷è, íåîáõîäèìî è äîñòà-
òî÷íî, ÷òîáû äëÿ ôóíêöèè u(x) ≡H(x,ξ) âûïîëíÿëîñü íà êàæäîé
h(x) èç Å òîæäåñòâî ∫

pu′h′dx = h(ξ). (3)

Äîêàçàòåëüñòâî ïî÷òè î÷åâèäíî � òîæäåñòâî (3) åñòü óðàâíåíèå
Ëàãðàíæà, êîòîðîìó H(x,ξ) äîëæíà óäîâëåòâîðÿòü ïî õ â ñèëó òåî-
ðåìû 1.

Òåîðåìà 1 îïèñûâàåò óñëîâèÿ, íåîáõîäèìûå è äîñòàòî÷íûå äëÿ
îïðåäåëåíèÿ ôóíêöèè âëèÿíèÿ. Èìåííî ïîýòîìó ïðè âñåé âíåøíåé
ïðîñòîòå îíà áóäåò èãðàòü â äàëüíåéøåì ôóíäàìåíòàëüíóþ ðîëü.

ÓÄÊ 517.2

Î ÌÅÒÎÄÅ ÄÂÓÌÅÐÍÛÕ ÏÐÎÅÊÖÈÉ
ÈÑÑËÅÄÎÂÀÍÈß ÄÈÍÀÌÈÊÈ ÐÀÇÂÈÒÈß
ÂÇÀÈÌÎÄÅÉÑÒÂÓÞÙÈÕ ÑÎÎÁÙÅÑÒÂ Â

ÌÍÎÃÎÂÈÄÎÂÎÉ ÂÎËÜÒÅÐÐÎÂÑÊÎÉ ÌÎÄÅËÈ
c⃝ Àäàì÷óê À.Ñ., Àìèðîêîâ Ñ.À.

Ñåâåðî-Êàâêàçñêèé ôåäåðàëüíûé óíèâåðñèòåò (Ðîññèÿ, Ñòàâðîïîëü)
e-mail: appinform@ncfu.ru

Ñèñòåìà íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âîëüòåððîâ-
ñêîãî òèïà îáîáùåííîé ìîäåëè äèíàìèêè n âçàèìîäåéñòâóþùèõ ñî-
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îáùåñòâ [1,2] (ïîïóëÿöèé â ýêîëîãèè) èìååò âèä:

dUi

dt
= Ui

(
ai +

n∑
j=1

aijUj

)
, (1)

ãäå ai � ñêîðîñòü åñòåñòâåííîãî ïðèðîñòà i -ãî âèäà Ui â îòñóòñòâèå
îñòàëüíûõ; aij� âëèÿíèå j -ãî âèäà íà i -é. Â íàøè äíè óðàâíåíèÿ
(1) øèðîêî ïðèìåíÿþòñÿ äëÿ ìîäåëèðîâàíèÿ ïðîöåññîâ äèíàìèêè è
èçìåíåíèé ñòðóêòóðû âçàèìîäåéñòâóþùèõ ñîîáùåñòâ â ðàçëè÷íûõ
ñôåðàõ ÷åëîâå÷åñêîé äåÿòåëüíîñòè [3,4,5], ïðè÷åì âàæíî èññëåäî-
âàòü íå òîëüêî âîïðîñû óñòîé÷èâîñòè òàêèõ ñèñòåì, íî è ïðîöåññû
ðàçâèòèÿ êàæäîãî ñîîáùåñòâà, íàéòè óñëîâèÿ èõ ñîñóùåñòâîâàíèÿ.
Â ïðåäñòàâëåííîé ðàáîòå ïðåäëàãàåòñÿ ìåòîä âûÿâëåíèÿ äèíàìè-
êè ðàçâèòèÿ êàæäîãî ñîîáùåñòâà ìíîãîìåðíîé ñèñòåìû ïóòåì ðàñ-
ñìîòðåíèÿ ïîïàðíûõ âçàèìîäåéñòâèé è âèçóàëèçàöèè ñîîòâåòñòâó-
þùèõ ôàçîâûõ òðàåêòîðèé íà ïëîñêîñòè â îêðåñòíîñòè ñòàöèîíàð-
íîé òî÷êè ñî âñåìè íåíóëåâûìè êîîðäèíàòàìè, êîòîðàÿ, êàê ïðàâè-
ëî, ÿâëÿåòñÿ íåóñòîé÷èâîé. Ïðîäåìîíñòðèðóåì ýòîò ìåòîä íà ïðè-
ìåðå ïÿòè âçàèìîäåéñòâóþùèõ ñîîáùåñòâ, òîãäà ìîäåëü îïèñûâàåò-
ñÿ îáîáùåííîé ñèñòåìîé (1) ïÿòè íåëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé, ãäå i, j ìåíÿþòñÿ îò 1 äî 5. Òàêàÿ ñèñòåìà èìååò 32 ñòà-
öèîíàðíûõ òî÷êè, â 31-é èç íèõ åñòü íóëåâûå êîîðäèíàòû, è òîëüêî
â îäíîé � 32-é � âñå êîîðäèíàòû íåíóëåâûå, ïðè÷åì åñëè îíè ïîëî-
æèòåëüíû � òî ýòî ñëó÷àé, êîãäà âñå 5 ñîîáùåñòâ Ui ñîñóùåñòâóþò.
Ïóñòü êîîðäèíàòû ýòîé ñòàöèîíàðíîé òî÷êè: À(l,m,n,k,s) .

Çàìåòèì, ÷òî â ñèëó îñîáîãî âèäà íåëèíåéíûõ ÷ëåíîâ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñèñòåìû (1), â âîëüòåððîâñêîé ìîäåëè ëåã-
êî íàéòè òî÷íûå êîîðäèíàòû êàê èíòåðåñóþùåé íàñ òî÷êè, òàê
è âñåõ îñòàëüíûõ ñòàöèîíàðíûõ òî÷åê. Â ðàññìàòðèâàåìîì ñëó÷àå
äëÿ ïÿòèâèäîâîé ìîäåëè êîîðäèíàòû ñòàöèîíàðíîé òî÷êè äîëæíû
óäîâëåòâîðÿòü àëãåáðàè÷åñêîé ñèñòåìå óðàâíåíèé:

Ui(ai+ai1U1+ai2U2+ai3U3+ai4Ui4+ai5Ui5) = 0, i = 1, 2, 3, 4, 5. (2)

Åñëè ñíà÷àëà èñêàòü ñòàöèîíàðíóþ òî÷êó ñî âñåìè íåíóëåâûìè
êîîðäèíàòàìè (âñå Ui ̸= 0), òî íà Ui ïåðåä ñêîáêàìè â (2) ìîæíî ñî-
êðàòèòü è ïîëó÷èòü ëèíåéíóþ àëãåáðàè÷åñêóþ ñèñòåìó ïÿòè óðàâ-
íåíèé, êîòîðàÿ èìååò åäèíñòâåííîå ðåøåíèå è ðåøàåòñÿ ñòàíäàðò-
íûìè ìåòîäàìè ëèíåéíîé àëãåáðû, íàïðèìåð, ìåòîäîì Æîðäàíà-
Ãàóññà. Îòìåòèì ñðàçó, ÷òî òàê æå ëåãêî íàéòè è êîîðäèíàòû äðó-
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ãèõ ñòàöèîíàðíûõ òî÷åê ñèñòåìû (1) , òàê êàê óñëîâèÿ äëÿ íåêî-
òîðûõ Ui, ïðèâåäóò ëèøü ê ïîíèæåíèþ ïîðÿäêà àëãåáðàè÷åñêîé
ñèñòåìû (2).

Â ïðåäñòàâëåííîé ðàáîòå ïðåäëàãàåòñÿ èññëåäîâàòü ñòàöèîíàð-
íîå ñîñòîÿíèå À ñèñòåìû (1) íà óñòîé÷èâîñòü ìåòîäîì äâóìåðíûõ
ïðîåêöèé, êîòîðûé ñîñòîèò â ñâåäåíèè ñèñòåìû (1) ê íåñêîëüêèì ïî-
ïàðíûì äâóìåðíûì ñèñòåìàì Ëîòêè-Âîëüòåððà. Çàôèêñèðóåì ñíà-
÷àëà U3 = n, U4 = k, U5 = s , ïðèäàâ èì çíà÷åíèÿ íàéäåííûõ êîîð-
äèíàò. Îáîçíà÷èì ýòè ÷èñëà U∗

3 , U
∗
4 , U

∗
5 è ïîäñòàâèì â ñèñòåìó (1).

Ïîëó÷èì ñèñòåìó äâóõ óðàâíåíèé âîëüòåððîâñêîãî òèïà:

dU1

dt
= a∗1U1 + a12U1U2 + a11U

2
1

dU2

dt
= a∗2U2 + a21U1U2 + a22U

2
2 (3)

ãäå ââåäåíû îáîçíà÷åíèÿ:

a1+a13U
∗
3 +a14U

∗
4 +a15U

∗
5 = a∗1; a2+a23U

∗
3 +a24U

∗
4 +a25U

∗
5 = a∗2, (4)

Äâóìåðíàÿ ñèñòåìà (3) áûëà èññëåäîâàíà íà óñòîé÷èâîñòü â ñòà-
òüå [3] ñ ïîìîùüþ ìåòîäà Ëÿïóíîâà. Ñèñòåìà (3) èìååò 4 ñòàöèî-
íàðíûe òî÷êè, êîîðäèíàòû íåíóëåâîãî ñòàöèîíàðíîãî ñîñòîÿíèÿ, â
êîòîðîì ñîîáùåñòâà U1 è U2 ñîñóùåñòâóþò, èìåþò âèä (5), êîòîðûå,
êàê è ñëåäîâàëî îæèäàòü, ñîâïàäàþò äëÿ ýòèõ ñîîáùåñòâ ñ íàéäåí-
íûìè âûøå èç ñèñòåìû (2) ìåòîäîì Æîðäàíà-Ãàóññà:

U1 =
a∗2a12 − a∗1a22
a11a22 − a12a21

, U2 = − a∗2a11 − a∗1a21
a11a22 − a12a21

. (5)

Â [3] ïðèâåäåíû ôîðìóëû äëÿ êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíå-
íèÿ äëÿ ñîîòâåòñòâóþùåé ëèíåàðèçîâàííîé ñèñòåìû, ïî âèäó êîòî-
ðûõ ìîæíî ñóäèòü îá óñòîé÷èâîñòè ñòàöèîíàðíîé òî÷êè äëÿ äâó-
ìåðíîé ñèñòåìû (3) è î ïîâåäåíèè ôàçîâûõ òðàåêòîðèé. Ôèêñèðóÿ
äðóãèå ïàðû êîîðäèíàò ñòàöèîíàðíîé òî÷êè ìîäåëè, ïîëó÷èì äðó-
ãèå äâóìåðíûå ñèñòåìû, êîòîðûå èññëåäóåì àíàëîãè÷íî.

Ðàçðàáîòàíû ïðîãðàììû íà Delphi ïîèñêà ñòàöèîíàðíîé òî÷-
êè ñî âñåìè íåíóëåâûìè êîîðäèíàòàìè ïîèñêà è èññëåäîâàíèÿ íà
óñòîé÷èâîñòü ñòàöèîíàðíûõ òî÷åê äëÿ ñîîòâåòñòâóþùèõ äâóìåð-
íûõ ñèñòåì è âèçóàëèçàöèè ôàçîâûõ òðàåêòîðèé.
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SOLUTION OF THE WAVE EQUATION USING
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Abstract. The one-dimensional linear wave equation with boundary
conditions (BC) and initial conditions (IC) in a string of length L
has been considered. Let u(x, t) denote the vertical displacement of
the string from the x axis in time t. It is assumed that the string is
undergoing small amplitude transverse vibrations so that u(x, t) obeys
the wave equation. This equation has been discretized using the �nite
element method (FEM) using linear and quadratic shape functions,
obtaining a sti� system of second order Ordinary Di�erential Equations
(ODEs). The high-modes of the resulting ODE system are consequence
of the FEM approximation and they are not representative, so they
have to be removed from the solution to avoid inconvenient noise.
Solving sti� ODEs requires the use of numerical methods with good
stability properties and controlled numerical dissipation in the high-
frequency range. The HHT-α and the Collocation methods are second
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order precision, unconditionally stable and able to dissipate high-modes
for some values of the parameters. They both operate directly in second
order ODEs. We have calculated the parameters for which the numerical
dissipation of these methods in the high-frequency range is similar.
We have solved the wave equation obtaining noise free and accurate
solutions.
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Â ðàáîòå [1] äðîáíîå äèôôåðåíöèàëüíîå óðàâíåíèå Ôîêêåðà -
Ïëàíêà áûëî àäàïòèðîâàíî ïîä íóæäû ôèíàíñîâîé ìàòåìàòèêè. Â
äàííîé ðàáîòå ñòðîèòñÿ ïðîñòåéøåå òîðãîâîå ïðàâèëî, îñíîâàííîå
íà ðåøåíèè ñëåäóþùåãî óðàâíåíèÿ Ôîêêåðà - Ïëàíêà

∂α

∂xα
[U(x, t)σ(x, t)]− ∂

∂x
[µ(x, t)U(x, t)] =

∂

∂t
[U(x, t)]. (1)
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Çäåñü U(x, t)- ôóíêöèÿ ðàñïðåäåëåíèÿ äîõîäíîñòè ðàññìàòðèâàå-
ìûõ àêöèé, µ(x, t) - ìàòåìàòè÷åñêîå îæèäàíèå ñëó÷àéíîãî ñìåùå-
íèÿ äîõîäíîñòè ðàññìàòðèâàåìûõ àêöèé, σ(x, t) - äèñïåðñèÿ âîêðóã
äàííîãî ñìåùåíèÿ.

Äëÿ àíàëèçà ôóíêöèè U(x, t) âîñïîëüçóåìñÿ ìåòîäîì Ôóðüå.
U(x, t) ïðåäñòàâèì â âèäå ïðîèçâåäåíèÿX(x) è T (t) è ïîëó÷èì óðàâ-
íåíèå

∂α

∂xα
[σ(x)X(x)T (t)]− ∂

∂x
[µ(x)X(x)T (t)] =

∂

∂t
[X(x)T (t)]. (2)

Äàëüøå ðåøåíèå ïðåäïîëàãàåò ïàðàìåòðèçàöèþ ôóíêöèé ìãíî-
âåííîãî ñìåùåíèÿ µ(x) è äèôôóçèè σ(x).

Íà ôèíàíñîâûõ ðûíêàõ àêòóàëüíà ñëåäóþùàÿ ñïåöèôèêàöèÿ:

µ(x) = mx,

σ(x) = S2x2,

ãäå m - ñðåäíåå ñìåùåíèå ôèíàíñîâîé êîîðäèíàòû (äîõîäíîñòè) íà
ñêîëüçÿùåì ïåðèîäå, S - ñðåäíåêâàäðàòè÷åñêîå îòêëîíåíèå äîõîä-
íîñòè, èçìåðåííîå íà òîì æå ñêîëüçÿùåì âåêòîðå. Â äàííîé ðàáîòå
ñòðîèòñÿ ïðèáëèæåííî ðåøåíèå U(x, t).
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Â ðàáîòå [1] ðàçâèò ìåòîä ýíåðãåòè÷åñêèõ íåðàâåíñòâ äëÿ êðà-
åâûõ çàäà÷ äèôôóçèîííî-âîëíîâîãî óðàâíåíèÿ. Ïîëó÷åíû àïðèîð-
íûå îöåíêè ðåøåíèé ïåðâîé è òðåòüåé êðàåâûõ çàäà÷. Äëÿ ðåøåíèÿ

25



óðàâíåíèé äèôôóçèè äðîáíîãî, ïåðåìåííîãî è ðàñïðåäåëåííîãî ïî-
ðÿäêîâ ñ êðàåâûìè óñëîâèÿìè ïåðâîãî è òðåòüåãî ðîäîâ ìåòîäîì
ýíåðãåòè÷åñêèõ íåðàâåíñòâ êàê äëÿ äèôôåðåíöèàëüíûõ, òàê è äëÿ
ðàçíîñòíûõ çàäà÷ ïîëó÷åíû àïðèîðíûå îöåíêè â ðàáîòàõ [2-3]. Â ðà-
áîòå [4] ïîñòðîåíà ðàçíîñòíàÿ ñõåìà ïîâûøåííîãî ïîðÿäêà àïïðîê-
ñèìàöèè äëÿ óðàâíåíèÿ äèôôóçèè äðîáíîãî ïî âðåìåíè ïîðÿäêà.

Â äàííîé ðàáîòå â ïðÿìîóãîëüíèêå Q̄T = {(x, t) : 0 ≤ x ≤ 1,
0 ≤ t ≤ T} ðàññìàòðèâàþòñÿ êðàåâûå çàäà÷è äëÿ îáîáùåííîãî
óðàâíåíèÿ äèôôóçèè. Ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ ïîëó-
÷åíû àïðèîðíûå îöåíêè êàê äëÿ äèôôåðåíöèàëüíûõ, òàê è äëÿ
ðàçíîñòíûõ çàäà÷.

Â ðàìêàõ äàííîãî òåçèñà îãðàíè÷èìñÿ ñëó÷àåì ïåðâîé êðàåâîé
çàäà÷è:

∂α,λ0t u = Lu+ f(x, t), 0 < x < 1, 0 < t ≤ T, (1)

u(0, t) = 0, u(1, t) = 0, 0 ≤ t ≤ T, (2)

u(x, 0) = u0(x), 0 ≤ x ≤ 1, (3)

ãäå

Lu =
∂

∂x

(
k(x, t)

∂u

∂x

)
− q(x, t)u,

∂α,λ0t u(x, t) =
1

Γ(1− α)

t∫
0

λ(t− η)

(t− η)α
∂u

∂η
(x, η)dη

� îáîáùåííàÿ ïðîèçâîäíàÿ Êàïóòî ïîðÿäêà α, 0 < α < 1 ñ âåñîâîé
ôóíêöèåé λ(t) ∈ C2[0, T ], ãäå λ(t) > 0, λ′(t) ≤ 0 äëÿ âñåõ t ∈ [0, T ];
0 < c1 ≤ k(x, t) ≤ c2, q(x, t) ≥ 0 äëÿ âñåõ (x, t) ∈ Q̄T .

Â äàííîé ðàáîòå äëÿ ðåøåíèÿ çàäà÷è (1)-(3) ïîëó÷åíà ñëåäóþ-
ùàÿ àïðèîðíàÿ îöåíêà

Dα−1,λ
0t ∥u(·, t)∥20 + c1

t∫
0

∥ux(·, η)∥20dη ≤

≤ 1

2c1

t∫
0

∥f(·, η)∥20dη +
λ(0)t1−α

Γ(2− α)
∥u0∥20, (4)
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ãäå D−β,µ
0t u(x, t) =

t∫
0

µ(t − η)(t − η)β−1u(x, η)dη/Γ(β) - îáîáùåííûé

èíòåãðàë Ðèìàíà-Ëèóâèëëÿ ïîðÿäêà β > 0 ñ âåñîâîé ôóíêöèåé µ(t).
Èç àïðèîðíîé îöåíêè (4) ñëåäóåò åäèíñòâåííîñòü è íåïðåðûâíàÿ

çàâèñèìîñòü ðåøåíèÿ îò âõîäíûõ äàííûõ çàäà÷è.
Äèôôåðåíöèàëüíîé çàäà÷å ñòàâèòñÿ â ñîîòâåòñòâèå ðàçíîñòíàÿ

ñõåìà

∆α,λ
0tj+σ

yi = Λyj+1
i + φj+1

i , i = 1, N − 1, j = 0,M − 1, (5)

y(0, t) = 0, y(1, t) = 0, t ∈ ωτ , y(x, 0) = u0(x), x ∈ ωh, (6)

ãäå
Λy = (ayx̄)x − dy, i = 1, . . . , N − 1,

∆α,λ
0tj+1

v =

j∑
s=0

cj−s (v(ts+1)− v(ts))

- ðàçíîñòíûé àíàëîã îáîáùåííîé ïðîèçâîäíîé,

cl =
τ−α

Γ(2− α)

(
λl+1/2al + (λl − λl+1)bl

)
, l ≥ 0,

al = (l + 1)1−α − l1−α, bl =
(l + 1)2−α − l2−α

2− α
− (l + 1)1−α + l1−α

2
,

yx̄,i = (yi − yi−1)/h, yx,i = (yi+1 − yi)/h, a
j+1
i = k(xi−1/2, tj+1), d

j+1
i =

= q(xi, tj+1), φ
j+1
i = f(xi, tj+1).

Åñëè ðåøåíèå çàäà÷è (1)-(3) ÿâëÿåòñÿ äîñòàòî÷íî ãëàäêîé ôóíê-
öèåé, òî ðàçíîñòíàÿ ñõåìà èìååò ïîðÿäîê àïïðîêñèìàöèè O(h2+
+τ 2−α). Äëÿ ðåøåíèÿ ðàçíîñòíîé ñõåìû (5)-(6) ñïðàâåäëèâà àïðè-
îðíàÿ îöåíêà

∥yj+1∥20 ≤ ∥y0∥20 +
TαΓ(1− α)

4λ(T )c1
max

0≤j≤M
∥φj∥20. (7)

Èç àïðèîðíîé îöåíêè (7) ñëåäóåò óñòîé÷èâîñòü è ñõîäèìîñòü ðàç-
íîñòíîé ñõåìû (5)-(6) ê ðåøåíèþ äèôôåðåíöèàëüíîé çàäà÷è (1)-(3)
ñî ñêîðîñòüþ O(h2 + τ 2−α).

Ðàáîòà âûïîëíåíà ïî ãðàíòó Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè

MK-3360.2015.1.
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Formulation of the problem. In the present work, we consider
the equation

∂2u

∂x2
+
∂2u

∂y2
= f (x, y) (1)

in the domain Ω = {(x, y) : 0 < x < p, 0 < y < q} .
Problem. Find a function u(x, y) ∈ C2(Ω), ∂

ku
∂yk

∈ C(Ω) satisfying

equation (1) in Ω and conditions

u (0, y) = 0, 0 < y < q,

u (p, y) = 0, 0 < y < q,

∂ku

∂yk
(x, 0) = φ (x) , 0 < x < p,

∂ku

∂yk
(x, q) = ψ (x) , 0 < x < p,
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where k is a �xed non negative integer. If k=0 then, it is necessary that
the functions φ(x) and ψ(x) satisfy the conditions φ(0) = φ(p) = 0,
ψ(0) = ψ(q) = 0.

The uniqueness and existence of the solution of this problem is
proved.
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ÎÁÎÄÍÎÌÑÂÎÉÑÒÂÅ ÔÓÍÄÀÌÅÍÒÀËÜÍÎÃÎ
ÐÅØÅÍÈß ÓÐÀÂÍÅÍÈß ÒÐÅÒÜÅ-

ÃÎÏÎÐßÄÊÀÊÐÀÒÍÛÌÈÕÀÐÀÊÒÅÐÈÑÒÈÊÀÌÈ
c⃝ Àïàêîâ Þ.Ï.
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Óðàâíåíèå òðåòüåãî ïîðÿäêà ñ êðàòíûìè õàðàêòåðèñòèêàìè, ñî-
äåðæàùåå âòîðóþ ïðîèçâîäíóþ ïî âðåìåíè

L (u) ≡ ∂3u

∂x3
− ∂2u

∂y2
= g (x, y) (1)

âïåðâûå áûëî ðàññìîòðåíî èòàëüÿíñêèìè ìàòåìàòèêàìè H. Block
[1] è E. Del Vecchio [2,3]. Èõ ðåçóëüòàòû áûëè îáîáùåíû äëÿ óðàâ-
íåíèÿ 2n+1-ãî ïîðÿäêà â ðàáîòå L. Cattabriga [4]. Â ðàáîòå [5,6] íàìè
ïîñòðîåíû ôóíäàìåíòàëüíûå ðåøåíèÿ óðàâíåíèÿ (1), âûðàæåííûå
÷åðåç âûðîæäåííûå ãèïåðãåîìåòðè÷åñêèå ôóíêöèè, êîòîðûå èìåþò
âèä

U (x, y; ξ, η) = |y − η|
1
3 f (t) , −∞ < t < +∞,

V (x, y; ξ, η) = |y − η|
1
3 φ (t) , t < 0,

ãäå

f(t) =
2 3
√
2√

3π
t Ψ

(
1

6
,
4

3
; τ

)
, φ(t) =

36Γ(1/3)√
3 π

tΦ

(
1

6
,
4

3
; τ

)
,

τ =
4

27
t3, t = (x− ξ) |y − η|−

2
3 ,

Ψ(a, b; x), Φ(a, b;x) � âûðîæäåííûå ãèïåðãåîìåòðè÷åñêèå ôóíêöèè.
Â ðàáîòå [7] äîêàçàíû ñëåäóþùèå òåîðåìû:
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Òåîðåìà 1. Ïðè |t| → ∞ äëÿ ôóíäàìåíòàëüíîãî ðåøåíèÿ âû-
ïîëíÿþòñÿ ñëåäóþùèå îöåíêè:∣∣∣∣ ∂h+k

∂xh∂yk
U (x, y; ξ, η)

∣∣∣∣ ≤ Chk |y − η|
1−(−1)k

2 |x− ξ|−
1
2{2h+3k−1+ 3

2 [1−(−1)k]} .

Òåîðåìà 2. Äëÿ ëþáîé ôóíêöèè φ (x) ∈ C [a, b] ïðè ëþáûõ
x ̸= ξ, y ̸= η âûïîëíÿåòñÿ ðàâåíñòâî

lim
x→x0
η→y

b∫
a

U∗ (x, y; ξ, η)φ (ξ) dξ = φ (x0).

Òåîðåìà 3. Ïðè ω (y) ∈ C [0, l] èìåþò ìåñòî ðàâåíñòâà

ℓim
x→ξ

l∫
0

Uxx (x, y; ξ, η)ω (η) dη =

 − (2/3)ω (y) , x > ξ,
(4/3)ω (y) , x < ξ,
0, x = ξ,

ℓim
x→ξ

l∫
0

Vxx (x, y; ξ, η) ω (η) dη =

{
2ω (y) , x < ξ,
0, x = ξ.

Îòìåòèì, ÷òî óðàâíåíèå (1) ÿâëÿåòñÿ ñîïðÿæåííûì ê óðàâíåíèþ

uxxx + uyy = F (x, y) ,

êîòîðîå ÿâëÿåòñÿ ëèíåéíîé ÷àñòüþ (ïðè ν = 0) òàê íàçûâàåìîãî
ÂÒ-óðàâíåíèÿ (âÿçêîå òðàíñçâóêîâîå óðàâíåíèå)

uxxx + uyy −
ν

y
uy = uxuxx.

Ïðè ν = 1 ÂÒ-óðàâíåíèå îïèñûâàåò îñåñèììåòðè÷íûé ïîòîê, à
ïðè ν = 0 ïëîñêî-ïàðàëëåëüíûé ïîòîê [9-10].

Â îáëàñòèD = {(x, y) : 0 < x < p, 0 < y < l} ðàññìîòðèì óðàâ-
íåíèå (1), ãäå p > 0, l > 0 ïîñòîÿííûå ÷èñëà.

Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1), áóäåì íàçûâàòü ôóíêöèþ
u (x, y) , êîòîðàÿ â îáëàñòè D óäîâëåòâîðÿåò óðàâíåíèþ (1) è ïðè-
íàäëåæèò êëàññó C3,2

x,y (D) ∩ C2,1
x,y

(
D
)
.

Çàäà÷à A.Íàéòè ðåãóëÿðíîå â îáëàñòè D ðåøåíèå óðàâíåíèÿ
(1) óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì:

u (x, 0) = 0, u (x, l) = 0,
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u (0, y) = 0, u (p, y) = 0, ux (p, y) = 0,

ãäå
g (x, y) ∈ C0,2

x,y

(
D
)
, g (x, 0) = g (x, l) = 0.

Òåîðåìà 4. Åäèíñòâåííîå ðåøåíèå çàäà÷è À âûïèñûâàåòñÿ ôîð-
ìóëîé

u (x, y) =

p∫
0

l∫
0

G (x, y, ξ, η) g (ξ, η) dξ dη,

ãäå G (x, y, ξ, η)− ôóíêöèÿ Ãðèíà ïîñòðîåííàÿ â ðàáîòå [10].
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Ôåäåðàëüíîå ãîñóäàðñòâåííîå áþäæåòíîå íàó÷íîå ó÷ðåæäåíèå
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Â äàííîé ðàáîòå ïîëó÷åíû çíà÷åíèÿ ìåæôàçíîé ýíåðãèè (ÌÝ)
ãðàíåé êðèñòàëëîâ ñåðåáðà è çîëîòà ñ ìàëûìè èíäåêñàìè Ìèëëåðà
íà ãðàíèöå ñ äèýëåêòðè÷åñêîé ñðåäîé. Ìåæôàçíàÿ ýíåðãèÿ ðàññ÷è-
òàíà ýëåêòðîííî-ñòàòèñòè÷åñêèì ìåòîäîì, ïîëó÷åííûì â ðàìêàõ
òåîðèè Ôðåíêåëÿ-Ãàìáîøà-Çàäóìêèíà. Ðàññìàòðèâàåòñÿ ìîäåëü ñè-
ñòåìû ìåòàëë - îðãàíè÷åñêàÿ æèäêîñòü â êîòîðîé èîíû ìåòàëëà
ïîãðóæåíû â ýëåêòðîííóþ æèäêîñòü. Õîä ýëåêòðîííîé ïëîòíîñòè
è ïîòåíöèàëà íà ïëîñêîé ãðàíèöå ðàçäåëà êðèñòàëëè÷åñêàÿ ãðàíü
� äèýëåêòðè÷åñêàÿ ñðåäà íàõîäÿòñÿ èç ðåøåíèÿ óðàâíåíèÿ Òîìàñà
� Ôåðìè ñ ó÷åòîì ìàêðîñêîïè÷åñêîé äèýëåêòðè÷åñêîé ïðîíèöàåìî-
ñòè ñðåäû.

Ìåæôàçíàÿ ýíåðãèÿ ðàññ÷èòûâàåòñÿ ïî ôîðìóëå [1-3]

fω12 (hkl) = f
(i0)
ω12 (hkl) +

n (hkl)

ns

f
(e0)
ω12 +∆f

(T )
ω12 (hkl) ,

ãäå f
(i0)
ω12 (hkl) âíóòðåííèé, f

(e0)
ω12 âíåøíèé è ∆f

(T )
ω12 (hkl) òåìïåðàòóð-

íûé âêëàäû â ÌÝ ìåòàëëà íà ãðàíèöå ñ äèýëåêòðè÷åñêîé ñðåäîé,
n(hkl) � ÷èñëî ÷àñòèö ïðèõîäÿùèõñÿ íà 1ì2 ãðàíè (hkl), n̄s � ñðåäíåå
÷èñëî ÷àñòèö íà 1ì2 äëÿ êóáè÷åñêèõ ñòðóêòóð.
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Ñ óâåëè÷åíèåì äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè ñðåäû çíà÷åíèå
ÌÝ óìåíüøàåòñÿ, òàêæå óìåíüøàåòñÿ âåëè÷èíà ðàçíîñòè ÌÝ ãðà-
íåé. Äëÿ ñåðåáðà è çîëîòà ÌÝ ãðàíåé ñîîòíîñÿòñÿ êàê fω12(111) >
> fω12(100) > fω12(110).
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Â äîêëàäå ðàññìàòðèâàþòñÿ óðàâíåíèÿ Âîëüòåððà ïåðâîãî ðî-
äà ñâåðòî÷íîãî òèïà. Óñòàíàâëèâàþòñÿ íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè äëÿ ïðàâûõ ÷àñòåé èç ïîäõî-
äÿùèõ êëàññîâ ôóíêöèé êîíå÷íîé ãëàäêîñòè. Â êà÷åñòâå ïðèëîæå-
íèÿ ïîëó÷åííûõ ðåçóëüòàòîâ ðàññìàòðèâàþòñÿ ýâîëþöèîííûå óðàâ-
íåíèÿ ñ èíòåãðàëüíûì óñëîâèåì. Ñ ïîìîùüþ íàéäåííûõ óñëîâèé
ñòðîÿòñÿ ïðèìåðû, êîãäà ó çàäà÷è íåò äàæå ëîêàëüíîãî ðåøåíèÿ.
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Ïðè èññëåäîâàíèè ðàçëè÷íûõ êëàññîâ íåëèíåéíûõ ñèíãóëÿðíûõ
èíòåãðàëüíûõ è èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÿäðàìè
Êîøè è Ãèëüáåðòà â âåùåñòâåííûõ è êîìïëåêñíûõ ïðîñòðàíñòâàõ
Ëåáåãà Lp(Γ, ϱ) ñ âåñîì ϱ(x) îáùåãî âèäà (íå îáÿçàòåëüíî ñòåïåí-
íûì) è êîíòóðîì èíòåãðèðîâàíèÿ Γ, êîòîðûé ìîæåò áûòü êàê êî-
íå÷íûì, òàê è áåñêîíå÷íûì, âåñüìà ïëîäîòâîðíûì îêàçàëñÿ ìå-
òîä ìîíîòîííûõ (ïî Áðàóäåðó-Ìèíòè) îïåðàòîðîâ. Òàêèå óðàâíå-
íèÿ òåñíî ñâÿçàíû ñ íåëèíåéíûìè êðàåâûìè çàäà÷àìè òåîðèè àíà-
ëèòè÷åñêèõ ôóíêöèé. Ìåòîä ìîíîòîííûõ (ïî Áðàóäåðó-Ìèíòè) îïå-
ðàòîðîâ ïîçâîëèë ïðè äîñòàòî÷íî ëåãêî îáîçðèìûõ îãðàíè÷åíèÿõ
íà íåëèíåéíîñòü, áåç îãðàíè÷åíèé íà àáñîëþòíóþ âåëè÷èíó ïàðà-
ìåòðà ïåðåä íåëèíåéíîé ÷àñòüþ, äîêàçàòü ãëîáàëüíûå òåîðåìû î
ñóùåñòâîâàíèè, åäèíñòâåííîñòè, îöåíêàõ è ñïîñîáàõ íàõîæäåíèÿ
ðåøåíèé. Â ýòîé ñâÿçè ñëåäóåò îòìåòèòü, ÷òî ïðèìåíÿâøèåñÿ ðà-
íåå ê ðàçëè÷íûì êëàññàì íåëèíåéíûõ ñèíãóëÿðíûõ èíòåãðàëüíûõ
è èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé äðóãèå ìåòîäû, îñíîâàí-
íûå íà ïðèíöèïàõ Áàíàõà èëè Øàóäåðà, ëèáî íà òåîðåìå î íåÿâ-
íîé ôóíêöèè, ïðèâîäèëè (ïîäðîáíåå ñì. [1]), ñîîòâåòñòâåííî, èëè ê
æåñòêèì îãðàíè÷åíèÿì ¾ìàëîñòè¿ íà ïàðàìåòð, ëèáî ê âûðîæäå-
íèþ íåëèíåéíîñòè (â ñëó÷àå ïðîñòðàíñòâ Ëåáåãà) èëè ê ìàëî îáî-
çðèìûì îãðàíè÷åíèÿì íà íåëèíåéíîñòü (â ñëó÷àå ïðîñòðàíñòâ Ãåëü-
äåðà). Òåì ñàìûì, èçâåñòíûå êëàññè÷åñêèå ðåçóëüòàòû òåîðèè ëè-
íåéíûõ ñèíãóëÿðíûõ èíòåãðàëüíûõ è èíòåãðî-äèôôåðåíöèàëüíûõ
óðàâíåíèé åñëè è îõâàòûâàëèñü, òî ëèøü ÷àñòè÷íî.

Â äàííîé ðàáîòå, ïðèìåíÿÿ ìåòîäû òåîðèè ìîíîòîííûõ è ìàêñè-
ìàëüíûõ ìîíîòîííûõ (ïî Áðàóäåðó-Ìèíòè) îïåðàòîðîâ, â âåñîâûõ
ïðîñòðàíñòâàõ Ëåáåãà Lp(Γ, ϱ) ñ âåñîì ϱ(x) îáùåãî âèäà è ñòåïåí-
íûì âåñîì ϱ(x) = (1− x2)−1/2, ñîîòâåòñòâåííî, èçó÷åíû ïî òðè ðàç-
ëè÷íûõ êëàññà íåëèíåéíûõ ñèíãóëÿðíûõ èíòåãðàëüíûõ è èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ëþáûì (íå îáÿçàòåëüíî ¾ìàëûì¿)
ïàðàìåòðîì ïåðåä íåëèíåéíîé ÷àñòüþ. Ïðè ýòîì, â îòëè÷èå îò ðà-
áîò [3] è [4], ãäå ðàññìîòðåíû äðóãèå êëàññû íåëèíåéíûõ ñèíãóëÿð-
íûõ èíòåãðàëüíûõ è èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, íå èñ-
ïîëüçóþòñÿ ôîðìóëû îáðàùåíèÿ ñèíãóëÿðíûõ èíòåãðàëüíûõ îïå-
ðàòîðîâ. Ïîëó÷åííûå ðåçóëüòàòû ïðè p = 2 îõâàòûâàþò, â ÷àñò-
íîñòè, è ñëó÷àè ëèíåéíûõ ñèíãóëÿðíûõ èíòåãðàëüíûõ è èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé. Â ýòîé ñâÿçè îòìåòèì, ÷òî èíòå-
ðåñ ê ñèíãóëÿðíûì èíòåãðàëüíûì è èíòåãðî-äèôôåðåíöèàëüíûì
óðàâíåíèÿì (ëèíåéíûì è íåëèíåéíûì) âûçâàí òàêæå èõ ìíîãî-
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÷èñëåííûìè è ðàçíîîáðàçíûìè ïðèëîæåíèÿìè â ãèäðî è àýðîäè-
íàìèêå (¾óðàâíåíèå êðûëà ñàìîëåòà¿, èçâåñòíîå êàê ¾óðàâíåíèå
Ïðàíäòëÿ¿), òåîðèè óïðóãîñòè è àâòîìàòè÷åñêîãî óïðàâëåíèÿ, â
îáëàñòè óñòîé÷èâûõ ïðîöåññîâ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè è
äðóãèõ (ïîäðîáíåå ñì., íàïðèìåð, [4]).

Ñôîðìóëèðóåì îäíó èç òåîðåì, îáîáùàþùèõ îñíîâíîé ðåçóëüòàò
ðàáîòû [2] (ïðåäïîëàãàåòñÿ, ÷òî íåëèíåéíîñòü F (x, u) óäîâëåòâîðÿ-
åò óñëîâèÿì Êàðàòåîäîðè).

Òåîðåìà. Ïóñòü p ≥ 2, ϱ(x) = (1 − x2)−1/2, b(x) ∈ C1[−1, 1],
ôóíêöèÿ f(x) ∈ Lp(ϱ) îïðåäåëåíà â òî÷êàõ ±1 è f ′(x) ∈ L∗

p(ϱ). Åñ-
ëè äëÿ ïî÷òè âñåõ x ∈ [−1, 1] è âñåõ u ∈ (−∞,∞) âûïîëíÿþòñÿ
óñëîâèÿ:

1) |F (x, u)| ≤ g(x) + d1 · (ϱ−1(x) |u|)1/(p−1)
, g(x) ∈ L+

p (ϱ), g(±1) = 0,
d1 > 0;
2) F (x, u) ñòðîãî âîçðàñòàåò ïî u ïî÷òè ïðè êàæäîì ôèêñèðîâàí-
íîì x ∈ [−1, 1];

3) F (x, u) · u ≥ d2 · (ϱ−1(x) |u|)1/(p−1) |u| − D(x), D(x) ∈ L+
1 (−1, 1),

d2 > 0,
òî ïðè ëþáûõ çíà÷åíèÿõ ïàðàìåòðà λ ≥ 0 óðàâíåíèå

u(x) + λ · F

x,−b(x)
π

1∫
−1

[b(s) · u(s)]′ ds
s− x

 = f(x)

èìååò åäèíñòâåííîå ðåøåíèå u(x) ∈ Lp(ϱ) ñ u
′(x) ∈ L∗

p(ϱ) è óäî-
âëåòâîðÿþùåå óñëîâèþ u(±1) = f(±1).

Ïðîñòåéøèì ïðèìåðîì ôóíêöèè F (x, u), óäîâëåòâîðÿþùåé âñåì

òðåáîâàíèÿì òåîðåìû, ìîæåò ñëóæèòü F (x, u) = (ϱ−1(x) · u)1/(p−1)
,

ãäå p ≥ 2 � ëþáîå ÷åòíîå ÷èñëî. Ýòîò ïðèìåð ïîêàçûâàåò, ÷òî ïðè
p = 2 òåîðåìà îõâàòûâàåò, â ÷àñòíîñòè, è ñëó÷àé ëèíåéíîãî ñèíãó-
ëÿðíîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Âàæíî çàìåòèòü,
÷òî èç óñëîâèÿ 1) âûòåêàåò ðàâåíñòâî F (±1, u) = 0, êîòîðîå ñîãëàñó-
åòñÿ ñ òðåáîâàíèåì u(±1) = f(±1) òåîðåìû äëÿ ðàññìàòðèâàåìîãî
óðàâíåíèÿ.
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Â äàííîì ñîîáùåíèè áóäóò èññëåäîâàíû êðàåâûå çàäà÷è, ÿâëÿþ-
ùèåñÿ íåïîñðåäñòâåííûì îáîáùåíèåì çàäà÷è Ãóðñà äëÿ óðàâíåíèÿ

uxx − uyy = 0. (1)

Â îáëàñòè Ω = {(x, y), 0 < x − y < 1, 0 < x + y < 1} áóäóò
ðàññìîòðåíû ñëåäóþùèå çàäà÷è.

Çàäà÷à 1. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå u(x, y) ∈
∈ C(Ω̄) óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u(x, 0) = τ(x), 0 ≤ x ≤ 1,

α(x)u
(x
2
,
x

2

)
+ β(x)u

(
1

2
,
1

2
− x

)
= γ(x), 0 ≤ x ≤ 1

2
. (2)

Çàäà÷à 2. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå u(x, y) ∈
∈ C(Ω̄) óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèþ (2) è óñëîâèþ

uy(x, 0) = ν(x), 0 ≤ x ≤ 1.
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In the domain with a moving boundary, degenerating to a point at
the initial moment G = {(x; t) : t > 0, 0 < x < t} we consider the
problem

∂u

∂t
= a2

∂2u

∂x2
, (1)

u(x, t)|x=0 = 0, u(x, t)|x=t = 0. (2)

For completeness of investigation, we also consider the boundary
value problem which adjoint to the problem (1) � (2):

−∂u
∗

∂t
= a2

∂2u∗

∂x2
, (3)

u∗(x, t)|t=∞ = 0, u∗(x, t)|x=0 = 0, u∗(x, t)|x=t = 0. (4)

Solution of the problem (1) � (2) is sought in the form of a sum
of thermal potentials of the double layer with the unknown densities
ν(t), φ(t).

As a result, problem (1) � (2) is reduced to a homogeneous integral
equation

φ(t)−
t∫

0

K(t, τ) φ(τ) dτ = 0, (5)

where

K(t, τ) =
1

2a
√
π

{
t+ τ

(t− τ)
3
2

exp

(
− (t+ τ)

2

4a2(t− τ)

)
+

1

(t− τ)
1
2

exp

(
− t− τ

4a2

)}
.
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Similarly, solving problem (3) � (6) is reduced to solving the integral
equation:

φ∗(t)−
∞∫
t

K∗(t, τ) φ∗(τ) dτ = 0, t > 0, (6)

where K∗(t, τ) = K(τ, t).
Singularity of the kernels is that

lim
t→0

t∫
0

K(t, τ) dτ = 1, lim
t→+∞

∞∫
t

K∗(t, τ) dτ = 1, t > 0

and is expressed in the fact that the corresponding non-homogeneous
equations can not be solved method of successive approximations.

Theorem 1. The function

φ(t) =
1√
t
exp

(
− t

4a2

)
+

√
π

2a
erf

(√
t

2a

)
+

√
π

2a

is the solution of homogeneous integral equation (6) in the weight class

of functions
√
t exp

(
− t

4a2

)
φ(t) ∈ L∞(0, ∞).

To study adjoint equation (7) we look for a solution of the equation:

ψ(t)−
∞∫
t

k∗(t, τ)ψ(τ) dτ = 0, t > 0, (7)

where

k∗(t, τ) =
1

2a
√
π

{
2τ

(τ − t)
3
2

exp

{
− τ t

a2(τ − t)

}
+

+
1√
τ − t

(
1− exp

{
− τ t

a2(τ − t)

})}
.

The integral equation (10) is reduced to an equation with di�erence

kernel using replacements t =
1

t1
, τ =

1

τ1
and denotion y (t1) =

=
1

t
3
2
1

ψ

(
1

t1

)
.
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Further applying the Laplace transform, we obtain

y(t1) = −C
[
∂

∂ν
θ̃0

(ν
2
; a2t1

)]
ν=0

, (8)

where

θ̃0 (ν; t) =
1√
πx

{
∞∑
n=0

exp

(
−1

x

(
ν + n+

1

2

)2
)
−

−
−∞∑
n=−1

n · exp

(
−1

x

(
ν + n+

1

2

)2
)}

is the modi�ed theta function and

−
[
∂

∂ν
θ̃0

(ν
2
;x
)]

ν=0

=
1

2
√
πx

3
2

{
+∞∑
n=0

(2n+ 1) exp

(
−(2n+ 1)2

4x

)
−

−
−∞∑
n=−1

(2n+ 1) exp

(
−(2n+ 1)2

4x

)}
=

=
1

√
πx

3
2

∞∑
n=0

(2n+ 1) exp

(
−(2n+ 1)2

4x

)
.

By virtue of the inverse replacements and denotion equality (8) takes
the form:

ψ (t) =
C

a
√
π

∞∑
n=0

(2n+ 1) exp

(
−(2n+ 1)2

4a2
t

)
. (9)

Theorem 2. The function

φ∗(t) = ψ(t) exp

{
t

4a2

}
=

C

a
√
π

∞∑
n=0

(2n+ 1) exp

(
−n

2 + n

a2
t

)
is the solution of homogeneous integral equation (7).

Thus, homogeneous equation (7), and with it the corresponding
homogeneous boundary value problem (3) � (6) have the nonzero solution.
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Ðàññìîòðèì óðàâíåíèÿ ïðîäîëüíûõ êîëåáàíèé îäíîðîäíîãî
ñòåðæíÿ

− ∂

∂x
(EF

∂u

∂x
) + ρF

∂2u

∂t2
= 0, (1)

ñ êðàåâûìè óñëîâèÿìè â îáùåì âèäå:

u = 0, ïðè x = 0; a1
∂u

∂x
+ a2u+ ã3

∂2u

∂t2
= 0, ïðè x = 1, (2)

ãäå a1, a2, ã3 äåéñòâèòåëüíûå ÷èñëà.
Â ðàáîòàõ À.Ì. Àõòÿìîâà [1 - 3] áûëî ïðåäëîæåíî èäåíòèôè-

öèðîâàòü êðàåâûå óñëîâèÿ, â êîòîðûõ âñå êîýôôèöèåíòû êðàåâûõ
óñëîâèé ÿâëÿþòñÿ íåèçâåñòíûìè. Â îòëè÷èå îò ïðåäûäóùèõ ðàáîò,
êðàåâûå óñëîâèÿ èäåíòèôèöèðóåòñÿ íå ïî âñåìó áåñêîíå÷íîìó íà-
áîðó ÷àñòîò, à ëèøü ïî êîíå÷íîìó ÷èñëó ñîáñòâåííûõ ÷àñòîò (â [3]
� ïî ïÿòè ïåðâûì).
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Â íàøåé ðàáîòå, â îòëè÷èå îò ðàáîò Àõòÿìîâà À.Ì., â êà÷åñòâå
òàêèõ äîïîëíèòåëüíûõ óñëîâèé âûáðàíû ïåðâûå ñîáñòâåííûå ÷à-
ñòîòû (ñîáñòâåííûå çíà÷åíèÿ) íîâûõ çàäà÷, ñîîòâåòñòâóþùèõ çàäà-
÷å î ïðîäîëüíûõ êîëåáàíèÿõ ñòåðæíÿ è èçãèáíûõ êîëåáàíèÿõ áàëêè
ñ íàãðóçêàìè âåñîâ Mi â òî÷êàõ xi, i = 1, 2. Ñîîòâåòñòâóþùèå ñïåê-
òðàëüíûå çàäà÷è ïðèìóò âèä

−y′′
= λ2y, 0 < x < 1,

U1(y) = y(0) = 0,
U2(y) = a1y

′(1) + (a2 − a3λ
2)y(1) = 0,

y(xi + 0) = y(xi − 0), 0 < xi < 1, i = 1, 2,
y′(xi + 0) = y′(xi − 0) +Miy(xi − 0), 0 < xi < 1, i = 1, 2.

Ïîñòàâèì ê ýòîé ñïåêòðàëüíîé çàäà÷å îáðàòíóþ çàäà÷ó: ïî ñîá-
ñòâåííûì ÷àñòîòàì ïðîäîëüíûõ êîëåáàíèé ñòåðæíÿ íàéòè íåèç-
âåñòíûå êðàåâûå óñëîâèÿ U2(y) = 0. Â ðàáîòå îáîñíîâûâàåòñÿ, ÷òî
âñåãäà ìîæíî âîññòàíîâèòü íåèçâåñòíûå êîýôôèöèåíòû êðàåâîãî
óñëîâèÿ ïî ïåðâûì ñîáñòâåííûì çíà÷åíèÿì äâóõ äîïîëíèòåëüíûõ
çàäà÷.

Ïðè äîêàçàòåëüñòâå îñíîâíûõ ðåçóëüòàòîâ ðàáîòû áûëè èñïîëü-
çîâàíû èäåè èç íàøåé ðàáîòû [4].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ

è íàóêè Ðåñïóáëèêè Êàçàõñòàí, ãðàíò 0825/ÃÔ4.
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The role played by positivity property of di�erential and di�erence
operators in Hilbert and Banach spaces in the study of various properties
of boundary value problems for partial di�erential equations, of stability
of di�erence schemes for partial di�erential equations, and of summation
Fourier series is well-known (see, [1-16]).

The most general method for solving fractional partial di�erential
equations with dependent coe�cients is operator method. Operator
approach permit us investigate fractional partial di�erential and di�e-
rence equations. Actually, the well-posedness of the initial value problem
for the Basset parabolic equation and the fractional parabolic equation
was established. The stable di�erence schemes �rst and second order of
accuracy for the approximate solution of these problems were studied.
In practice, the coercive stability estimates for the solution of problems
for 2m-th order multidimensional fractional parabolic equations and
one dimensional fractional parabolic equations with nonlocal boundary
conditions in space variable were obtained. The well-posedness of di�e-
rence schemes in di�erence analogues of spaces of smooth functions
was established and the coercive stability estimates for the solution of
di�erence schemes for the fractional parabolic equation with nonlocal
boundary conditions in space variable and the 2m-th order multidimen-
sional fractional parabolic equation were obtained. Stability estimates
and almost coercive stability estimates with ln 1

τ+h
for the solution of

these di�erence schemes were obtained. A procedure of modi�ed Gauss
elimination method was used for solving di�erence schemes in the case
of one-dimensional fractional parabolic partial di�erential equations.
The theoretical results were supported by numerical examples.

The stability of the initial value problem for the hyperbolic equation
and the fractional Schrodinger equation was established. The stable
di�erence schemes �rst and second order of accuracy for the approximate
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solution of these problems were studied. In practice, the stability estima-
tes for the solution of problems for 2m-th order multidimensional frac-
tional hyperbolic and Schrodinger equations and one dimensional frac-
tional hyperbolic and Schrodinger equations with nonlocal boundary
conditions in space variable were obtained. A procedure of modi�ed
Gauss elimination method was used for solving di�erence schemes in the
case of one-dimensional fractional hyperbolic and Schrodinger di�eren-
tial equations. The theoretical results were supported by numerical
examples.

This is a discuss on results for fractional calculus and its applications.
Its scope ranges from connection of fractional derivatives with fractional
powers of positive di�erential and di�erence operators in a Banach
space to well-posedness of various classical and nonclassical di�erential
and di�erence problems for partial di�erential equations involving the
fractional derivative. Finally, some problems and future plans are formu-
lated.
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We consider the well-posedness of �nite-di�erence schemes approxi-
mating the di�erential problem (the Samarskii-Ionkin problem). Consi-
der one-dimensional heat equation

ut(x, t)− uxx(x, t) = f(x, t), (1)
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in the domain Ω =
{
(x, t), 0 < x < 1, 0 < t < T

}
with the initial

condition
u(x, 0) = φ(x), 0 ≤ x ≤ 1 (2)

and nonlocal boundary conditions of the form

ux(0, t)− ux(1, t) + αu(1, t) = 0, 0 < t < T, (3)

u(0, t) = 0, 0 ≤ t ≤ T. (4)

Where α is a real number.
The boundary conditions (3) - (4) (in the case α = 0) are well-known

and are called Samarskii-Ionkin conditions.
A peculiarity of such �nite-di�erence schemes is their non-selfadjoint-

ness, which makes it impossible to use the existing study methods
of stability of selfadjoint �nite-di�erence problems and requires the
development of new methods. The second peculiarity is the absence
of basis property in the spectral problems arising in the method of
separating variables and it makes the direct usage of Galerkin method
impossible and also requires the development of new methods.

We have shown that these problem (1) - (4) with regular but not
strongly regular boundary conditions can be equivalently reduced to a
sequential solution of two problems with two-point boundary conditions
of the Sturm type [1, 2].

Throughout this note we mainly use techniques from our work [3].
Research supported by the grant 0824/GF4 of the Ministry of Education and

Science of Republic of Kazakhstan.
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Ðàññìîòðèì îïòèìàëüíîå ïðîåêòèðîâàíèå òðóáîïðîâîäíîé ñå-
òè Øòåéíåðà [ñì. çäåñü Áàãîâ Ì.À., Êóäàåâ Â.×. Ñåòåâàÿ çàäà÷à
Øòåéíåðà ñ ó÷åòîì ýíåðãåòè÷åñêèõ çàòðàò] ïðè åå êîíñòðóèðî-
âàíèè íà çàäàííîì íàáîðå òðóá. Ïóñòü d1, d2, ..., dp è C1, C1, ..., Cp �
ñîîòâåòñòâåííî äèàìåòðû è öåíû òðóá. Ðàññìîòðèì ëþáîå óäîâëå-
òâîðÿþùåå îãðàíè÷åíèÿì (2)�(5) ðàñïðåäåëåíèå ïîòîêîâ ïî ãðàôó
ñåòè Γ(B,D) è ëþáóþ ij-þ âåòâü íà êîòîðîé ïîòîê vij > 0. Îïðå-
äåëèì çíà÷åíèå óäåëüíûõ ïåòåðü ïîòåíöèàëà ïðè äâèæåíèè ïîòîêà
vij ïî âåòâè ïî ôîðìóëàì ãèäðàâëèêè (Äàðñè-Âàéñáàõà):

hkij = λ
v2ij

d5,25k

, k = 1, 2, ..., p.

Ñ ó÷åòîì òîãî , ÷òî â ñàìîì îáùåì ñëó÷àå ëþáàÿ âåòâü ñåòè ìîæåò
áûòü ñêîíñòðóèðîâàíà ñ ó÷àñòèåì òðóá âñåõ äèàìåòðîâ, ò.å. ÿâëÿåò-
ñÿ èõ ëèíåéíîé êîìáèíàöèåé, ïîëó÷èì:

Cij =

p∑
k=1

αk
ijCk, hij =

p∑
k=1

αk
ijh

k
ij,

p∑
k=1

αk
ij = 1,

αk
ij ≥ 0, k = 1, 2, ..., p, (i, j) ∈ D.

Òîãäà íà ëþáîì ðàñïðåäåëåíèè ïîòîêîâ èìååì çàäà÷ó:

C =
∑
ij∈D′

p∑
k=1

αk
ij(Ck + vijh

k
ij)
√

(xi − xj)2 + (yi − yj)2 −→ min .

p∑
k=1

αk
ij = 1, αk

ij ≥ 0, k = 1, 2, ..., p, i, j ∈ D′.

ãäå D′ � äóãè ãðàôà ïî êîòîðûì ïîòîê îòëè÷åí îò íóëÿ.
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Ïîñêîëüêó íà ëþáîì ôèêñèðîâàííîì ðàñïðåäåëåíèè ïîòîêîâ ïî
ãðàôó ñåòè èñêîìûå çíà÷åíèÿ αk

ij, k = 1, 2, ..., p íå çàâèñÿò îò çíà÷å-
íèé êîðíÿ è çíà÷åíèé ïåðåìåííûõ ïî èíûì âåòâÿì, òî èõ çíà÷åíèÿ
îïðåäåëÿþòñÿ èç ðåøåíèÿ çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ äëÿ
êàæäîé âåòâè ij:

p∑
k=1

αk
ij(Ck + vijh

k
ij) −→ min,

p∑
k=1

αk
ij = 1, αk

ij ≥ 0, k = 1, 2, ..., p.

Â ñèëó áàçèñíîñòè îïòèìàëüíîãî ðåøåíèÿ òîëüêî îäíà èç ïåðå-
ìåííûõ α1

ij, ..., α
p
ij, ãäå (i, j) ∈ D′, îòëè÷íà îò íóëÿ, è çíà÷èò, ðàâíà 1.

Ýòà òà èç ïåðåìåííûõ íà êîòîðîé öåëåâàÿ ôóíêöèÿ ïðèíèìàåò
íàèìåíüøåå çíà÷åíèå, ò.å. fij(vij) = min

1≤k≤p
{Ck + vijh

k
ij}. Èìåÿ íàáîð,

òðóá íà êîòîðîì ïðîâîäèòñÿ êîíñòðóèðîâàíèå ñåòè, ìîæíî ïîñòðî-
èì ôóíêöèþ f(v) = min{C1+

v

D5,25
1

, C2+
v

D5,25
2

, ..., Cp+
v

D5,25
p

}, 0 ≤ v ≤
≤ vmax, ò.å. fij(vij) = f(vij).

Ãëàâíîå â ýòîì ïðåäñòàâëåíèè � ïðåäåëû âåëè÷èí ïîòîêîâ v â
êîòîðûõ êàæäàÿ èç çàäàííîãî íàáîðà òðóá ÿâëÿåòñÿ îïòèìàëüíîé
äëÿ êîíñòðóèðîâàíèÿ êîììóíèêàöèé.
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Èíòåðåñ ê çàäà÷å Øòåéíåðà ñâÿçàí íå òîëüêî ñ ñàìîé ìàòåìà-
òè÷åñêîé ïðîáëåìîé, à è ñ áîëüøîé àêòóàëüíîñòüþ çàäà÷è äëÿ ïðî-
ñòðàíñòâåííîé ýêîíîìèêè è, â ïåðâóþ î÷åðåäü, ñ ïðîåêòèðîâàíèåì
îïòèìàëüíûõ ñåòåé ïî ïåðåíîñó âåùåñòâà è ýíåðãèè. Â ýòîì ñëó÷àå
ñëåäóåò ìèíèìèçèðîâàòü íå äëèíó, à îáùóþ ñòîèìîñòü êîììóíè-
êàöèé, ñâÿçûâàþùèõ ïóíêòû ïîòðåáëåíèÿ ñåòåâîãî ïðîäóêòà ñ åãî
èñòî÷íèêàìè. Ýòó çàäà÷ó áóäåì íàçûâàòü ñåòåâîé çàäà÷åé Øòåé-
íåðà (ÑÇØ).

ÑÇØ ñîñòîèò â ñëåäóþùåì. Íà ïëîñêîñòè x, y çàäàí ïîëíûé
îðèåíòèðîâàííûé ãåîìåòðè÷åñêèé ãðàô Γ(B,D), n âåðøèí êîòî-
ðîãî (xi, yi), i = 1, ..., n ôèêñèðîâàíû è (n − 2) âåðøèí (xi, yi),
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i = n+1, ..., 2n− 2 íå ôèêñèðîâàíû. Òðåáóåòñÿ îïðåäåëèòü êîîðäè-
íàòû íå ôèêñèðîâàííûõ âåðøèí è òàê ïðèïèñàòü êàæäîé äóãå (i, j)
ãðàôà ïîòîê vij, ÷òî:

C =
∑
ij∈D

fij(vij)
√

(xi − xj)2 + (yi − yj)2 −→ min, (1)∑
ij∈Γ+

j

vij −
∑

jk∈Γ−
j

vjk = qj,∀j ∈ B, (2)∑
j∈Γ1

v1j =
∑

i∈Bô
gi, (3)

vij ≥ 0,∀(i, j) ∈ D, (4)
xi = ai, yi = bi, ∀i ∈ Bô, (5)

ãäå B = Bô ∪ Bø, Bô�ìíîæåñòâî ôèêñèðîâàííûõ âåðøèí, Bø�ìíî-
æåñòâî òî÷åê Øòåéíåðà, |Bô| = n, |Bø| = m ≤ n− 2, fij(vij)� âîãíó-
òàÿ íåïðåðûâíî âîçðàñòàþùàÿ ôóíêöèÿ, fij(0) = 0. Öåëåâàÿ ôóíê-
öèÿ (1) îòðàæàåò îáùóþ ñòîèìîñòü êîììóíèêàöèé ñåòè, óðàâíåíèå
(2) åñòü óðàâíåíèå íåðàçðûâíîñòè ïîòîêà â ñåòè, óðàâíåíèå (3) -
ñîîòíîøåíèå ìåæäó èñòî÷íèêîì è ñòîêàìè.

Ïîñêîëüêó òî÷êè Øòåéíåðà ëåæàò íà âûïóêëîé îáîëî÷êå ôèê-
ñèðîâàííûõ íà ïëîñêîñòè n òî÷åê, à (2) - (4)�òðàíñïîðòíûé ìíîãî-
ãðàííèê, ìíîæåñòâî äîïóñòèìûõ ðåøåíèé çàäà÷è îãðàíè÷åíî è çà-
ìêíóòî. Ïîñêîëüêó âîçìîæíûõ îñòîâíûõ äåðåâüåâ ãðàôà Γ(B,D),
ïîñòðîåííûõ íà n ôèêñèðîâàííûõ òî÷êàõ è (n − 2) òî÷êàõ Øòåé-
íåðà, êîíå÷íîå ÷èñëî, è íà êàæäîì èç íèõ öåëåâàÿ ôóíêöèÿ íåïðå-
ðûâíà, òî çàäà÷à (1)-(5) èìååò îïòèìàëüíîå ðåøåíèå, íî, âîçìîæíî,
íå åäèíñòâåííîå.

Äëÿ ðåøåíèÿ ÑÇØ íåïðèãîäíû ìåòîäû äåêîìïîçèöèè ðàçðà-
áîòàííûå äëÿ êëàññè÷åñêîé çàäà÷è Øòåéíåðà [1], ò.ê. â íåé óãëû
ìåæäó ñìåæíûìè äóãàìè òî÷êè Øòåéíåðà çàâèñÿò îò ïîòîêîâ ïî
íèì. Ñóùåñòâóþùèå ìåòîäû ðåøåíèÿ ÑÇØ ÿâëÿþòñÿ ýâðèñòè÷å-
ñêèìè. Â [2,3] ðàçðàáîòàí ìåòîä ðåøåíèÿ çàäà÷è, ïîçâîëÿþùèé õà-
ðàêòåðèçîâàòü ñòåïåíü îïòèìàëüíîñòè ïîëó÷àåìîãî ðåøåíèÿ ÷èñ-
ëîì (ðàíãîì ýêñòðåìóìà). Ñóòü ìåòîäà ñîñòîèò â òîì, ÷òî â ïðî-
öåññå p-îïòèìèçàöèè ñèíòåçèðóåòñÿ òàêàÿ ñåòü, êîòîðàÿ îïòèìàëüíà
íà ëþáîé ñâîåé ñâÿçíîé ïîäñåòè p-é ðàçìåðíîñòè. Ïîä îïòèìàëüíî-
ñòüþ ïîäñåòè ïîíèìàåòñÿ òî, ÷òî çàìåíà åå ëþáîé èíîé ïî ñòðóêòóðå
ëîêàëüíîé-îïòèìàëüíîé ñåòüþ Øòåéíåðà, ïðè ñîáëþäåíèè ãðàíè÷-
íûõ óñëîâèé ñ îñòàëüíîé ñåòüþ, íå óìåíüøèò ñòîèìîñòè ïîäñåòè.

Ðàññìîòðèì òåïåðü áîëåå îáùóþ çàäà÷ó. Çàòðàòû íà ïåðåíîñ âå-
ùåñòâà è ýíåðãèè ïî ñåòè çàâèñÿò íå òîëüêî îò âåëè÷èí ïîòîêîâ, íî
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è îò ïîòåðü ïîòåíöèàëîâ ïîòîêîâ ïðè èõ ïðîäâèæåíèè ïî âåòâÿì
ñåòè. Â òàêîì ñëó÷àå öåëåâîé ôóíêöèîíàë èìååò âèä:

C =
∑
ij∈D

φij(vij, hij)
√

(xi − xj)2 + (yi − yj)2, (6)

ãäå hij � óäåëüíàÿ ïîòåðÿ ïîòåíöèàëà ïîòîêà ïî ij-é âåòâè.
Êàê èçâåñòíî [4], çàòðàòû íà êîììóíèêàöèþ ìîãóò áûòü ðàññ÷è-

òàíû ïî ôîðìóëå Cij = (kvαijh
β
ij + vijhij)lij, ãäå 0 < α < 1, β < 0.

Ïåðâîå ñëàãàåìîå õàðàêòåðèçóåò ñòîèìîñòü êîììóíèêàöèè, âòîðîå
� ýíåðãåòè÷åñêèå çàòðàòû íà òðàíñïîðò ñåòåâîãî ïðîäóêòà ïî êîì-
ìóíèêàöèè. Â òàêîì ñëó÷àå ïîëó÷èì

C =
∑
ij∈D

(kvαijh
β
ij + vijhij)

√
(xi − xj)2 + (yi − yj)2 −→ min .

Ïîñêîëüêó öåëåâàÿ ôóíêöèÿ âûïóêëà è íåïðåðûâíà ïî hij, òî
íà îïòèìàëüíîì ðåøåíèè

∂C

∂hij
= (kβvαijh

β−1
ij + vijhij)

√
(xi − xj)2 + (yi − yj)2 = 0,

ò.å. hij = (−kβ)
1

1−β v
1−α
β−1

ij . Òîãäà ïîëó÷èì

C =
∑
ij∈D

(−kβ)
1

1−β

(β − 1

β

)
v

β−α
β−1

ij

√
(xi − xj)2 + (yi − yj)2.

Ïîñêîëüêó (−kβ)
1

1−β

(
β−1
β

)
� const, òî öåëåâàÿ ôóíêöèÿ (6) ïðè-

ìåò âèä: ∑
ij∈D

v
β−α
β−1

ij

√
(xi − xj)2 + (yi − yj)2 −→ min .

Èòàê, ïîëó÷åíà ôîðìóëà ïåðåõîäà îò φij(vij, hij) ê fij(vij):

fij(vij) = v
β−α
β−1

ij .
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Ïóñòü Lp := Lp(Td) (1 ≤ p ≤ ∞) � ïðîñòðàíñòâî 1�ïåðèîäè÷åñ-
êèõ ïî êàæäîé ïåðåìåííîé ôóíêöèé f , ñóììèðóåìûõ â ñòåïåíè p
(ïðè p = ∞ ñóùåñòâåííî îãðàíè÷åííûõ) íà Td, ñ îáû÷íîé íîðìîé
∥f |Lp∥, Td := (R�Z)d � d�ìåðíûé òîð; T ≡ T1; N, Z è R � ìíî-
æåñòâà íàòóðàëüíûõ, öåëûõ è âåùåñòâåííûõ ÷èñåë ñîîòâåòñòâåííî;
N0 = = N ∪ {0}; R+ = (0,∞)).

Ïîïåðå÷íèêîì Ôóðüå ïîðÿäêàM êëàññà ôóíêöèé F â ïðîñòðàí-
ñòâå Lq íàçûâàåòñÿ âåëè÷èíà

φM(F, Lq) = inf
{hı}Mı=1

sup
f∈F

∥ f −
M∑
ı=1

⟨f, hı⟩hı|Lq ∥,

ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì îðòîíîðìèðîâàííûì ñèñòåìàì
{hı}Mı=1 ⊂ L∞ [1]. ℓθ (1 ≤ θ ≤ ∞) � ïðîñòðàíñòâî ÷èñëîâûõ ïî-
ñëåäîâàòåëüíîñòåé {as}s∈Nd

0
ñ êîíå÷íîé íîðìîé ∥{as} | ℓθ∥; ℓθ(Lp) ≡

ℓθ(Lp(Td)) (Lp(ℓθ) ≡ Lp(Td; ℓθ)) � ïðîñòðàíñòâî ôóíêöèîíàëüíûõ
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ïîñëåäîâàòåëüíîñòåé {fs(x)}s∈Nd
0
, x ∈ Td, ñ êîíå÷íîé íîðìîé (ñ îáû÷-

íîé ìîäèôèêàöèåé ïðè θ = ∞)

∥{fs} | ℓθ(Lp)∥ = ∥ { ∥fs |Lp∥ } | ℓθ∥;

(∥{fs} |Lp(ℓθ)∥ = ∥ ∥{fs} | ℓθ ∥ |Lp∥).
Äëÿ f(x), çàäàííîé íà Td ∆l

τ,jf(x) = ∆l−1
τ,j (∆

1
τ,jf(x)) � å¼ ðàçíîñòü

ïîðÿäêà l ∈ N0 â òî÷êå x ∈ Td ñ øàãîì τ ∈ R ïî ïåðåìåííîé xj.
Åñëè òåïåðü l = (l1, . . . , ld) ∈ Nd

0 è h = (h1, . . . , hd) ∈ Rd, òî

∆l
hf(x) = ∆l1

h1,1
∆l2

h2,2
. . .∆ld

hd,d
f(x)

� ñìåøàííàÿ ðàçíîñòü ôóíêöèè f ïîðÿäêà l â òî÷êå x ñ øàãîì h;

Ωl(f, t)p = sup
|hj |≤tj ,j∈ed

∥∆l
hf(·) |Lp∥

� ñìåøàííûé ìîäóëü ãëàäêîñòè ïîðÿäêà l ôóíêöèè f ∈ Lp(Td);
t = (t1, . . . , td).

Ïóñòü ôóíêöèÿ Ω : [0,∞)d → [0,+∞) (d ∈ N) � ìîäóëü ãëàäêî-
ñòè ïîðÿäêà l, óäîâëåòâîðÿþùèé óñëîâèÿì Áàðè�Ñòå÷êèíà (S) è
(Sl) ([2]).

Vn(t) ÿäðî Âàëëå�Ïóññåíà ïîðÿäêà 2n− 1:

Vn(t) = 1 + 2
n∑

k=1

cos kt+ 2
2n−1∑
k=n+1

(1− k − n

n
) cos kt.

As(x) =
∏
j∈ed

(V2sj (xj)− V2sj−1(xj)), s = (s1, . . . , sd) ∈ Nd
0;

äëÿ f ∈ Lp ÷åðåç As(f, x) îáîçíà÷èì (ïåðèîäè÷åñêóþ) ñâåðòêó

As(f, x) = f ∗ As(x).

Îïðåäåëåíèå. I. Ïóñòü 1 ≤ p, θ ≤ ∞, Ω ∈ Sα
l ∩ Sl. Òîãäà ïðî-

ñòðàíñòâî Íèêîëüñêîãî-Áåñîâà SBΩ, l
p θ = SBΩ, l

p θ (Td) ñîñòîèò èç âñåõ
ôóíêöèé f ∈ Lp, äëÿ êîòîðûõ êîíå÷íà íîðìà

∥f |SBΩ, l
p θ ∥ = ∥{Ω−1(2−s)As(f, ·)} | ℓθ(Lp)∥, 1 ≤ θ <∞,

∥f |SBΩ, l
p∞∥ = sup

s
Ω−1(2−s)∥As(f, ·) |Lp∥, θ = ∞.
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II. Ïóñòü 1 ≤ θ ≤ ∞, 1 ≤ p <∞, Ω ∈ Sα
l ∩Sl. Òîãäà ïðîñòðàíñòâî

Ëèçîðêèíà-Òðèáåëÿ SFΩ, l
p θ = SFΩ, l

p θ (Td) ñîñòîèò èç âñåõ ôóíêöèé
f ∈ Lp, äëÿ êîòîðûõ êîíå÷íà ñëåäóþùàÿ íîðìà

∥f |SFΩ, l
1 θ ∥ = ∥{Ω−1(2−s)As(f, ·)} |Lp(ℓθ)∥.

Áóäåì îáîçíà÷àòü åäèíè÷íûå øàðû ïðîñòðàíñòâ SBΩ, l
p θ è SFΩ, l

p θ

÷åðåç SBΩ, l
p θ = SBΩ, l

p θ (Td) è SFΩ, l
p θ = SFΩ, l

p θ (Td) è íàçûâàòü êëàññàìè
Íèêîëüñêîãî-Áåñîâà è Ëèçîðêèíà-Òðèáåëÿ ñîîòâåòñòâåííî.

Ïóñòü Ω(t) = ω(t1 × · · · × td); log � ýòî ëîãàðèôì ïî îñíîâàíèþ
2, a+ = max{a, 0} äëÿ a ∈ R.

Ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà. Ïóñòü 1 ≤ p, q, θ ≤ ∞; ω ∈ Sl ∩ Sα

l , ïðè÷åì α >
> (1

p
− 1

q
)+.

I. Åñëè 1 ≤ q ≤ p ≤ ∞, (p, q) ̸= (∞,∞), òî òîãäà

φM(SBΩ, l
p θ , Lq) ≍ ω(M−1 logd−1M)(logM)

(d−1)(
1
p∗

−1
θ
)+ ,

åñëè, êðîìå òîãî, p <∞, òîãäà

φM(SFΩ, l
p θ , Lq) ≍ ω(M−1 logd−1M)(logM)(d−1)(

1
2
−1
θ
)+ ,

φM(SFΩ, l
1 θ , L1) ≍ ω(M−1 logd−1M)(logM)(d−1)(1−1

θ
);

II. Åñëè 1 ≤ p < q <∞, òî

φM(SBΩ, l
p θ , Lq) ≍ ω(M−1 logd−1M)(M−1 logd−1M)(

1
p
− 1

q
)×

×(logM)
(d−1)(

1
q
−1
θ
)+ ,

φM(SFΩ, l
p θ , Lq) ≍ ω(M−1 logd−1M)(M−1 logd−1M)(

1
p
− 1

q
);

III. Åñëè 1 ≤ p ≤ q = ∞, òî òîãäà

φM(SBΩ, l
p θ , L∞) ≍ ω(M−1 logd−1M)(M−1 logd−1M)

1
p (logM)(d−1)(1−1

θ
),

åñëè, êðîìå òîãî, p <∞, òî

φM(SFΩ, l
p θ , L∞) ≍ ω(M−1 logd−1M)(M−1 logd−1M)

1
p (logM)

(d−1)(1−1
p
)
.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâ 5130/ÃÔ4, 5129/ÃÔ4 ÌÎèÍ Ðåñ-

ïóáëèêè Êàçàõñòàí.
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Ôåäåðàëüíîå ãîñóäàðñòâåííîå áþäæåòíîå íàó÷íîå ó÷ðåæäåíèå
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Íà åâêëèäîâîé ïëîñêîñòè íåçàâèñèìûõ ïåðåìåííûõ x è t ðàñ-
ñìàòðèâàåòñÿ óðàâíåíèå Ëàâðåíòüåâà � Áèöàäçå

uxx + sgntutt = −f(x, t), (1)

ãäå f (x, t) � çàäàííàÿ ôóíêöèÿ; u = u (x, t) � èñêîìàÿ ôóíêöèÿ.
×åðåç Ω îáîçíà÷èì îáëàñòü, îãðàíè÷åííóþ ïðè t < 0 õàðàêòå-

ðèñòèêàìè AC : x + t = 0 è BC : x − t = l óðàâíåíèÿ (1), âûõî-
äÿùèìè èç òî÷åê A = (0, 0) è B = (l, 0), ïåðåñåêàþùèìèñÿ â òî÷êå
C = (l/2,−l/2), à òàêæå ïðÿìîóãîëüíèêîì ñ âåðøèíàìè â òî÷êàõ
A, B, A0 = (0, T ), B0 = (l, T ) ïðè t > 0; l > 0, T > 0. ×àñòü îáëàñòè
Ω ïðè t > 0 îáîçíà÷èì ÷åðåç Ω+, à ïðè t < 0 ÷åðåç Ω−.

Óðàâíåíèå (1) ÿâëÿåòñÿ óðàâíåíèåì ñìåøàííîãî òèïà: îíî ýë-
ëèïòè÷íî â îáëàñòè Ω+ è ãèïåðáîëè÷íî â Ω−.

Ðåãóëÿðíûì â îáëàñòè Ω ðåøåíèåì óðàâíåíèÿ (1) íàçîâåì âñÿ-

êóþ ôóíêöèþ u = u(x, t) èç êëàññà C(Ω)∩C1(Ω)∩C2(Ω
+
)∩C2(Ω−),

ïðè ïîäñòàíîâêå êîòîðîé óðàâíåíèå (1) îáðàùàåòñÿ â òîæäåñòâî.
Â ðàáîòå èññëåäóåòñÿ çàäà÷à Òðèêîìè äëÿ óðàâíåíèÿ (1) â ñëå-

äóþùåé ïîñòàíîâêå
Çàäà÷à T. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå u = u(x, t)

óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u (l, t) = u1 (t) , u (0, t) = u3 (t) , 0 6 t 6 T, (2)
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u (x, T ) = u2 (x) , 0 6 x 6 l, (3)

u (x,−x) = ψ (x) , 0 6 x 6 l/2, (4)

ãäå u1 (t) , u2 (x) , u3 (t) , ψ (x) � çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíê-
öèè è âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ: u3 (0) = ψ (0) , u3 (T ) =
= u2 (0) , u2 (l) = u1 (T ).

Â ðàáîòàõ [1]�[4] áûëè ïðåäëîæåíû ðàçëè÷íûå ìåòîäû, ïîçâî-
ëÿþùèå îïðåäåëèòü ïðèáëèæåííîå ðåøåíèå çàäà÷è T äëÿ îäíî-
ðîäíîãî óðàâíåíèÿ Ëàâðåíòüåâà � Áèöàäçå ñ òî÷íîñòüþ O(h + τ),
ãäå h è τ � ýòî øàã ñåòêè ïî x è ïî t, ñîîòâåòñòâåííî. Â äàííîé
ðàáîòå â îáëàñòè Ω ïîñòðîåíà ðàçíîñòíàÿ ñõåìà äëÿ íåîäíîðîäíîãî
óðàâíåíèÿ (1) ñ ïîðÿäêîì àïïðîêñèìàöèè O(h2 + τ 2). Òàêæå â ðà-
áîòå ïîëó÷åíû àïðèîðíûå îöåíêè êàê äëÿ ðåøåíèÿ çàäà÷è T, òàê
è äëÿ ñîîòâåòñòâóþùåé ðàçíîñòíîé çàäà÷è. Èç íàéäåííûõ àïðèîð-
íûõ îöåíîê ñëåäóåò åäèíñòâåííîñòü ðåãóëÿðíîãî ðåøåíèÿ çàäà÷è
T, à òàêæå ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ ðàçíîñòíîé
çàäà÷è.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅÌÎÄÅËÈÐÎÂÀÍÈÅ
ÂÇÀÈÌÎÄÅÉÑÒÂÈß ÝËÈÒÛÈÒÐÓÄßÙÈÕÑß
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Â ðàáîòå [1] ïðåäëîæåíà ìîäåëü íàïðÿæåííîñòè îáùåñòâà, ñîñòî-
ÿùåãî èç äâóõ ñîöèàëüíûõ ãðóïï � ýëèòû è òðóäÿùèõñÿ. Àíàëèç
ýòîé ìîäåëè ïîêàçàë, ÷òî ñîîòâåòñòâóþùàÿ ñèñòåìà äèôôåðåíöè-
àëüíûõ óðàâíåíèé ìîæåò èìåòü îäíó èëè äâå ñòàöèîíàðíûå òî÷êè
èëè íå èìåòü íè îäíîé. Ïðè èçìåíåíèè óïðàâëÿþùåãî ïàðàìåò-
ðà ñèñòåìû âîçìîæíî ñëèÿíèå äâóõ ñòàöèîíàðíûõ òî÷åê â îäíó ñ
ïîñëåäóþùèì åå èñ÷åçíîâåíèåì. Ïðè ýòîì âîçíèêàåò êàòàñòðîôà
ñêëàäêè, ò. å. ïî ñóòè äåëà ïðîèñõîäèò äåñòàáèëèçàöèÿ ñèñòåìû.
Ñèñòåìà óðàâíåíèé, èñïîëüçîâàííàÿ â ðàáîòå [1], ÿâëÿåòñÿ ÷àñò-
íûì ñëó÷àåì áîëåå îáùåé ñèñòåìû, ïîñòðîåííîé íà îñíîâå ìîäåëè
ïðèíÿòèÿ êîëëåêòèâíûõ ðåøåíèé [2], îïèñûâàþùåé íàïðÿæåííîñòü
ëþáûõ âçàèìîäåéñòâóþùèõ ñîöèàëüíûõ ãðóïï, â ÷àñòíîñòè, âçàè-
ìîäåéñòâóþùèõ ýòíîñîâ.

Áóäåì ðàññìàòðèâàòü îáùåñòâî, ðàçäåëåííîå íà äâå ñîöèàëüíûå
ãðóïïû (ýëèòà è òðóäÿùèåñÿ), ò. å. i = 1, 2. Ñ÷èòàåì, ÷òî íà êàæäóþ
ñîöèàëüíóþ ãðóïïó âëèÿþò èçìåíåíèå åå ýêîíîìè÷åñêîãî ñîñòîÿíèÿ
è âçàèìîäåéñòâèå ñ äðóãîé ãðóïïîé. Òîãäà îáùåå èçìåíåíèå íàïðÿ-
æåííîñòè ïðèíèìàåì ðàâíûì ñóììå ýêîíîìè÷åñêîé è ìåæãðóïïî-
âîé ñîñòàâëÿþùèõ:

dPi

dt
= γi(Ui − Pi) +

∑
j ̸=i

cij
Pj

1− Pj

[
(Pj − Pi) + ηiPi(1− Pj)

]
, (1)

ãäå Pi ∈ [0; 1] (P = 0 ñîîòâåòñòâóåò ïîëíîìó îòñóòñòâèþ íàïðÿ-
æåííîñòè, à P = 1 � ìàêñèìàëüíî âîçìîæíîé íàïðÿæåííîñòè);
Ui ∈ [0, 1] � óïðàâëÿþùèé ïàðàìåòð (ìàëûå çíà÷åíèÿ ñîîòâåòñòâó-
þò óëó÷øåíèþ áëàãîñîñòîÿíèÿ, à áîëüøèå � óõóäøåíèþ); γi � èí-
òåíñèâíîñòü âîñïðèÿòèÿ âîçäåéñòâèÿ; ηi ∈ [0, 1] � âíóòðåííÿÿ òåí-
äåíöèÿ ê îñëàáëåíèþ èëè óñèëåíèþ âîçäåéñòâèÿ; cij � èíòåíñèâ-
íîñòü âîçäåéñòâèÿ j-îé ãðóïïû íà i-óþ.

Â ñâÿçè ñî ñëèøêîì áîëüøèì ÷èñëîì ïàðàìåòðîâ ñèñòåìû (1),
èññëåäîâàòü ïîâåäåíèå ñòàöèîíàðíûõ òî÷åê ïðè ëþáûõ êîìáèíàöè-
ÿõ èõ çíà÷åíèé, äàæå ñ ó÷åòîì îãðàíè÷åííîãî äèàïàçîíà èõ èçìå-
íåíèÿ, òðóäíî.

Ðåçóëüòàòû ðàñ÷åòîâ íàèáîëåå íàãëÿäíî îïèñûâàþòñÿ çàâèñèìî-
ñòÿìè ñòàöèîíàðíûõ çíà÷åíèé íàïðÿæåííîñòè òðóäÿùèõñÿ (ìåíåå
âëèÿòåëüíîé ñîöèàëüíîé ãðóïïû) P2 è íàïðÿæåííîñòè ýëèòû (áî-
ëåå âëèÿòåëüíîé ñîöèàëüíîé ãðóïïû) P1 îò âåëè÷èíû, õàðàêòåðè-
çóþùåé èçìåíåíèå ýêîíîìè÷åñêîãî ñîñòîÿíèÿ òðóäÿùèõñÿ U2. Ïðè
ôèêñèðîâàííîì ýêîíîìè÷åñêîì ïîëîæåíèè ýëèòû U1 = 0.1, è çíà-
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÷åíèÿõ ïàðàìåòðîâ γ1 = γ2 = 0.3, η1 = 0.1, η2 = 0.2, c12 = 0.4,
c21 = 0.8 ñóùåñòâóåò âñåãî îäíà ñòàöèîíàðíàÿ òî÷êà âî âñåì äèà-
ïàçîíå èçìåíåíèÿ U2 ∈ [0; 1]. Ýòî îçíà÷àåò, ÷òî íèêàêîå óõóäøåíèå
áëàãîñîñòîÿíèÿ òðóäÿùèõñÿ íå ìîæåò ïðèâåñòè ê ðåçêîìó ðîñòó èõ
íàïðÿæåííîñòè, ÷òî ìàëîâåðîÿòíî.

Ðîñò ýêîíîìè÷åñêîãî íåðàâåíñòâà ìåæäó ñîöèàëüíûìè ãðóïïà-
ìè, ñêîðåå âñåãî, ïðèâîäèò ê äîïîëíèòåëüíîìó ðîñòó íàïðÿæåí-
íîñòè òðóäÿùèõñÿ. Ìîæíî ïîïûòàòüñÿ ó÷åñòü âëèÿíèå èçìåíåíèÿ
ýêîíîìè÷åñêîãî íåðàâåíñòâà, ñ÷èòàÿ åãî èíôîðìàöèîííûì âîçäåé-
ñòâèåì, èçìåíÿþùèì êîýôôèöèåíò η2. Ðîñò íåðàâåíñòâà (ðàçíîñòè
ìåæäó U2 è U1) âûçûâàåò ðîñò η2, ÷òî ïðèâîäèò ê ïîÿâëåíèþ êà-
òàñòðîôû ñêëàäêè. Ñíà÷àëà ïîÿâëÿåòñÿ âòîðàÿ íåóñòîé÷èâàÿ ñòà-
öèîíàðíàÿ òî÷êà, à çàòåì â èíòåðåñóþùåé íàñ îáëàñòè (P2 ∈ [0; 1])
ñòàöèîíàðíûå òî÷êè ïðîïàäàþò, ò. å. ñèñòåìà òåðÿåò óñòîé÷èâîñòü.

Ïàðàìåòð η2 ìîæåò èçìåíÿòüñÿ íå òîëüêî â çàâèñèìîñòè îò ðîñòà
ýêîíîìè÷åñêîãî íåðàâåíñòâà, íî è ïîä âëèÿíèåì öåëåíàïðàâëåííîãî
èíôîðìàöèîííîãî âîçäåéñòâèÿ. Ïðè ýòîì äàæå ïðè ôèêñèðîâàííûõ
çíà÷åíèÿõ U2 = 0.7 è U1 = 0.2 ðîñò η2 ïðèâîäèò ê ïîÿâëåíèþ êàòà-
ñòðîôû. Â ÷àñòíîñòè, ðîñò η2 ìîæåò ÿâëÿòüñÿ ñëåäñòâèåì ðàñêîëà
ýëèòû, ëèáî íàëè÷èåì ãðóïï äîáèâøèõñÿ îïðåäåëåííîãî ýêîíîìè-
÷åñêîãî ïîëîæåíèÿ è áîÿùèõñÿ ïîòåðÿòü åãî âî âðåìÿ êðèçèñà (òðå-
òüå ñîñëîâèå â ïåðèîä áóðæóàçíûõ ðåâîëþöèé), ëèáî âîçäåéñòâèåì
âíåøíèõ ñèë.

Âîïðîñ î êîëè÷åñòâåííîé ñâÿçè ìåæäó η2 è ðîñòîì ìåæãðóïïî-
âîãî íåðàâåíñòâà òðåáóåò äîïîëíèòåëüíîãî èçó÷åíèÿ.

Åñëè çíà÷åíèÿ η1 è η2 äîñòàòî÷íî âåëèêè (íàïðèìåð, η1 = 0.3,
η2 = 0.6), òî êàòàñòðîôà âîçíèêàåò ïðè ñðàâíèòåëüíî íåáîëüøèõ
çíà÷åíèÿõ U2 (ò. å. ïðè äîñòàòî÷íî ìåäëåííîì óõóäøåíèè ýêîíîìè-
÷åñêîãî ïîëîæåíèÿ òðóäÿùèõñÿ).

Âàæíî ïîä÷åðêíóòü, ÷òî èñ÷åçíîâåíèå ñòàöèîíàðíûõ òî÷åê íå
ïðèâîäèò ê ìãíîâåííîìó ðîñòó íàïðÿæåííîñòè äî ïðåäåëüíîãî çíà-
÷åíèÿ. Ýòîò ðîñò ïðè ïîñòîÿííûõ ïàðàìåòðàõ cij, ηi ïðîèñõîäèò â
òå÷åíèå äëèòåëüíîãî âðåìåíè (ïîðÿäêà íåñêîëüêèõ ëåò).

Îöåíêà çíà÷åíèé êîýôôèöèåíòîâ ïðåäëîæåííîé ìîäåëè ÿâëÿ-
åòñÿ ñëîæíîé çàäà÷åé, òðåáóþùåé àíàëèçà äîñòàòî÷íî áîëüøîãî
÷èñëà èñòîðè÷åñêèõ ñîáûòèé. Òåì íå ìåíåå, ïîëó÷åííûå ðåçóëüòà-
òû ïîçâîëÿþò ïðåäëîæèòü âîçìîæíûå ìåõàíèçìû âîçíèêíîâåíèÿ
íåóñòîé÷èâîñòè ñîöèàëüíûõ ñèñòåì.
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Ðàññìîòðèì ñëåäóþùåå íàãðóæåííîå óðàâíåíèå

D
α
0t u(x, η)− λu(x, t) =

k∑
j=1

aj (x, t)u (x, tj)+

+
l∑

j=1

bj (x, t)u (xj, t) +
m∑
j=1

cj (x, t)u (xj, tj) + υ(x, t), (1)

ãäå Dα
0t � îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ ïîðÿäêà α ∈

∈]n − 1, n]; n = 1, 2, ... [1, ñ.28], λ = const, aj(x, t), bj(x, t), cj(x, t),
υ(x, t)− çàäàííûå íåïðåðûâíûå â îáëàñòè Ω = {(x, t) : 0 < x < r,
0 < t < T} ôóíêöèè íåçàâèñèìûõ ïåðåìåííûõ x è t, (xj, tj)− çà-
äàííûå òî÷êè èç Ω ñ îðäèíàòàìè tj > 0.

Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1)â îáëàñòè Ω íàçîâåì ôóíê-
öèþ u=u(x,t), êîòîðàÿ îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:

1) tn−αu(x, t) ∈ Cn−1(Ω), Dα
0t u ∈ C(Ω);

2) u(x, t) óäîâëåòâîðÿåò óðàâíåíèþ (1) âî âñåõ òî÷êàõ (x, t) ∈ Ω.
Â ðàáîòå èññëåäóåòñÿ ñëåäóþùàÿ
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Çàäà÷à. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå u (x, t) óðàâ-
íåíèÿ (1), óäîâëåòâîðÿþùåå ñëåäóþùèì óñëîâèÿì:

lim
t→0

∂i−1

∂ti−1
tn−αu (x, t) = τi (x) , i = 1, n, (2)

ãäå τi(x) ∈ C[0, r].
Çàäà÷à Êîøè è Äèðèõëå â âèäîèçìåíåííîé ïîñòàíîâêå (2) ïðè

n = 2 áûëà èññëåäîâàíà Â.À. Íàõóøåâîé [2]. Â [3] äëÿ óðàâíåíèÿ
(1) ïðè b(x, y) = 0 áûëà èññëåäîâàíà ñìåøàííàÿ êðàåâàÿ çàäà÷à.

Â äàííîé ðàáîòå ðåøåíèå çàäà÷è ñâåäåíî ê ðåøåíèþ íàãðóæåí-
íîãî ôóíêöèîíàëüíîãî óðàâíåíèÿ è âûïèñàíî óñëîâèå åãî îäíîçíà÷-
íîé ðàçðåøèìîñòè.
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Îñíîâíîé ïðè÷èíîé òóðáóëåíòíîñòè âîçäóøíûõ òå÷åíèé ÿâëÿ-
þòñÿ âîçíèêàþùèå â àòìîñôåðå êîíòðàñòû â ïîëÿõ âåòðà è òåìïå-
ðàòóðû. Ýòè êîíòðàñòû ïîðîæäàþò ñëåäóþùèå ïðîöåññû: òðåíèå
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âîçäóøíîãî ïîòîêà î ïîâåðõíîñòü çåìëè; äåôîðìàöèÿ âîçäóøíûõ
òå÷åíèé îðîãðàôè÷åñêèìè ïðåïÿòñòâèÿìè; íåðàâíîìåðíûé íàãðåâ
ðàçëè÷íûõ ó÷àñòêîâ ïîäñòèëàþùåé ïîâåðõíîñòè; ïðîöåññû îáëàêî-
îáðàçîâàíèÿ, ïðè êîòîðûõ âûäåëÿåòñÿ òåïëî êîíäåíñàöèè è èçìå-
íÿåòñÿ õàðàêòåð ïîëåé òåìïåðàòóðû è âåòðà; âçàèìîäåéñòâèå âîç-
äóøíûõ ìàññ, ðàçëè÷íûõ ïî ñâîèì ñâîéñòâàì, íà ãðàíèöå êîòîðûõ
î÷åíü ðåçêî âûðàæåíû ãîðèçîíòàëüíûå ãðàäèåíòû òåìïåðàòóðû è
âåòðà; íàëè÷èå â àòìîñôåðå èíâåðñèîííûõ ñëîåâ, â êîòîðûõ ìîãóò
âîçíèêàòü âíóòðåííèå ãðàâèòàöèîííûå âîëíû, òåðÿþùèå ïðè îïðå-
äåëåííûõ óñëîâèÿõ óñòîé÷èâîñòü. Âñå ïåðå÷èñëåííûå âûøå ïðîöåñ-
ñû ìîãóò äåéñòâîâàòü îäíîâðåìåííî â îäíîì èëè ðàçíûõ íàïðàâëå-
íèÿõ è òåì ñàìûì óâåëè÷èâàòü èëè óìåíüøàòü ñòåïåíü òóðáóëåíò-
íîñòè àòìîñôåðû.

Ïðè êëàññèôèêàöèè òóðáóëåíòíîñòè îáû÷íî âî âíèìàíèå ïðèíè-
ìàþòñÿ ïðè÷èíû åå âîçíèêíîâåíèÿ. Ïîýòîìó âñåãäà ãîâîðÿò îá îðî-
ãðàôè÷åñêîé (ìåõàíè÷åñêîé) òóðáóëåíòíîñòè, òåðìè÷åñêîé (êîíâåê-
òèâíîé) òóðáóëåíòíîñòè è äèíàìè÷åñêîé òóðáóëåíòíîñòè.

Îðîãðàôè÷åñêàÿ òóðáóëåíòíîñòü çàâèñèò îò ñêîðîñòè âåòðà ó
ïîâåðõíîñòè çåìëè, íåðîâíîñòÿìè ðåëüåôà, à òàêæå âçàèìíîãî ðàñ-
ïîëîæåíèÿ íàïðàâëåíèÿ âåòðà è íàïðàâëåíèÿ õðåáòà. Âîçäóøíûé
ïîòîê ïðè îáòåêàíèè ãîðíûõ ïðåïÿòñòâèé äåôîðìèðóåòñÿ. Ñòåïåíü
è õàðàêòåð ýòîé äåôîðìàöèè çàâèñÿò îò õàðàêòåðà íàòåêàþùåãî ïî-
òîêà � åãî ñêîðîñòè, íàïðàâëåíèÿ è òåìïåðàòóðíîé ñòðàòèôèêàöèè,
à òàêæå îò ôîðìû è ðàçìåðîâ ãîðíîãî õðåáòà. Íî íàäåæíûå ìåòî-
äû èõ ïðîãíîçà äî ñèõ ïîð íå ðàçðàáîòàíû. Ñ ýòîé öåëüþ íåîáõî-
äèìî èñïîëüçîâàíèå ìîäåëåé âûñîêîãî ðàçðåøåíèÿ, ó÷èòûâàþùèõ
ðåëüåô ìåñòíîñòè è ñèíîïòè÷åñêóþ ñèòóàöèþ â ðåãèîíå.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïðîáëåìå îáòåêàíèÿ âîçäóøíûìè
ïîòîêàìè íåðîâíîñòåé ðåëüåôà è îïðåäåëåíèþ ñòåïåíè îïàñíîñòè
ïîëåòîâ àâèàöèè íàä ãîðàìè (íà ïðèìåðå ãîðû Ôèøò).

Ìîäåëè ñèíîïòè÷åñêèõ ïðîöåññîâ âåñüìà ïðèáëèçèòåëüíî îïè-
ñûâàþò ðåàëüíûå ïðîöåññû â ãîðàõ. Ïîýòîìó äëÿ îïðåäåëåíèÿ áåç-
îïàñíûõ óñëîâèé ïîëåòîâ íåîáõîäèìî èññëåäîâàòü âîçìóùåíèÿ àò-
ìîñôåðû áîëåå ìåëêîãî ìàñøòàáà. Â äàííîé ðàáîòå ïðîáëåìà îïðå-
äåëåíèÿ ñòåïåíè îïàñíîñòè ïîëåòîâ áóäåò ðàññìàòðèâàòüñÿ â òåñíîé
ñâÿçè ñ âîçìóùåíèÿìè ìåçîìàñøòàáà, âîçíèêàþùèìè ïðè îáòåêà-
íèè ãîð (îðîãðàôè÷åñêèìè âîçìóùåíèÿìè).

Öåëü ðàáîòû çàêëþ÷àåòñÿ â èññëåäîâàíèè âîçìóùåíèé íàä ãî-
ðàìè â ðàéîíå ãîðû Ôèøò, à òàêæå ðàçðàáîòêå íîâûõ ìåòîäîâ îïðå-
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äåëåíèÿ ñòåïåíè îïàñíîñòè ïîëåòîâ àâèàöèè â ãîðàõ.
Èñõîäÿ èç ïîñòàâëåííîé öåëè, ôîðìèðóþòñÿ ñëåäóþùèå çàäà-

÷è: èçó÷åíèå âëèÿíèÿ îðîãðàôè÷åñêèõ âîçìóùåíèé íà óñèëåíèå
âåòðà; îöåíêà ñòåïåíè îïàñíîñòè ïîëåòîâ íà îñíîâå àíàëèçà âåð-
òèêàëüíîé è ãîðèçîíòàëüíîé êîìïîíåíòû ñêîðîñòè.

Èññëåäîâàíèå ïîñòàâëåííîé ïðîáëåìû áûëî ïðîâåäåíî íà îñíî-
âå èñïîëüçîâàíèÿ ñòàöèîíàðíîé äâóìåðíîé íåëèíåéíîé ìîäåëè îá-
òåêàíèÿ, äîñòàòî÷íî ïîäðîáíî ðàçúÿñíåííîé â [1, 2]. Ó÷èòûâàåòñÿ
íåîãðàíè÷åííîñòü àòìîñôåðû è îòñóòñòâèå âîçìóùåíèé â íàòåêàþ-
ùåì ïîòîêå. Ðåëüåô ãîð, èñïîëüçóåìûé â ìîäåëè, íàõîäèòñÿ ñ ãåî-
ãðàôè÷åñêîé êàðòû ïîñðåäñòâîì âûäåëåíèÿ äâóìåðíûõ îñîáåííî-
ñòåé ðåàëüíîãî ãîðíîãî ðàéîíà. Ðàññ÷èòûâàþòñÿ è àíàëèçèðóþòñÿ
ïîëÿ òðàåêòîðèé è ñîñòàâëÿþùèõ ñêîðîñòè â òðîïîñôåðå çà ãîðîé
íà óðîâíå 300 ì. Ïðåäñòàâëåííàÿ ìîäåëü ìîæåò áûòü èñïîëüçîâàíà
äëÿ îïðåäåëåíèÿ ñòåïåíè îïàñíîñòè ïîëåòîâ â ðàéîíå ëþáûõ ãîð-
íûõ ìàññèâîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ðîññèéñêîãî ôîíäà ôóíäàìåí-

òàëüíûõ èññëåäîâàíèé 16-35-50120-ìîë-íð.
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Ïóñòü α > 0 - íåêîòîðîå äåéñòâèòåëüíîå ÷èñëî. Äëÿ ôóíêöèè
ϕ(t) çàäàííîé íà (0, ℓ), ℓ <∞ îïåðàòîð èíòåãðî-äèôôåðåíöèðîâàíèÿ
â ñìûñëå Ðèìàíà-Ëèóâèëëÿ ñ íà÷àëîì â òî÷êå 0, îïðåäåëÿåòñÿ ñëå-
äóþùèì îáðàçîì [1, 2]

Dα
0tϕ(t) =



1

Γ(−α)

t∫
0

ϕ(τ)dτ

(t− τ)α+1 , α < 0,

ϕ(t), α = 0,

dn

dtn
Dα−n

0t ϕ(t), n− 1 < α ≤ n, n ∈ N.

Ñëåäóþùèé îïåðàòîð

CD
α
0tϕ(t) = Dα−n

0t ϕ(n)(t), n− 1 < α ≤ n, n ∈ N

íàçûâàåòñÿ îïåðàòîðîì äðîáíîãî äèôôåðåíöèðîâàíèÿ â ñìûñëå Êà-
ïóòî [1]. Â ñëó÷àå α = 1 ïðîèçâîäíàÿ Êàïóòî ñîâïàäàåò ñ îáû÷íîé
ïðîèçâîäíîé.

Ïóñòü Ω = {(x, t) : 0 < x, t < 1}, α ∈ (0, 1], β ≥ 0. Â îáëàñòè Ω
ðàññìîòðèì óðàâíåíèå

CD
α
0tu+ tβ

∂4u

∂x4
= f(x). (1)

Çàäà÷à. Òðåáóåòñÿ íàéòè ïàðó ôóíêöèé {u(x, t), f(x)}, îáëàäà-
þùèõ ñëåäóþùèìè ñâîéñòâàìè:

1) u(x, t) ∈ C4,0
x,t (Ω), CD

α
0tu ∈ C(Ω̄), f(x) ∈ C[0, 1];

2) óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòè Ω ;
3) óäîâëåòâîðÿåò óñëîâèÿì

u(0, t) = uxx(1, t) = 0, 0 ≤ t ≤ 1,

ux(1, t) = ux(0, t), uxxx(1, t) = uxxx(0, t), 0 ≤ t ≤ 1,

u(x, 0) = φ(x), u(x, 1) = ψ(x), 0 ≤ x ≤ 1,

ãäå φ(x), ψ(x) � çàäàííûå ôóíêöèè.
Äàííàÿ çàäà÷à ÿâëÿåòñÿ îáîáùåíèåì îäíîé íåëîêàëüíîé çàäà÷è,

èññëåäîâàííîé â [3] (ñëó÷àé β = 0). Äëÿ äîêàçàòåëüñòâà òåîðåìû
ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è èñïîëüçîâàíû ìå-
òîäû òåîðèè èíòåãðàëüíûõ óðàâíåíèé è ñïåêòðàëüíîãî àíàëèçà.
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1. Statement of the problem and a priori estimate in the
di�erential form.

In the closed cylinder QT = {(x, t) : 0 ≤ x ≤ l, 0 ≤ t ≤ T}
we consider the �rst boundary value problem for a loaded equation of
Sobolev type

ut = (k(x, t)ux)x + (η(x, t)ux)xt + r(x, t)ux(x0, t)−

−q(x, t)u+ f(x, t), 0 < x < l, 0 < t ≤ T, (1)

u(0, t) = u(l, t) = 0, 0 ≤ t ≤ T, (2)

u(x, 0) = u0(x), 0 ≤ x ≤ l, (3)

where 0 < c0 ≤ η, k ≤ c1, |ηt, ηxt, ηx, kx, r, q| ≤ c2,

c0, c1, c2 − positive numbers. (4)

It is assumed that problem (1) − (3) has a unique solution with
all the derivatives required throughout the paper. We also assume
that the coe�cients of equation (1) and boundary conditions (2), (3)
satisfy the necessary smoothness conditions required in the course of
the presentation to provide the desired order of approximation of a
di�erence scheme. Note that the construction of di�erence schemes
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requires a higher smoothness of the coe�cients of the equation
solution [1]:

u ∈ C4,3(QT ), η ∈ C3,3(QT ), k ∈ C3,2(QT ), r, q, f ∈ C2,2(QT ),

QT = {(x, t) : 0 < x < l, 0 < t ≤ T}, u0(x) ∈ C2[0, l].

Theorem 1. Let conditions (4), be satis�ed, then for the solution
of di�erential problem (1) − (3) the a priori estimate holds

∥ux∥20 + ∥uxx∥20 + ∥uxx∥22,Qt
≤M

(∫ t

0

∥f∥20dτ + ∥u′0(x)∥20 + ∥u′′0(x)∥20
)
,

wherein M − depends only on the input data of problem (1) − (3),

∥ux∥22,Qt
=

∫ t

0

∥ux∥20dτ.

The obtained a priori estimate implies uniqueness of the solution of
the initial problem (1) − (3), as well as continuous dependence of the
solution of the problem on the input data on each time layer in the
norm ∥u∥21 = ∥ux∥20 + ∥uxx∥20 + ∥uxx∥22,Qt

.

2. Stability and convergence of the di�erence scheme.
In order to solve problem (1) − (3) we apply the �nite di�erence

method. To this end, in the closed cylinder QT we introduce a uniform
grid [1]:

ωhτ = ωh × ωτ = {(xi, tj), x ∈ ωh, t ∈ ωτ},

ωh = {xi = ih, i = 0, 1, ..., N, Nh = l},

ωτ = {tj = jτ, j = 0, 1, ...,m, mτ = T}.

On the grid ωhτ to the di�erential problem (1) − (3) we assign a
di�erence scheme with the approximation order O(h2 + τmσ) :

yt,i =
(
ay

(σ)
x

)
x,i

+
(
γyx
)
xt,i

+

+ri

(
y
(σ)
0
x,i0

xi0+1 − x0
h

+ y
(σ)
0
x,i0+1

x0 − xi0
h

)
− diy

(σ)
i + φi, (5)

y
(σ)
0 = y

(σ)
N = 0, (6)

y(x, 0) = u0(x), x ∈ ωh, (7)
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ãäå

y(σ) = σŷ + (1− σ)y, y = yji = y(xi, tj), xi0 ≤ x0 ≤ xi0+1,

ai = k(xi−0.5, tj), γi = η(xi−0.5, tj), di = q(xi, tj), φi = f(xi, tj),

xi−0.5 = xi − 0.5h, h, t = tj+0.5 = tj + 0.5τ,

τ − steps of the grid, mσ =

{
2, if σ = 0.5,

1, if σ ̸= 0.5.

The following is valid
Theorem 2. Let conditions (4) be satis�ed, then there exist such

τ0, τ1, that if τ ≤ min{τ0, τ1}, then with σ = 0.5 for the solution of
di�erence problem (5) − (7) the a priori estimate

∥yj+1
x ]|20 + ∥yj+1

xx ∥20 +
j∑

j ′=0

∥Y j ′

xx∥20τ ≤

≤M
( j∑

j ′=0

∥φ∥20τ + ∥y0x]|20 + ∥y0xx∥20
)
. (8)

is valid, where Ì − a positive constant, not depending on h and τ .
The obtained a priori estimate implies uniqueness as well as stability

of the solution of di�erence problem (1) - (3) with respect to the initial
data and the right-hand side and the convergence of the solution of the
di�erence problem (5) − (7) to the solution of the di�erential problem
(1) - (3), so that if τ ≤ min{τ0, τ1}, then for σ = 0.5 the following
estimate is valid

∥zj+1∥21 ≤M
(
h2 + τ 2

)
,

where

∥zj+1∥21 = ∥zj+1
x ]|20 + ∥zj+1

xx ∥20 +
j∑

j ′=0

∥zj
′+1

xx + zj
′

xx∥20τ, zj+1 = yj+1 − uj+1.
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Ðàññìàòðèâàåòñÿ ëîêàëüíî-îäíîìåðíàÿ ñõåìà äëÿ óðàâíåíèÿ ïà-
ðàáîëè÷åñêîãî òèïà â p-ìåðíîì ïàðàëëåëåïèïåäå. Ïîëó÷åíà àïðè-
îðíàÿ îöåíêà äëÿ ðåøåíèÿ ëîêàëüíî-îäíîìåðíîé ñõåìû, è äîêàçàíà
å¼ ñõîäèìîñòü.

Â öèëèíäðå QT = G× [0 < t ≤ T ], îñíîâàíèåì êîòîðîãî ÿâëÿåòñÿ
ïðÿìîóãîëüíûé ïàðàëëåëåïèïåä G = {x = (x1, x2, ..., xp) : 0 < xα <
lα, α = 1, 2, ..., p} ñ ãðàíèöåé Γ, ðàññìàòðèâàåòñÿ çàäà÷à

∂u

∂t
= Lu+ f(x, t), (x, t) ∈ Qt, (1){

kα(x, t)
∂u
∂xα

= β−αu− µ−α(x, t), xα = 0,

−kα(x, t) ∂u
∂xα

= β+αu− µ+α(x, t), xα = lα,
(2)

u(x, 0) = u0(x), (3)

Lu =

p∑
α=1

= Lαu, Lαu =
∂

∂xα

(
kα(x, t)

∂u

∂xα

)
−
∫ lα

0

udxα,

0 < c0 ≤ kα(x, t) ≤ c1, |β±α| ≤ c2, α = 1, 2, ..., p,

c0, c1, c2 � ïîëîæèòåëüíûå ïîñòîÿííûå.

Óðàâíåíèå (1) ïåðåïèøåì â âèäå

ℜu =
∂u

∂t
− Lu− f = 0,

èëè
p∑

α=1

ℜαu = 0, ℜαu =
1

p

∂u

∂t
− Lαu− fα,

p∑
α=1

fα = f.
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Íà êàæäîì ïîëóèíòåðâàëå ∆α, α = 1, 2, ..., p, áóäåì ïîñëåäîâà-
òåëüíî ðåøàòü çàäà÷è

ℜαϑα =
1

p

∂ϑ(α)

∂t
− Lαϑ(α) − fα = 0, x ∈ G, t ∈ ∆α, α = 1, 2, ..., p, (4)

kα
∂ϑ(α)

∂t
= β−αϑ(α) − µ−α(x, t), xα = 0, (5)

−kα
∂ϑ(α)

∂t
= β+αϑ(α) − µ+α(x, t), xα = lα,

ïîëàãàÿ ïðè ýòîì [2, ñ. 522]

ϑ(1)(x, 0) = u0(x), ϑ(1)(x, tj) = ϑ(p)(x, tj), j = 1, 2, .... (6)

ϑ(α)(x, tj+α−1
p
) = ϑ(α−1)(x, tj+α−1

p
), α = 1, 2, ..., p.

Àïïðîêñèìèðóåì êàæäîå óðàâíåíèå (4) íîìåðà α íà ïîëóèíòåð-
âàëå ∆α äâóõñëîéíîé íåÿâíîé ñõåìîé è ïðèìåíÿÿ èçâåñòíûé ïðè¼ì
ïîâûøåíèÿ òî÷íîñòè àïïðîêñèìàöèè äî âòîðîãî ïîðÿäêà ïî h êðàå-
âûõ óñëîâèé òðåòüåãî ðîäà [1, ñ. 180], ïðèõîäèì îò (4)-(6) ê öåïî÷êå
îäíîìåðíûõ ñõåì

y
(α)
t̄ = Λ̄αy

(α) + Φ
j+α

p
α , α = 1, 2, ..., p, x ∈ ω̄α, (7)

y(x, 0) = u0(x), (8)

y
(α)
t̄ =

yj+
α
p − yj+

α−1
p

τ
,

Λ̄αy
(α) =



Λ−
αy

(α) =
a
(1α)
α y

(α)
xα,0−β−αy

(α)
0

0.5hα
− 1

0.5hα

Nα∑
iα=0

y
(α)
iα
h̄α, x ∈ γ−α,

Λαy
(α) = (aαy

(α)
x̄α

)xα −
Nα∑
iα=0

y
(α)
iα
h̄α, x ∈ ωhα ,

Λ+
αy

(α) = −a
(Nα)
α y

(α)
x̄α,Nα

+β+αy
(α)
Nα

0.5hα
− 1

0.5hα

Nα∑
iα=0

y
(α)
iα
h̄α, x ∈ γ+α,

Φ̄α =


µ̄−α, xα ∈ γ−α,

φ
j+α

p
α , xα ∈ ωhα ,

µ̄+α, xα ∈ γ+α,

µ̄−α =
µ−α

0.5hα
+ fα,0, µ̄+α =

µ+α

0.5hα
+ fα,Nα , yα = yj+

α
p .
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Íà îñíîâàíèè ëåììû 4 [2, ñ. 171] äëÿ ðåøåíèÿ çàäà÷è (7)-(8)
ïîëó÷åíà àïðèîðíàÿ îöåíêà

∥yj+1∥2L2(ω̄h)
+

j∑
j′=0

τ

p∑
α=1

∥y
j′+α

p

x̄α
∥2L2(ω̄h)

≤M(t)

[
∥y0∥2L2(ω̄h)

+

+

j∑
j′=0

τ

p∑
α=1

∥φj′+α
p ∥2L2(ω̄h)

+
∑
iβ ̸=iα

(
µ2
−α(t

′
j) + µ2

+α(t
′
j)
)
H/h̄α

]. (9)

Òåîðåìà. Ëîêàëüíî îäíîìåðíàÿ ñõåìà (7)-(8) óñòîé÷èâà ïî íà-
÷àëüíûì äàííûì è ïðàâîé ÷àñòè, òàê ÷òî äëÿ ðåøåíèÿ (7)-(8)
ñïðàâåäëèâà îöåíêà (9), îòêóäà ñëåäóåò ñõîäèìîñòü ñõåìû ñî ñêî-
ðîñòüþ O(|h|2 + τ) â íîðìå

∥yj+1 − uj+1∥1 ≤M(|h|2 + τ),

∥yj+1∥1 = (∥yj+1∥2L2(ω̄h)
+

j∑
j′=0

τ

p∑
α=1

∥y
j+α

p

x̄α
∥2L2(ω̄h)

)
1
2 .
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íàõîâà àëãåáðà ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ, äåéñòâóþùèõ
â X.
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Ïóñòü A : D(A) ⊂ X → X � ãåíåðàòîð ñèëüíî íåïðåðûâíîé
îãðàíè÷åííîé ãðóïïû îïåðàòîðîâ T : R → LB(X) è B : R+ →
LB(X)� ñèëüíî íåïðåðûâíàÿ îãðàíè÷åííàÿ îïåðàòîðíàÿ ôóíêöèÿ.
Ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ

−dx
dt

+ Ax+B(t)x = 0, x(s) = x0. (1)

Ïðèâåäåì îïðåäåëåíèÿ èñïîëüçóåìûõ êëàññîâ ôóíêöèé, ñëåäóÿ
[1] è [2].

×èñëî ω ∈ R íàçûâàåòñÿ ε-ïåðèîäîì íà áåñêîíå÷íîñòè ôóíêöèè
x ∈ Cb(R, X), åñëè ñóùåñòâóåò ÷èñëî a = a(ε) ≥ 0 òàêîå, ÷òî

sup
|t|≥a

∥x(t+ ω)− x(t)∥ < ε.

Ìíîæåñòâî ε-ïåðèîäîâ íà áåñêîíå÷íîñòè òàêèõ ôóíêöèé îáîçíà-
÷èì ñèìâîëîì Ω∞(ε, x).

Ðàâíîìåðíî íåïðåðûâíàÿ ôóíêöèÿ x ∈ Cb(J, X), J ∈ R èëè
J = [0,∞), íàçûâàåòñÿ ïî÷òè ïåðèîäè÷åñêîé íà áåñêîíå÷íîñòè, åñ-
ëè äëÿ ëþáîãî ε > 0 ìíîæåñòâî åå ε-ïåðèîäîâ îòíîñèòåëüíî ïëîòíî
íà J, ò. å. ñóùåñòâóåò ÷èñëî l > 0 òàêîå, ÷òî ëþáîé îòðåçîê äëèíû
l ñîäåðæèò õîòÿ áû îäíî ÷èñëî èç Ω∞(ε, x).

Ìíîæåñòâî ïî÷òè ïåðèîäè÷åñêèõ íà áåñêîíå÷íîñòè ôóíêöèé îá-
ðàçóåò çàìêíóòîå ïîäïðîñòðàíñòâî èç Cb(J, X), êîòîðîå äàëåå îáî-
çíà÷àåòñÿ ñèìâîëîì AP∞(J, X).

Ðàâíîìåðíî íåïðåðûâíàÿ ôóíêöèÿ x ∈ Cb(J, X) íàçûâàåòñÿ ìåä-
ëåííî ìåíÿþùåéñÿ íà áåñêîíå÷íîñòè, åñëè lim

|t|→∞
∥x(t+ω)−x(t)∥ = 0

äëÿ ëþáîãî ω ∈ J.
Ìíîæåñòâî ìåäëåííî ìåíÿþùèõñÿ íà áåñêîíå÷íîñòè ôóíêöèé

îáðàçóåò çàìêíóòîå ïîäïðîñòðàíñòâî (îáîçíà÷àåìîå äàëåå ñèìâî-
ëîì Csl,∞(J, X)). ßñíî, ÷òî ìíîæåñòâî ε-ïåðèîäîâ íà áåñêîíå÷íîñòè
ëþáîé ôóíêöèè x ∈ Csl,∞(J, X) ñîâïàäàåò ñ J. Ïîýòîìó èìååò ìåñòî
âêëþ÷åíèå Csl,∞(J, X) ⊂ AP∞(J, X).

Òåîðåìà 1. ([1], [3]) Ôóíêöèÿ x ∈ AP∞(J, X) òîãäà è òîëü-
êî òîãäà, êîãäà äëÿ ëþáîãî ε > 0 íàéäóòñÿ ôóíêöèè x1, . . . , xn ∈
Csl,∞(J, X), ÷èñëà λ1, . . . , λn ∈ R, a = a(ε) > 0 òàêèå, ÷òî

sup
|t|≥a

∥∥∥∥∥x(t)−
n∑

k=1

xk(t)e
iλkt

∥∥∥∥∥ < ε.
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Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ ñëåäóþùàÿ
Òåîðåìà 2. Ïóñòü T : R → LB(X) � ñèëüíî íåïðåðûâíàÿ

ïî÷òè ïåðèîäè÷åñêàÿ ãðóïïà îïåðàòîðîâ è îïåðàòîðíàÿ ôóíêöèÿ
B : R → LB(X) � ñèëüíî íåïðåðûâíàÿ îãðàíè÷åííàÿ îïåðàòîð-
íàÿ ôóíêöèÿ, äëÿ êîòîðîé ∥B(t)∥ ≤ f(t), t ∈ R, ãäå f : R → R+

íåêîòîðàÿ ñóììèðóåìàÿ ôóíêöèÿ. Òîãäà êàæäîå ðåøåíèå äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ (1) ÿâëÿåòñÿ ïî÷òè ïåðèîäè÷åñêîé íà áåñ-
êîíå÷íîñòè ôóíêöèåé.

Ðàññìàòðèâàÿ áîëåå êîíêðåòíûå ïðèëîæåíèÿ, îòìåòèì, ÷òî óñëî-
âèÿ òåîðåìû 2 âûïîëíåíû, åñëè X � ãèëüáåðòîâî ïðîñòðàíñòâî
è A � àíòèñàìîñîïðÿæåííûé îïåðàòîð ñî ñ÷åòíûì ñïåêòðîì (íà-
ïðèìåð, èìåþùèé êîìïàêòíóþ ðåçîëüâåíòó). Â ýòîì ñëó÷àå ãðóïïà
T : R → LB(X) ÿâëÿåòñÿ ãðóïïîé èçîìåòðèåé è ïî÷òè ïåðèîäè÷å-
ñêîé [4].

Ðàññìîòðèì ñìåøàííóþ çàäà÷ó

∂u

∂x
= i

∂

∂x

(
p(x)

∂u

∂x

)
− b(t, x), 0 ≤ x ≤ 1, 0 ≤ t <∞;

∂u

∂x
(t, 0) = αu(t, 0),

∂u

∂x
(t, 1) = βu(t, 1), u(0, x) = f(x),

ãäå α, β ∈ R, f ∈ L2[0, 1], p ∈ W 1
2 [0, 1]. Ôóíêöèÿ b : R+ × [0, 1] �

ðàâíîìåðíî íåïðåðûâíàÿ îãðàíè÷åííàÿ ñî ñâîéñòâîì:

∞∫
0

max
0≤x≤1

|b(t, x)|dt <∞.

Äàííîå óðàâíåíèå çàïèñûâàåòñÿ â âèäå (1), ãäå îïåðàòîðíàÿ ôóíê-
öèÿ B : R+ → LB(L2[0, 1]) óäîâëåòâîðÿåò óñëîâèþ òåîðåìû 2. Îïå-
ðàòîð Ay = ∂

∂x
(p(x) ∂y

∂x
) ñ îáëàñòüþ îïðåäåëåíèÿ

D(A) = {y ∈ W 1
2 [0, 1]|y′(0) = αy(0), y′(1) = βy(1)} ⊂ L2[0, 1]

ÿâëÿåòñÿ àíòèñàìîñîïðÿæåííûì è èìåþùèì êîìïàêòíóþ ðåçîëü-
âåíòó. Ñëåäîâàòåëüíî, â ñèëó òåîðåìû 2 âñå ðåøåíèÿ ũ : R+ →
L2[0, 1], ũ(t)x = u(t, x), t ≥ 0, 0 ≤ x ≤ 1, îãðàíè÷åíû è ÿâëÿþòñÿ
ïî÷òè ïåðèîäè÷åñêèìè íà áåñêîíå÷íîñòè ôóíêöèÿìè.
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Ðàññìîòðèì óðàâíåíèå

D
{γ0,γ1,...,γn}
0x u(x)− λu(x) = f(x), x ∈ ]0, 1[ , (1)

ãäå D
{γ0,γ1,...,γn}
0x � îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ Äæðáàø-

ÿíà�Íåðñåñÿíà ïîðÿäêà α =
n∑

k=0

γk − 1 > 0, λ = const.

Îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ Äæðáàøÿíà�Íåðñåñÿíà
ïîðÿäêà α, àññîöèèðîâàííûé ñ ïîñëåäîâàòåëüíîñòüþ {γ0, γ1, . . . , γn},
γk ∈ ]0, 1], k = 0, n, îïðåäåëÿåòñÿ ñîîòíîøåíèåì [1]

D
{γ0,γ1,...,γn}
0x u(x) = Dγn−1

0x D
γn−1

0x . . . Dγ1
0xD

γ0
0xu(x), (2)

ãäå Dγ
0x � îïåðàòîð äðîáíîãî èíòåãðî-äèôôåðåíöèðîâàíèÿ â ñìûñëå

Ðèìàíà�Ëèóâèëëÿ [2].
Îïåðàòîð (2) ââåäåí â ðàáîòå [1], ãäå äîêàçàíà òåîðåìà ñóùåñòâî-

âàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ (1). Â
ðàáîòå [3] äëÿ óðàâíåèÿ (1) áûëà ðàññìîòðåíà íåëîêàëüíàÿ êðàåâàÿ
çàäà÷à ñ èíòåãðàëüíûì ñìåùåíèåì.
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Â äàííîé ðàáîòå èññëåäóåòñÿ êðàåâàÿ çàäà÷à ñ ëîêàëüíûì ñìå-
ùåíèåì, ñâÿçûâàþùèì çíà÷åíèÿ èñêîìîãî ðåøåíèÿ íà êîíöàõ ðàñ-
ñìàòðèâàåìîãî èíòåðâàëà ñî çíà÷åíèÿìè âî âíóòðåííèõ òî÷êàõ. Äî-
êàçàíî ñóùåñòâîâàíèå êîíå÷íîãî ÷èñëà ñîáñòâåííûõ çíà÷åíèé èñ-
ñëåäóåìîé çàäà÷è.

Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) íàçûâàåòñÿ ôóíêöèÿ

u = u(x) èç êëàññà D
{γ0,γ1,...,γk}
0x u(x) ∈ C1 ]0, 1[∩C[0, 1] (k = 0, n− 1),

D
{γ0,γ1,...,γn}
0x u(x) ∈ C(0, 1), óäîâëåòâîðÿþùàÿ óðàâíåíèþ (1) â èíòåð-

âàëå (0, 1).
Çàäà÷à. Íàéòè ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâî-

ðÿþùåå óñëîâèÿì

lim
x→0

D
{γ0,γ1,...,γk}
0x u(x) = uk, 1 ≤ k ≤ n− 1, (3)

u(1)−
m∑
i=1

aiu(xi) = b, xi ∈ [0, 1[ , (4)

ãäå uk, ai, b � çàäàííûå äåéñòâèòåëüíûå ÷èñëà.
Â ðàáîòå [4] äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè

ðåøåíèÿ çàäà÷è (3), (4) äëÿ óðàâíåíèÿ (1).
Îïðåäåëåíèå. Ñîáñòâåííûì çíà÷åíèåì çàäà÷è (1), (3), (4) áó-

äåì íàçûâàòü λ ∈ C, ïðè êîòîðîì îäíîðîäíàÿ çàäà÷à

D
{γ0,γ1,...,γn}
0x u(x)− λu(x) = 0, x ∈ ]0, 1[,

lim
x→0

D
{γ0,γ1,...,γk}
0x u(x) = 0, 1 ≤ k ≤ n− 1,

u(1)−
m∑
i=1

aiu(xi) = 0, xi ∈ [0, 1[ ,

èìååò íåòðèâèàëüíîå ðåøåíèå.
Òåîðåìà. Çàäà÷à (1), (3), (4) ìîæåò èìåòü ëèøü êîíå÷íîå

÷èñëî âåùåñòâåííûõ ñîáñòâåííûõ çíà÷åíèé.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé, ïðîåêò � 16-01-00462-a.
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Çàäà÷è ôîðìèðîâàíèÿ çíàíèé â ýêîíîìè÷åñêèõ ïðèëîæåíèÿõ
îñîáåííî àêòóàëüíû. Ïðàêòè÷åñêè âñå ýêîíîìè÷åñêèå ïðèëîæåíèÿ
èìåþò ñèñòåìû ó÷åòà, îáåñïå÷èâàþùèå äîëãîñðî÷íîå õðàíåíèå èí-
ôîðìàöèè â âèäå ðàçëè÷íîãî ðîäà äàííûõ. Â íàñòîÿùåå âðåìÿ àê-
òóàëüíû âîïðîñû íå ñòîëüêî õðàíåíèÿ áîëüøèõ îáúåìîâ äàííûõ,
à èõ àíàëèçà. Â ýòèõ äàííûõ çàêëþ÷åíû äåêëàðàòèâíûå è ïðîöå-
äóðíûå çíàíèÿ, êîòîðûå ìîãóò áûòü èñïîëüçîâàíû ïðè ïðèíÿòèè
ðåøåíèé. Èçâëå÷åíèå çíàíèé èç áàç äàííûõ íà îñíîâå ðàçëè÷íûõ
ìåòîäîâ àíàëèçà äàííûõ ÿâëÿåòñÿ ñîâðåìåííûì è ýôôåêòèâíûì
ìåòîäîì ôîðìèðîâàíèÿ çíàíèé.

Äëÿ ïðîâåäåíèÿ àâòîìàòè÷åñêîãî àíàëèçà äàííûõ èñïîëüçóåò-
ñÿ ìåòîä Data Mining. Ïðîöåññ ïîèñêà ïîëåçíûõ çíàíèé â èìåþ-
ùèõñÿ äàííûõ ñîñòîèò èç ñëåäóþùèõ ýòàïîâ: ïîäãîòîâêà èñõîäíîãî
íàáîðà äàííûõ, ïðåäîáðàáîòêà äàííûõ, òðàíñôîðìàöèÿ è íîðìàëè-
çàöèÿ äàííûõ, ïðèìåíåíèå ìåòîäîâ ôîðìèðîâàíèÿ çíàíèé, èíòåð-
ïðåòàöèÿ ðåçóëüòàòîâ è ïðèìåíåíèå ïîëó÷åííûõ çíàíèé â áèçíåñ-
ïðèëîæåíèÿõ.

Òðàäèöèîííî ê çàäà÷àì ôîðìèðîâàíèÿ çíàíèé îòíîñÿòñÿ: çàäà-
÷è ïðîãíîçèðîâàíèÿ, êëàññèôèêàöèè è êëàñòåðèçàöèè, è ò.ï.

Data Mining íàõîäèò î÷åíü øèðîêîå ïðèìåíåíèå â ñôåðå ìàð-
êåòèíãà. Â ìàðêåòèíãîâûõ èññëåäîâàíèÿõ êëàñòåðíûé àíàëèç ïðè-
ìåíÿåòñÿ äîñòàòî÷íî øèðîêî - êàê â òåîðåòè÷åñêèõ èññëåäîâàíèÿõ,
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òàê è ïðè ðåøåíèè ïðàêòè÷åñêèõ çàäà÷, íàïðèìåð, çàäà÷è ðåøà-
þùèå ïðîáëåìû ãðóïïèðîâêè ðàçëè÷íûõ îáúåêòîâ. Òàê, îäíî èç
íàèáîëåå âàæíûõ íàïðàâëåíèé ïðè ïðèìåíåíèè êëàñòåðíîãî àíà-
ëèçà â ìàðêåòèíãîâûõ èññëåäîâàíèÿõ ÿâëÿåòñÿ àíàëèç ïîâåäåíèÿ
ïîòðåáèòåëÿ, êîíêðåòíî: ãðóïïèðîâêà ïîòðåáèòåëåé â îäíîðîäíûå
êëàññû äëÿ ïîëó÷åíèÿ ìàêñèìàëüíî ïîëíîãî ïðåäñòàâëåíèÿ î ïîâå-
äåíèè êëèåíòà èç êàæäîé ãðóïïû è î ôàêòîðàõ, âëèÿþùèõ íà åãî
ïîâåäåíèå.

Ñîâðåìåííûå ïðîãðàììíûå ñðåäñòâà, íàïðèìåð, ïðîãðàììíûé
ïàêåò Deductor êîìïàíèè BaseGroup, ïîçâîëÿþò ðåàëèçîâàòü âñå
ýòàïû ñîçäàíèÿ àíàëèòè÷åñêîé ñèñòåìû: îò ñîçäàíèÿ õðàíèëèùà
äàííûõ äî àâòîìàòè÷åñêîãî ïîäáîðà ìîäåëåé è ðåàëèçàöèè ïîëó-
÷åííûõ ðåçóëüòàòîâ. Òàêèì îáðàçîì, èñïîëüçîâàíèå íîâûõ òåõíî-
ëîãèé èçâëå÷åíèÿ çíàíèé ïîâûøàåò ýôôåêòèâíîñòü ìàðêåòèíãîâûõ
èññëåäîâàíèé.
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Ïðè ìîäåëèðîâàíèè ïðîöåññà çàìîðàæèâàíèÿ æèâîé áèîëîãè÷å-
ñêîé òêàíè êðèîèíñòðóìåíòîì öèëèíäðè÷åñêîé ôîðìû âîçíèêàåò
ñëåäóþùàÿ äâóìåðíàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à òèïà Ñòåôàíà:

1

r

∂

∂r

(
rλ (u)

∂u

∂r

)
+

1

r2
∂

∂φ

(
λ (u)

∂u

∂φ

)
− c (u) ρ (u)

∂u

∂t
= −w (u)+

+P
∂u

∂t
δ (u− u1) + P0

∂u

∂t
δ (u− u2) , 0 < φ < π, r0 < r < R, t > 0, (1)

u (r, φ, 0) = ū = const, r0 6 r 6 R, 0 6 φ 6 π,

λ (u)
∂u

∂r
− αu = −αuA, r = r0, 0 6 φ 6 π, t > 0,

u (r, φ, t) = ū, r = R, 0 6 φ 6 π, t > 0,

λ (u)
1

r

∂u

∂φ
− γu = −γuc, r0 6 r 6 R, φ = 0, t > 0,

−λ (u) 1
r

∂u

∂φ
− γu = −γuc, r0 6 r 6 R, φ = π, t > 0,

u (r, φ1 (r, t) , t) = u1,
u (r, φ2 (r, t) , t) = u2,

}
Çäåñü r � ïîëÿðíûé ðàäèóñ, φ � ïîëÿðíûé óãîë, r0 � ðàäèóñ êðèî-
èíñòðóìåíòà, uA = uA(t) � òåìïåðàòóðà åãî îõëàæäàþùåé ïîâåðõíî-
ñòè; λ(u), c(u), ρ(u) � êîýôôèöèåíòû òåïëîïðîâîäíîñòè, òåïëîåìêîñòè
è ïëîòíîñòè áèîòêàíè ñîîòâåòñòâåííî; uc � òåìïåðàòóðà îêðóæàþ-
ùåé ñðåäû; α � êîýôôèöèåíò òåïëîîáìåíà êðèîèíñòðóìåíòà ñ áèî-
òêàíüþ; γ � òåïëîîáìåíà ñ îêðóæàþùåé ñðåäîé; ū � òåìïåðàòóðà
áèîòêàíè, äî êîòîðîé åùå íå äîøåë õîëîä; u1 � òåìïåðàòóðà çà-
ìîðàæèâàíèÿ áèîòêàíè, u2 � òåìïåðàòóðà êðèîïîðàæåíèÿ; w(u) �
èñòî÷íèêè òåïëà, δ(x) � äåëüòà-ôóíêöèÿ Äèðàêà.

Îáëàñòü, â êîòîðîé èùåòñÿ ðàñïðåäåëåíèå òåìïåðàòóðû, êàê ñëå-
äóåò èç ïîñòàíîâêè çàäà÷è, èìååò ôîðìó ïîëóêîëüöà (îñü 0Z ñ÷èòà-
åì ïàðàëëåëüíîé îñè èíñòðóìåíòà). Îïðåäåëåíèþ ïîäëåæàò ôóíê-
öèè u (r, φ, t) , φ1 (r, t) , φ2 (r, t) . Çäåñü R � íåêîòîðàÿ êîíñòàíòà, õàðàê-
òåðèçóþùàÿñÿ òåì, ÷òî ïðè r > R òåìïåðàòóðà áèîòêàíè ïîñòîÿííà
è ðàâíà ū.

Ïðåäïîëàãàåòñÿ, ÷òî êîýôôèöèåíòû c(u), ρ(u), λ(u) ìîãóò èìåòü
ðàçðûâû ïåðâîãî ðîäà òèïà ñêà÷êà ïðè u = u1 è u = u2, à òàêæå, ÷òî

c(u) > cmin > 0, ρ(u) > ρmin > 0, λ(u) > λmin > 0.

Ìåòîä ðåøåíèÿ. Ïîñëå ââîäà ôóíêöèè òåïëîñîäåðæàíèÿ H(u) =

=
u∫
0

c(ξ)ρ(ξ)dξ+Pη(u−u1)+P0η(u−u2), (η(x)- ôóíêöèÿ Õåâèñàéäà), èìå-

þùåé ïðè u = u1 è u = u2 ñêà÷êè ñîîòâåòñòâåííî P è P0, óðàâíåíèå
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(1) ïåðåïèøåòñÿ â âèäå

1

r

∂

∂r

(
rλ(u)

∂u

∂r

)
+

1

r2
∂

∂φ

(
λ (u)

∂u

∂φ

)
− ∂H

∂t
= −w (u) . (2)

Äàëååïðîâîäèòñÿ ñãëàæèâàíèåðàçðûâíûõôóíêöèéH(u),λ(u)ïî u [1].
Ñëåäóåò îòìåòèòü, ÷òî óñëîâèÿ íà èçîòåðìè÷åñêèõ ïîâåðõíîñòÿõ

óæå ñîäåðæàòñÿ â óðàâíåíèè (2). Ïðåäïîëàãàåòñÿ, ÷òî ðåøåíèå ñó-
ùåñòâóåò è ÿâëÿåòñÿ äîñòàòî÷íî ãëàäêèì. Äëÿ �ñãëàæåííîé� çàäà÷è
ïðèìåíÿåòñÿ ëîêàëüíî-îäíîìåðíûé ìåòîä.

Äëÿ ýòîãî ââåäåì â ðàññìàòðèâàåìîé íàìè îáëàñòè ïðîñòðàíñò-
âåííî-âðåìåííóþ ñåòêó. Äëÿ ïðîñòîòû áóäåì ðàññìàòðèâàòü ðàâíî-
ìåðíûå ñåòêè ïî êàæäîìó èç íàïðàâëåíèé. Îáîçíà÷èì:

W r = {ri = ihr, i = 0, 1, ...,N − 1, N} , rN = R, r0 = r0;

Wφ = {φj = jhφ, j = 0, 1, ...,M − 1,M} , φ0 = 0, φM = π;

W t = {tn = nτ, n = 0, 1, ...,} , t0 = 0.

Òîãäà íà ìíîæåñòâå W = W r ·Wφ ·W t âìåñòî ôóíêöèè íåïðåðûâ-
íûõ àðãóìåíòîâ u (r, φ, t) áóäåì ðàññìàòðèâàòü ôóíêöèþ äèñêðåò-
íûõ àðãóìåíòîâ νnij , çíà÷åíèÿ êîòîðîé âû÷èñëÿþòñÿ â óçëàõ ñåòêè
W. Îáîçíà÷èì W rφ = W r ·Wφ. Äëÿ ñåòî÷íîé ôóíêöèè νnij ïîëó÷àåì
ñëåäóþùóþ ëîêàëüíî-îäíîìåðíóþ ñõåìó:

1

2
B
(
ν
n+1/2
ij

)
·
ν
n+1/2
ij − νnij

τ
= Λ1ν

n+1/2
ij +

1

2
w
(
ν
n+1/2
ij

)
, (ri, φj) ∈Wrφ,

ν
n+1/2
Nj = ū, 0 < j < M,

ν
n+1/2
0j =

λ
(
ν
n+1/2
0j

)
αhr + λ

(
ν
n+1/2
0j

)νn+1/2
ij +

hrαuA

αhr + λ
(
ν
n+1/2
0j

) , 0 < j < M,

Λ1ν
n+1/2
ij =

1

ri

1

hr

(
ri+1/2λ

(
ν
n+1/2
i+1/2,j

) νn+1/2
i+1,j − ν

n+1/2
ij

hr
−

−ri−1/2λ
(
ν
n+1/2
i−1/2,j

) νn+1/2
i,j − ν

n+1/2
i−1,j

hr

)
,

1

2
B
(
νn+1
ij

) νn+1
ij − ν

n+1/2
ij

τ
= Λ2ν

n+1
ij +

1

2
w
(
νn+1
ij

)
, (ri, φj) ∈Wrφ,

νn+1
i0 =

λ
(
νn+1
i0

)
riγhφ + λ

(
νn+1
i0

) · νn+1
i1 +

hφγucri

riγhφ + λ
(
νn+1
i0

) , 0 < i < N,
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νn+1
im = −

λ
(
νn+1
iM

)
λ
(
νn+1
iM

)
− riγhφ

νn+1
i,M−1 +

hφγucri

λ
(
νn+1
iM

)
− riγhφ

, 0 < i < N,

Λ2ν
n+1
ij =

1

r2i
· 1

hφ
·

(
λ
(
νn+1
i,j+1/2

)
·
νn+1
i,j+1 − νn+1

i,j

hφ
− λ

(
νn+1
i,j−1/2

)
·
νn+1
i,j − νn+1

i,j−1

hφ

)
,

ν0i,j = ū, t = 0, 0 6 i 6 N, 0 6 j 6M.

Çäåñü

νi+1/2,j = 0, 5 (νi,j + νi+1,j) , νi,j+1/2 = 0, 5 (νi,j + νi,j+1) ,

ri+1/2 = 0, 5 (ri + ri+1) , ri − 1/2 = 0, 5 (ri − ri−1) , B(u) = H ′(u) > 0.

Äëÿ íàõîæäåíèÿ çíà÷åíèé ñåòî÷íîé ôóíêöèè ν íà (n+ 1)-ì âðå-
ìåííîì ñëîå ïî èçâåñòíîìó çíà÷åíèþ íà n-ì âðåìåííîì ñëîå íåîá-
õîäèìî ïîñëåäîâàòåëüíî ðåøàòü äâå ñåðèè îäíîìåðíûõ çàäà÷, ñîîò-
âåòñòâåííî ïî êîîðäèíàòàì r è φ. Êàæäàÿ òàêàÿ çàäà÷à ïðåäñòàâëÿ-
åò ñîáîé íåëèíåéíóþ àëãåáðàè÷åñêóþ ñèñòåìó ñ òðåõäèàãîíàëüíîé
ìàòðèöåé, è äëÿ åå ðåøåíèÿ ìîæíî èñïîëüçîâàòü ìåòîä ïðîãîí-
êè ñîâìåñòíî ñ êàêèì-ëèáî èòåðàöèîííûì ìåòîäîì. Ïðè ýòîì ïðè
îïðåäåëåíèè νn+1 êîýôôèöèåíòû c, ρ, λ ìîæíî áðàòü íà ïðåäûäóùåé
èòåðàöèè [2]. Îáíàðóæåííàÿ â ïðîöåññå ñ÷åòà ñâÿçü ìåæäó øàãàìè
ãîâîðèò îá óñëîâíîé óñòîé÷èâîñòè ñõåìû.

Â ðåàëüíûõ ñèòóàöèÿõ êîýôôèöèåíò òåïëîîáìåíà α ÿâëÿåòñÿ
ôóíêöèåé óãëà φ, ìîíîòîííî âîçðàñòàþùåé â èíòåðâàëå 0 < φ < π/2
è ìîíîòîííî óáûâàþùåé â èíòåðâàëå π/2 < φ < π. Ïðè÷åì äëÿ ôóíê-
öèè α(φ) âûïîëíÿþòñÿ óñëîâèÿ:

α(φ) = α(π − φ), 0 < φ < π/2, α(0) = α(π) = α0.

Â ýòîì ñëó÷àå ñîîòâåòñòâóþùåå êðàåâîå óñëîâèå ïðèìåò âèä

λ (u)
∂u

∂r
− α(φ)u = −α(φ)uA, r = r0, 0 6 φ 6 π, t > 0,

ãäå ôóíêöèîíàëüíàÿ çàâèñèìîñòü α(φ) äîëæíà îïðåäåëÿòüñÿ ýêñ-
ïåðèìåíòàëüíî.

Ðåçóëüòàòû ñ÷åòà äëÿ α = const ïðèâåäåíû â [3]. Ïðè α = α(φ) ðàç-
ìåðû èíòåðåñóþùèõ íàñ çîí çàìîðàæèâàíèÿ è êðèîïîðàæåíèÿ çà-
âèñÿò îò âûáðàííîé çàâèñèìîñòè α(φ), íî âñåãäà ïîëó÷àþòñÿ íåñêîëü-
êî ìåíüøå, ÷åì â ñëó÷àå α = const.
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Ôåäåðàëüíîå ãîñóäàðñòâåííîå áþäæåòíîå íàó÷íîå ó÷ðåæäåíèå
"Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè" (Ðîññèÿ, Íàëü÷èê)
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Îñíîâíàÿ çàäà÷à ñèíòåçà ñåòè ñîñòîèò â ñëåäóþùåì [1]:

z = α
∑
i,j∈D

cij(vij, uij)lij + βP (Q1, U1) + γQ1U1 → min, (1)

∑
i∈Γ+

j

vij −
∑
k∈Γ−

j

vjk = gj, ∀j ̸= 1 ∈ B,
∑
j∈Γ−

i

v1j =
∑
i∈B

gi = Q1, (2)

Uj = uijlij + Ui ∀i, j ∈ D, (3)

Uj ≥ UH
j , ∀j ∈ B, (4)

vij ≥ 0 ∀i, j ∈ D, (5)

ãäå Γ(B,D) � çàäàííûé êîíå÷íûé, ñâÿçíûé, âîîáùå ãîâîðÿ, äâóçâåí-
íûé îðãðàô, ìîäåëèðóþùèé âîçìîæíûå ñîåäèíåíèÿ óçëîâ (âåðøèí)
ñåòè äðóã ñ äðóãîì; B è D � ìíîæåñòâà åãî âåðøèí è äóã; vij, uij,
cij, lij � ñîîòâåòñòâåííî èñêîìûå çíà÷åíèÿ êèíåòè÷åñêîé (íàïðèìåð,
òîê) è ïîòåíöèàëüíîé (íàïðèìåð, íàïðÿæåíèå) ïåðåìåííûõ ïî
ij-îé äóãå (âåòâè) ñåòè, åå óäåëüíàÿ (íà åäèíèöó äëèíû) ñòîèìîñòü
è çàäàííàÿ äëèíà; Q1, U1, P (Q1, U1) � çàäàííûé ïîòîê â ñåòü, èñ-
êîìûå ïîòåíöèàë èñòî÷íèêà è åãî ñòîèìîñòü; α, β, γ � çàäàííûå
ïîñòîÿííûå êîýôôèöèåíòû; gj, U

H
j , Uj � çàäàííûé ðàñõîä ïîòîêà,

íîðìàòèâíûé (çàäàííûé) ïîòåíöèàë è ïîòåíöèàë â j-îì óçëå (âåð-
øèíå) ñåòè ñîîòâåòñòâåííî.

Ïåðâûé ÷ëåí öåëåâîé ôóíêöèè (1) îòðàæàåò ñòîèìîñòü âåòâåé
ñåòè, âòîðîé � ñòîèìîñòü èñòî÷íèêà ñåòè, òðåòèé � ýíåðãåòè÷åñêèå
çàòðàòû íà òðàíñïîðò âåùåñòâà è (èëè) ýíåðãèè îò èñòî÷íèêà ê
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ïîòðåáèòåëÿì (óçëàì, âåðøèíàì). Îãðàíè÷åíèÿ (2), (3) ó÷èòûâàþò
çàêîíû òåîðèè ñåòåé, (2) è (4) � òðåáîâàíèÿ ïî îáåñïå÷åíèþ ïîòðå-
áèòåëåé ñåòè ïîòîêàìè è íîðìàòèâíûìè çíà÷åíèÿìè ïîòåíöèàëîâ.

Äëÿ îñíîâíîé çàäà÷è ñèíòåçà ñåòè (1) � (5) èìååò ìåñòî ñëåäóþ-
ùèé

Ïðèíöèï îïòèìàëüíîñòè. à) Íàéäåòñÿ îñòîâ T ãðàôà Γ(B,D)
è ñîîòâåòñòâóþùåå åìó áàçèñíîå ðåøåíèå çàäà÷è (ïî ïîòîêîâûì ïå-
ðåìåííûì) {v∗ij, u∗ij}i,j∈D, ÷òî

α
∑

i,j∈D

cij(v
∗
ij , u

∗
ij)lij+βP (Q1, U

∗
1 )+γQ1U

∗
1 ≤ α

∑
i,j∈D

cij(vij , uij)lij+βP (Q1, U1)+γQ1U1,

ãäå v∗ij = 0, åñëè i, j ̸∈ T, {vij, uij}i,j∈D, U1 � ëþáîå äîïóñòèìîå
ðåøåíèå çàäà÷è.

á) Ïóñòü T ′ � ëþáàÿ ñâÿçíàÿ ÷àñòü ãðàôà T, {vij, uij}i,j∈D,
U1 = U∗

1 � ëþáîå òàêîå äîïóñòèìîå ðåøåíèå, ÷òî vij = v∗ij,
uij = u∗ij, ∀i, j ∈ Γ(T ′), ãäå Γ(T ′) � ãðàô, ïîðîæäåííûé íà ãðàôå
Γ(B,D) ãðàôîì T ′. Òîãäà∑

i,j∈D

cij(v
∗
ij , u

∗
ij)lij ≤

∑
i,j∈D

cij(vij , uij).

Óñëîâèå à) ñâîäèò ïðîöåññ îïòèìèçàöèè ñåòè ê ïåðåáîðó ðåøå-
íèé, ñîîòâåòñòâóþùèõ îñòîâíûì äåðåâüÿì ãðàôà Γ(B,D). Îäíàêî
äàæå íàïðàâëåííûé ïåðåáîð òàêèõ ðåøåíèé íåîñóùåñòâèì â ñèëó
èõ áîëüøîãî êîëè÷åñòâà, ðàñòóùåãî ôàêòîðèàëüíî îò ÷èñëà âåð-
øèí è äóã ãðàôà Γ(B,D), ñâîäÿùèå ïðîöåññ îïòèìèçàöèè ñåòè ê
îïòèìèçàöèè åå ìàëûõ ÷àñòåé. Äî òåõ ïîð, ïîêà ðàññìàòðèâàþòñÿ
÷àñòè ãðàôà Γ(B,D) è íà íèõ ïðîâåðÿåòñÿ ïðèíöèï îïòèìàëüíîñòè,
åãî óñëîâèÿ � íåîáõîäèìû. Ïî ìåðå ðàçðàñòàíèÿ ðàññìàòðèâàåìûõ
÷àñòåé åãî óñëîâèÿ âñå áîëåå ïðèáëèæàþòñÿ ê äîñòàòî÷íûì.

Íà êàæäîé ñâÿçíîé ÷àñòè ãðàôà Γ(B,D) îïðåäåëåííîé ðàçìåð-
íîñòè ðåøàþòñÿ çàäà÷è ñ ôèêñèðîâàííûìè ïîòîêàìè âèäà

zu = α
∑
i∈T 0

ci(ui)li + βP (Q1, U1) + γQ1U1 → min, (6)

U1 ≥ UH
i +

∑
j∈T 0

i

ujlj, ∀i ∈ T 0, (7)

uj ∈ [uj−, uj+], ∀j ∈ T 0, (8)

ãäå T 0 � íåêîòîðûé îñòîâíûé ïîäãðàô ãðàôà Γ(B,D).
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Â ñèëó òîãî ÷òî ci(ui) åñòü ñòðîãî âûïóêëàÿ, ïîëîæèòåëüíàÿ,
ìîíîòîííî óáûâàþùàÿ ôóíêöèÿ, P (Q1, U1) � ñòðîãî âûïóêëàÿ, ïî-
ëîæèòåëüíàÿ, âîçðàñòàþùàÿ ïî U1 ôóíêöèÿ, Q1 � çàäàííûé ïîòîê
â ñåòü, òî èìååì çàäà÷ó ìèíèìèçàöèè ñòðîãî âûïóêëîé ôóíêöèè
ïðè ëèíåéíûõ îãðàíè÷åíèÿõ.

Äàííàÿ çàäà÷à ïðè êîíñòðóèðîâàíèè ñåòè èç çàäàííûõ ýëåìåí-
òîâ (íàïðèìåð, íàáîðà òðóá) ñâîäèòñÿ ê çàäà÷å ëèíåéíîãî ïðîãðàì-
ìèðîâàíèÿ ñ ÷èñëîì ïåðåìåííûõ n×m, ãäå n � ÷èñëî âåòâåé ñåòè,
m � ÷èñëî òèïîâ òðóá â íàáîðå.

Ðàçìåðíîñòü çàäà÷è ñíèæàåòñÿ ñâåäåíèåì åå ê çàäà÷å ìèíèìè-
çàöèè àääèòèâíîé, âûïóêëîé, êóñî÷íî-ëèíåéíîé ôóíêöèè ñ ëèíåé-
íûìè îãðàíè÷åíèÿìè, ðàçìåðíîñòü êîòîðîé ðàâíà n. Çàäà÷à äàëåå
ðåøàåòñÿ ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ. Äîñòèãàåìîå
ïðè ýòîì ñíèæåíèå âðåìåíè ðåøåíèÿ çàäà÷è ÿâëÿåòñÿ ñóùåñòâåí-
íûì ôàêòîðîì, ò.ê. â ïðîöåññå ðåøåíèÿ çàäà÷è ñèíòåçà (1)�(5) ïðè-
õîäèòñÿ ðåøàòü ìíîæåñòâî çàäà÷ âèäà (6)�(8).
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Â íàñòîÿùåå âðåìÿ ãëàâíûì ìåòîäîì ïîçíàíèÿ áóäóùåãî ÿâëÿ-
åòñÿ ïðîãíîç. Áîëüøîå ÷èñëî ïðèêëàäíûõ çàäà÷ òðåáóåò ïîñòðîåíèÿ
ìîäåëè, ñ ïîìîùüþ êîòîðîé ìîæíî ïðåäñêàçàòü ïîâåäåíèå îáúåêòà
èëè ñèñòåìû. Ïðè÷åì ñóùåñòâåííîå âëèÿíèå íà âûáîð ñïîñîáà ïî-
ñòðîåíèÿ ýòîé ïðîãíîçíîé ìîäåëè îêàçûâàþò îñîáåííîñòè âõîäíîé
èíôîðìàöèè î çàäà÷å. Êðîìå ýòîãî ðàçðàáîòàíî ìíîæåñòâî ìåòî-
äîâ ïðîãíîçèðîâàíèÿ, ïîýòîìó âûáîð íàèáîëåå ýôôåêòèâíîãî ìåòî-
äà ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé. Èññëåäóåì ñâÿçü ìåæäó õàðàêòå-
ðèñòèêàìè èñõîäíîé èíôîðìàöèè è ïðèìåíÿåìûìè ìåòîäàìè ïðî-
ãíîçèðîâàíèÿ. Â õîäå àíàëèçà èñòî÷íèêîâ ëèòåðàòóðû óñòàíîâëåíî,
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÷òî ñóùåñòâóåò ìíîæåñòâî êëàññèôèêàöèé ìåòîäîâ ïðîãíîçèðîâà-
íèÿ. Âûáåðåì îäíó èç íèõ, êàê íàèáîëåå ïîëíóþ [1]. Äàííûå ìåòî-
äû èìåþò ðàçíûå îñîáåííîñòè ïðèìåíåíèÿ, êîòîðûå çàêëþ÷àþòñÿ
â ñëåäóþùåì:

1. Êîëè÷åñòâî èñõîäíûõ äàííûõ;
2. Äëèòåëüíîñòü ïðîãíîçà;
3. Íàëè÷èå øóìîâ è ïðîïóñêîâ â äàííûõ;
4. Ïðèñóòñòâèå èëè îòñóòñòâèå íåôîðìàëèçîâàííîé èíôîðìàöèè.

Òàáëèöà 1

Âçàèìîñâÿçü ìåòîäîâ ïðîãíîçèðîâàíèÿ, õàðàêòåðèñòèê

èñõîäíûõ äàííûõ è âèäà îáúåêòà
Ìåòîäû ïðîãíîçèðî-
âàíèÿ

Õàðàêòåðèñòèêè èíôîðìà-
öèè

Âèä îáúåêòà

Ýêñïåðòíûå ìåòîäû Ëþáûå Ëþáîé
Ðåãðåññèîííûå Ñðåäíåñðî÷íûé ïðîãíîç,

áåç øóìîâ è ïðîïóñêîâ,
áîëüøîé ðàçìåð âûáîðêè
è îòñóòñòâèå íåôîðìàëèçî-
âàííûõ äàííûõ

Äåòåðìèíèðîâàííûé,
ïåðèîäè÷åñêèé, ìíî-
ãîôàêòîðíûé

Îáîáùåííûå ëèíåé-
íûå ìîäåëè

Ñðåäíåñðî÷íûé è êðàòêî-
ñðî÷íûé ïðîãíîç, áåç øó-
ìîâ è ïðîïóñêîâ, áîëüøîé
ðàçìåð âûáîðêè è îòñóò-
ñòâèå íåôîðìàëèçîâàííûõ
äàííûõ

Äåòåðìèíèðîâàííûé
èëè ñòîõàñòè÷åñêèé,
ïåðèîäè÷åñêèé, ìíî-
ãîôàêòîðíûé

ÌÃÓÀ Âñå òèïû ïðîãíîçà, áåç øó-
ìîâ, âîçìîæíû ïðîïóñêè è
ìàëûé ðàçìåð âûáîðêè, îò-
ñóòñòâèå íåôîðìàëèçîâàí-
íûõ äàííûõ

Ëþáîé

Íåéðîííûå ñåòè Ëþáûå, íî òðåáóþò áîëü-
øîãî êîëè÷åñòâà èñõîäíûõ
äàííûõ

Ëþáîé

Àâòîðåãðåññèîííûå Êðàòêîñðî÷íûé ïðîãíîç,
áåç øóìîâ è ïðîïóñêîâ,
áîëüøîé ðàçìåð âûáîðêè
è îòñóòñòâèå íåôîðìàëèçî-
âàííûõ äàííûõ

Äåòåðìèíèðîâàííûé
èëè ñòîõàñòè÷åñêèé,
ïåðèîäè÷åñêèé, ìíî-
ãîôàêòîðíûé

Ïåðå÷èñëåííûå õàðàêòåðèñòèêè ïðåäñòàâëÿþò ñîáîé îñîáåííî-
ñòè èñõîäíîé èíôîðìàöèè, êîòîðóþ òðåáóåòñÿ ó÷èòûâàòü â ïðîöåñ-
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ñå âûáîðà ìåòîäà ïðîãíîçèðîâàíèÿ. Êðîìå íèõ îêàçûâàåò âëèÿíèå
âèä îáúåêòà, êîòîðûé áûâàåò äåòåðìèíèðîâàííûì, ñòîõàñòè÷åñêèì,
ïåðèîäè÷åñêèì è àïåðèîäè÷åñêèì, îäíîôàêòîðíûì èëè ìíîãîôàê-
òîðíûì. Àíàëèç äàííûõ õàðàêòåðèñòèê ïîçâîëÿåò îïðåäåëèòü çàâè-
ñèìîñòü ìåæäó ìåòîäîì ïðîãíîçèðîâàíèÿ, îñîáåííîñòÿìè èñõîäíûõ
äàííûõ è âèäîì îáúåêòà. Ñâÿçü ïðåäñòàâëåíà â òàáëèöå 1.

Òàê ìîæíî âûäåëèòü ðÿä ìåòîäîâ, êîòîðûå ÿâëÿþòñÿ óíèâåð-
ñàëüíûìè: ýêñïåðòíûå, íåéðîííûå ñåòè, ÌÃÓÀ. Äàííûå ìåòîäû
ïðèìåíèìû äëÿ áîëüøîãî ÷èñëà çàäà÷ ñ ðàçëè÷íûìè òðåáîâàíè-
ÿìè. Íåéðîííûå ñåòè è ÌÃÓÀ òàêæå ÿâëÿþòñÿ äîñòàòî÷íî óíèâåð-
ñàëüíûìè, îäíàêî ó íèõ èìååòñÿ è îïðåäåëåííûå íåäîñòàòêè. Íåé-
ðîííûå ñåòè äîñòàòî÷íî òðóäíî íàñòðîèòü, íåïðîçðà÷íîå ïîëó÷åíèå
ðåçóëüòàòîâ, òðåáîâàíèå äîñòàòî÷íîãî êîëè÷åñòâà äàííûõ. ÌÃÓÀ
èìååò ñìûñë ïðèìåíÿòü, åñëè ìû íå èìååì ñâåäåíèé î ôîðìå ìîäå-
ëè, èíà÷å ïðèìåíèìû äðóãèå ìåòîäû. Ýêñïåðòíûå ìåòîäû ïðèìåíè-
ìû òîëüêî, åñëè èìåþòñÿ ýêñïåðòû èëè áàçà çíàíèé, ÷òî íå âñåãäà
âîçìîæíî. Îñòàëüíûå ìåòîäû èìååò ñìûñë ïðèìåíÿòü, åñëè èñõîä-
íûå äàííûå è òðåáîâàíèÿ ê ðåçóëüòàòàì óäîâëåòâîðÿþò îïðåäåëåí-
íûì ïàðàìåòðàì. Íî ïðèìåíåíèå ýòèõ ìåòîäîâ ìîæåò äàòü ðåçóëü-
òàò íå õóæå, ÷åì ïðè èñïîëüçîâàíèè óíèâåðñàëüíûõ. Ïðîâåäåííûé
àíàëèç ïîçâîëèò íàéòè íàèáîëåå ýôôåêòèâíûé â êîíêðåòíûõ óñëî-
âèÿõ ìåòîä ïðîãíîçèðîâàíèÿ äëÿ ïîëó÷åíèÿ ïðîãíîçà îïòèìàëüíîé
òî÷íîñòè.
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Îäíèì èç íîâûõ ìàòåðèàëîâ ïðèìåíÿåìûõ â ñîâðåìåííîé ìèêðî-
è íàíîýëåêòðîíèêå � ÿâëÿåòñÿ êàðáèä êðåìíèÿ. Äàííîå âåùåñòâî
íàèáîëåå ïåðñïåêòèâíî â íîâûõ èññëåäîâàíèÿõ â îáëàñòè àòîìíî-
ìîëåêóëÿðíûõ ïðîöåññîâ. Ïîýòîìó ïðåäñòàâëÿåòñÿ àêòóàëüíûì ðàñ-
÷åò çîííîé ñòðóêòóðû äàííîãî âåùåñòâà.

Ïðè ïðîâåäåíèè ðàñ÷åòîâ áûëî ïðèíÿòî, ÷òî ïîñòîÿííàÿ ðåøåò-
êè ðàâíà 1,88 �A, ñòðóêòóðà � öèíêîâîé îáìàíêè (α - SiC). Øèðèíà
çàïðåùåííîé ýíåðãåòè÷åñêîé çîíû âçÿòà èç ýêñïåðèìåíòà è ðàâíà �
3,33 ýÂ. Ìåòîä ðàñ÷åòà çîííîé ñòðóêòóðû êàðáèäà êðåìíèÿ � ìåòîä
ïðèñîåäèíåííûõ ïëîñêèõ âîëí (ìåòîä ÏÏÂ).

Ñóùåñòâåííûì ìîìåíòîì ìåòîäà ïðèñîåäèíåííûõ ïëîñêèõ âîëí
ÿâëÿåòñÿ ðàçáèåíèå êðèñòàëëà íà îáëàñòè äâóõ ðàçíûõ òèïîâ. Ïðåä-
ïîëàãàåòñÿ, ÷òî â êàæäîé èç ýòèõ äâóõ îáëàñòåé âîëíîâàÿ ôóíêöèÿ
è ïîòåíöèàë èìåþò ñâîþ õàðàêòåðíóþ ôóíêöèîíàëüíóþ ôîðìó. Òî
åñòü ìû ïðåäïîëàãàåì, ÷òî ôóíêöèþ ïîòåíöèàëüíîé ýíåðãèè v (r)
ìîæíî àïïðîêñèìèðîâàòü ïîòåíöèàëîì �ÿ÷åå÷íîãî� òèïà. �ß÷åå÷-
íûé� ïîòåíöèàë èìååò ñëåäóþùóþ ñòðóêòóðó. Îêðóæèâ êàæäûé
óçåë ðåøåòêè ñôåðîé ðàäèóñîì Rn, ìû ñ÷èòàåì ïîòåíöèàë v (r) ñôå-

ðè÷åñêè ñèììåòðè÷íîé ôóíêöèåé V
(∣∣∣→r − →

rn

∣∣∣) âíóòðè ýòîé ñôåðû.
Â ïðîñòðàíñòâå æå ìåæäó ñôåðàìè ïîòåíöèàë ïðèíèìàåòñÿ ðàâíûì
ïîñòîÿííîé Vc (îíà åäèíñòâåííàÿ äëÿ âñåãî êðèñòàëëà).

Îòäåëüíûå ïðèñîåäèíåííûå ïëîñêèå âîëíû φ (r; k,E) êà÷åñòâåí-
íî ðàçëè÷íû âî âíåøíåé è âíóòðåííåé îáëàñòÿõ. Âíå ÏÏÂ-ñôåð,
ò.å. òàì, ãäå ïîòåíöèàë ðàâåí íóëþ, ïðèñîåäèíåííàÿ ïëîñêàÿ âîëíà
φ (r; k,E) ïðåäñòàâëÿåòñÿ åäèíñòâåííîé ïëîñêîé âîëíîé ñ âîëíîâûì
âåêòîðîì ki:

φ (r; k,E) = exp(i
→
ki ·

→
r ). (1)

Âíóòðè æå îòäåëüíîé ñôåðû, ãäå ïîòåíöèàë, ïî ïðåäïîëîæåíèþ
ñôåðè÷åñêè ñèììåòðè÷åí, âîëíó φ (r; k,E) åñòåñòâåííî ðàçëîæèòü

ïî ñôåðè÷åñêèì ãàðìîíèêàì. Âíóòðè ñôåðû ñ öåíòðîì â òî÷êå
→
rn

ýòî ðàçëîæåíèå èìååò âèä

φ (r; k,E) =

∞∑
l=0

l∑
m=−l

Alm (kl)ul (|r − rn| ;E) · P |m|
l (cos θ) exp (imϕ) . (2)

Êîýôôèöèåíòû Alm (k) âûáèðàþò òàê, ÷òîáû ôóíêöèè (1) è (2)
áûëè íåïðåðûâíûìè íà ñôåðå ðàäèóñîì Rn.
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Ôóíêöèè ul (|r − rn| ;E), ôèãóðèðóþùèå â (2), ÿâëÿþòñÿ ðåøå-
íèÿìè ðàäèàëüíîãî óðàâíåíèÿ Øðåäèíãåðà

1

r2
d

dr

(
r2
dul
dr

)
+

(
l (l + 1)

r2
+ Vn

)
ul = Eul. (3)

Ðåçóëüòàòû ðàñ÷åòà çîííîé ñòðóêòóðû ïðèâåäåíà íà ðèñóíêå 1.

Ðèñ. 1. Çîííàÿ ñòðóêòóðà SiC ïî îñè îòëîæåí

ïðèâåäåííûé âîëíîâîé âåêòîð. Ïî îñè îðäèíàò ýíåðãèÿ â ýÂ.

Ïðîãðàììà äëÿ ðàñ÷åòà çîííîé ñòðóêòóðû áûëà íàïèñàíà íà
ÿçûêå CUDA Fortran, íåêîòîðûå ó÷àñòêè êîäà óñêîðåíû ñ ïîìîùüþ
Open ACC Fortran.

ÓÄÊ 519

ÈÑÑËÅÄÎÂÀÍÈÅ ÂËÈßÍÈß ÄËÈÍÛ ÓËÈÖÛ Ñ
ÄÎÌÀÌÈ ÐÀÇÍÎÉ ÂÛÑÎÒÛ ÍÀ ÊÀÐÒÈÍÓ

ÒÅ×ÅÍÈß ÂÎÇÄÓÕÀ Â ÍÅÉ
c⃝ Âîëèê Ì.Â.

Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò - ôèëèàë Ôåäåðàëüíîãî ãîñóäàðñòâåííîãî
áþäæåòíîãî ó÷ðåæäåíèÿ íàóêè Ôåäåðàëüíûé íàó÷íûé öåíòð
"Âëàäèêàâêàçñêèé íàó÷íûé öåíòð Ðîññèéñêîé àêàäåìèè íàóê";

Ôèíàíñîâûé óíèâåðñèòåò ïðè Ïðàâèòåëüñòâå ÐÔ (Ðîññèÿ, Âëàäèêàâêàç)
e-mail: volikmv@mail.ru

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå àýðîäèíàìèêè óëèöû ñ äîìàìè
ðàçíîé âûñîòû ïî åå ñòîðîíàì ïðîâîäèëîñü â äâóìåðíîì ïðèáëè-
æåíèè ñ ïîìîùüþ ñâîáîäíî ðàñïðîñòðàíÿåìîãî ïàêåòà OpenFoam è

83



óäàëåííîãî äîñòóïà ê êîíñîëè íà óïðàâëÿþùåì óçëå âû÷èñëèòåëü-
íîãî êëàñòåðà JSCC RAS Cluster Console, https://unihub.ru/resour-
ces /js3console Web-ëàáîðàòîðèè Unihub (www.unihub.ru) ïî ïðî-
ãðàììå "Óíèâåðñèòåòñêèé êëàñòåð"(www.unicluster.ru). Âûñîòà äî-
ìîâ íà ïîäâåòðåííîé ñòîðîíå è øèðèíà óëèöû ïðèíèìàëàñü ðàâíîé
20ì, âûñîòà äîìîâ íà íàâåòðåííîé ñòîðîíå - 10ì. Ðàññìîòðåíû òðè
âàðèàíòà äëèíû óëèöû - 20ì, 60ì, 120ì. Èññëåäîâàëàñü ðàâíîìåð-
íàÿ ñåòêà ñ øàãîì 1ì. Âû÷èñëèòåëüíûé ýêñïåðèìåíò ïðîâîäèëñÿ
äëÿ èíòåðâàëà âðåìåíè îò 0 äî 100ñ. (ñ øàãîì 0.001ñ.) ñ èñïîëü-
çîâàíèåì ñòàíäàðòíîãî ðåøàòåëÿ pimpleFoam, k − ε ìîäåëè òóðáó-
ëåíòíîñòè è ïðèñòåíî÷íûõ ôóíêöèé â ñîîòâåòñòâóþùèõ ãðàíè÷íûõ
óñëîâèÿõ [1].

Ðåçóëüòàòû ðàñ÷åòîâ ïîêàçàëè, ÷òî â ñëó÷àå, êîãäà äëèíà óëè-
öû ñîñòàâëÿåò 20ì, ïî âñåé äëèíå óëèöû îáðàçóåòñÿ äâóõâèõðåâàÿ
ñòðóêòóðà, â êîòîðîé âèõðè ðàñïîëàãàþòñÿ äðóã íàä äðóãîì. Â íèæ-
íåì âèõðå âîçäóõ ïåðåìåùàåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè, à â âåðõ-
íåì - ïî ÷àñîâîé ñòðåëêå. Âåðõíèé âèõðü ðàñïîëàãàåòñÿ íàä óðîâíåì
êðûøè íèçêîãî äîìà è çàòåêàåò íà íåå.

Îäíàêî, ðåçóëüòàòû ðàñ÷åòîâ, êîãäà ðàññòîÿíèå ïî òðåòüåé êîîð-
äèíàòå ñîñòàâëÿåò 60ì èëè 120ì ïîêàçàëè, ÷òî àíàëîãè÷íàÿ äâóõ-
âèõðåâàÿ ñòðóêòóðà îáðàçóåòñÿ òîëüêî â öåíòðå óëèöû. Áëèæå ê
êðàÿì óëèöû îáðàçóåòñÿ îäèí âèõðü.

Êðîìå òîãî, ðåçóëüòàòû ðàñ÷åòîâ ïîêàçàëè, ÷òî ïðè äëèíå óëèöû
â 60ì è 120ì êàðòèíà òå÷åíèÿ êà÷åñòâåííî è êîëè÷åñòâåííî ñîâïà-
äàåò. Ïîýòîìó öåëåñîîáðàçíî ïðîâîäèòü ðàñ÷åòû äëÿ ìåíüøåé ðàñ-
÷åòíîé ñåòêè. Åñëè íåîáõîäèìî èññëåäîâàòü êàðòèíó òå÷åíèÿ âîç-
äóõà â öåíòðå óëèöû, òî ìîæåò áûòü èñïîëüçîâàíà ñåòêà ñ äëèíîé
óëèöû 20ì, òàê êàê â ýòîì ñëó÷àå êàðòèíà òå÷åíèÿ âîçäóõà òàêæå
ñîâïàäàåò ñ âàðèàíòàìè äëèíû óëèöû 60ì è 120ì â ðàññìàòðèâàå-
ìîì ñå÷åíèè.

Òàêèì îáðàçîì, äàæå ñëàáûå òå÷åíèÿ âîçäóõà âäîëü óëèö ïðè-
âîäÿò ê ñóùåñòâåííîìó èçìåíåíèþ âèõðåâîé ñòðóêòóðû, ïðîâåòðè-
âàåìîñòè óëèö è ðàñïðîñòðàíåíèÿ çàãðÿçíÿþùèõ âåùåñòâ.
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ÏóñòüRn � âåùåñòâåííîå åâêëèäîâî ïðîñòðàíñòâî ðàçìåðíîñòè
n ≥ 2, |x| � åâêëèäîâà íîðìà âåêòîðà x ∈ Rn. Ïóñòü òàêæå

Hn+1 = {(x, t) ∈ Rn+1 : x ∈ Rn, t ∈ [0,+∞)},

Gr = {(x, t) ∈ Hn+1 : |x| = r, t > 0}.
Äëÿ R > 0 è p ∈ [1, 2n/(n − 1)] ïîëîæèì ηp(R) = Rn−p(n−1)/2, åñëè
1 ≤ p < 2n

n−1
, è ηp(R) = lnR, åñëè p = 2n

n−1
. Ðàññìîòðèì óðàâíåíèå

Äàðáó

∂2u

∂ρ2
+
n− 1

ρ

∂u

∂ρ
= ∆xu, u = u(x, t), (x, t) ∈ Hn+1, (1)

ãäå ∆x � îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì x1, . . . , xn.
Òåîðåìà. Ïóñòü r > 0 ôèêñèðîâàíî. Ïóñòü òàêæå u ∈

∈ C2(Hn+1) � ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèÿì:
(i) u(x, ρ) = 0 â Gr.
(ii) Ïðè íåêîòîðîì p ∈ [1, 2n/(n− 1)]

lim
R→∞

1

ηp(R)

∫
|x|≤R

|u(x, 0)|p dx = 0.

Òîãäà u = 0 â Hn+1.
Àâòîðàìè ïîëó÷åíû è äðóãèå òåîðåìû åäèíñòâåííîñòè äëÿ ðå-

øåíèé óðàâíåíèÿ (1), â êîòîðûõ îñëàáëÿåòñÿ óñëîâèå (ii) èç òåîðå-
ìû. Îòìåòèì òàêæå, ÷òî óòâåðæäåíèå òåîðåìû ñòàíåò íåâåðíûì,
åñëè âìåñòî óñëîâèÿ (ii) ïðåäïîëîæèòü, ÷òî∫

|x|≤R

|u(x, 0)|p dx = O(ηp(R)) ïðè R → +∞

ïðè ëþáîì p ∈ [1, 2n/(n− 1)].
Îòíîñèòåëüíî äðóãèõ ðåçóëüòàòîâ ïîäîáíîãî òèïà ñì. [1], [2] è

èìåþùóþñÿ òàì áèáëèîãðàôèþ.
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Ðàññìîòðèì óðàâíåíèå

m∑
j=1

βj∂
αj

0xu(x) + λu(x) = f(x), 0 < x < 1 (1)

ãäå αj ∈]1, 2[, λ, βj ∈ R,β1 > 0, α1 > ... > αm, ∂
γ
0xu(x) � ïðîèçâîäíàÿ

Êàïóòî [1, c. 11]:

∂γ0xu(x) = Dγ−n
0x u(n)(x), n− 1 < γ ≤ n,

ãäå Dγ
0x− îïåðàòîð äðîáíîãî èíòåãðî-äèôôåðåíöèðîâàíèÿ ïîðÿäêà

γ â ñìûñëå Ðèìàíà-Ëèóâèëëÿ [1, c. 11] ïî ïåðåìåííîé x.
Ðàíåå â ðàáîòàõ [2]-[6] èññëåäîâàëèñü ëèíåéíûå îáûêíîâåííûå

äèôôåðåíöèàëüíûå óðàâíåíèÿ äðîáíîãî ïîðÿäêà ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè. Äëÿ óðàâíåíèÿ (1) ðåøåíû çàäà÷è Äèðèõëå è
Íåéìàíà äëÿ ëèíåéíîãî îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ äðîáíîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôèöèåíòàìè [7].

Â äàííîé ðàáîòå ðåøåíà äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à ñ óñëîâè-
ÿìè òðåòüåãî ðîäà, äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåí-
íîñòè ðåøåíèÿ, ïîëó÷åíî ÿâíîå ïðåäñòàâëåíèå ðåøåíèÿ è ïîñòðîå-
íà ôóíêöèÿ Ãðèíà. Äîêàçàíà êîíå÷íîñòü ÷èñëà âåùåñòâåííûõ ñîá-
ñòâåííûõ çíà÷åíèé.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäà-

ìåíòàëüíûõ èññëåäîâàíèé, ïðîåêò � 16-01-00462-À.
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Ðàçíîñòíàÿ ñõåìà ïîâûøåííîãî ïîðÿäêà àïïðîêñèìàöèè ïåðâîé
êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ äèôôóçèè äðîáíîãî ïîðÿäêà ïîñòðî-
åíà â ðàáîòå [1]. Àïðèîðíûå îöåíêè ðåøåíèé êðàåâûõ çàäà÷ äëÿ
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óðàâíåíèÿ äèôôóçèè äðîáíîãî, ïåðåìåííîãî è ðàñïðåäåëåííîãî ïî-
ðÿäêîâ â äèôôåðåíöèàëüíîé è ðàçíîñòíîé òðàêòîâêàõ ïîëó÷åíû â
ðàáîòàõ [2�4].

Â äàííîé ðàáîòå ïîñòðîåíà ðàçíîñòíàÿ ñõåìà ïîâûøåííîãî ïî-
ðÿäêà àïïðîêñèìàöèè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè äðîáíîãî
ïîðÿäêà ñ ñîñðåäîòî÷åííîé òåïëîåìêîñòüþ. Äîêàçàíà óñòîé÷èâîñòü
è ñõîäèìîñòü ïðåäëîæåííîé ðàçíîñòíîé ñõåìû.

Â ïðÿìîóãîëüíèêå Q̄T = {(x, t) : 0 ≤ x ≤ l, 0 ≤ t ≤ T} ðàñ-
ñìîòðèì êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè äðîáíî-
ãî ïîðÿäêà ñ íåñòàíäàðòíûìè êðàåâûìè óñëîâèÿìè, êîãäà íà îáåèõ
ãðàíèöàõ ïîìåùåíû ñîñðåäîòî÷åííûå åìêîñòè

∂α0tu =
∂

∂x

(
k
∂u

∂x

)
− q(x, t)u+ f(x, t), 0 < x < l, 0 < t ≤ T, (1)

{
k(0, t)ux(0, t) = κ1∂

α
0tu(0, t) + β1(t)u(0, t)− µ1(t),

−k(l, t)ux(l, t) = κ2∂
α
0tu(l, t) + β2(t)u(l, t)− µ2(t),

(2)

u(x, 0) = u0(x), 0 ≤ x ≤ l, (3)

ãäå ∂α0tu = 1
Γ(1−α)

∫ t

0
us(x,s)
(t−s)α

ds � äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî ïîðÿäêà

α, 0 < α < 1, k(x, t), q(x, t), f(x, t), µi(t) - çàäàííûå äîñòàòî÷íî
ãëàäêèå ôóíêöèè, κi ≥ 0, βi(t) ≥ β0 > 0, i = 1, 2.

Â ïðÿìîóãîëüíèêå Q̄T ââåäåì ñåòêó ωhτ = ωh×ωτ ãäå ωh = {xi =
= ih, i = 0, 1, ..., N ;h = l/N}, ωτ = {tj = jτ, j = 0, 1, ..., j0;
τ = T/j0}.

Äèôôåðåíöèàëüíîé çàäà÷å (1)�(3) ïîñòàâèì â ñîîòâåòñòâèå ðàç-
íîñòíóþ ñõåìó

∆α
0tj+σ

y = Λy(σ) + Φj+1
i , i = 0, ..., N, j = 0, 1, ..., j0 − 1, (4)

y0i = u0(xi), i = 0, 1, ..., N, (5)

ãäå ∆α
0tj+σ

yi = τ1−α

Γ(2−α)

∑j
s=0 c

(α,σ)
j−s y

s
t,i � ðàçíîñòíûé àíàëîã äðîáíîé

ïðîèçâîäíîé Êàïóòî ïîâûøåííîãî ïîðÿäêà àïïðîêñèìàöèè [1],

Λy =


2

2κ1+h
(a1yx,1 − β1(tj+σ)y0), i = 0,

(ayx)x − dy, i = 1, ..., N − 1,

− 2
2κ2+h

(aNyx,N − β2(tj+σ)y
(σ)
N ), i = N,
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Φj+1
i =


2

2κ1+h
µ1(tj+σ), i = 0,

φj+1
i , i = 1, ..., N − 1,
2

2κ2+h
µ2(tj+σ), i = N,

aj+1
i = k(xi− 1

2
, tj+σ), φ

j+1
i = f(xi, tj+σ), d

j+1
i = q(xi, tj+σ), µ1(tj+σ) =

= µ1(tj+σ) +
h
2
f(0, tj+σ), µ2(tj+σ) = µ2(tj+σ) +

h
2
f(1, tj+σ).

Åñëè ðåøåíèå çàäà÷è (1)-(3) ÿâëÿåòñÿ äîñòàòî÷íî ãëàäêîé ôóíê-
öèåé, òî ðàçíîñòíàÿ ñõåìà (4)-(5) èìååò ïîðÿäîê àïïðîêñèìàöèè
O(h2 + τ 2).

Òåîðåìà. Ðàçíîñòíàÿ ñõåìà (4)-(5) áåçóñëîâíî óñòîé÷èâà è
äëÿ åå ðåøåíèÿ ñïðàâåäëèâà àïðèîðíàÿ îöåíêà

|[yj+1]|21 ≤M

(
|[y0]|21 + max

0≤j≤j0−1

(
|[φj+1]|20 + (µj+σ

1 )2 + (µj+σ
2 )2

))
, (6)

ãäå [y, υ] = 0.5y0υ0h + 0.5yNυNh +
∑N−1

i=1 yiυih, |[y]|20 = [y, y], |[y]|21 =
= |[y]|20+κ1y

2
0+κ2y

2
N , M > 0 - èçâåñòíàÿ ïîñòîÿííàÿ íå çàâèñÿùàÿ

îò h è τ .
Èç àïðèîðíîé îöåíêè (6) ñëåäóåò ñõîäèìîñòü ðåøåíèÿ ðàçíîñò-

íîé ñõåìû (4)-(5) ê ðåøåíèþ ñîîòâåòñòâóþùåé äèôôåðåíöèàëüíîé
çàäà÷è (1)-(3) ñî ñêîðîñòüþ ðàâíîé ïîðÿäêó ïîãðåøíîñòè àïïðîê-
ñèìàöèè.

Ðàáîòà âûïîëíåíà ïî ãðàíòó Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè äëÿ ãîñó-

äàðñòâåííîé ïîääåðæêè ìîëîäûõ ðîññèéñêèõ ó÷åíûõ ÌÊ−3360.2015.1.
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Ïóñòü Ω = Ω−∪Ω+∪A0B0, ãäå Ω
− = {(x, y) : a < x < 0, 0 < y < h},

Ω+ = {(x, y) : 0 < x < b, 0 < y < h}, A0B0 = {(0, y) : 0 < y < h} .
Ðàññìîòðèì óðàâíåíèå

uxx =

{
Dα

0yu, x > 0,
Dα

hyu, x < 0,
(1)

ãäå Dα
tsu � îïåðàòîð äðîáíîãî (â ñìûñëå Ðèìàíà-Ëèóâèëëÿ) äèôôå-

ðåíöèðîâàíèÿ ïîðÿäêà α, 0 < α < 1 [1].
Çàäà÷à G. Íàéòè ôóíêöèþ

u (x, y) =

{
u+ (x, y) , (x, y) ∈ Ω+,
u− (x, y) , (x, y) ∈ Ω−,

ñî ñâîéñòâàìè: 1) ôóíêöèÿ u (x, y) óäîâëåòâîðÿåò óðàâíåíèþ (1)
â îáëàñòÿõ Ω+,Ω−, ãðàíè÷íûì óñëîâèÿì

u+ (b, y) = ψ1 (y) , 0 ≤ y ≤ h;

u− (a, y) = ψ2 (y) , 0 ≤ y ≤ h;

íåëîêàëüíûì óñëîâèÿì

φ1 (x) = α (x)φ2 (x) , 0 < x < b,

φ2 (x) = β (x)φ1 (x) , a < x < 0;

ãäå
lim
y→0

Dα−1
0y u+ (x, y) = φ1 (x) , a ≤ x ≤ b,

lim
y→h

Dα−1
hy u− (x, y) = φ2 (x) , a ≤ x ≤ 0,

2) íà ãðàíèöå ðàçäåëà A0B0 îáëàñòåé Ω+,Ω− âûïîëíÿåòñÿ óñëîâèå
ñîïðÿæåíèÿ

u+ (0, y) = u− (0, y) , 0 < y < h.
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Çäåñü φ1 (x) ∈ C [0, b] ; ψ1 (y) ∈ C [0, h] ; φ2 (x) ∈ C [a, 0] ; ψ2 (y) ∈
∈ C [0, h] ; α (x) ∈ C [0, b], 0 < α (x) < 1, x ∈ [0, b]; β (x) ∈ C [a, 0],
0 < β (x) < 1, x ∈ [a, 0]

Èñïîëüçóÿ ñâîéñòâà ôóíêöèè Ãðèíà äëÿ óðàâíåíèÿ äðîáíîé äèô-
ôóçèè [2], çàäà÷à ðåäóöèðóåòñÿ ê ñèíãóëÿðíîìó èíòåãðàëüíîìó óðàâ-
íåíèþ íîðìàëüíîãî òèïà [3].
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Ðàññìîòðèì âûðîæäàþùååñÿ óðàâíåíèå ñìåøàííîãî òèïà

Lu ≡ (sgny)|y|muxx + uyy − b2(sgny)|y|mu = F (x, y) (1)

â ïðÿìîóãîëüíîé îáëàñòè D = {(x, y)| 0 < x < l, −α < y < β}, ãäå
m > 0, b ≥ 0, α > 0, β > 0, l > 0 � çàäàííûå äåéñòâèòåëüíûå ïîñòî-
ÿííûå, è ïîñòàâèì ñëåäóþùóþ çàäà÷ó ñ íåëîêàëüíûì óñëîâèåì

Çàäà÷à Äåçèíà. Íàéòè ôóíêöèþ u(x, y), óäîâëåòâîðÿþùóþ
óñëîâèÿì:

u(x, y) ∈ C1(D) ∩ C2(D− ∪D+); (2)

Lu = F (x, y), (x, y) ∈ D− ∪D+; (3)

u(0, y)− u(l, y) = 0, ux(0, y)− ux(l, y) = 0, −α ≤ y ≤ β; (4)

u(x, β) = φ(x), 0 ≤ x ≤ l, (5)
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uy(x,−α)− λu(x, 0) = ψ(x), 0 ≤ x ≤ l; (6)

ãäå φ(x), ψ(x) � çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, D+ =
= D ∩ {y > 0}, D− = D ∩ {y < 0}, λ � çàäàííûé äåéñòâèòåëüíûé
ïàðàìåòð.

Â ðàáîòå Íàõóøåâîé Ç.À. [1] çàäà÷à (2) � (6) èçó÷åíà êîãäà α = l,
m = 0, b = 0, F (x, y) = f(x, y)·H(y), ãäåH(y) � ôóíêöèÿ Õåâèñàéäà,
ïðè λ ≥ 0. Ïîêàçàíî, ÷òî ïðè λ < 0 îäíîðîäíàÿ çàäà÷à (f(x, y) ≡ 0)
èìååò íåòðèâèàëüíûå ðåøåíèÿ.

Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîò [2] è [3], ãäå áûëà
èçó÷åíà çàäà÷à (2) � (6) ïðè F (x, y) ≡ 0, m = 0, b = 0 è F (x, y) ̸= 0,
m = 0, b = 0.

Â ðàáîòå äëÿ ïîñòàâëåííîé çàäà÷è (2) � (6) äîêàçàíà òåîðåìà
ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è ïðè âñåõ m > 0,
b ≥ 0 è íåêîòîðûõ óñëîâèÿõ îòíîñèòåëüíî ïàðàìåòðîâ α, β, l è λ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ �16-31-00421.
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ñ ïåðåìåííûìè êîýôôèöèåíòàìè äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà
âòîðîãî ðîäà, âòîðîãî ïîðÿäêà â ïëîñêîñòè.

Â îáëàñòè Q = (0, 1)× (0, T ) ðàññìîòðèì äèôôåðåíöèàëüíîå
óðàâíåíèå âòîðîãî ïîðÿäêà

Lu = K(x, t)utt − uxx + α (x, t)ut + c(x, t)u = f(x, t) (1)

Ïðåäïîëîæèì, ÷òî êîýôôèöèåíòû óðàâíåíèÿ (1) äîñòàòî÷íî
ãëàäêèå ôóíêöèè. Óðàâíåíèå (1) îòíîñèòñÿ ê óðàâíåíèÿì ñìåøàí-
íîãî òèïà âòîðîãî ðîäà, òàê êàê íà çíàê ôóíêöèè K(x, t) ïî ïåðå-
ìåííîé t âíóòðè îáëàñòè Q íå íàëàãàåòñÿ íèêàêèõ îãðàíè÷åíèé [1].

Êðàåâàÿ çàäà÷à. Íàéòè îáîáùåííîå ðåøåíèå óðàâíåíèÿ (1)
óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì:

u (x, 0) = γ(x)u (x, T ) +

T∫
0

A(x, t)u(x, t) dt, (2)

u(0, t) = u(1, t) = 0. (3)

Îòìåòèì, ÷òî â ðàáîòå [2] â ñëó÷àå êîãäà γ−const ̸= 0, A(x, t) = 0
è ïðè îïðåäåëåííûõ óñëîâèÿõ íà êîýôôèöèåíòû óðàâíåíèÿ è ïðà-
âóþ ÷àñòü óðàâíåíèÿ (1) áûëà äîêàçàíà êîððåêòíîñòü ðåøåíèÿ çà-
äà÷è (2),(3) èç ïðîñòðàíñòâà Ñîáîëåâà W l

2(Q) ïðè 2 6 l-öåëîå
÷èñëî. Ñèñòåìàòè÷åñêèå èññëåäîâàíèÿ êðàåâûõ çàäà÷ äëÿ ïàðàáî-
ëè÷åñêèõ óðàâíåíèé ñ íåëîêàëüíûìè ãðàíè÷íûìè óñëîâèÿìè èíòå-
ãðàëüíîãî âèäà íà÷àëèñü, ïî-âèäèìîìó, ñ ðàáîò [3, 4], êàê áëèçêèå
ïî ïîñòàíîâêå èçó÷àåìûõ çàäà÷, îòìåòèì òàêæå ðàáîòû [5, 6]. Â
äàííîé ðàáîòå, â ñëó÷àå, êîãäà γ(x) è A(x, t) ̸= 0 ïðè âûïîëíåíèè
íåêîòîðûõ óñëîâèé íà êîýôôèöèåíòû óðàâíåíèÿ (1) è çàäà÷è (2),(3)
äîêàçûâàåòñÿ ìåòîäàìè "ε- ðåãóëÿðèçàöèè" , Ãàëåðêèíà è ïðîäîë-
æåíèåì ïî ïàðàìåòðó îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è (1)-(3) èç
ïðîñòðàíñòâà Ñîáîëåâà W 3

2 (Q).
Òåîðåìà. Ïóñòü âûïîëíåíû âûøåóêàçàííûå óñëîâèÿ äëÿ êîýô-

ôèöèåíòîâ óðàâíåíèÿ (1) è êðîìå òîãî, âñþäó â îáëàñòè Q âûïîë-
íåíû ñëåäóþùèå óñëîâèÿ: 2α − |Kt| + λ |K| > δ1 > 0, λ = 2

T
ln β,

|β | > 1, ãäå α(x, 0) = α(x, T ), c(x, 0) = c(x, T ), λ c − ct > δ2 > 0,
γ(x) ∈ C 3(Ω) , òàêîå, ÷òî ∥ γ (x) ∥C 3 [0,1] 6 1, A(x, t) ∈ C 3 (Q), òà-

êîå, ÷òî ∥A (x, t) ∥C 3 (Q) 6 M < +∞, D p
tA |t=0 = D p

tA |t=T = 0,
p = 0, 1.
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Òîãäà äëÿ ëþáîé ôóíêöèè f ∈ W 2
2(Q ) òàêîé, ÷òî βD p

t f | t=0 =
= D p

t f |t=T , p = 0, 1 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è
(1)-(3) èç ïðîñòðàíñòâà Ñîáîëåâà W 3

2 (Q).
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1. Ïîñòàíîâêà çàäà÷è. Ðàññìàòðèâàåòñÿ îäíîðîäíàÿ ãðàíè÷-
íàÿ çàäà÷à

∂u(x, t)

∂t
−a2∂

2u(x, t)

∂x2
= 0, {x, t} ∈ G = {x, t : 0 < x < t, t > 0}; (1)

∂u(x, t)

∂x
|x=0 = 0,

∂u(x, t)

∂x
|x=t +

dũ(t)

dt
= 0, (2)
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ãäå ũ(t) = u(t, t).
Îòìåòèì, ÷òî çàäà÷à (1)�(2) ÿâëÿåòñÿ îäíîðîäíûì ñëó÷àåì çà-

äà÷è, èçó÷åííîé â ðàáîòå [1], ïðè÷åì, äëÿ ïðîñòîòû êîýôôèöèåíòû
èç óêàçàííîé ðàáîòû ïðèíÿòû ðàâíûìè: k = b = 1. Ýòè èçìåíåíèÿ
íå ïðîòèâîðå÷àò ïîñòàíîâêå çàäà÷è èç [1]. Êàê îòìå÷åíî â ðàáîòå [1],
ñëó÷àé íåîäíîðîäíîé ãðàíè÷íîé çàäà÷è "... îêàçûâàåòñÿ ïîëåçíûì
ïðè èçó÷åíèè íåêîòîðûõ çàäà÷ ñî ñâîáîäíûìè ãðàíèöàìè". Íàïðè-
ìåð, äëÿ îäíîôàçíîé çàäà÷è "... Ñòåôàíà ïðè ñëåäóþùèõ ïðåäïî-
ëîæåíèÿõ: æèäêàÿ ôàçà ñ ïîëîæèòåëüíîé òåìïåðàòóðíîé òåìïåðà-
òóðîé u(x, t) çàíèìàåò îòðåçîê 0 < x < s(t), ïðè x = 0 çàäàåòñÿ
ïîëîæèòåëüíûé ïîòîê òåïëà, à ñâîáîäíàÿ ãðàíèöà x = s(t) íà÷èíà-
åòñÿ ó òâåðäîé ñòåíêè x = 0, ò.å. âûïîëíÿåòñÿ óñëîâèå s(0) = 0". Â
ðàáîòå [1] óñòàíîâëåíà òåîðåìà îá îäíîçíà÷íîé ðàçðåøèìîñòè ðàñ-
ñìàòðèâàåìîé òàì ãðàíè÷íîé çàäà÷è â âåñîâûõ ãåëüäåðîâñêèõ ïðî-
ñòðàíñòâàõ.

Â íàñòîÿùåé ðàáîòå íàðÿäó ñ òðèâèàëüíûì ðåøåíèåì ìû óñòà-
íàâëèâàåì â êëàññå ñóùåñòâåííî îãðàíè÷åííûõ ôóíêöèé ñ çàäàí-
íûì âåñîì ñóùåñòâîâàíèå íåòðèâèàëüíîãî ðåøåíèÿ ñ òî÷íîñòüþ
äî ïîñòîÿííîãî ìíîæèòåëÿ è ïîñòîÿííîãî ñëàãàåìîãî. Ââåäåì ýòîò
êëàññ ñëåäóþùèì îáðàçîì:

(x+ t1/2)−1 u(x, t) ∈ L∞(G), ò.å. u(x, t) ∈ L∞(G; (x+ t1/2)−1). (3)

2. Ïðåîáðàçîâàíèå çàäà÷è (1)�(2) è ñâåäåíèå åå ê èíòå-
ãðàëüíîìó óðàâíåíèþ. Ïðåîáðàçóåì çàäà÷ó (1)�(2). Äëÿ ýòîãî

ââåäåì ôóíêöèþ v(x, t) = ∂u(x,t)
∂x

. Äàëåå, ôîðìàëüíî äèôôåðåíöè-
ðóÿ ïî ïåðåìåííîé x óðàâíåíèå (1), ïîëó÷àåì:

∂v(x, t)

∂t
− a2

∂2v(x, t)

∂x2
= 0, 0 < x < t, t > 0; (4)

v(x, t)|x=0 = 0,

(
∂v(x, t)

∂x
+

2

a2
v(x, t)

)
|x=t = 0. (5)

Ðåøåíèå çàäà÷è (4)�(5) áóäåì èñêàòü â âèäå ñóììû ïîòåíöèàëîâ
äâîéíîãî è ïðîñòîãî ñëîÿ

v(x, t) =
1

4a3
√
π

t∫
0

x

(t− τ)3/2
exp

{
− x2

4a2(t− τ)

}
ν(τ)dτ+
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+
1

2a
√
π

t∫
0

1

(t− τ)1/2
exp

{
− (x− τ)2

4a2(t− τ)

}
φ(τ)dτ, (6)

ãäå ôóíêöèè ν(t) è φ(t) ÿâëÿþòñÿ íåèçâåñòíûìè è ïîäëåæàò îïðå-
äåëåíèþ.

Óäîâëåòâîðÿÿ ðåøåíèå (6) ãðàíè÷íûì óñëîâèÿì (5), â ðåçóëüòà-
òå ïîëó÷èì ñëåäóþùåå èíòåãðàëüíîå óðàâíåíèå îòíîñèòåëüíî íåèç-
âåñòíîé ôóíêöèè φ(t):

φ(t) +
1

2a
√
π

t∫
0

2t

(t− τ)3/2
exp

{
− tτ

a2(t− τ)
− t− τ

4a2

}
φ(τ)dτ−

− 5

2a
√
π

t∫
0

1

(t− τ)1/2
exp

{
− tτ

a2(t− τ)
− t− τ

4a2

}
φ(τ)dτ+

+
3

2a
√
π

t∫
0

1

(t− τ)1/2
exp

{
−t− τ

4a2

}
φ(τ)dτ = 0, t > 0. (7)

3. Ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (7). Ðåøåíèå èíòå-
ãðàëüíîãî óðàâíåíèÿ (7) ìû áóäåì èñêàòü â êëàññå

√
t exp

{
t/(4a2)

}
φ(t) ∈ L∞(R+). (8)

Îòìåòèì, ÷òî ïîäîáíûå (7) èíòåãðàëüíûå óðàâíåíèÿ Âîëüòåððà
âòîðîãî ðîäà íàìè áûëè èññëåäîâàíû â ðàáîòàõ [2, 3].

Èñêîìîå ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (7) îïðåäåëÿåòñÿ ïî
ôîðìóëå:

φ(t) =
∞∑
k=0

(−1)k
[
φ
(1)
k (t)− φ

(2)
k (t)

]
, 0 < t <∞, (9)

ãäå

φ
(1)
k (t) = φ

(1)
1,k(t) exp

{
− t

4a2

}
, φ

(2)
k (t) = φ

(2)
1,k(t) exp

{
− t

4a2

}
. (10)

Ðåøåíèå (9)�(10) äåéñòâèòåëüíî ïðèíàäëåæèò êëàññó (8).
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4. Ðåøåíèå ãðàíè÷íîé çàäà÷è (1)�(2) è îñíîâíûå ðåçóëü-
òàòû. Íà îñíîâå ðåøåíèÿ v(x, t) ãðàíè÷íîé çàäà÷è (4)�(5) è (9)�(10)
íàõîäèòñÿ ðåøåíèå èñõîäíîé ãðàíè÷íîé çàäà÷è (1)�(2):

u(x, t) = C1

x∫
0

v(ξ, t)dξ = C1ũ(x, t). (11)

Òåîðåìà 1. Ãðàíè÷íàÿ çàäà÷à (1)�(2) íàðÿäó ñ òðèâèàëüíûì
ðåøåíèåì èìååò è íåòðèâèàëüíîå ðåøåíèå âèäà (11) u(x, t) =
= C1 ũ(x, t), ãäå ũ(x, t) ∈ L∞(G; (x+

√
t)−1), è C1 = const.

Òåîðåìà 2. Â êëàññå ôóíêöèé L∞
(
G; [x1+α + t(1+α)/2]−1

)
ãðà-

íè÷íàÿ çàäà÷à (1)�(2) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå
u(x, t) ≡ 0.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ìèíèñòåðñòâà îáðàçîâàíèÿ è íà-

óêè Ðåñïóáëèêè Êàçàõñòàí, ïðîåêò � 0823/ÃÔ4.
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ôåêòèâíîñòè ñèñòåìû êîðïîðàòèâíîãî óïðàâëåíèÿ.

Âíåäðåíèå èíôîðìàöèîííûõ ñèñòåì (ÈÑ) â áèçíåñ ìîæíî ðàç-
äåëèòü íà íåñêîëüêî ýòàïîâ. Íà ýòàïå îñóùåñòâëåíèÿ âíåäðåíèÿ ÈÑ

97



íåîáõîäèìî âûáðàòü îïðåäåëåííûé ïîäõîä. Ñóùåñòâóåò äâà îñíîâ-
íûõ ðåøåíèÿ çàäà÷è âíåäðåíèÿ ÈÑ: ïîýòàïíàÿ ðàçðàáîòêà êîðïîðà-
òèâíûõ ÈÑ ñîáñòâåííûìè ñèëàìè èëè âíåäðåíèå ãîòîâîé ÈÑ êîð-
ïîðàòèâíîãî óðîâíÿ. Åñëè ãîòîâàÿ ÈÑ àáñîëþòíî íå ñîîòâåòñòâóåò
òðåáîâàíèÿì îðãàíèçàöèè, òî ñëåäóåò îòêàçàòüñÿ îò íåå è ñîçäàâàòü
íîâóþ, èñïîëüçóÿ íàêîïëåííûé îïûò. [1]

Îäíèì èç âàæíûõ ýòàïîâ ðàçðàáîòêè ÈÑ ÿâëÿåòñÿ ñîçäàíèå êîí-
öåïöèè èíôîðìàöèîííîé ñèñòåìû. Ðàçðàáîòêà êîíöåïöèè ÿâëÿåò-
ñÿ ðåêîìåíäóåìîé ôàçîé ñîçäàíèÿ èíôîðìàöèîííîé ñèñòåìû, ñòî-
ÿùåé ìåæäó ïðèíÿòèåì ðåøåíèÿ î ðàññìîòðåíèè/ïðîðàáîòêå èäåè
è îöåíêîé ýêîíîìè÷åñêîé ýôôåêòèâíîñòè âíåäðåíèÿ.

Ðàçðàáîòêà êîíöåïöèè âêëþ÷àåò íåñêîëüêî îñíîâíûõ ýòàïîâ.

Âî-ïåðâûõ, íåîáõîäèìî ñôîðìèðîâàòü ðàáî÷óþ ãðóïïó è îïðå-
äåëèòü îòâåòñòâåííîãî çà ïîäãîòîâêó äîêóìåíòà.

Âî-âòîðûõ, íåîáõîäèìî ïðîâåñòè êðàòêîå îáñëåäîâàíèå òåêóùåé
ñèòóàöèè, à èìåííî ñóùåñòâóþùèõ áèçíåñ-ïðîöåññîâ è èñïîëüçóå-
ìûõ ÈÒ-ñèñòåì.

Â-òðåòüèõ, ñëåäóåò ïðîàíàëèçèðîâàòü îïûò âíåäðåíèÿ àíàëîãè÷-
íûõ ñèñòåì â îòðàñëè, ñòðàíå è ìèðå.

Â-÷åòâåðòûõ, îðãàíèçóåòñÿ ðàçðàáîòêà êîíöåïòóàëüíîé àðõèòåê-
òóðû ïåðñïåêòèâíîé ñèñòåìû â êîìïëåêñå, à èìåííî áèçíåñ-ïðî-
öåññû, ïðèëîæåíèÿ, äàííûå, òåõíîëîãèè.

Ñëåäóþùèì ýòàïîì íà îñíîâå èññëåäîâàíèÿ îïûòà äðóãèõ îðãà-
íèçàöèé è ýêñïåðòíîãî ìíåíèÿ ó÷àñòíèêîâ ðàáî÷åé ãðóïïû ïðîâî-
äèòñÿ àíàëèç îæèäàåìûõ ýôôåêòîâ âíåäðåíèÿ. Â ïåðâóþ î÷åðåäü
îïðåäåëÿþòñÿ êà÷åñòâåííûå ýôôåêòû.

Â çàêëþ÷åíèå ñîñòàâëÿåòñÿ ýêñïåðòíîå ìíåíèå ðàáî÷åé ãðóïïû
î öåëåñîîáðàçíîñòè âíåäðåíèÿ ðàçðàáîòàííîé ÈÑ, îñíîâàííîå íà
ñîïîñòàâëåíèè âîçìîæíîãî ýôôåêòà è ðèñêîâ âíåäðåíèÿ.

Öåëüþ ýòàïà ðàçðàáîòêè ÈÑ ÿâëÿåòñÿ ñîçäàíèå ñèñòåìû è åå
ïåðâè÷íàÿ ïðîâåðêà ñîîòâåòñòâèÿ óòâåðæäåííûì òðåáîâàíèÿì. Êðî-
ìå òîãî, äàííûé ýòàï âêëþ÷àåò â ñåáÿ ñîçäàíèå èíòåðôåéñîâ ñèñòå-
ìû, èíòåãðàöèé, à òàêæå òåõíè÷åñêèõ ñðåäñòâ äëÿ ìèãðàöèè äàí-
íûõ [1].

Ê ìîìåíòó íà÷àëà ýòàïà ðàçðàáîòêè ÈÑ äîëæíû áûòü ñôîð-
ìèðîâàíû è óòâåðæäåíû òåõíè÷åñêîå çàäàíèå, ôóíêöèîíàëüíûå è
òåõíè÷åñêèå òðåáîâàíèÿ.

Íà ýòàïå ðàçðàáîòêè ÈÑ áîëüøîå âíèìàíèå óäåëÿåòñÿ óïðàâ-
ëåíèþ ïðîåêòîì, à â ÷àñòíîñòè óïðàâëåíèþ èçìåíåíèÿìè. Ïðîèñ-
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õîäèò ïîñòîÿííîå âûÿâëåíèå è èñïðàâëåíèå äåôåêòîâ, îôîðìëåíèå
è ñîãëàñîâàíèå çàïðîñîâ íà èçìåíåíèå, îáíîâëåíèå ïëàíà-ãðàôèêà
ðàáîò. Òàêæå íà äàííîì ýòàïå ïðîèñõîäèò êîíôèãóðèðîâàíèå ñèñòå-
ìû, â òîì ÷èñëå ðîëåé áåçîïàñíîñòè è ïðàâ ïîëüçîâàòåëåé. Íà ýòàïå
ðàçðàáîòêè ïðîèñõîäèò íàïèñàíèå êîäà ñèñòåìû èëè åå äîðàáîòîê,
êîäà èíòåðôåéñîâ è ìåõàíèçìîâ èíòåãðàöèè, à òàêæå ñîçäàíèå òåõ-
íè÷åñêèõ ñðåäñòâ äëÿ ìèãðàöèè äàííûõ.

Ïðè ñîçäàíèè ñëîæíîãî ïðîãðàììíîãî îáåñïå÷åíèÿ (ÏÎ) äëÿ
êîðïîðàòèâíûõ èíôîðìàöèîííûõ ñèñòåì òðåáóåòñÿ ÷åòêî è ãðàìîò-
íî îðãàíèçîâàòü âåñü ïðîöåññ ðàçðàáîòêè (çàêàçà) ÏÎ � îò íàïèñà-
íèÿ òåõíè÷åñêîãî çàäàíèÿ äî âíåäðåíèÿ íà ïðåäïðèÿòèè è äàëüíåé-
øåãî ðàçâèòèÿ ýòîãî ÏÎ.
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Â îòëè÷èå îò òåîðèè ðàçðåøèìîñòè, ñïåêòðàëüíûå âîïðîñû çà-
äà÷ äëÿ óðàâíåíèé ñìåøàííîãî òèïà ÿâëÿþòñÿ ìàëî èçó÷åííûìè.
Çäåñü íåîáõîäèìî îòìåòèòü èññëåäîâàíèÿ Ò.Ø. Êàëüìåíîâà,
Å.È. Ìîèñååâà, Ñ.Ì. Ïîíîìàðåâà, êîòîðûå âíåñëè ñóùåñòâåííûé
âêëàä â ñòàíîâëåíèå ýòîãî íàïðàâëåíèÿ. Â ýòèõ ðàáîòàõ èññëåäó-
þòñÿ ñóùåñòâîâàíèå è ðàñïîëîæåíèå ñîáñòâåííûõ çíà÷åíèé ó çàäà÷
äëÿ óðàâíåíèé ñìåøàííîãî ýëëèïòèêî-ãèïåðáîëè÷åñêîãî òèïà, ïî-
ñòðîåíèå è ïîëíîòà ñèñòåìû ñîáñòâåííûõ ôóíêöèé çàäà÷è.

Ïóñòü Ω ∈ R2 � êîíå÷íàÿ îáëàñòü, îãðàíè÷åííàÿ ïðè y > 0 îòðåç-
êàìè AA0, A0B0, B0B, A = (0, 0), A0 = (0, 1), B0 = (1, 1), B = (1, 0),
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à ïðè y < 0 � õàðàêòåðèñòèêàìè AC : x + y = 0 è BC : x − y = 1
óðàâíåíèÿ ñìåøàííîãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà

Lu =

{
ux − uyy, y > 0
uxx − uyy, y < 0

}
= f(x, y). (1)

Ïóñòü Ω1 = Ω
∩

{y > 0}, Ω2 = Ω
∩

{y < 0}. Ðàññìîòðèì íåëî-
êàëüíóþ êðàåâóþ çàäà÷ó ñî ñìåùåíèåì, ÿâëÿþùóþñÿ îáîáùåíèåì
àíàëîãà çàäà÷è Òðèêîìè äëÿ ïàðàáîëî - ãèïåðáîëè÷åñêîãî óðàâíå-
íèÿ (1).

3àäà÷à S.Íàéòè ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå êðà-
åâûì óñëîâèÿì

u|AA0∪A0B0
= 0, αu (θ0 (t)) = βu (θ1 (t)) , 0 ≤ t ≤ 1,

ãäå θ0 (t) =
(
t
2
,− t

2

)
, θ1 (t) =

(
t+1
2
, t−1

2

)
.

Ïðè β = 0 çàäà÷à S ñîâïàäàåò ñ çàäà÷åé Òðèêîìè, à ïðè α = 0
� ñ çàäà÷åé Òðèêîìè ñ äàííûìè íà ïðîòèâîïîëîæíîé õàðàêòåðè-
ñòèêå. Ñèëüíàÿ ðàçðåøèìîñòü ÷àñòíûõ ñëó÷àåâ çàäà÷è ïðè α = 0 è
ïðè β = 0 èññëåäîâàíà â [1]. Ïîêàçàíî, ÷òî ïðè β = 0 çàäà÷à ÿâëÿ-
åòñÿ âîëüòåððîâîé, à ïðè α = 0 � ó çàäà÷è ñóùåñòâóåò ñîáñòâåííîå
çíà÷åíèå.

Òåîðåìà 1. Ðåøåíèå çàäà÷è S åäèíñòâåííî, åñëè è òîëüêî åñ-
ëè α + β ̸= 0. Ïðè âûïîëíåíèè ýòîãî óñëîâèÿ, äëÿ ëþáîé ôóíê-
öèè f ∈ L2 (Ω) ñóùåñòâóåò åäèíñòâåííîå ñèëüíîå ðåøåíèå u (x, y)
çàäà÷è S. Ýòî ðåøåíèå ïðèíàäëåæèò êëàññó H1 (Ω) ∩H1,2

x,y (Ω
1
)∩

∩C
(
Ω
)
, è óäîâëåòâîðÿåò íåðàâåíñòâó

∥u∥1 ≤ c ∥f∥0.

Èç Òåîðåìû 1 ñëåäóåò, ÷òî îïåðàòîð L çàäà÷è S îáðàòèì, è îá-
ðàòíûé îïåðàòîð L−1 ÿâëÿåòñÿ îïåðàòîðîì Ãèëüáåðòà � Øìèäòà.
Òîãäà ñïåêòð çàäà÷è ìîæåò ñîñòîÿòü òîëüêî èç ñîáñòâåííûõ çíà÷å-
íèé îïåðàòîðà L−1. Åñòåñòâåííî âîçíèêàåò âîïðîñ î ñóùåñòâîâàíèè
ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà L−1, ñëåäîâàòåëüíî, è çàäà÷è S.

Òåîðåìà 2. Ïóñòü L - îïåðàòîð çàäà÷è S è (α−β)β ̸= 0. Òîãäà
ñóùåñòâóåò ñîáñòâåííîå çíà÷åíèå çàäà÷è S, òî åñòü ñóùåñòâóåò
λ ∈ C òàêîå, ÷òî óðàâíåíèå Lu = λu èìååò íåòðèâèàëüíîå ðåøå-
íèå.

Ïðè äîêàçàòåëüñòâå îñíîâíûõ ðåçóëüòàòîâ ðàáîòû áûëè èñïîëü-
çîâàíû èäåè èç íàøåé ðàáîòû [2].
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Ýôôåêòèâíûì ìåòîäîì ìîäåëèðîâàíèÿ ñâîéñòâ îáúåêòîâ â ñëà-
áî ôîðìàëèçóåìûõ îáëàñòÿõ çíàíèé ÿâëÿåòñÿ ìåòîä îïèñàíèÿ îáú-
åêòîâ ïðè ïîìîùè ïåðåìåííîçíà÷íûõ ëîãè÷åñêèõ ïðåäèêàòîâ [1].

Òàêàÿ èíòåðïðåòàöèÿ çíà÷åíèé ëîãè÷åñêèõ ïðåäèêàòîâ ïîçâî-
ëÿåò ðàññìàòðèâàòü çíà÷åíèå ëîãè÷åñêîé ôóíêöèè, êàê îïèñàíèå
ñîâîêóïíîñòè àâòîìàòíûõ ñîñòîÿíèé ñèñòåìû ¾àíàëèçèðóåìîå ìíî-
æåñòâî îáúåêòîâ¿. Íàïðèìåð, öâåòà: ¾ñèíèé¿, ¾çåëåíûé¿ è ¾êðàñ-
íûé¿ â ðàìêàõ òàêîãî ïîäõîäà áóäóò âûðàæàòü ëèøü ñîñòîÿíèå, â
êîòîðîì íàõîäèòñÿ îáúåêò ïî õàðàêòåðèñòèêå ¾öâåò¿. Ïðè ýòîì íå
óòâåðæäàåòñÿ, ÷òî ¾êðàñíûé¿ ñàìûé ëó÷øèé öâåò, à ¾ñèíèé¿ èëè
¾çåëåíûé¿ ñàìûå õóäøèå.

Ïðè òàêîé èíòåðïðåòàöèè ëîãè÷åñêóþ ôóíêöèþ ìîæíî ñ÷èòàòü
àâòîìàòîì, êîòîðûé ïîçâîëÿåò íàéòè íàèáîëåå ïîäõîäÿùèå (áëèç-
êèå ê çàïðîøåííîé ñîâîêóïíîñòè ñîñòîÿíèé) îáúåêòû [2].

Ïðè ýòîì, ìû ðàñïîëàãàåì êîíå÷íûì ÷èñëîì m àíàëèçèðóåìûõ
îáúåêòîâ, êàæäûé èç êîòîðûõ õàðàêòåðèçóåòñÿ íàáîðîì èç n íàè-
áîëåå ñóùåñòâåííûõ (àêòóàëüíûõ) äëÿ öåëåé àíàëèçà ïðèçíàêîâ.

Ïðèâåäåì îáùóþ ïîñòàíîâêó çàäà÷è [2]:
Ïóñòü W = {w1, . . . , wm} - çàäàííîå ìíîæåñòâî îáúåêòîâ, îáðà-

çóþùèõ îáó÷àþùóþ âûáîðêó (ÎÂ). Îïèñàíèå îáúåêòà, ïðèíàäëå-
æàùèõ ÎÂ W , ïðåäñòàâëÿåò ñîáîé n-êîìïîíåíòíûé âåêòîð, ãäå n
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x1 x2 ... xn W

x1(w1) x2(w1) ... xn(w1) w1

x1(w2) x2(w2) ... xn(w2) w2

... ... ... ... ...

x1(wm) x2(wm) ... xn(wm) wm

- ÷èñëî ïðèçíàêîâ, èñïîëüçóåìûõ äëÿ õàðàêòåðèñòèêè àíàëèçèðóå-
ìîãî îáúåêòà, ïðè÷åì j-ÿ êîîðäèíàòà ýòîãî âåêòîðà ðàâíà çíà÷åíèþ
j-ãî ïðèçíàêà, j = 1, ..., n. ×èñëî òàêèõ âåêòîðîâ ðàâíî m â ñîîò-
âåòñòâèè ñ êîëè÷åñòâîì àíàëèçèðóåìûõ îáúåêòîâ, âõîäÿùèõ â ÎÂ.
Â îïèñàíèè îáúåêòà äîïóñòèìî îòñóòñòâèå èíôîðìàöèè î çíà÷åíèè
òîãî èëè èíîãî ïðèçíàêà. Ïðè ôîðìèðîâàíèè ýôôåêòèâíîé ñèñòå-
ìû èíòåëëåêòóàëüíîãî îïèñàíèÿ îáúåêòîâ ñëåäóåò èçáåãàòü äâóõ
êðàéíîñòåé: èçáûòî÷íîñòè è íåäîñòàòî÷íîñòè íàáîðà ïðèçíàêîâ. Â
ïåðâîì ñëó÷àå âàæíûå ðåçóëüòàòû îêàæóòñÿ ñêðûòûìè â ìàññå âòî-
ðîñòåïåííûõ èëè ìàëîçíà÷èòåëüíûõ ïðèçíàêîâ. Âî âòîðîì � êðè-
òåðèé äëÿ îäíîçíà÷íîãî ðàñïîçíàâàíèÿ êîíêðåòíûõ îáúåêòîâ îñòà-
íåòñÿ íå âûÿâëåííûì. Ïðåäëîæåííûé â [2] ëîãè÷åñêèé àëãîðèòì ïî-
ñòðîåíèÿ ïåðåìåííîçíà÷íûõ ôóíêöèé, óñòðàíÿþùèé èçáûòî÷íîñòü
â îïèñàíèè äàííûõ è âûäåëÿþùèé íàèáîëåå âàæíûå ïðè÷èííî-
ñëåäñòâåííûå ñâÿçè â îïèñàíèè îáúåêòîâ, ïîçâîëÿåò ðåøèòü ýòó çà-
äà÷ó.

Ñîîòâåòñòâèå ìíîæåñòâà îáúåêòîâ è õàðàêòåðèçóþùèõ èõ ïðè-
çíàêîâ ïðåäñòàâèìà ñëåäóþùåé òàáëèöåé:

Xj = {x1(wj), x2(wj)......xn(wj)}

- âåêòîð êà÷åñòâåííûõ ïðèçíàêîâ, êàæäûé ýëåìåíò êîòîðîãî ôèê-
ñèðîâàííûé ïðèçíàê õàðàêòåðèçóåìîãî îáúåêòà.

W =
m∪
j=1

wj

- ìíîæåñòâî õàðàêòåðèçóåìûõ îáúåêòîâ. Êàæäûé ñîîòâåòñòâóþùèé
ïðèçíàê xj(wi), â îáùåì ñëó÷àå êîäèðóåòñÿ ïðåäèêàòîì çíà÷íîñòè
kj, ò.å. (ïåðåìåííîçíà÷íûì ïðåäèêàòîì), j = 1, . . . , n.

f(x) = ∧m
j=1(∧n

i=1xi(wj) → wj) = ∧m
j=1(∨n

i=1xi(wj) ∨ wj)
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Óêàçàííûé âèä ôóíêöèè ñëåäóåò èç èçâåñòíîãî ëîãè÷åñêîãî òîæ-
äåñòâà: a → b = a ∨ b, ãäå a � êîíúþíêöèÿ õàðàêòåðèñòèê (ïðèçíà-
êîâ), îïðåäåëÿþùèõ îáúåêò; b � ïðåäèêàò, ðàâíûé åäèíèöå, êîãäà
wj ñòàíîâèòñÿ ðàâíûì ñîîòâåòñòâóþùåìó îïðåäåëÿåìîìó îáúåêòó.
Òàêèå ïðåäèêàòû áóäåì íàçûâàòü îáúåêòíûìè ïðåäèêàòàìè.

Ðàññìàòðèâàåìûå îáúåêòû âìåñòå ñ ñîîòâåòñòâóþùèìè èì ñâîé-
ñòâàìè, çàêîäèðîâàííûìè ïðè ïîìîùè ïåðåìåííîçíà÷íûõ ïðåäè-
êàòîâ, çàïèñûâàþòñÿ â âèäå ñëåäóþùåé ñèñòåìû ïðîäóêöèîííûõ
ïðàâèë: 

Êîíúþíêöèÿ ïðèçíàêîâ 1 → Îáúåêò 1

Êîíúþíêöèÿ ïðèçíàêîâ 2 → Îáúåêò 2

...

Êîíúþíêöèÿ ïðèçíàêîâ m→ Îáúåêò m

Ýòèm ïðîäóêöèîííûõ ïðàâèë ïðè ïîìîùèm−1 îïåðàöèè êîíú-
þíêöèè ñâÿçûâàþòñÿ â îäíî ëîãè÷åñêîå âûñêàçûâàíèå. Ïîñëåäî-
âàòåëüíîå ðàñêðûòèå m ñêîáîê ïî ïðàâèëàì ïðåîáðàçîâàíèÿ èì-
ïëèêàòèâíûõ âûñêàçûâàíèé ñ ó÷åòîì ïðåäëîæåííîé â [2] îïåðàöèè
îáîáùåííîãî îòðèöàíèÿ ïðèâîäèò ê ïîñòðîåíèþ ïåðåìåííîçíà÷íîé
ëîãè÷åñêîé ôóíêöèè F (X,W ), ãäå X - n-êîìïîíåíòíûé âåêòîð ëî-
ãè÷åñêèõ ïåðåìåííûõ, êîäèðóþùèé âñþ ñîâîêóïíîñòü ïðèçíàêîâ
îáúåêòîâ: X = (x1, x2, . . . , xn), à W = {w1, . . . , wm} � ìíîæåñòâî
õàðàêòåðèçóåìûõ îáúåêòîâ ìîùíîñòè m. Çíà÷íîñòü êàæäîé èç n
ëîãè÷åñêèõ ïåðåìåííûõ xj ðàâíà kj, j = 1, . . . , n.

Â ðåçóëüòàòå ýòîãî ïðåîáðàçîâàíèÿ ôóíêöèÿ F (X,W ), ïðèìåò
âèä äèçúþíêöèè ïîäêëàññîâ îáúåêòîâ, êàæäûé èç êîòîðûõ ïðåä-
ñòàâëÿåò ñîáîé êîíúþíêöèþ ïðèçíàêîâ è îáúåêòîâ ïî êîòîðûì ýòè
ïîäêëàññû îáðàçóþòñÿ.

Ïðè íàõîæäåíèè çíà÷åíèÿ ëîãè÷åñêîé ôóíêöèè F (X,W ) îò ôèê-
ñèðîâàííîãî íàáîðà ïåðåìåííûõ X∗ ôîðìèðóåòñÿ äèçúþíêöèÿ òåõ
ïîäêëàññîâ îáúåêòîâ W ∗ èç ìíîæåñòâà W , çíà÷åíèÿ ïåðåìåííûõ
ïðè êîòîðûõ ñîîòâåòñòâóþò çíà÷åíèÿì ëîãè÷åñêèõ ïåðåìåííûõ â
âåêòîðå âõîäíûõ äàííûõ X∗ : W ∗ = F (X∗,W ).

Â ðàáîòå [3] áûë ïðåäëîæåí ñõåìîòåõíè÷åñêèé ïîäõîä äëÿ ïî-
ñòðîåíèÿ ëîãè÷åñêîé íåéðîííîé ñåòè. Ïðè ýòîì ôîðìèðóåòñÿ ìíî-
æåñòâî ñîîòâåòñòâèé ìåæäó ñîâîêóïíîñòÿìè âõîäíûõ ñèãíàëîâ è
òðåáóåìûìè âûõîäíûìè èìïóëüñàìè.

Ýòî ìíîæåñòâî íåñëîæíî ôîðìàëèçîâàòü àíàëîãè÷íî ÎÂ äëÿ
ïîñòðîåíèÿ ïåðåìåííîçíà÷íîé ëîãè÷åñêîé ôóíêöèè F (X,W ). Â ðî-
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ëè âåêòîðà X âûñòóïàåò ñîâîêóïíîñòü âõîäíûõ ñèãíàëîâ ëîãè÷å-
ñêîé íåéðîííîé ñåòè, à â êà÷åñòâå ìíîæåñòâà W âûñòóïàåò ñîâî-
êóïíîñòü âûõîäíûõ èìïóëüñîâ.

Äëÿ ïîñòðîåíèÿ ëîãè÷åñêîé íåéðîííîé ñåòè ââîäÿòñÿ äâà òèïà
íåéðîíîâ: êîíúþíêòîð è äèçúþíêòîð. Âåñà âõîäíûõ ñèãíàëîâ ýòèõ
íåéðîíîâ âûáèðàþòñÿ òàêèì îáðàçîì, ÷òîáû ïðè ÷åòêèõ çíà÷åíèÿõ
ïåðåìåííûõ (âõîäíûõ ñèãíàëîâ) ýòè íåéðîíû ïðèíèìàëè áû çíà÷å-
íèÿ ñîîòâåòñòâóþùèå çíà÷åíèÿì ëîãè÷åñêèõ îïåðàöèé êîíúþíêöèè
è äèçúþíêöèè.

Â ðàáîòå [4] áûëà äîêàçàíà ñëåäóþùåå óòâåðæäåíèå:
Óòâåðæäåíèå. Âñÿêàÿ ïåðåìåííîçíà÷íàÿ ëîãè÷åñêàÿ ôóíêöèÿ

F (X,W ) ïðåäñòàâèìà â âèäå ëîãè÷åñêîé íåéðîííîé ñåòè, ñîâîêóï-
íîñòü ëîãè÷åñêèõ ñâÿçåé â êîòîðîé âçàèìíî îäíîçíà÷íî îïðåäåëÿ-
åòñÿ ñòðóêòóðîé ïðîäóêöèîííûõ äèçúþíêòîâ.

Òàê æå â ðàáîòå [4] ðåçóëüòàòû ïî ïîñòðîåíèþ ëîãè÷åñêîé íåé-
ðîííîé ñåòè íà îñíîâå ïåðåìåííîçíà÷íûõ ïðåäèêàòîâ áûëè ðàñ-
ïðîñòðàíåíû íà ñëó÷àé íå÷åòêîé ëîãèêè. Â ñëó÷àå ïåðåìåííîçíà÷-
íûõ ëîãè÷åñêèõ ôóíêöèé äîáàâëåíèå íîâûõ îáúåêòîâ âìåñòå ñ èõ
ñâîéñòâàìè ïðîèçâîäèòñÿ ïóòåì ëîãè÷åñêîãî óìíîæåíèÿ (êîíúþíê-
öèè) ëîãè÷åñêîé ôóíêöèè F (X,W ) íà íîâîå ïðîäóêöèîííîå ïðà-
âèëî (y → v) : F (X,W )(y → v), ãäå y � ñâîéñòâà äîáàâëÿåìîãî
îáúåêòà, v � äîáàâëÿåìûé îáúåêò.

Â ñëó÷àå ñ ëîãè÷åñêîé íåéðîííîé ñåòüþ, ïîñòðîåííîé íà îñíîâå
ïåðåìåííîçíà÷íûõ ïðåäèêàòîâ ñôîðìóëèðîâàíà ñïåöèàëüíàÿ ïðî-
öåäóðà åå îáó÷åíèÿ, îñíîâàííàÿ íà ñâîéñòâàõ ëîãè÷åñêèõ îïåðàöèé
êîíúþíêöèè è äèçúþíêöèè.
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Èññëåäîâàíèå ýðåäèòàðíûõ êîëåáàòåëüíûõ ñèñòåì ÿâëÿåòñÿ îä-
íèì èç àêòóàëüíûõ íàïðàâëåíèé èññëåäîâàíèé, ÷òî ïîäòâåðæäåíî
ðàçëè÷íûìè ïðèëîæåíèÿìè [1-3]. Ýðåäèòàðíûå êîëåáàòåëüíûå ñè-
ñòåìû ðàññìàòðèâàþòñÿ â ðàìêàõ òåîðèè ýðåäèòàðíîé äèíàìèêè [1].

Ýðåäèòàðíîñòü ïðîöåññà � ýòî ñâîéñòâî ïðîöåññà ñîõðàíÿòü ¾ïà-
ìÿòü¿ î åãî ñîñòîÿíèÿõ â ïðåäûäóùèå ìîìåíòû âðåìåíè. Êàê ïðà-
âèëî, òàêèå ïðîöåññû ïðîèñõîäÿò âî ôðàêòàëüíûõ ñðåäàõ, îáëàäà-
þùèõ ìàñøòàáíîé èíâàðèàíòíîñòüþ è íåëîêàëüíîñòüþ ïî âðåìåíè
è ïðîñòðàíñòâó.

Áîëåå ïîäðîáíî âîïðîñû èññëåäîâàíèÿ ýðåäèòàðíûõ êîëåáàòåëü-
íûõ ñèñòåì èçëîæåíû â êíèãå È. Ïåòðàñà [4].

Â íàñòîÿùåé ðàáîòå ìû èññëåäóåì ïðèìåð ýðåäèòàðíîé êîëåáà-
òåëüíîé ñèñòåìû � ýðåäèòàðíûé îñöèëëÿòîð Äóôôèíãà ñ òðåíèåì.
Äàëåå ïîñòðîèì ÷èñëåííóþ ÿâíóþ êîíå÷íî-ðàçíîñòíóþ ñõåìó äëÿ
ñ÷åòà ïðèáëèæåííîãî ðåøåíèÿ ñîîòâåòñòâóþùåé çàäà÷è Êîøè, à
òàêæå íà îñíîâå ÷èñëåííîãî ðåøåíèÿ ïîñòðîèì è èññëåäóåì ôàçî-
âûå òðàåêòîðèè.

Îòìåòèì, ÷òî â ðàáîòå [5] áûëà ïðåäëîæåíà ìîäåëü îñöèëëÿòîðà
Äóôôèíãà ñ ôðàêòàëüíûì òðåíèåì. Ôðàêòàëüíîå òðåíèå îáëàäàåò
ñâîéñòâàìè âÿçêîãî òðåíèÿ çà ñ÷åò ñòåïåííîãî ÿäðà â èíòåãðàëüíîì
îïåðàòîðå (¾òÿæåëûå õâîñòû¿).

Ïîñòàíîâêà çàäà÷è è ìåòîäèêà ðåøåíèÿ. Íàéòè ðåøåíèå
x (t), ãäå t ∈ [0, T ] ñëåäóþùåé çàäà÷è Êîøè â ëîêàëüíîé ïîñòàíîâ-
êå [6]:

Dp
0tx (τ) + αDq

0tx (τ)− x (t) + x3 (t) = σ cos (ωt) , (1)

lim
t→0

t2−px (t) = x0, lim
t→0

d

dt

(
t2−px (t)

)
= y0,

ãäå Dq
0tx (τ) =

1
Γ(1−q)

d
dt

t∫
0

ẋ(τ)dτ
(t−τ)q

è Dp
0tx (τ) =

1
Γ(2−p)

d2

dt2

t∫
0

ẍ(τ)dτ

(t−τ)p−1 � ïðî-

èçâîäíûå Ðèìàíà-Ëèóâèëëÿ äðîáíûõ ïîðÿäêîâ 1 < p < 2, 0 < q < 1,
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α � êîýôôèöèåíò âÿçêîãî òðåíèÿ, σ è ω � àìïëèòóäà è ÷àñòî-
òà âíåøíåé ïåðèîäè÷åñêîé ñèëû, x0 è y0 � çàäàííûå êîíñòàíòû,
íà÷àëüíûå óñëîâèÿ.

Çàäà÷à (1), â ñèëó íåëèíåéíîñòè, íå èìååò òî÷íîãî ðåøåíèÿ,
ïîýòîìó áóäåì èñêàòü ïðèáëèæåííîå ðåøåíèå ñ ïîìîùüþ òåîðèè
êîíå÷íî-ðàçíîñòíûõ ñõåì [7-9]. Ðàçîáüåì îòðåçîê [0, T ] íà N ðàâíûõ
÷àñòåé ñ øàãîì h. Ðåøåíèå äèôôåðåíöèàëüíîé çàäà÷è x (t) ïåðåé-
äåò â ïðèáëèæåííîå ñåòî÷íîå ðåøåíèå x (tk) , tk = kh, k = 1, ..., N .
Ïðîèçâîäíóþ äðîáíîãî ïîðÿäêà â óðàâíåíèè (1) àïïðîêñèìèðóåì
ðàçíîñòíûì àíàëîãîì � ïðîèçâîäíîé Ãðþíâàëüäà-Ëåòíèêîâà [10]:

Dp
0tx (τ) ≈

1

hp

k−1∑
j=0

m
(p)
j xk−j =

xk
hp

+
k−1∑
j=1

m
(p)
j xk−j, (2)

Dq
0tx (τ) ≈

1

hq

k−1∑
j=0

c
(q)
j xk−j =

xk
hq

+
k−1∑
j=1

c
(q)
j xk−j,

c
(q)
0 = m

(p)
0 = 1, c

(q)
j =

(
1− 1 + q

j

)
c
(q)
j−1,m

(p)
j =

(
1− 1 + p

j

)
m

(p)
j−1,

à öåëî÷èñëåííûå ïðîèçâîäíûå: ẋ (t) = y (t) ≈ xk−xk−1

h
.

Ïîäñòàâëÿÿ (3) â óðàâíåíèå (1), ïðèõîäèì ê ñëåäóþùåìó ïðè-
áëèæåííîìó ðåøåíèþ çàäà÷è Êîøè: xk =

1
B

(
xk−1 − x3k−1

)
− C

k−1∑
j=1

m
(p)
j xk−j −K

k−1∑
j=1

c
(q)
j xk−j + fk−1,

yk =
xk−xk−1

h
.

(3)

ãäå B = h−p + αh−q, C = h−p

B
, K = h−q

B
, A = σ

B
, fk−1 =

= A cos (ω (k − 1)h) .
Ìîæíî îòìåòèòü, èñõîäÿ èç ðàáîòû [10], ÷òî àïïðîêñèìàöèÿ (3)

äèôôåðåíöèàëüíîé çàäà÷è (1) èìååò ïåðâûé ïîðÿäîê. Ìû íå áó-
äåì ïðîâîäèòü èññëåäîâàíèÿ ÿâíîé ñõåìû (3) íà óñòîé÷èâîñòü è
ñõîäèìîñòü. ßâíûå ñõåìû, êàê ïðàâèëî óñëîâíî óñòîé÷èâû, ò.å. ñó-
ùåñòâóåò îãðàíè÷åíèå íà øàã h. Îöåíèòü øàã h ìîæíî ñ ïîìîùüþ
ìåòîäà äâîéíîãî ñ÷åòà [7].

Äàëåå â ðàáîòå ïî àíàëîãèè ñ ìåòîäèêîé ðàáîòû [11] áûëè ïî-
ñòðîåíû îñöèëëîãðàììû è ôàçîâûå òðàåêòîðèè. Áûëè ïîëó÷åíû
îñöèëëîãðàììû è ôàçîâûå òðàåêòîðèè õàðàêòåðíûå ýðåäèòàðíîé
àâòîêîëåáàòåëüíîé ñèñòåìå Âàí-äåð-Ïîëÿ [12].

106



Ëèòåðàòóðà

1. Ó÷àéêèí Â.Â. Ìåòîä äðîáíûõ ïðîèçâîäíûõ. Óëüÿíîâñê: Àðòèøîê, 2008.
512 c.

2. Gao X., Yu J. Chaos in the fractional order periodically forced complex
Du�ng's oscillators// Chaos, Solitons & Fractals. 2005. Vol. 24. �4.
P. 1097�1104.

3. Rossikhin Y.A., Shitikova M.V. Application of fractional calculus for dynamic
problems of solid mechanics: novel trends and recent results// Applied Mecha-
nics Reviews. 2010. Vol. 63. �1.

4. Petras I. Fractional-Order Nonlinear Systems: Modeling, Analysis and Simula-
tion. New York: Springer, 2010.

5. Syta A., Litak G., Lenci S., Sche�er M. Chaotic vibrations of the Du�ng
system with fractional damping// Chaos: An Interdisciplinary Journal of
Nonlinear Science. 2014. Vol. 24, �. 1.

6. Íàõóøåâ À.Ì.Äðîáíîå èñ÷èñëåíèå è åãî ïðèìåíåíèå. Ì.: Ôèçìàòëèò, 2003.
272 c.

7. Ìàð÷óê Ã.È. Ìåòîäû âû÷èñëèòåëüíîé ìàòåìàòèêè. Ì.: Íàóêà, 1977.
456 ñ.

8. Ïàðîâèê Ð.È.Î ÷èñëåííîì ðåøåíèè óðàâíåíèÿ ôðàêòàëüíîãî îñöèëëÿòî-
ðà ñ ïðîèçâîäíîé äðîáíîãî ïåðåìåííîãî ïîðÿäêà îò âðåìåíè// Âåñòíèê
ÊÐÀÓÍÖ. Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè. 2014. � 1(8). Ñ. 60�65.

9. Ïàðîâèê Ð.È.×èñëåííûé àíàëèç íåêîòîðûõ îñöèëëÿöèîííûõ óðàâíåíèé ñ
ïðîèçâîäíîé äðîáíîãî ïîðÿäêà// Âåñòíèê ÊÐÀÓÍÖ. Ôèçèêî-ìàòåìàòè÷åñ-
êèå íàóêè. 2014. � 2(9). C. 30�35.

10. Ïåòóõîâ À.À., Ðåâèçíèêîâ Ä.Ë. Àëãîðèòìû ÷èñëåííûõ ðåøåíèé äðîáíî-
äèôôåðåíöèàëüíûõ óðàâíåíèé// Âåñòíèê ÌÀÈ. 2009. Ò. 16. � 6.
Ñ. 228�243.

11. Ïàðîâèê Ð.È. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå íåëîêàëüíîé êîëåáàòåëü-
íîé ñèñòåìû Äóôôèíãà ñ ôðàêòàëüíûì òðåíèåì// Âåñòíèê ÊÐÀÓÍÖ.
Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè. 2015. � 1 (10). C. 18�24.

12. Ïàðîâèê Ð.È. Ìàòåìàòè÷åñêàÿ ìîäåëü ôðàêòàëüíîãî îñöèëëÿòîðà Âàí
äåð Ïîëÿ// Äîêëàäû Àäûãñêîé (×åðêåññêîé) Ìåæäóíàðîäíîé àêàäåìèè
íàóê. 2015. Ò. 17. �. 2. Ñ. 57-62.

107



ÓÄÊ 517.95

ÎÁÐÀÒÍÀß ÇÀÄÀ×À Ñ ÈÍÒÅÃÐÀËÜÍÛÌÈ
ÓÑËÎÂÈßÌÈ ÏÅÐÅÎÏÐÅÄÅËÅÍÈß ÄËß
ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß

c⃝ Äþæåâà À.Â.
Ñàìàðñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò

èìåíè àêàäåìèêà Ñ.Ï. Êîðîëåâà (Ðîññèÿ, Ñàìàðà)
e-mail: aduzheva@rambler.ru

Â îáëàñòè QT = (0, l)× (0, T ), ãäå l, T <∞, äëÿ óðàâíåíèÿ

utt − (a(x)ux)x + c(x, t)u = h(x)f(x, t) (1)

ïîñòàâèì ñëåäóþùóþ çàäà÷ó:
íàéòè ïàðó ôóíêöèé (u(x, t), h(x)), óäîâëåòâîðÿþùèõ óðàâíå-

íèþ (1), íà÷àëüíûì äàííûì:

u(x, 0) = 0, ut(x, 0) = 0, (2)

ãðàíè÷íûì óñëîâèÿì

ux(0, t) = α1(t)u(0, t) + β1(t)u(l, t), (3)

ux(l, t) = α2(t)u(0, t) + β2(t)u(l, t)

è óñëîâèþ ïåðåîïðåäåëåíèÿ:∫ T

0

K(t)u(x, t)dt = E(x). (4)

Ôóíêöèè a(x), E(x), c(x, t), f(x, t), αi(t), βi(t), K(t) çàäàíû â îáëà-
ñòÿõ [0, l], QT è [0, T ] ñîîòâåòñòâåííî, êðîìå òîãî áóäåì ñ÷èòàòü, ÷òî
0 < a0 ≤ a(x) âñþäó â [0, l].

Îáðàòíûå çàäà÷è ñ èíòåãðàëüíûì óñëîâèåì ïåðåîïðåäåëåíèÿ äëÿ
ïàðàáîëè÷åñêèõ óðàâíåíèé èçó÷àëèñü âî ìíîãèõ ðàáîòàõ. Îòìåòèì
ñòàòüè [1], [2] è ñïèñîê ëèòåðàòóðû â íèõ. Ðàáîò, ïîñâÿùåííûõ èñ-
ñëåäîâàíèþ ðàçðåøèìîñòè îáðàòíîé çàäà÷è äëÿ ãèïåðáîëè÷åñêîãî
óðàâíåíèÿ, ñóùåñòâåííî ìåíüøå.

Îòìåòèì, êàê íàèáîëåå áëèçêèå ê òåìàòèêå äàííîé ñòàòüè ðàáî-
òû [3], [4], [6].

Ââåäåì ïîíÿòèå ðåøåíèÿ çàäà÷è (1)-(4).
Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
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(i) c ∈ C(QT ), f ∈ C(QT ), a(x) ∈ C[0, l], E(x) ∈ C2[0, l];

(ii) K ∈ C2[0, T ],
∫ T

0
K(t)f(x, t)dt ̸= 0 äëÿ ëþáîãî x ∈ [0, l],

K(T ) = K ′(T ) = 0.
Òîãäà ôóíêöèþ h(x) ïîäëåæàùóþ îïðåäåëåíèþ, ìîæíî âûðà-

çèòü ÷åðåç u(x, t) è èçâåñòíûå ôóíêöèè, âõîäÿùèå â óðàâíåíèå (1)
è óñëîâèå (4). À èìåííî ñïðàâåäëèâî ñëåäóþùåå ñîîòíîøåíèå:

h(x) = G(x)[

∫ T

0

H(x, t)u(x, t)dt− (a(x)E ′(x))′], (5)

ãäå îáîçíà÷åíî

G(x) = (

∫ T

0

K(x)f(x, t)dt)−1, H(x, t) = K ′′(x) + c(x, t)K(x).

Îáîçíà÷èì Ŵ 1
2 (QT ) = {v(x, t) : v(x, t) ∈ W 1

2 (QT ), v(x, T ) = 0}.
Ïóñòü v(x, t) ∈ Ŵ 1

2 (QT ). Èñïîëüçóÿ èçâåñòíóþ ïðîöåäóðó [11], âû-
âåäåì ðàâåíñòâî∫ T

0

∫ l

0

(−utvt + a(x)uxvx + axuxv + cuv)dxdt+

+

∫ T

0

a(0)v(0, t)[α1(t)u(0, t) + β1(t)u(l, t)]dt− (6)

−
∫ T

0

a(l)v(l, t)[α2(t)u(0, t) + β2(t)u(l, t)]dt =

∫ T

0

∫ l

0

hfvdxdt.

Îïðåäåëåíèå. Îáîáùåííûì ðåøåíèåì çàäà÷è (1) - (4) áóäåì íà-
çûâàòü ïàðó ôóíêöèé (u(x, t), h(x)) òàêèõ, ÷òî u(x, 0) = 0, âû-

ïîëíÿåòñÿ òîæäåñòâî (6) äëÿ âñåõ ôóíêöèé v(x, t) ∈ Ŵ 1
2 (QT ), è

ñïðàâåäëèâî (5), ïîíèìàåìîå êàê ðàâåíñòâî â L2(0, l).
Çàìåòèì, ÷òî ïðè âûïîëíåíèè óñëîâèé òåîðåìû íàéäóòñÿ ÷èñëà

c0 > 0, Ai > 0, Bi > 0, γ > 0 òàêèå, ÷òî

max
QT

|c(x, t)| ≤ c0, max
QT

|f(x, t)| ≤ γ,

max
[0,T ],i=1,2

|β′
i(t)| ≤ B, max

[0,T ],i=1,2
|α′

i(t)| ≤ A.

Îñíîâíîé ðåçóëüòàò ðàáîòû ñîñòîèò â äîêàçàòåëüñòâå ñóùåñòâî-
âàíèÿ åäèíñòâåííîãî îáîáùåííîãî ðåøåíèÿ ïîñòàâëåííîé çàäà÷è.
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Òåîðåìà. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ

c(x, t) ∈ C(Q̄T ), f(x, t) ∈ C(QT ), a ∈ C(QT ), E ∈ C2[0, l],

a(x) ≥ a0 > 0, αi(t), βi(t) ∈ C1[0, T ], i = 1, 2,

a(0)β1(t) + a(l)α2(t) = 0, K(t) ∈ C2[0, T ], K(T ) = K ′(T ) = 0,

α1(t)β2(t) + α2(t)β1(t) ≥ 0, α′
1(t)β

′
2(t) + α′

2(t)β
′
1(t) ≥ 0,

G2(x) ≥ G0 > 0, TγB
ec1T − 1

cG0

< 1.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå îáîáùåííîå ðåøåíèå çàäà÷è
(1)-(4).

Äîêàçàòåëüñòâî ïðîâåäåíî ïî ñëåäóþùåé ñõåìå: ñíà÷àëà ïîñòðî-
åíà ïîñëåäîâàòåëüíîñòü ïðèáëèæåííûõ ðåøåíèé, çàòåì ïîêàçàíî,
÷òî ïîñëåäîâàòåëüíîñòü ñõîäèòñÿ â W 1

2 (QT ). È íà çàêëþ÷èòåëüíîì
ýòàïå ïîêàçàíî, ÷òî åå ïðåäåë è åñòü èñêîìîå ðåøåíèå.
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Âîçìîæíîñòü ïðåäñòàâëåíèÿ ðåøåíèÿ çàäà÷è â èíòåãðàëüíîì
âèäå, îñíîâàííîì íà ôóíêöèè Ãðèíà íà÷àëüíî-êðàåâîé çàäà÷è èìå-
åò ñóùåñòâåííûå ïðèìóùåñòâà äëÿ ïðàêòèêè. Èíòåãðàëüíîå ïðåä-
ñòàâëåíèå ðåøåíèÿ ïîçâîëÿåò äàòü ôèçè÷åñêóþ èíòåðïðåòàöèþ: ñî-
ïðÿæåííàÿ ôóíêöèÿ Ãðèíà â òî÷êå ñ êîîðäèíàòîé y0 â ìîìåíò âðå-
ìåíè s0, ïðè íàáëþäåíèè òåìïåðàòóðû â òî÷êå (x0, t0), åñòü òåìïå-
ðàòóðà â òî÷êå x0 â ìîìåíò âðåìåíè t0, åñëè â òî÷êó y0 â ìîìåíò âðå-
ìåíè s0 ïîìåùåí èìïóëüñíûé òåïëîâîé èñòî÷íèê åäèíè÷íîé ìîù-
íîñòè.

Â îáëàñòè Ω = {0 < x < 1, 0 < t < T} ðàññìîòðèì óðàâíåíèå
òåïëîïðîâîäíîñòè

ut − uxx = f(x, t). (1)

Ê êëàññè÷åñêèì çàäà÷àì òåîðèè òåïëîïðîâîäíîñòè îòíîñÿò ïåðâóþ
è âòîðóþ íà÷àëüíî-êðàåâûå çàäà÷è. Ýòî çàäà÷è íàõîæäåíèÿ ðåøå-
íèÿ óðàâíåíèÿ (1), óäîâëåòâîðÿþùåãî íà÷àëüíîìó óñëîâèþ

u∣∣t=0
= τ(x), 0 ≤ x ≤ 1, (2)
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è êðàåâûì óñëîâèÿì

u∣∣x=0
= φ0(t), u∣∣x=1

= φ1(t), 0 ≤ t ≤ T,

èëè
ux∣∣x=0

= ψ0(t), ux∣∣x=1
= ψ1(t), 0 ≤ t ≤ T,

ñîîòâåòñòâåííî.
Ýòè çàäà÷è õîðîøî èññëåäîâàíû, èõ ðåøåíèå (â êëàññè÷åñêîì è

îáîáùåííîì ñìûñëàõ) ñóùåñòâóåò, åäèíñòâåííî è ìîæåò áûòü ïî-
ñòðîåíî ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ. Òàêæå ðåøåíèå ìîæåò
áûòü ïðåäñòàâëåíî ñ ïîìîùüþ ôóíêöèè Ãðèíà. Äëÿ óïðîùåíèÿ çà-
ïèñè ñ÷èòàåì, ÷òî φj(t) = ψj(t) = 0, j = 0, 1. Òîãäà ðåøåíèå çàäà÷
ïðåäñòàâëÿåòñÿ â âèäå

u(x, t) =

∫ t

0

dt

∫ 1

0

G(x, y, t− s)f(y, s)dy.

Â äîêëàäå ðàññìàòðèâàåòñÿ íåëîêàëüíàÿ êðàåâàÿ çàäà÷à äëÿ íå-
îäíîðîäíîãî îäíîìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè. Ñòàâèòñÿ
êëàññè÷åñêîå íà÷àëüíîå óñëîâèå ïî ïåðåìåííîé t. Ïî ïðîñòðàíñòâåí-
íîé ïåðåìåííîé x ñòàâèòñÿ íåëîêàëüíîå êðàåâîå óñëîâèå Ñàìàð-
ñêîãî-Èîíêèíà.

Çàäà÷à S − I. Íàéòè ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþ-
ùåå íà÷àëüíîìó óñëîâèþ (2) è íåêëàññè÷åñêèì êðàåâûì óñëîâèÿì
� íåëîêàëüíûì óñëîâèÿì Ñàìàðñêîãî�Èîíêèíà:

u(0, t) = φ0(t), ux(0, t)− ux(1, t) = φ1(t), 0 ≤ t ≤ T.

Õîðîøî èçâåñòíî, ÷òî ðåøåíèå ýòîé çàäà÷è ìîæåò áûòü ïîñòðî-
åíî â âèäå ñõîäÿùåãîñÿ áèîðòîãîíàëüíîãî ðÿäà ïî ñîáñòâåííûì è
ïðèñîåäèíåííûì ôóíêöèÿì ñïåêòðàëüíîé çàäà÷è Ñàìàðñêîãî-Èîí-
êèíà äëÿ îïåðàòîðà êðàòíîãî äèôôåðåíöèðîâàíèÿ. Ïîýòîìó ôóíê-
öèÿ Ãðèíà çàäà÷è ìîæåò áûòü òàêæå âûïèñàíà â âèäå áåñêîíå÷íî-
ãî ðÿäà ïî òðèãîíîìåòðè÷åñêèì ôóíêöèÿì. Äëÿ êëàññè÷åñêèõ ïåð-
âîé è âòîðîé íà÷àëüíî-êðàåâûõ çàäà÷ ñóùåñòâóåò òàêæå è âòîðîå
ïðåäñòàâëåíèå ôóíêöèè Ãðèíà - ÷åðåç ôóíêöèþ ßêîáè. Â íàñòî-
ÿùåé ðàáîòå íàéäåíî ïðåäñòàâëåíèå ôóíêöèè Ãðèíà íåëîêàëüíîé
íà÷àëüíî-êðàåâîé çàäà÷è â âèäå ðÿäà ïî ýêñïîíåíòàì.

Ïðè äîêàçàòåëüñòâå îñíîâíûõ ðåçóëüòàòîâ ðàáîòû áûëè èñïîëü-
çîâàíû èäåè èç íàøåé ðàáîòû [1].
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Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ

è íàóêè Ðåñïóáëèêè Êàçàõñòàí, ãðàíò 0825/ÃÔ4.
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2-ÏÓÒÈ ÍÀ ÎÐÈÅÍÒÈÐÎÂÀÍÍÛÕ ÃÐÀÔÀÕ.
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Ìíîæåñòâî äóã U îðèåíòèðîâàííîãî ãðàôà G(X,U, f) ïðåäñòàâ-
ëåíî â âèäå U = U0 ∪U1, U0 ̸= ∅, U1 ̸= ∅, U0 ∩U1 = ∅, êàæäîìó ïóòè
äëèíû n ïîñòàâèì â ñîîòâåòñòâèå 0�1 çàïèñü äëèíû n ïî ñëåäóþùå-
ìó ïðàâèëó: íà i-ì ìåñòå â çàïèñè ñòîèò 0, åñëè i-ÿ äóãà ïóòè ïðè-
íàäëåæèò ìíîæåñòâó U0, à åñëè äóãà ïðèíàäëåæèò ìíîæåñòâó U1,
òî íà òîì ìåñòå â çàïèñè ñòîèò 1.
Îïðåäåëåíèå 1. Íà÷àëüíûì 1-ôðàãìåíòîì äëèíû k ïóòè áóäåì
íàçûâàòü åãî íà÷àëüíûé îòðåçîê, ñîñòîÿùèé èç k ñëåäóþùèõ ïîä-
ðÿä äóã èç ìíîæåñòâà U1, òàêîé, ÷òî êîäèðîâêà ïóòè èìååò âèä
(11 . . . 10 ). (çäåñü çà ìíîãîòî÷èåì ¾ñïðÿòàíû¿ åäèíèöû, ¾ïðîáåëü-
íàÿ¿ çîíà çàïîëíåíà ïðîèçâîëüíûì íàáîðîì íóëåé è åäèíèö).
Îïðåäåëåíèå 2. Âíóòðåííèì 1-ôðàãìåíòîì äëèíû k ïóòè áóäåì
íàçûâàòü òàêîé îòðåçîê ïóòè, ñîñòîÿùèé èç k ñëåäóþùèõ ïîä-
ðÿä äóã èç ìíîæåñòâà U1, òàêîé, ÷òî åãî êîäèðîâêà èìååò âèä
( 011 . . . 10 ).
Îïðåäåëåíèå 3. Çàêëþ÷èòåëüíûì 1-ôðàãìåíòîì äëèíû k ïóòè
áóäåì íàçûâàòü åãî êîíå÷íûé îòðåçîê, ñîñòîÿùèé èç k ñëåäóþùèõ
ïîäðÿä äóã èç ìíîæåñòâà U1, òàêîé, ÷òî åãî êîäèðîâêà èìååò âèä
( 011 . . . 1).
Îïðåäåëåíèå 4. Ïóòü íà ãðàôå áóäåì íàçûâàòü 2-ïóòåì, åñëè
äëèíû åãî íà÷àëüíîãî 1-ôðàãìåíòà è âñåõ âíóòðåííèõ 1-ôðàãìåí-
òîâ êðàòíû 2.
Îïðåäåëåíèå 5. 2-äîñòèæèìîñòüþ íà ãðàôå áóäåì íàçûâàòü äî-
ñòèæèìîñòü îäíîé âåðøèíû èç äðóãîé ïî 2-ïóòÿì.
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Â ñëó÷àå òàêîãî îãðàíè÷åíèÿ íà äîñòèæèìîñòü êëàññè÷åñêèå àë-
ãîðèòìû äëÿ ðåøåíèÿ çàäà÷ î êðàò÷àéøèõ ïóòÿõ, ñëó÷àéíûõ áëóæ-
äàíèÿõ è ïîòîêàõ â ñåòè ñòàíîâÿòñÿ íåïðèìåíèìûìè. Ñëåäóÿ ìåòî-
äèêå àâòîðà (ñì. [1]), íåîáõîäèìî ïîñòðîèòü ñîîòâåòñòâóþùóþ ðàç-
âåðòêó ãðàôà, ïîñëå ÷åãî çàäà÷à ñ îãðàíè÷åíèÿìè íà äîñòèæèìîñòü
íà èñõîäíîì ãðàôå èíòåðïðåòèðóåòñÿ êàê ñîîòâåòñòâóþùàÿ åé çà-
äà÷à íà ðàçâåðòêå áåç îãðàíè÷åíèé íà äîñòèæèìîñòü ([1�3]).

Îïèøåì ïîñòðîåíèå ðàçâåðòêè â ñëó÷àå 2-äîñòèæèìîñòè. Êàæ-
äîé âåðøèíå èñõîäíîãî ãðàôà ñîîòâåòñòâóþò íà ðàçâåðòêå äâå âåð-
øèíû x è x′, êàæäîé äóãå èç ìíîæåñòâà U0 ñîîòâåòñòâóåò îíà ñàìà
íà ðàçâåðòêå, à êàæäîé äóãå èç ìíîæåñòâà U1, âåäóùåé èç x â y,
ñîîòâåòñòâóåò äâå äóãè ðàçâåðòêè, îäíà èç êîòîðûõ âåäåò èç x â y′,
à äðóãàÿ � èç x′ â y.

Òåîðåìà. Âåðøèíà y íà ãðàôå G(X,U0∪U1, f) 2-äîñòèæèìà èç
âåðøèíû x òîãäà è òîëüêî òîãäà, êîãäà íà ðàçâåðòêå äîñòèæèìà
èç âåðøèíû x õîòÿ áû îäíà èç âåðøèí ìíîæåñòâà {y; y′}.

Àíàëîãè÷íî 2-äîñòèæèìîñòè îïðåäåëÿþòñÿ 3-äîñòèæèìîñòü, 4-
äîñòèæèìîñòü è ò. ä. Êîíñòðóêöèÿ ðàçâåðòêè â ýòèõ ñëó÷àÿõ òîæå
ïîíÿòíà. Âîçðàñòàåò êîëè÷åñòâî äâîéíèêîâ âåðøèí è êîëè÷åñòâî
äóã, ïîëó÷àåìûõ èç äóã ìíîæåñòâà U1.
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Let Ω ⊂ R2 be a rectangular domain, bounded by following lines:
AB : 0 ≤ x ≤ ℓ, t = 0, BC : x = ℓ, 0 ≤ t ≤ T , CD : 0 ≤ x ≤ ℓ, t = T
and AD : x = 0, 0 ≤ t ≤ T .

We consider a nonhomogeneous wave equation in Ω

utt − uxx = f(x, t). (1)

It is well known that the Dirichlet problem for the wave equation (1)
in a rectangular domain is ill-posed. Speci�cally, in case of our domain
Ω it is easy to see that the homogeneous equation () with Dirichlet
conditions

u|AB∪BC∪AD = 0, (2)

u|CD = 0, (3)

has countable number of nontrivial solutions of the form

umn(x, t) = sin
mπx

ℓ
sin

nπt

T
, m, n = 1, 2, ...

when the conditions nℓ = mT hold.
The Dirichlet problem for a wave equation is one of the most di�cult

models of mathematical physics. When T/ℓ is an algebraic number of
the degree n ≥ 2, K.B. Sabitov the existence and uniqueness condition
of the solution of the Dirichlet problem are obtained.

In this paper, we prove the well-posedness of the problem for a
one-dimensional wave equation in a rectangular domain in case when
boundary conditions are given on the whole boundary of domain. Let
E = (T, T ), F = (ℓ− T, T ) be points on a boundary CD.

Problem S. Find a solution of equation (1), satisfying the boundary
condition (2) and conditions on the boundary CD:

ut|DE = 0, (4)

αux + βut|EF = 0, (5)

u|CF = 0, (6)

where α and β are real numbers.
As usual, we say the function u ∈ L2(Ω) is a strong solution of

Problem S, if there exists the sequence of functions un ∈ W 2
2 (Ω),

satisfying boundary conditions (4) - (6) such that un and Lun converge
in L2(Ω) to u and f respectively. Now we formulate the obtained result
as a theorem.
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Theorem. Let ℓ/T = n ∈ N(n ≥ 2). A solution of the Problem S
is unique, i� condition

α(α+ β)(α− β) ̸= 0 (7)

holds. If the condition (7) holds, then for all functions f ∈ L2(Ω)
Problem S has a unique strong solution. This solution belongs to the
class u ∈ W 1

2 (Ω)
∩
C(Ω) and satis�es the estimate:

∥u∥W 1
2 (Ω) ≤ C∥f∥L2(Ω).

Throughout this note we mainly use techniques fromourworks [1, 2].
Research supported by the grant 0824/GF4 of the Ministry of Education and

Science of Republic of Kazakhstan.
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In earlier works on the subject [1], the author developed a unifying
framework for the study of classical fractal strings [2] and their measure
theoretic counterparts (see for example [3]) through the introduction of
a matrix representation of the Dirichlet Laplacian for the two di�erent
types of fractal strings.

The characteristic polynomials of these matrices allow the computa-
tion of the eigenvalues λ at arbitrary iteration levels n of the prefractals,
and it is shown how to obtain generalised trigonometric functions enco-
ding the spectra of the considered fractal strings.
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Theorem 1. For standard fractal strings the spectrum encoding
function is given by the limit:

lim
n→∞

∞∑
i=0

ci(n)λ
i,

where the ci(n) are given by the recursion:

ci(n) =
1

2

i∑
k=1

(−1)k
22kB2k

∑n
j=0 ηjlj

2k

i (2k)!
ci−k(n),

with c0(n) = 1, B2k being the Bernoulli numbers and ηj denoting the
multiplicities of the lengths lj of the considered fractal string.

Example 1. A degenerate case.
Consider the degenerate case where η0 = 1 and l0 = 1, while for

all j > 0 we have ηj = 0 and lj = 0, i.e. the standard homogeneous
string seen as a fractal string. As trivial as it may appear, it allows us
nevertheless to deduce the following interesting corollary:

Corollary 1.

−1

i

i∑
k=1

(−1)k ζ (2k)

π2k (2i− 2k + 1)!
=

1

2i

i∑
k=1

22kB (2k)

(2k)! (2i− 2k + 1)!
=

1

(2i+ 1)!
.

Example 2. The standard triadic Cantor string.
Consider the well known standard Cantor string, de�ned in the

following:
De�nition 1. The standard Cantor string CST is the sequence of

lengths given by:
CST := {lj}∞j=0 = {3−j}∞j=0,

where each of the lj's appears with multiplicity ηj = 2j.
In this case, the coe�cients ci (n) are given by the following corollary:
Corollary 2.

ci(n) =
1

2

i∑
k=1

(−1)k
22kB2k

32k

32k−2

i (2k)!
ci−k,

again with c0 = 1, and B2k denoting the Bernoulli numbers.
The �rst few coe�cients for the standard Cantor string in the limit

n→ ∞ are thus:

117



c0 = 1, c1 = − 3
14
, c2 =

2673
154840

, c3 = − 1218267
1575961520

, c4 =
739117920357

32664071886588800
,

c5 = − 28118674598324067
59404435942772193306880

, . . .

For measure theoretic fractal strings, Arzt recursively de�ned in
[4] a generalised trigonometric function encoding their spectra. For a
subset of these strings where the mass matrix is simply a multiple of
the identity matrix, we obtain another recurrence relation providing a
more e�cient way to approximate the eigenvalues λ of the Dirichlet
Laplacian.

Theorem 2. The spectrum encoding function at approximation level
n for this subclass of measure theoretic fractal strings is:

pn (λ) = Anpn−1 (λ) +Bn

n−2∑
i=0

n−1∏
k=i+2

DkCi+1pi (λ) + (λ− 2)Bn

n−1∏
i=1

Di,

with:

Ai = κ−4λ4 +
(
−6− 2r−1

i

)
κ−3λ3 +

(
11 + 10r−1

i

)
κ−2λ2+

+
(
−7− 13r−1

i

)
κ−1λ+

(
1 + 4r−1

i

)
,

Bi = −κ−3λ3 +
(
5 + r−1

i

)
κ−2λ2 +

(
−6− 4r−1

i

)
κ−1λ+

(
1 + 3r−1

i

)
,

Ci = κ−3λ3 +
(
−4− 2r−1

i

)
κ−2λ2 +

(
4 + 6r−1

i

)
κ−1λ+

(
−1− 3r−1

i

)
,

Di = −κ−2λ2 +
(
3 + r−1

i

)
κ−1λ+

(
−1− 2r−1

i

)
,

where p0 (λ) = κ−2λ2 − 4κ−1λ + 3 and the ri describe the underlying
fractal structure.

Example 3. A degenerate case.
Consider the degenerate case where all the ri = 1 and κ = (4n+ 3)2.

In this case, the polynomials pn (λ) are simply the scaled and shifted

Chebyshev polynomials of the second kind U2+4n

(
λ

2(4n+3)2
− 1
)
and in

the limit n→ ∞, we reobtain the sine-cardinal function [5,6], which is
the spectrum encoding function of the standard string with a uniform
mass distribution.

Example 4. The measure theoretic triadic Cantor string.
For the measure theoretic triadic Cantor string κ = 2 · 6j+1 for

n = 2j − 1, j = 0, 1, 2, . . . and the ri are given by:

ri = 3
−

∑∞
k=2

⌊
2k
⌊

i+1

2k−2

⌋
(4i+4)

⌋
,
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with ⌊·⌋ denoting the �oor function. In the limit n → ∞, we recover
the generalised trigonometric function obtained by Arzt in [4] through
a completely di�erent method, the �rst few coe�cients being:

c0 = 1, c1 = −1
8
, c2 = 21

4240
, c3 = − 33253

383465600
, c4 = 76118969

91537621184000
,

c5 = − 20165083798890939
4103397246999022891520000

, . . .
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Ôðåäãîëüìîâàÿ ðàçðåøèìîñòü êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñìå-
øàííîãî òèïà ñî ñïåêòðàëüíûì ïàðàìåòðîì èçó÷àëàñü âî ìíîãèõ
ðàáîòàõ [1-4]. Â îñíîâíîì èíòåðåñíûå ðåçóëüòàòû áûëè ïîëó÷åíû
äëÿ ìîäåëüíûõ óðàâíåíèé ñìåøàííîãî òèïà ñî ñïåêòðàëüíûì ïà-
ðàìåòðîì íà ïëîñêîñòè [1,3]. Íàèáîëåå ïîëíóþ áèáëèîãðàôèþ ïî
äàííîé òåìå ìîæíî íàéòè â ðàáîòàõ [1,3,5].
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Â äàííîé ðàáîòå èññëåäóåòñÿ ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíå-
íèÿ ñìåøàííîãî òèïà âòîðîãî ïîðÿäêà ñî ñïåêòðàëüíûì ïàðàìåò-
ðîì â ìíîãîìåðíîì ñëó÷àå.

Ïóñòü Ω-îãðàíè÷åííàÿ îáëàñòü â Rn ñ ãðàíèöåé S ∈ C1, Ωt =
= Ω× {t} äëÿ 0 ≤ t ≤ T , ST = S × (0, T ), Q = Ω× (0, T ).

Â öèëèíäðè÷åñêîé îáëàñòèQ ðàññìîòðèì óðàâíåíèå ñìåøàííîãî
òèïà

Lu− λu = f(x, t), (1)

ãäå

Lu ≡ k(x, t)utt −∆u+ a(x, t)ut + c(x)u,

λ ∈ C, u = Reu+ iImu.
Áóäåì ïðåäïîëàãàòü, ÷òî êîýôôèöèåíòû äèôôåðåíöèàëüíî-

ãî îïåðàòîðà L - âåùåñòâåííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè â Q.
Ââåäåì ìíîæåñòâà

P±
0 = {(x, 0) : k(x, 0) ≷ 0, x ∈ Ω}, P±

T = {(x, T ) : k(x, T ) ≷ 0, x ∈ Ω}.

Êðàåâàÿ çàäà÷à. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Q
òàêîå, ÷òî

u|ST
= 0, u|t=0 = 0, ut|P+

0
= 0, u|

P
−
T
= 0. (2)

Ïðè óñëîâèè k(x, 0) < 0, k(x, T ) < 0; k(x, 0) > 0, k(x, T ) < 0
óñòàíîâëåíû àïðèîðíûå îöåíêè, êîòîðûå ïîçâîëÿþò äîêàçàòü îä-
íîçíà÷íóþ ðàçðåøèìîñòü êðàåâîé çàäà÷è (1)-(2) â ýíåðãåòè÷åñêîì
êëàññå. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ôðåäãîëüìîâîé ðàçðåøè-
ìîñòè äëÿ èññëåäóåìîé êðàåâîé çàäà÷è â ýíåðãåòè÷åñêîì êëàññå.

Îòìåòèì, ÷òî ñëó÷àè k(x, 0) < 0, k(x, T ) > 0 è k(x, 0) > 0,
k(x, T ) > 0 ðàññìîòðåíû â [5].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé, ïðîåêò � 16-31-00430, êîíêóðñ "Ìîé ïåðâûé ãðàíò".
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Êîìïüþòåðíûå ìîäåëè êîãíèòèâíûõ êàðò øèðîêî èñïîëüçóþòñÿ
äëÿ ïîìîùè ïðè ïðèíÿòèè ðåøåíèé â óñëîâèÿõ íåòî÷íîé è íåäîñòà-
òî÷íîé èíôîðìàöèè. Òðåáóåòñÿ îïòèìèçèðîâàòü êîãíèòèâíóþ êàð-
òó ïóòåì îïòèìèçàöèè åå âõîäíûõ äàííûõ è ñèñòåìû ïîäñòðîéêè
âåñîâ. Äëÿ ýòîãî áóäóò èñïîëüçîâàíû ìåòîäû êëàñòåðíîãî àíàëèçà
äëÿ îïòèìèçàöèè äàííûõ, è ìåòîäû îáó÷åíèÿ èñêóññòâåííûõ íåé-
ðîííûõ ñåòåé äëÿ ïîäñòðîéêè âåñîâ âëèÿíèÿ êîíöåïòîâ äðóã íà äðó-
ãà.

Â îòëè÷èè îò åâêëèäîâî ðàññòîÿíèÿ, êîòîðîå ÷àñòî èñïîëüçóåò-
ñÿ ïðè êëàñòåðèçàöèè, ðàññòîÿíèå city-block óìåíüøàåò âëèÿíèå îò-
äåëüíûõ áîëüøèõ ðàçíîñòåé(âûáðîñîâ), òàê êàê îíè íå âîçâîäÿòñÿ
â êâàäðàò.

Pcb(xi, xj) =
∑

| xil − xjl |,

ãäå: xi, xj - êîîðäèíàòû i-ãî è j-ãî îáúåêòîâ â k-ìåðíîì ïðîñòðàí-
ñòâå; xil, xjl - âåëè÷èíà -òîé êîìïîíåíòû ó i -ãî (j-ãî) îáúåêòà
(l = 1, 2, . . . k; i, j = 1, 2, . . . , n).

Âû÷èñëÿÿ ðàññòîÿíèÿ ìåæäó òî÷êàìè ïî âûøå ïðèâåäåííîé ôîð-
ìóëå ñòðîèòñÿ ìàòðèöà ðàññòîÿíèè

P =

 P11 ... P1n

... ... ...
Pn1 ... Pnn

 ,
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ãäå Pij � ðàññòîÿíèå ìåæäó i-ûì è j-ûì îáúåêòîì[1].

Ïðîöåññ îáúåäèíåíèÿ êëàñòåðîâ ïðîèñõîäèò ïîñëåäîâàòåëüíî:
íà îñíîâàíèè ìàòðèöû ðàññòîÿíèé îáúåäèíÿþòñÿ íàèáîëåå áëèçêèå
îáúåêòû îäíèì èç ìåòîäîâ èåðàðõè÷åñêîãî êëàñòåðíîãî àíàëèçà. Â
îáùåì âèäå àëãîðèòì èåðàðõè÷åñêîãî êëàñòåðíîãî àíàëèçà ìîæíî
ïðåäñòàâèòü â âèäå ïîñëåäîâàòåëüíîñòè ïðîöåäóð:

1) Çíà÷åíèÿ èñõîäíûõ ïåðåìåííûõ íîðìèðóþòñÿ.

2) Ðàññ÷èòûâàåòñÿ ìàòðèöà ðàññòîÿíèé èëè ìàòðèöà ìåð áëèçî-
ñòè.

3) Íàõîäèòñÿ ïàðà ñàìûõ áëèçêèõ êëàñòåðîâ. Ïî âûáðàííîìó
àëãîðèòìó ýòè äâà êëàñòåðà îáúåäèíÿþòñÿ. Íîâîìó êëàñòåðó ïðè-
ñâàèâàåòñÿ ìåíüøèé èç íîìåðîâ îáúåäèíÿåìûõ êëàñòåðîâ.

4) Ïóíêòû 2, 3 è 4 ïîâòîðÿþòñÿ äî òåõ ïîð, ïîêà âñå îáúåêòû
íå áóäóò îáúåäèíåíû â îäèí êëàñòåð èëè äî äîñòèæåíèÿ çàäàííîãî
"ïîðîãà" áëèçîñòè.

Â ðåçóëüòàòå ìû ïîëó÷àåì êëàñòåðû, ýëåìåíòû êîòîðûõ ñõîæè
ïî îïðåäåëåííûì ïðèçíàêàì è íà îñíîâàíèè ýòèõ êëàñòåðîâ ñòðîèò-
ñÿ êîãíèòèâíàÿ êàðòà. Êîãíèòèâíàÿ êàðòà ïðåäñòàâëÿåò ñîáîé îð-
ãðàô G = (K,w), ãäå K- ìíîæåñòâî âåðøèí ãðàôà (êîíöåïòû),
w-ìíîæåñòâî ðåáåð (ñâÿçåé)[2].

Îïòèìèçàöèÿ êîãíèòèâíîé êàðòû çàêëþ÷àåòñÿ â òîì, ÷òî îíà
ñòðîèòñÿ íå íà -âõîäíûõ äàííûõ, à íà k, ãäå k < n. Êëàñòåðèçàöèÿ
äàííûõ äëÿ ïîñòðîåíèÿ êîãíèòèâíîé êàðòû ïðè áîëüøîì êîëè÷å-
ñòâå âõîäíûõ äàííûõ ÿâëÿåòñÿ îïòèìàëüíîé, òàê êàê óìåíüøàåòñÿ
êîëè÷åñòâî êîíöåïòîâ è êîëè÷åñòâî ñâÿçåé ìåæäó ýòèìè êîíöåïòà-
ìè, òåì ñàìûì ñîêðàùàåòñÿ êîëè÷åñòâî îïåðàöèé, âûïîëíÿåìûõ íà
êàæäîì øàãå îáðàáîòêè êîãíèòèâíîé êàðòû. Ïðè ýòîì êîãíèòèâíàÿ
êàðòà ñòàíîâèòñÿ áîëåå íàãëÿäíîé è ïîíÿòíîé ýêñïåðòó. Ïîñëåäíåå
îáñòîÿòåëüñòâî îáëåã÷àåò ïîñòðîåíèå êîãíèòèâíûõ êàðò, ðàáîòàþ-
ùèõ â ðåàëüíîì ðåæèìå âðåìåíè.

Íåéðîííûå ñåòè, êàê è êîãíèòèâíûå êàðòû, âñ¼ ÷àùå ïðèìåíÿ-
þòñÿ è â ðåàëüíûõ áèçíåñ - ïðèëîæåíèÿõ. Â íåêîòîðûõ îáëàñòÿõ,
òàêèõ êàê îáíàðóæåíèå ôàëüñèôèêàöèé è îöåíêà ðèñêà, îíè ñòàëè
áåññïîðíûìè ëèäåðàìè ñðåäè èñïîëüçóåìûõ ìåòîäîâ. Èõ èñïîëüçî-
âàíèå â ñèñòåìàõ ïðîãíîçèðîâàíèÿ è ñèñòåìàõ ìàðêåòèíãîâûõ èñ-
ñëåäîâàíèé ïîñòîÿííî ðàñò¼ò.

Ïîñêîëüêó ýêîíîìè÷åñêèå, ôèíàíñîâûå è ñîöèàëüíûå ñèñòåìû
î÷åíü ñëîæíû è ÿâëÿþòñÿ ðåçóëüòàòîì äåéñòâèé è ïðîòèâîäåéñòâèé
ðàçëè÷íûõ ëþäåé, òî ÿâëÿåòñÿ î÷åíü ñëîæíûì (åñëè íå íåâîçìîæ-
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íûì) ñîçäàòü ïîëíóþ ìàòåìàòè÷åñêóþ ìîäåëü ñ ó÷¼òîì âñåõ âîç-
ìîæíûõ äåéñòâèé è ïðîòèâîäåéñòâèé. Ïðàêòè÷åñêè íåâîçìîæíî äå-
òàëüíî àïïðîêñèìèðîâàòü ìîäåëü, îñíîâàííóþ íà òàêèõ òðàäèöèîí-
íûõ ïàðàìåòðàõ, êàê ìàêñèìèçàöèÿ ïîëåçíîñòè èëè ìàêñèìèçàöèÿ
ïðèáûëè.

Òàêèå æå ìåòîäû îïòèìèçàöèè ïîäõîäÿò è äëÿ íå÷åòêèõ êîãíè-
òèâíûõ êàðò, â êîòîðûõ êîíöåïòû ìîãóò ïðèíèìàòü çíà÷åíèÿ èç
äèàïàçîíà äåéñòâèòåëüíûõ ÷èñåë [0,1]. Òåðìèí ¾íå÷åòêèå¿ îáîçíà-
÷àåò òîëüêî òî, ÷òî ïðè÷èííûå ñâÿçè (ñâÿçè âçàèìîâëèÿíèÿ) ìîãóò
ïðèíèìàòü íå òîëüêî çíà÷åíèå, ðàâíîå 0 èëè 1, à ëåæàò â äèàïà-
çîíå äåéñòâèòåëüíûõ ÷èñåë, îòðàæàþùèõ ¾ñèëó¿ âëèÿíèÿ îäíîãî
êîíöåïòà íà äðóãîé [3].
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Îñíîâíûìè äåéñòâóþùèìè ôàêòîðàìè èíôåêöèîííîãî çàáîëå-
âàíèÿ ÿâëÿþòñÿ ñëåäóþùèå âåëè÷èíû:

1) V (t) - êîíöåíòðàöèÿ ïàòîãåííûõ ðàçìíîæàþùèõñÿ àíòèãåíîâ.
2) F (t) - êîíöåíòðàöèÿ àíòèòåë.
3) C(t) - êîíöåíòðàöèÿ ïëàçìîöèòîâ, ïîïóëÿöèîííûõ íîñèòåëåé

è ïðîäóöåíòîâ àíòèòåë.
4) m(t) - îòíîñèòåëüíàÿ õàðàêòåðèñòèêà ïîðàæåííîãî îðãàíà.
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Ïðèõîäèì ê ñëåäóþùåé íåëèíåéíîé ñèñòåìå îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé [1, ñ. 116]:

∂V

∂t
= (β − γF )V, (1)

∂C

∂t
= ξ(m)αV (t− τ)F (t− τ)− µc(C − C∗), (2)

∂F

∂t
= ρC − (µf + ηγV )F, (3)

∂m

∂t
= σV − µmm. (4)

Óðàâíåíèå (1) îïèñûâàåò èçìåíåíèå ÷èñëà àíòèãåíîâ â îðãàíèç-
ìå, β - êîýôôèöèåíò ðàçìíîæåíèÿ àíòèãåíîâ; γ - êîýôôèöèåíò âå-
ðîÿòíîñòè íåéòðàëèçàöèè àíòèãåíà àíòèòåëàìè ïðè âñòðå÷å ñ íèì.
Óðàâíåíèå (2) õàðàêòåðèçóåò ðîñò ïëàçìàòè÷åñêèõ êëåòîê α- êîýô-
ôèöèåíò âåðîÿòíîñòè âñòðå÷è àíòèãåí-àíòèòåëî, ξ(m) - íåïðåðûâ-
íàÿ è íåâîçðàñòàþùàÿ íà ñåãìåíòå 0 ≤ m ≤ 1 ôóíêöèÿ, ó÷èòûâà-
þùàÿ íàðóøåíèå íîðìàëüíîé ðàáîòû ñèñòåìû èììóíèòåòà âñëåä-
ñòâèå óõóäøåíèÿ îáùåãî ñîñòîÿíèÿ îðãàíèçìà, âûçâàííîãî çíà÷è-
òåëüíûì ïîðàæåíèåì îðãàíà; ξ(0) = 1, ξ(1) = 0; τ - âðåìÿ, â òå-
÷åíèå êîòîðîãî îñóùåñòâëÿåòñÿ ôîðìèðîâàíèå êàñêàäà ïëàçìîêëå-
òîê; µc - êîýôôèöèåíò îáðàòíûé âåëè÷èíå âðåìåíè æèçíè ïëàç-
ìîêëåòîê; C∗ -ïîñòîÿííûé óðîâåíü ïëàçìîêëåòîê â çäîðîâîì îðãà-
íèçìå. Óðàâíåíèå (3) ñèñòåìû õàðàêòåðèçóåò ÷èñëî àíòèòåë, â êî-
òîðîì ρ -ñêîðîñòü ïðîèçâîäñòâà àíòèòåë îäíîé ïëàçìîêëåòêîé; µf

-êîýôôèöèåíò îáðàòíî-ïðîïîðöèîíàëüíûé âðåìåíè ðàñïàäà àíòè-
òåë; η - êîëè÷åñòâî àíòèòåë, òðåáóþùèõñÿ íà íåéòðàëèçàöèþ îäíîãî
àíòèãåíà. Óðàâíåíèå (4) ýòî îòíîñèòåëüíàÿ õàðàêòåðèñòèêà ïîðà-
æåíèÿ îðãàíà ìèøåíè, µm -îáðàòíàÿ âåëè÷èíà ïåðèîäà âîññòàíîâ-
ëåíèÿ îðãàíà â e ðàç; σ - íåêîòîðàÿ ïîñòîÿííàÿ, ñâîÿ äëÿ êàæäîãî
çàáîëåâàíèÿ.

Ïðèñîåäèíèì ê ïîëó÷åííîé ñèñòåìå óðàâíåíèé (1) - (4) íà÷àëü-
íûå äàííûå ïðè t = t0:

V (t0) = V0, C(t0) = C0, F (t0) = F0, m(t0) = m0. (5)

Ñèñòåìó óðàâíåíèé (1) - (4) ñ íà÷àëüíûìè äàííûìè (5), ñëåäóÿ
[2, ñ. 37], íàçîâåì ìàòåìàòè÷åñêîé ìîäåëüþ çàáîëåâàíèÿ .
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Â ðàáîòå èññëåäîâàíû 3 ñëó÷àÿ ñèñòåìû (1) - (4),ìîäåëèðóþùèõ
ëåòàëüíûé èñõîä, õðîíè÷åñêóþ è îñòðóþ ôîðìû áîëåçíè. Íà îñíî-
âå ïîëó÷åííûõ ðåçóëüòàòîâ ñäåëàí âûâîä: ñ öåëüþ ïðåäîòâðàùåíèÿ
ïåðåõîäà îñòðîé ôîðìû â áîëåå òÿæåëóþ ñëåäóåò ñòðåìèòüñÿ ê ñíè-
æåíèþ ïàòîãåííîñòè àíòèãåíîâ.
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1. Ïîñòàíîâêà çàäà÷

Ðàññìîòðèì óðàâíåíèå êîëåáàíèÿ ñòðóíû

Lu ≡ utt − a2uxx = 0 (1)

â îáëàñòè Q = {0 < x < l, 0 < t < T}, ãäå a, l è T � çàäàííûå ïîëî-
æèòåëüíûå ïîñòîÿííûå è ñëåäóþùóþ ïåðâóþ íà÷àëüíî�ãðàíè÷íóþ
çàäà÷ó.

Çàäà÷à 1.Íàéòè ôóíêöèþ u(x, t), óäîâëåòâîðÿþùóþ óñëîâèÿì:

u(x, t) ∈ C2(Q) ∩ C1(Q ∪ {t = 0}) ∩ C(Q); (2)

Lu(x, t) ≡ 0, (x, t) ∈ Q; (3)

u(0, t) = u(l, t) = 0, 0 6 t 6 T, (4)

u(x, 0) = φ(x), 0 6 x 6 l, (5)

ut(x, 0) = ψ(x), 0 6 x 6 l, (6)

ãäå φ(x) è ψ(x) � çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, ïðè÷åì
φ(0) = φ(l) = 0, ψ(0) = ψ(l) = 0.
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Íà îñíîâå ïðÿìîé çàäà÷è (2)�(6) ðàññìîòðèì ñëåäóþùèå îáðàò-
íûå çàäà÷è ïî îòûñêàíèþ íà÷àëüíûõ óñëîâèé φ(x) èëè ψ(x).

Çàäà÷à 2. Íàéòè ôóíêöèè u(x, t) è ψ(x), óäîâëåòâîðÿþùèå
óñëîâèÿì (2) � (6), è, êðîìå òîãî, äîïîëíèòåëüíîìó óñëîâèþ

u(x, d) = h(x), 0 6 x 6 l, d ∈ (0, T ], (7)

ãäå h(x), φ(x) � çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè.
Çàäà÷à 3. Íàéòè ôóíêöèè u(x, t) è φ(x), óäîâëåòâîðÿþùèå

óñëîâèÿì (2) � (7), ãäå h(x), ψ(x) � çàäàííûå äîñòàòî÷íî ãëàä-
êèå ôóíêöèè.

Îòìåòèì, ÷òî îáðàòíûå çàäà÷è 2 è 3 èçó÷åíû â ðàáî-
òå [1, c. 140�143] ìåòîäîì èíòåãðàëüíûõ óðàâíåíèé. Îòíîñèòåëüíî
íåèçâåñòíûõ ôóíêöèé φ(x) è ψ(x) â êàæäîé èç ýòèõ çàäà÷ ïîëó÷å-
íû èíòåãðàëüíûå óðàâíåíèÿ Ôðåäãîëüìà ïåðâîãî ðîäà, îäíîçíà÷-
íàÿ ðàçðåøèìîñòü êîòîðûõ ðàññìàòðèâàåòñÿ â ïðîñòðàíñòâå L2[0, l].
Â ñëó÷àå çàäà÷è 2 óòâåðæäàåòñÿ, ÷òî ðåøåíèå èíòåãðàëüíîãî óðàâ-
íåíèÿ îòíîñèòåëüíî èñêîìîé ôóíêöèé ψ(x) â L2[0, l] íå áóäåò åäèí-
ñòâåííûì ïðè ëþáîì d > 0. À â ñëó÷àå çàäà÷è 3 ïðè çíà÷åíèÿõ
d = 2pl

(2k−1)a
, ãäå p è k � íàòóðàëüíûå ÷èñëà, äîêàçûâàåòñÿ, ÷òî ñîîò-

âåòñòâóþùåå èíòåãðàëüíîå óðàâíåíèå îòíîñèòåëüíî ôóíêöèè φ(x)
èìååò åäèíñòâåííîå ðåøåíèå â ïðîñòðàíñòâå L2[0, l].

Â äàííîé ðàáîòå ïîêàçàíî, ÷òî îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷
2 è 3 ñóùåñòâåííûì îáðàçîì çàâèñèò îò îòíîøåíèÿ äàííûõ çàäà÷è
ad
l

= d̃, ãäå d
l
� îòíîøåíèå ñòîðîí ïðÿìîóãîëüíèêà Qd = {(x, t)|

0 < x < l, 0 < t < d}, è ïðåäëàãàåòñÿ äðóãîé ïîäõîä èññëåäîâàíèÿ
ýòèõ çàäà÷, îñíîâàííûé íà ïîñòðîåíèè ðåøåíèÿ çàäà÷è Äèðèõëå è
çàäà÷è ñî ñìåøàííûìè ãðàíè÷íûìè óñëîâèÿìè äëÿ óðàâíåíèÿ (1)
â îáëàñòè Qd. Ñëåäóÿ [2, ñ. 112], [3] óñòàíîâëåíû êðèòåðèè åäèí-
ñòâåííîñòè ðåøåíèé çàäà÷ 2 è 3 è äîêàçàíû òåîðåìû ñóùåñòâîâà-

íèÿ ðåøåíèÿ îáðàòíîé çàäà÷è 2, êîãäà d̃ ÿâëÿåòñÿ àëãåáðàè÷åñêèì
÷èñëîì èëè èððàöèîíàëüíûì ÷èñëîì ñ îãðàíè÷åííûì ìíîæåñòâîì

ýëåìåíòîâ, è îáðàòíîé çàäà÷è 3, êîãäà d̃ ÿâëÿåòñÿ ðàöèîíàëüíûì
÷èñëîì èëè àëãåáðàè÷åñêèì ÷èñëîì, èëè èððàöèîíàëüíûì ÷èñëîì

ñ îãðàíè÷åííûì ìíîæåñòâîì ýëåìåíòîâ. Êîãäà d̃ ÿâëÿåòñÿ èððàöè-
îíàëüíûì ÷èñëîì ñ íåîãðàíè÷åííûì ìíîæåñòâîì ýëåìåíòîâ ïîêà-
çàíî, ÷òî ðåøåíèå çàäà÷ 2 è 3 â âèäå ñóììû ðÿäà íå ñóùåñòâóåò.

Òåîðåìà 1. Åñëè ñóùåñòâóåò ðåøåíèå çàäà÷è 2, òî îíî åäèí-
ñòâåííî òîëüêî òîãäà, êîãäà ïðè âñåõ k ∈ N

δ(k) = sin πkd̃ ̸= 0.
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Òåîðåìà 2. Åñëè ñóùåñòâóåò ðåøåíèå çàäà÷è 3, òî îíî åäèí-
ñòâåííî òîëüêî òîãäà, êîãäà ïðè âñåõ k ∈ N

∆(k) = cos πkd̃ ̸= 0.

Äëÿ ïðèìåðà ïðèâåäåì îäíó èç òåîðåì ñóùåñòâîâàíèÿ ðåøåíèÿ
çàäà÷è 2.

Òåîðåìà 3. Åñëè âûïîëíåíî îäíî èç óñëîâèé:

1) ÷èñëî d̃ èìååò îãðàíè÷åííîå ìíîæåñòâî ýëåìåíòîâ è h(x),
φ(x) ∈ C5[0, l], h(i)(0) = h(i)(l) = φ(i)(0) = φ(i)(l) = 0 , i = 0, 2, 4;

2) d̃ � àëãåáðàè÷åñêîå ÷èñëî ñòåïåíè n > 2 è h(x), φ(x) ∈
∈ C6[0, l], h(i)(0) = h(i)(l) = φ(i)(0) = φ(i)(l) = 0, i = 0, 2, 4,
òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è 2 è îíî îïðåäåëÿåò-
ñÿ ðÿäàìè

u(x, t) =
∞∑
k=1

uk(t)Xk(x), ψ(x) =
∞∑
k=1

u′k(0)Xk(x),

ãäå

uk(t) = φk

(
cos aµkt−

cos aµkd

sin aµkd
sin aµkt

)
+

hk
sin aµkd

sin aµkt,

φk =

∫ l

0

φ(x)Xk(x)dx, hk =

∫ l

0

h(x)Xk(x)dx,

Xk(x) =

√
2

l
sinµkx, µk =

πk

l
, k ∈ N.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ôîíäà ÐÔÔÈ-Ïîâîëæüå,

� 14-01-97003.
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e-mail: zaytova.elizaveta@yandex.ru

Â íà÷àëå 1990-õ ãîäîâ îáúåêòíî-îðèåíòèðîâàííûé ïîäõîä ñòàë
ïðîíèêàòü â ñôåðó "òðàäèöèîííîãî" íåïðåðûâíîãî è íåïðåðûâíî-
äèñêðåòíîãî ìîäåëèðîâàíèÿ. Ïîÿâèëñÿ íîâûé òåðìèí "îáúåêòíî-
îðèåíòèðîâàííîå ìîäåëèðîâàíèå" (ÎÎÌ). Îáúåêòíî-îðèåíòèðîâàí-
íîå ìîäåëèðîâàíèå � ýòî ìîäåëèðîâàíèå îðèåíòèðîâàííîå, ïðåæäå
âñåãî, íà ñîçäàíèå áîëüøèõ è ñëîæíûõ ñèñòåì, èõ êîëëåêòèâíóþ
ðàçðàáîòêó è äàëüíåéøåå àêòèâíîå ñîïðîâîæäåíèå ïðè èñïîëüçî-
âàíèè [1].

ÎÎÌ ïîçâîëÿåò ñìîäåëèðîâàòü äåÿòåëüíîñòü îðãàíèçàöèè. Ãðà-
ìîòíîå ìîäåëèðîâàíèå äåÿòåëüíîñòè îðãàíèçàöèè ñïîñîáñòâóåò ïî-
âûøåíèþ àäàïòèâíîñòè è êîíêóðåíòîñïîñîáíîñòè îðãàíèçàöèè, â
óñëîâèÿõ ïîñòîÿííî ìåíÿþùèõñÿ ðûíî÷íûõ óñëîâèé [1, 2].

Ñðåäñòâîì äîêóìåíòèðîâàíèÿ ðåçóëüòàòîâ ÎÎÌ ñèñòåì ÿâëÿåò-
ñÿ óíèôèöèðîâàííûé ÿçûê ìîäåëèðîâàíèÿ UML (Uni�ed Modeling
Language) � ÿçûê ãðàôè÷åñêîãî îïèñàíèÿ äëÿ îáúåêòíîãî ìîäåëè-
ðîâàíèÿ, êîòîðûé ïðèìåíÿåòñÿ â ðàçíûõ ñôåðàõ, ñâÿçàííûõ ñ ðàç-
ðàáîòêîé ïðîãðàììíîãî îáåñïå÷åíèÿ â áèçíåñ-ìîäåëèðîâàíèè.

Ïðèìåíåíèå UML îñîáî ýôôåêòèâíî â òàêèõ îáëàñòÿõ êàê èí-
ôîðìàöèîííûå ñèñòåìû ìàñøòàáà ïðåäïðèÿòèÿ, áàíêîâñêèå è ôè-
íàíñîâûå óñëóãè, òåëåêîììóíèêàöèè, àâèàöèÿ è êîñìîíàâòèêà, ìå-
äèöèíñêàÿ ýëåêòðîíèêà è íàóêà.

Îäíèì èç âîçìîæíûõ âàðèàíòîâ ïðåäñòàâëåíèÿ ïðåäìåòíîé îá-
ëàñòè ÿâëÿþòñÿ äèàãðàììû. Äèàãðàììû â UML ãðàôè÷åñêè ïðåä-
ñòàâëÿþò ñîáîé êîìïëåêò óíèâåðñàëüíûõ ýëåìåíòîâ â âèäå ãðàôà,
ñîñòîÿùåãî èç âåðøèí è ðåáåð. Âåðøèíàìè ðåáåð îáîçíà÷àþò ñóù-
íîñòè, à ðåáðàìè - îòíîøåíèÿ ìåæäó íèìè. Âèçóàëüíî ïðåäñòàâëåí-
íàÿ èíôîðìàöèÿ â âèäå ìîäåëåé, äèàãðàìì è ïîÿñíåíèé ê íèì, ðàç-
ðàáîòàííûõ ñ ïîìîùüþ UML, îáåñïå÷èâàåò ñâÿçü ìåæäó ïîòðåáèòå-
ëÿìè è ðàçðàáîò÷èêàìè, âíóòðè êîëëåêòèâà ðàçðàáîò÷èêîâ, ñâîäÿ
ê ìèíèìóìó ðèñê íåïðàâèëüíîãî ïîíèìàíèÿ [1].
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Â îñíîâå ïðîöåññà ïðîåêòèðîâàíèÿ èíôîðìàöèîííîé ñèñòåìû
(ÈÑ) ëåæèò ìîäåëèðîâàíèå ïðåäìåòíîé îáëàñòè. Ïðåäìåòíàÿ îá-
ëàñòü ñîñòîèò èç îïðåäåëåííûõ ìîäåëåé. Îäíèìè èç íèõ ÿâëÿþòñÿ
ñòàòè÷åñêèå ìîäåëè. Åñëè âõîäíûå è âûõîäíûå âîçäåéñòâèÿ ïîñòî-
ÿííû âî âðåìåíè, òî ìîäåëü íàçûâàåòñÿ ñòàòè÷åñêîé. Òàêàÿ ìîäåëü
ïðåäíàçíà÷åíà äëÿ îïèñàíèÿ óñòàíîâèâøåãîñÿ ðåæèìà. Ñòàòè÷å-
ñêàÿ ìîäåëü îòðàæàåò ñòðîåíèå è ïàðàìåòðû îáúåêòà, ïîýòîìó åå
íàçûâàþò ñòðóêòóðíîé.

Â ðàáîòå ïðåäñòàâëåíû ðåçóëüòàòû ÎÎÌ ôðàãìåíòà äåÿòåëüíî-
ñòè êîììåð÷åñêîãî áàíêà ñ âêëàäàìè ôèçè÷åñêèõ ëèö. Ðàçðàáîòàíà
äèàãðàììà âàðèàíòîâ èñïîëüçîâàíèÿ (ïðåöåäåíòîâ), êîòîðàÿ ÿâëÿ-
åòñÿ ñòàòè÷åñêîé ìîäåëüþ ïðåäìåòíîé îáëàñòè.

Äåéñòâóþùèìè ëèöàìè íà äèàãðàììå ïðåöåäåíòîâ ÿâëÿþòñÿ îáú-
åêòû Ñîòðóäíèê áàíêà è Êëèåíò. Ñîòðóäíèê áàíêà óïðàâëÿåò ñëå-
äóþùèìè âàðèàíòàìè èñïîëüçîâàíèÿ: Îòêðûòü âêëàä, Çàêðûòü
âêëàä, Íàïå÷àòàòü îò÷åò ïî îòêðûòûì âêëàäàì, Íàïå÷àòàòü îò÷åò
ïî çàêðûòûì âêëàäàì, Îòêëîíèòü îòêðûòèå âêëàäà, Îòêëîíèòü çà-
êðûòèå âêëàäà. Êëèåíò â ñâîþ î÷åðåäü óïðàâëÿåò ëèøü îäíèì âà-
ðèàíòîì èñïîëüçîâàíèÿ � Ïðåäîñòàâèòü ñâåäåíèÿ.

Ìåæäó ïðåöåäåíòàìè è àêòåðàìè èñïîëüçóåòñÿ ñâÿçü - êîììóíè-
êàöèÿ (communication). Êòî ÿâëÿåòñÿ èíèöèàòîðîì êîììóíèêàöèè,
ïîçâîëÿåò ïîíÿòü íàïðàâëåíèå ñòðåëêè.

Â ðàáîòå ðàçðàáîòàíà åùå îäíà ñòàòè÷åñêàÿ ìîäåëü ïðåäìåòíîé
îáëàñòè â âèäå äèàãðàììû êëàññîâ, êîòîðàÿ ïîêàçûâàåò êëàññû è
èõ îòíîøåíèÿ, à òàêæå ïðåäñòàâëÿåò ëîãè÷åñêèé àñïåêò ïðîåêòà.
Äèàãðàììà êëàññîâ îïðåäåëÿåò òèïû îáúåêòîâ ñèñòåìû è ñòàòè-
÷åñêèå ñâÿçè ðàçëè÷íîãî ðîäà, êîòîðûå ñóùåñòâóþò ìåæäó íèìè.
Äèàãðàììà êëàññîâ ÿâëÿåòñÿ êëþ÷åâûì ýëåìåíòîì â ÎÎÌ.

Íà äèàãðàììå ïðåäóñìîòðåíû ñëåäóþùèå êëàññû: Êëèåí-
òû, Âêëàäû. Ïîêàçàíû ñâÿçè ìåæäó êëàññàìè Êëèåíòû è Âêëà-
äû. Âèäíî, ÷òî áàíê ìîæåò îòêðûòü óíèêàëüíûé âêëàä (+1) äëÿ
íåñêîëüêèõ êëèåíòîâ (+1..*).

Ðàçðàáîòàííûé ôðàãìåíò ìîäåëè ïîêàçûâàåò íåêîòîðûå âîçìîæ-
íîñòè àâòîìàòèçàöèè äåÿòåëüíîñòè îòäåëà êîììåð÷åñêîãî áàíêà ñ
âêëàäàìè ôèçè÷åñêèõ ëèö. Ïî çàâåðøåíèþ ÎÎÌ ðàññìàòðèâàåìîé
äåÿòåëüíîñòè ìîæåò áûòü ïîëó÷åíà èíôîðìàöèîííàÿ ñèñòåìà, êî-
òîðàÿ ïîçâîëèò ñîõðàíèòü èíôîðìàöèþ ïî îòêðûòûì è çàêðûòûì
âêëàäàì, ñîñòàâëÿòü îò÷åòû.

Îäíàêî, äëÿ ïîëíîãî ïðåäñòàâëåíèÿ ðàáîòû èíôîðìàöèîííîé
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ñèñòåìû íåîáõîäèìî ñîñòàâèòü ðÿä äèíàìè÷åñêèõ ìîäåëåé è ñîîò-
âåòñòâóþùèõ äèàãðàìì [1].

Åñëè íå ïðîâåñòè ìîäåëèðîâàíèå ïðåäìåòíîé îáëàñòè, òî âåëè-
êà âåðîÿòíîñòü äîïóùåíèÿ áîëüøîãî êîëè÷åñòâà îøèáîê â ðåøåíèè
ñòðàòåãè÷åñêèõ âîïðîñîâ. Îøèáêè â âîïðîñàõ òàêîãî ðîäà ïðèâî-
äÿò îðãàíèçàöèþ ê ýêîíîìè÷åñêèì ïîòåðÿì è âûñîêèì çàòðàòàì íà
äàëüíåéøåå ïåðåïðîåêòèðîâàíèå ñèñòåìû.
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Ïóñòü D = {(x, t)|0 < x < l, 0 < t < T} � ïðÿìîóãîëüíàÿ îáëàñòü
êîîðäèíàòíîé ïëîñêîñòè Oxt, ãäå l, T > 0 � çàäàííûå äåéñòâèòåëü-
íûå ÷èñëà, Γl = {(x, t)|x = l, 0 ≤ t ≤ T} � ÷àñòü ãðàíèöû îáëàñòè.

Ðàññìîòðèì â îáëàñòè D ãèïåðáîëè÷åñêîå óðàâíåíèå ñ îïåðàòî-
ðîì Áåññåëÿ

�Bu(x, t) ≡ utt − x−k ∂

∂x

(
xk
∂u

∂x

)
= 0, (1)

ãäå k > −1, k ̸= 0 � çàäàííîå äåéñòâèòåëüíîå ÷èñëî.
Äëÿ óðàâíåíèÿ (1) â îáëàñòè D èññëåäîâàíû ñëåäóþùèå çàäà÷è.
Çàäà÷à 1. Ïóñòü k ≥ 1. Íàéòè ôóíêöèþ u(x, t), êîòîðàÿ óäî-

âëåòâîðÿåò óñëîâèÿì:

u(x, t) ∈ C(D) ∩ C1(D ∪ Γl) ∩ C2(D), (2)
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�Bu(x, t) ≡ 0, (x, t) ∈ D, (3)

u(x, 0) = φ(x), ut(x, 0) = ψ(x), 0 ≤ x ≤ l, (4)

ux(l, t) +

l∫
0

u(x, t)xk dx = 0, 0 ≤ t ≤ T. (5)

Çàäà÷à 2. Ïóñòü −1 < k < 1, k ̸= 0. Íàéòè ôóíêöèþ u(x, t),
óäîâëåòâîðÿþùóþ óñëîâèÿì (2)�(5) è óñëîâèþ

lim
x→0+

xkux(x, t) = 0, 0 ≤ t ≤ T. (6)

Çäåñü φ(x), ψ(x) � çàäàííûå, äîñòàòî÷íî ãëàäêèå ôóíêöèè, óäîâëå-
òâîðÿþùèå óñëîâèÿì

φ′(l) +

l∫
0

φ(x)xk dx = 0, ψ′(l) +

l∫
0

ψ(x)xk dx = 0.

Ìåòîäîì èíòåãðàëüíûõ òîæäåñòâ äîêàçàíà åäèíñòâåííîñòü ðå-
øåíèÿ ïîñòàâëåííûõ çàäà÷. Ðåøåíèÿ ïîñòðîåíû â ÿâíîì âèäå, â
âèäå ðÿäîâ Ôóðüå-Áåññåëÿ. Äëÿ îáîñíîâàíèÿ ñóùåñòâîâàíèÿ ðåøå-
íèÿ çàäà÷ ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ îòíîñèòåëüíî íà÷àëüíûõ
óñëîâèé, ãàðàíòèðóþùèå ñõîäèìîñòü ïîñòðîåííûõ ðÿäîâ â êëàññå
ðåãóëÿðíûõ ðåøåíèé.

ÓÄÊ 004.627:004.932.2

ÎÁ ÎÄÍÎÌ ÀËÃÎÐÈÒÌÅ ÑÆÀÒÈß ÈÇÎÁÐÀÆÅÍÈÉ
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Äàãåñòàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Ðîññèÿ, Ìàõà÷êàëà)
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Íà ñîâðåìåííîì ýòàïå ðàçâèòèÿ íàóêè äëÿ îáðàáîòêè öèôðî-
âûõ èçîáðàæåíèé òàêæå ïðèìåíÿþò îïåðàòîðû äðîáíîãî èíòåãðè-
ðîâàíèÿ è äèôôåðåíöèðîâàíèÿ.Ïðèìåíåíèå îïåðàòîðîâ äðîáíîãî
äèôôåðåíöèðîâàíèÿ ïîâûøàåò êà÷åñòâî èçîáðàæåíèÿ, èõ ìîæíî
èñïîëüçîâàòü äëÿ ïîäàâëåíèÿ øóìà â èçîáðàæåíèÿõ è óñèëåíèÿ
òåêñòóðû. Â ðàáîòàõ [1, 2] äàåòñÿ îïðåäåëåíèå âåéâëåòîâ äðîáíî-
ãî ïîðÿäêà. Â ðàáîòå [3] îïåðàòîðû äðîáíîãî äèôôåðåíöèðîâàíèÿ
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èñïîëüçóþòñÿ äëÿ ðàçðàáîòêè àëãîðèòìîâ ïîäàâëåíèÿ øóìà â èçîá-
ðàæåíèÿõ. Âåéâëåò ñæàòèå - îáùåå íàçâàíèå êëàññà ìåòîäîâ êîäèðî-
âàíèÿ èçîáðàæåíèé, èñïîëüçóþùèõ äâóìåðíîå âåéâëåò-ðàçëîæåíèå
êîäèðóåìîãî èçîáðàæåíèÿ. Îáû÷íî ïîäðàçóìåâàåòñÿ ñæàòèå ñ ïî-
òåðåé êà÷åñòâà.

Èç îïðåäåëåíèÿ áàçèñíîé êîìïëåêñíîçíà÷íîé ôóíêöèè è èç ðà-
âåíñòâà

φ(x) =
1

2

∞∑
n=0

[(1− (−1)s)(πi)(s− 1)]
x(s− 1)

s!
(1)

âåéâëåòû äðîáíîãî ïîðÿäêà ν(0 < ν ≤ 1) îïðåäåëÿþòñÿ êàê [1, 2]

φν(z) =
1

2

∞∑
s=1

πνs−1

Γ(νs+ 1)
[1−(−1)νs]zνl+1 = 1+

∑
l = 1∞λ

(l)
00

zνl+1

Γ(νl + 1)
,

ψν(z) = − 2

π
+

∞∑
l=1

(
∞∑

k=−∞

(−1)k+1 2

(2k + 1)π
γ
(l)00
0k (2)

ãäå λ è γ êîýôôèöèåíòû ñâÿçíîñòè

λ
(l)
kh =

ilπl

2(l + 1)
[1 + (−1)l](1− |sign(k − h)|) + (−1)k−h|sign(k − h)|×

× il

2π

l∑
s=1

l!πs

s![i(k − h)]l−s+1
[(−1)s − 1], (3)

γ
(l)nm
kh = sign(h− k)δnm

[
l+1∑
s=1

(−1)(1+sign(h−k))(2l−s+1)/2×

× l!il−s

πl−s(l − s+ 1)![h− k]s
(−1)−s−2(h+k)2nl−s−1[2l+1((−1)4h+s + (−1)4k+1)]−

−2s[(−1)3k+h+l + (−1)3k+h+s]
]
. (4)

Â ðàáîòå ïîñòðîåíû äâà ôèëüòðà: âûñîêî÷àñòîòíûé è íèçêî÷à-
ñòîòíûé. Â êà÷åñòâå êîýôôèöèåíòîâ äëÿ âûñîêî÷àñòîòíîãî è íèçêî-
÷àñòîòíîãî ôèëüòðîâ èñïîëüçîâàíû êîýôôèöèåíòû ñâÿçíîñòè. Èñ-
õîäíîå èçîáðàæåíèå ðàñêëàäûâàåòñÿ íà äâå ñîñòàâëÿþùèå - âûñîêî-
÷àñòîòíûå äåòàëè (ñîñòîÿùèå â îñíîâíîì èç ðåçêèõ ïåðåïàäîâ ÿðêî-
ñòè), è ñãëàæåííóþ óìåíüøåííóþ âåðñèþ îðèãèíàëà. Ýòî äîñòèãà-
åòñÿ ïðèìåíåíèåì ïàðû ôèëüòðîâ, ïðè÷¼ì êàæäàÿ èç ïîëó÷åííûõ
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ñîñòàâëÿþùèõ âäâîå ìåíüøå èñõîäíîãî èçîáðàæåíèÿ. Ïðè ýòîì èñ-
ïîëüçóþòñÿ ôèëüòðû ñ êîíå÷íûì èìïóëüñíûì îòêëèêîì, â êîòîðûõ
ïèêñåëè, ïîïàâøèå â íåáîëüøîå "îêíî" , óìíîæàþòñÿ íà çàäàííûé
íàáîð êîýôôèöèåíòîâ, ïîëó÷åííûå çíà÷åíèÿ ñóììèðóþòñÿ, è îêíî
ñäâèãàåòñÿ äëÿ ðàñ÷¼òà ñëåäóþùåãî çíà÷åíèÿ íà âûõîäå.

Äëÿ òîãî, ÷òîáû áûëî óäîáíî ñ÷èòàòü îáðàòíóþ ìàòðèöó ïîòðå-
áóåì òàêæå îðòîãîíàëüíîñòè ïðåîáðàçîâàíèÿ. Òîãäà ïîèñê îáðàò-
íîé ìàòðèöû ñâåä¼òñÿ ê òðàíñïîíèðîâàíèþ.

Àëãîðèòì ñæàòèÿ èçîáðàæåíèé íà îñíîâå âåéâëåòîâ äðîáíîãî
ïîðÿäêà:

1. Çàãðóçèòü èçîáðàæåíèå èç ôàéëà.
2. Ââåñòè çíà÷åíèå äðîáíîé ðàçìåðíîñòè.
3. Ðàçëîæèòü èçîáðàæåíèå íà âûñîêî÷àñòîòíûå äåòàëè (ïîëó-

÷èòü áàéòîâûé ìàññèâ RGB-çíà÷åíèé).
4. Ïîëó÷èòü ñãëàæåííóþ óìåíüøåííóþ âåðñèþ îðèãèíàëà (Ïå-

ðåêîäèðîâàòü RGB â YCrCb ñ êâàíòîâàíèåì èòîãîâûõ öâåòîâûõ
êîìïîíåíòîâ).

5. Ïðèìåíèòü âåéâëåò.
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Â ïðîñòðàíñòâå L2(0, 1) ðàññìîòðèì îïåðàòîð L0, ïîðîæäåííûé
îáûêíîâåííûì äèôôåðåíöèàëüíûì âûðàæåíèåì

L0 (u) ≡ −u′′ (x) + q (x)u (x) , q (x) ∈ C[0, 1], 0 < x < 1 (1)

è êðàåâûìè óñëîâèÿìè îáùåãî âèäà

Uj (u) = aj1u
′ (0) + aj2u

′ (1) + aj3u (0) + aj4u (1) = 0, j = 1, 2. (2)

Â ñëó÷àå, êîãäà êðàåâûå óñëîâèÿ (2) ÿâëÿþòñÿ óñèëåííî ðåãó-
ëÿðíûìè, èç ðåçóëüòàòîâ Â.Ï. Ìèõàéëîâà [1] è Ã.Ì. Êåñåëüìàíà [2]
ñëåäóåò áàçèñíîñòü Ðèññà â ñèñòåìå ñîáñòâåííûõ è ïðèñîåäèíåííûõ
ôóíêöèé (ÑèÏÔ) çàäà÷è. Â ñëó÷àå, êîãäà êðàåâûå óñëîâèÿ íå óñè-
ëåííî ðåãóëÿðíûå, âîïðîñ î áàçèñíîñòè ñèñòåì ÑèÏÔ îñòàåòñÿ åùå
îòêðûòûì.

Ñëó÷àé îáðàçóþùèé òèï I, â ÷àñòíîñòè àíòèïåðèîäè÷åñêîãî òè-
ïà ñ èíòåãðàëüíûì âîçìóùåíèåì áóäåò ïðåäìåòîì íàøèõ èññëåäî-
âàíèé â íàñòîÿùåé ðàáîòå. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ
ñïåêòðàëüíàÿ çàäà÷à ïðè q(x) ≡ 0, ñ èíòåãðàëüíûì âîçìóùåíèåì
îäíîãî èç êðàåâûõ óñëîâèé (2) òèïà I:

L1 (u) ≡ −u′′ (x) = λu (x) , 0 < x < 1, (3)

U1 (u) ≡ u (0) + u (1) = 0, (4)

U2 (u) ≡ u′ (0) + u′ (1) =

1∫
0

p (x)u (x) dx, p (x) ∈ L1 (0, 1) . (5)

Èç ðàáîòû [3] ñëåäóåò, ÷òî ñèñòåìà ÑèÏÔ çàäà÷è (3) - (5) ïîë-
íà è ìèíèìàëüíà â L2(0, 1). Ïðè ýòîì ñèñòåìà ÑèÏÔ ïðè ëþáûõ
p (x) îáðàçóåò áàçèñ Ðèññà ñî ñêîáêàìè. Íàøåé çàäà÷åé ÿâëÿåòñÿ
ïîñòðîåíèå õàðàêòåðèñòè÷åñêîãî îïðåäåëèòåëÿ çàäà÷è (3) - (5).

Ôóíêöèþ p(x) ïðåäñòàâèì â âèäå ðÿäà Ôóðüå ïî òðèãîíîìåòðè-
÷åñêîé ñèñòåìå:

p(x) =
∞∑
k=1

[ak cos (2 (k − 1) π) x+ bksin (2 (k − 1) π)x]. (6)

Òåîðåìà. Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü àíòèïåðèîäè÷å-
ñêîé ñïåêòðàëüíîé çàäà÷è ñ âîçìóùåííûìè êðàåâûìè óñëîâèÿìè
(3)-(5) ïðåäñòàâèì â âèäå

∆1 (λ) = 2
(
1 + cos

√
λ
)
− 2 sin

√
λ

∞∑
k=1

bk
(2k − 1)π

λ− ((2k − 1) π)2
,
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ãäå ∆0 (λ)− õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü íåâîçìóùåííîé
ñïåêòðàëüíîé àíòèïåðèîäè÷åñêîé çàäà÷è, bk− êîýôôèöèåíòû ðàç-
ëîæåíèÿ (6) ôóíêöèè â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ôèíàíñèðîâàíèÿ íàó÷íî-

òåõíè÷åñêèõ ïðîãðàìì è ïðîåêòîâ Êîìèòåòîì íàóêè ÌÎÍ ÐÊ (ãðàíò �

0825/ÃÔ4).
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In the space L2(0, 1) we consider an operator L0, generated by the
ordinary di�erential expression and boundary value conditions:

l(y) = −y′′(x) + q(x)y(x), 0 < x < 1, (1)

Uj(y) ≡
1∑

k=0

[
αjky

(k)(0) + βjky
(k)(1)

]
= 0, j = 1, 2. (2)

Suppose, that coe�cient of the equation q(x) ∈ C[0, 1] and the forms
Uj(y) are linear independent. As in Naymark we complete the system of
the forms U1, U2 by some forms U3, U4 to linear independent system of
4 forms U1, ..., U4. Then there exist linear homogenous forms V4, ..., V1

of the form: Vj(v) ≡
1∑

k=0

[
α∗
jkv

(k)(0) + β∗
jkv

(k)(1)
]
, j = 1, 4, that the
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Lagrange formula holds:
1∫
0

l(y)v(x)dx−
1∫
0

y(x)l∗(v)dx =
4∑

j=1

Uj(y)V5−j(v).

Here l∗(v) = −v′′(x) + q(x)v(x) is a dual di�erential expression.
Let L1 be an operator in L2(0, 1), given by the expression (1) and

"perturbed" boundary value conditions:

Uj(u) = 0, j = 1, 2, j ̸= m,

Um(u) =
1∫
0

pm(x)u(x)dx, pm(x) ∈ L2(0, 1).
(3)

Furthermore, we will assume, that unperturbed operator L0 has
a system of E&AF, forming Riesz basis in L2(0, 1). Then E&AF of
the adjoint operatorL∗

0 also form Riesz basis. Let λ0k be eigenvalues
of the operator L0 of m0

k + 1 multiplicity, which correspond to the
eigenfunctions y0k0(x) and chain of associated functions y0kj(x), j =

1,m0
k. Then biorthogonal system consists of eigenfunctions v0

km0
k
(x) and

associated functions v0kj(x), j = 0,m0
k − 1 of the operator L∗

0, correspon-

ding to the eigenvalues λ̄0k.
The main result of the paper is:
Theorem. Let the problem (1) - (2) have eigenvalues λ0k and

E&AF, forming Riesz basis. Then the characteristic determinant of
the problem (1), (3) with perturbed boundary value conditions can be
presented as form

∆1(λ) = ∆0(λ)

1−
∞∑
k=1

 m0
k∑

j=0

akj

m0
k−j∑
r=0

(λ0k)
n−1
n

r

[λ− λ0k]
r+1

V4−i+1(v0kj+r)

 ,

where ∆0(λ) is the characteristic determinant of the problem (1) - (2);
V4−m+1 are linear homogenous forms, arising in the construction of
boundary value conditions dual to the unperturbed problem;

{
v0kj
}

are
E&AF of the dual unperturbed problem; akj are Fourier coe�cients of
biorthogonal expansion by this system of the function pm(x) :

pm(x) =
∞∑
k=1

 m0
k∑

j=0

akjv
0
kj(x)

, akj =
(
pm(x), u

0
kj(x)

)
L2(0,1)

.

Throughout this note we mainly use techniques fromourworks [1�3].
Research supported by the grant 0825/GF4 of the Ministry of Education and

Science of Republic of Kazakhstan.
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Ðàññìîòðèì óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ

Lu = D2n
t u (x, t)−D2n

x u (x, t) = 0. (1)

â ïðÿìîóãîëüíîé îáëàñòè Ω = {(x, t) : 0 < x < l, 0 < t < T} , ãäå l, T
- çàäàííûå ïîëîæèòåëüíûå ÷èñëà,

Çàäà÷à À. Íàéòè â îáëàñòè Ω ôóíêöèþ u (x, t) óäîâëåòâîðÿþ-
ùóþ óñëîâèÿì

u ∈ C2n−1
(
Ω
)
∩ C2n (Ω) , Lu (x, t) ≡ 0, (x, t) ∈ Ω,

Dk
xu (0, t) = Dk

xu (l, t) = 0, 0 ≤ t ≤ T, Dk
t u (x, 0) = φk (x) , 0 ≤ x ≤ l,

Dk
t u (x, T ) = ψk (x) , 0 ≤ x ≤ l,

ãäå k = 0, ..., n − 1, φk (x) , ψk (x) - çàäàííûå äîñòàòî÷íî ãëàäêèå
ôóíêöèè, óäîâëåòâîðÿþùèå îäíîðîäíûì êðàåâûì óñëîâèÿì â òî÷-
êàõ x = 0, x = l.

Óðàâíåíèå (1), ãäå êðàåâûå óñëîâèÿ çàäàþòñÿ äëÿ ïðîèçâîäíûõ
÷åòíûõ ïîðÿäêîâ (çàäà÷à Äèðèõëå), èññëåäîâàëàñü â ðàáîòå [1], â
êîòîðîé ïîêàçàíî, ÷òî èððàöèîíàëüíîñòü îòíîøåíèÿ T/l ÿâëÿåòñÿ
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íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì åäèíñòâåííîñòè ðåøåíèÿ çà-
äà÷è Äèðèõëå äëÿ óðàâíåíèÿ (1), ïðè ëþáîì n ∈ N. Îñîáåííîñòü
çàäà÷è Äèðèõëå ñîñòîèò â òîì, ÷òî ïðè åå ðåøåíèè ìåòîäîì Ôó-
ðüå ñîáñòâåííûå ôóíêöèè ñîñòîÿò èç ñèíóñîâ, à ñîáñòâåííûå çíà÷å-
íèÿ ÿâíî âû÷èñëÿþòñÿ. Îòíîñèòåëüíî çàäà÷è À, ýòîãî óæå ñêàçàòü
íåëüçÿ. Ñäåëàâ íåêîòîðûå ïðåîáðàçîâàíèÿ, â äàëüíåéøåì áóäåì èñ-
ñëåäîâàòü çàäà÷ó À äëÿ óðàâíåíèÿ

Lu = a2nD2n
t u (x, t)−D2n

x u (x, t) = 0, (2)

ãäå a = T/l , â êâàäðàòå Ω = {(x, t) : 0 < x < 1, 0 < t < 1}.
Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Åñëè ñóùåñòâóåò ðåøåíèå çàäà÷è À, òî îíî åäèí-

ñòâåííî òîëüêî òîãäà, êîãäà íå âûïîëíÿåòñÿ óñëîâèå

a =
λm
λk
, m = 1, 2, 3, ..., k = 1, 2, 3, ...,

ãäå λ2ni - ñîáñòâåííûå çíà÷åíèÿ ñëåäóþùåé ñïåêòðàëüíîé çàäà÷è:{
X(2n) (x) = (−1)n λ2nX (x) , λ > 0,
X(k) (0) = X(k) (1) = 0, k = 0, n− 1.

Çàìåòèì, ÷òî âûøå óêàçàííûé ðåçóëüòàò ñïðàâåäëèâ è äëÿ áî-
ëåå îáùèõ êðàåâûõ óñëîâèé (ëèøü áû êðàåâûå óñëîâèÿ áûëè èäåí-
òè÷íû îòíîñèòåëüíî ïåðåìåííûõ x è t ). Ê ïðèìåðó, äëÿ çàäà÷è
Äèðèõëå, ðàññ-ìîòðåííîé â ðàáîòå [1], èìååì a = λm

λk
= πm

πk
= m

k
, òî

åñòü äëÿ åäèíñò-âåííîñòè ðåøåíèÿ çàäà÷è Äèðèõëå íåîáõîäèìî è
äîñòàòî÷íî, ÷òîáû ÷èñëî a (îòíîøåíèå äëèí ñòîðîí ïðÿìîóãîëüíè-
êà) íå áûëî ðàöèîíàëüíûì, ÷òî è áûëî ïîêàçàíî â âûøåóïîìÿíóòîé
ðàáîòå.
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The theory of vibrations of thin �at plates is well elaborated to the
present moment. Mathematical problems related to formulation and
justi�cation of well-posedness of statement of problems for stationary
and non-stationary models are investigated detailed enough. Questions
of optimal controlling of these vibrations have been studied.

In the present paper we consider the modeling mathematical problem,
which arises when one of the sides of the �at plate is free. The mathemati-
cal modeling leads to the problem for the homogeneous biharmonic
equation with di�erent boundary conditions on opposite boundaries.
This problem appears to be ill-posed. The most known example of an
ill-posed boundary value problem is the Cauchy problem for the Laplace
equation.

Problem. Find in D = {(x, y) : 0 < x < π, 0 < y < l} a solution
to the biharmonic equation

△2u ≡ uxxxx(x, y) + 2uxxyy(x, y) + uyyyy(x, y) = 0, (x, y) ∈ D, (1)

satisfying boundary conditions in the �rst spatial variable x:

u|x=0 = 0, △u|x=0 = 0; u|x=π = 0, △u|x=π = 0; 0 ≤ y ≤ l; (2)

and boundary conditions in the second spatial variable y:

u|y=0 = φ1(x),
∂u

∂y

∣∣
y=0

= φ2(x), 0 ≤ x ≤ π; (3)

△u|y=l = ψ1(x),
∂△u
∂y

∣∣
y=l

= ψ2(x), 0 ≤ x ≤ π. (4)

De�nition. The function u ∈ C4(D)
∩
C3(D) satisfying equation

(1) and boundary conditions (2) - (4) we will call a classic solution to
the problem (1)-(4).

Consider problem (1) - (4) in sense of a generalized solution. The
most suitable notion for demonstrating conditions of stability is the
notion of a strong solution.

De�nition. The function u(x, y) ∈ L2(D) we will call a strong
solution to problem (1) - (4), if there exists the sequence of the smooth
functions un ∈ C4(D), such that un → u takes place in L2(D) for
n→ ∞ and

un(x, 0) → φ1, (un)y(x, 0) → φ2, (∆un)(x, l) → ψ1

and ((∆un)y)(x, l) → ψ2inL2(0, π).
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The main result of the paper is:
Theorem. Let φi ∈ L2(0, π), ψi ∈ L2(0, π), i = 1, 2. A strong

solution to problem (1) - (4) exists i� the numerical series converge

∞∑
k=1

1

k3
e2kl
∣∣kφ1k + φ2k

∣∣2 <∞,

∞∑
k=1

1

k7
e4kl
∣∣kψ1k − ψ2k

∣∣2 <∞.

Here φik and ψik are Fourier coe�cients of the expansion according to

the orthonormal basis
{√

2/π sin(kx)
}∞

k=1
of the functions φi(x) and

ψi(x) respectively.
Throughout this note we mainly use techniques fromourworks [1�4].
Research supported by the grant 0820/GF4 of the Ministry of Education and

Science of Republic of Kazakhstan.
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Äëÿ ðåøåíèÿ ñïåêòðàëüíîé çàäà÷è äëÿ ðîòîðà µF⃗ = rot F⃗ ñ
íåíóëåâûì çíà÷åíèåì ñïåêòðàëüíîãî ïàðàìåòðà µ ëèíèè è ïîâåðõ-
íîñòè òîêà èäåíòè÷íû âèõðåâûì ëèíèÿì è ïîâåðõíîñòÿì, êîòîðûå
îáëàäàþò îïðåäåë¼ííûìè ñâîéñòâàìè ñòðóêòóðíîé óñòîé÷èâîñòè,
îòêðûòûìè åù¼ Ãåëüìãîëüöåì [1] (ñì. òàêæå [2-4]). Ñïåêòðàëüíàÿ
çàäà÷à äëÿ ðîòîðà â êðèâîëèíåéíîé ñèñòåìå êîîðäèíàò (α, β, γ) ñ
ïîäâèæíûì ðåïåðîì

(r⃗1, r⃗2, r⃗3) =

(
∂r⃗

∂α
,
∂r⃗

∂β
,
∂r⃗

∂γ

)
, r⃗ = x i⃗+ y j⃗ + z k⃗

ðàñïàäàåòñÿ íà äâå õîðîøî èçó÷åííûå â ëèòåðàòóðå çàäà÷è: âîññòà-
íîâëåíèå âåêòîðíîãî ïîëÿ (G1, G2, G3) ïî åãî ðîòîðó

∂G3

∂β
−∂G2

∂γ
= µV ·F1,

∂G1

∂γ
−∂G3

∂α
= µV ·F2,

∂G2

∂α
−∂G1

∂β
= µV ·F3,

è óìíîæåíèå ìàòðèöû íà âåêòîð: (G1, G2, G3) = (F1, F2, F3)T (α, β, γ).

Çäåñü T (α, β, γ) åñòü ñèììåòðè÷íàÿ ìàòðèöà Ãðàììà ëîêàëüíîãî
ðåïåðà (r⃗1, r⃗2, r⃗3), V = [r⃗1, r⃗2, r⃗3] � åãî îðèåíòèðîâàííûé îáú¼ì.
Ïðè ýòîì äëÿ ðåøåíèÿ ñïåêòðàëüíîé çàäà÷è èìååò ìåñòî äâà ðàç-
ëîæåíèÿ: ïî âåêòîðàì ïîäâèæíîãî ðåïåðà F⃗ = F1 r⃗1+F2 r⃗2+F3 r⃗3 è
âåêòîðàì áèîðòîãîíàëüíîãî ê íåìó áàçèñà (e⃗1, e⃗2, e⃗3) = (r⃗1, r⃗2, r⃗3)×
×T (α, β, γ)−1 â ñëåäóþùåì âèäå F⃗ = G1 e⃗1 + G2 e⃗2 + G3 e⃗3. Ëåãêî
ïîíÿòü, ÷òî ó íàáîðà (G1, G2, G3) íå ìîæåò áûòü äâóõ íóëåâûõ êî-
îðäèíàò îäíîâðåìåííî. Îäíàêî, ìîæåò áûòü ðîâíî îäíà íóëåâàÿ
êîîðäèíàòà. Â îðòîãîíàëüíîé ñèñòåìå ýòèì æå ñâîéñòâîì îáëàäàåò
è íàáîð (F1, F2, F3). Â ðàáîòå ïîêàçàíî, ÷òî â íåîðòîãîíàëüíîé ñè-
ñòåìå êðèâîëèíåéíûõ êîîðäèíàò ïîñëåäíåå óòâåðæäåíèå íåâåðíî.
Ïîñòðîåíû ñîîòâåòñòâóþùèå ïðèìåðû.
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Ðàññìîòðèì ñèñòåìó âèäà:{
fi
(
y, y1,y2,...,yn, u, u

/, u//, . . . , u(n−1)) = 0
)
, i = 1n,

u(m) = f
(
x, y1, y2, . . . , ynu, u

/, u//, . . . , u(m−1)
)
.

(1)

Ôóíêöèè fi, i = 1, n, f îïðåäåëåíû è íåïðåðûâíû â îáëàñòè
D = {x[a, b], |yi| ≤ di, i = 1, n, |Uk| ≤ d∗k, k = 1, n− 1} , ãäå di, d∗k äàí-
íûå ÷èñëà. Ðåøåíèåì ñèñòåìû (1) ñ÷èòàåòñÿ ëþáàÿ ïîñëåäîâàòåëü-
íîñòü ôóíêöèé yi(x), i = 1, n, U(x), óäîâëåòâîðÿþùèõ ïðè x ∈ [a, b]
ñèñòåìå (1), äëÿ ýòîãî ôóíêöèè yi(x) i = 1, n, äîëæíû áûòü íåïðå-
ðûâíî äèôôåðåíöèðóåìû , à u(x) ôóíêöèÿ äîëæíà èìåòü íåïðå-
ðûâíûå ïðîèçâîäíûå äî m�ãî ïîðÿäêà âêëþ÷èòåëüíî ïî x ∈ [a, b].
Äèôôåðåíöèàëüíîå óðàâíåíèå ïî u èìååò ïîðÿäîê m è äëÿ íåãî
äîëæíû áûòü çàäàíû êðàåâûå óñëîâèÿ.
Çäåñü ðàññìîòðèì ñëó÷àé, êîãäà çàäàíû óñëîâèÿ â ôîðìå çàäà÷è
Êîøè

U (k) (x0) = 0, k = 0, 1, . . . , m− 1. (2)

Íàøà öåëü äîêàçàòü òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
ðåøåíèÿ çàäà÷è (1),(2). Äëÿ ýòîãî â íà÷àëå ïðåäïîëîæèì, ÷òî â
îáëàñòè D ôóíêöèè fi, i = 1, n, èìåþò íåïðåðûâíûå ÷àñòíûå ïðî-
èçâîäíûå ïî âñåì ñâîèì àðãóìåíòàì è ñëåäóþùèé îïðåäåëèòåëü
n−ãî ïîðÿäêà îòëè÷åí îò íóëÿ

∆
(
x, y1, y2, . . . , yn, u, u

/, . . . , u(n−1)
)
=


∂f1
∂y1

∂f1
∂y2

· · · ∂f1
∂yn

...
...

∂fn
∂y1

∂fn
∂y2

· · · ∂fn
∂yn

 ̸= 0.

(3)
Â íà÷àëå äîïóñòèì, ÷òî çàäà÷à (1), (2) èìååò ðåøåíèå y1 (x) ,

y2 (x) , . . . , yn (x) , U(x) è ðàâåíñòâà èç (1) ÿâëÿþòñÿ òîæäåñòâàìè.
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Òîãäà èõ ìîæíî ïðîäèôôåðåíöèðîâàòü ïî x :

∂fi
∂y1

y
/
1 (x)+

∂fi
∂y2

y
/
2 (x)+ . . . .

∂fn
∂yn

y/n (x) = − fi
∂x

− ∂fi
∂u

u/ (x)− ∂fi
∂u/

u/ (x)−

− · · · − ∂fi
∂u(n−1)

un (x) = f ∗
i (x) , y1 (x) , y2 (x) , . . . , yn (x) ,

u (x) , u/ (x) , . . . , u(n−1) (x) , i = 1, n. (4)

Ñ ó÷åòîì (3) èç (4) ìîæíî íàéòè

y
/
k(x) =

n∑
i=1

∆ik(x, y1(x), y2(x), . . . , yn, U(x), U
/(x), . . . , U (m−1)(x)f ∗

i (x),

∆(x, y1(x), y2(x), . . . , yn(x)),
(5)

y1(x), y2(x), . . . , yn(x), u(x), . . . , u
(m−1))

u(x), u/(x), . . . , u(m−1)(x))
,

ãäå ∆ik àëãåáðàè÷åñêèå äîïîëíåíèÿ ýëåìåíòà k − ãî ñòîëáöà îïðå-
äåëèòåëÿ ∆.
Äàëåå, èç âòîðîãî òîæäåñòâà ñèñòåìû (1) ñ ó÷åòîì óñëîâèé (2) èìå-
åì

U (j) (x) =

∫ x

x0

(x− t)m−j−1

(m− j − 1)!
×

×f
(
t, y1 (t) , . . . , yn (t) , u (t) , u

/(t), . . . , u(n−1)(t)
)
dt, j = 0, 1, . . . ,m.

(6)
Åñëè çàäàòü åùå óñëîâèÿ

yk (x0) = 0 , k = 1, n, (7)

òî èç (5) ïîëó÷èì èíòåãðàëüíîå òîæäåñòâî

yk (x) =

∫ x

x0

Fk

(
t, y1 (t) , . . . , yn (t) , u (t) , u

′(t), . . . , u(n−1) (t)
)
dt, k = 1, n , (8),

ãäå Fk, k = 1, n, êðàåâûå ÷àñòè òîæäåñòâ (5).
Òàêèì îáðàçîì, èìååì ñèñòåìó òîæäåñòâ (6),(8). Åñëè òåïåðü íà
íèõ ñìîòðåòü êàê íà ñèñòåìó èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíå-
íèé, òî èç íèõ ìåòîäîì ôóíêöèîíàëüíîãî àíàëèçà ìîæíî ïîëó÷èòü
òåîðåìû ñóùåñòâîâàíèÿ ðåøåíèÿ èñõîäíîé êðàåâîé çàäà÷è.
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We consider a model case of the problem of heat di�usion in a
homogeneous body with a special initial state. The peculiarity of this
initial state is its local inhomogeneity. That is, there is a closed domain
Ω inside a body, the initial state is constant out of the domain. Mathema-
tical modeling leads to the problem for a homogeneous multi-dimensio-
nal di�usion equation.

Let Ω ⊂ Rn be a bounded domain with su�ciently smooth boundary
∂Ω. Through D we denote a cylindrical domain D = Ω × (0, T ). In D
we consider a surface heat potential

u =

∫
Ω

εn(x− ξ, t)u0(ξ)dξ, (1)

where

εn(x, t) = θ(t)(2a
√
πt)−ne−

|x|2

4a2t

is a fundamental solution of the heat equation

♢u ≡
(
∂

∂t
− a2△x

)
u = 0. (2)

We construct the boundary conditions on the boundary of the do-
main Ω, which can be characterized as "transparent" boundary condi-
tions. We separately consider a special case � a model of redistribution
of heat in a uniform linear rod, the side surface of which is insulated
in the absence of (internal and external) sources of heat and of locally
inhomogeneous initial state.

Throughout this note we mainly use techniques fromourworks [1�4].
Research supported by the grant 4075/GF4 of the Ministry of Education and

Science of Republic of Kazakhstan.
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Ââåäåíèå. Äëÿ ðàññåÿíèÿ ò¼ïëûõ òóìàíîâ èñïîëüçóåòñÿ òåïëî-
âîé ìåòîä [1], îñíîâàííûé íà èñêóññòâåííîì ïîâûøåíèè òåìïåðàòó-
ðû è äàâëåíèÿ â òóìàíå. Äëÿ èñïûòàíèÿ ýòîãî ìåòîäà íàìè ïðîâåäå-
íû íàòóðíûå ýêñïåðèìåíòû, â êîòîðûõ èñïîëüçîâàíû âûñîêîêàëî-
ðèéíûå âåùåñòâà (òåïëîâûå çàðÿäû) â äâóõ ðåæèìàõ èõ ñæèãàíèÿ:
â ðåæèìå äåòîíàöèè ñ îáðàçîâàíèåì âîçäóøíûõ âîëí ñæàòèÿ, ðàñ-
ïðîñòðàíÿþùèõñÿ â îáëà÷íîé ñðåäå ñî ñêîðîñòÿìè 450 ÷ 600 ì·ñ−1

è â ðåæèìå ãîðåíèÿ (Ò = 2000 - 3000◦Ñ), ïðè êîòîðîì ïðîèñõîäèò
ìîùíîå òåïëîâîå èçëó÷åíèå (104 êêàë·êã−1).

Â âîëíå ñæàòèÿ òåìïåðàòóðà T è äàâëåíèå P ïîâûøàþòñÿ ïî
ñðàâíåíèþ ñ èõ çíà÷åíèÿìè â íåâîçìóùåííîì âîçäóõå. Ýòè èçìåíå-
íèÿ ñïîñîáñòâóþò èñïàðåíèþ îáëà÷íûõ êàïåëü â óäàðíîé âîëíå è â
ïîëå èçëó÷åíèÿ âçðûâíûõ ãàçîâ, íàãðåòûõ äî âûñîêîé òåìïåðàòó-
ðû. Ïîä âëèÿíèåì ýòèõ äâóõ ôàêòîðîâ îáðàçóþòñÿ çîíû ïðîñâåò-
ëåíèÿ â òóìàíå, èìåþùèå â îáùèõ ÷åðòàõ ôîðìó øàðà. Ðàäèóñ R
òàêîé çîíû çàâèñèò îò ìîùíîñòè çàðÿäà è âîäíîñòè òóìàíà.
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Çàâèñèìîñòü èçáûòî÷íîãî äàâëåíèÿ ∆P â óäàðíîé âîëíå îò ðàñ-
ñòîÿíèÿ R äî öåíòðà âçðûâà îïðåäåëÿåòñÿ ôîðìóëîé Ì.À. Ñàäîâ-
ñêîãî [2]

∆P = 7
q

R3

(
V

VT

)
+ 2.7

q2/3

R2

(
V

VT

)2/3

+ 0.84
q1/3

R

(
V

VT

)1/3

, (1)

ãäå V � óäåëüíàÿ ýíåðãèÿ âçðûâ÷àòîãî âåùåñòâ; VT � óäåëüíàÿ ýíåð-
ãèÿ òðîòèëà; R âûðàæåíî â ì; q � â êã; ∆P � â àòì.

Ïðè óäàëåíèè îò öåíòðà âçðûâà àìïëèòóäà óäàðíîé âîëíû áûñò-
ðî óìåíüøàåòñÿ, óäàðíàÿ âîëíà ñòàíîâèòñÿ ñëàáîé. Íà ýòîé ñòàäèè
çàâèñèìîñòü ìåæäó ∆P è ïðèðàùåíèåì ∆T âûðàæàåòñÿ ôîðìó-
ëîé [3]

∆T =
∆P

ρ0Cp

, (2)

ãäå ρ0 � ïëîòíîñòü íåâîçìóùåííîãî âîçäóõà, Cp � òåïëîåìêîñòü âîç-
äóõà ïðè ïîñòîÿííîì äàâëåíèè.

Â òàáëèöå ïðåäñòàâëåíû çíà÷åíèÿ ∆P è ∆T íà ðàçëè÷íûõ ðàñ-
ñòîÿíèÿõ R îò öåíòðà âçðûâà è ïðè ðàçëè÷íûõ çíà÷åíèÿõ âåñà çà-
ðÿäà q, ïðè ρ0 = 1 êã·ì−3, Cp = 1 äæ·êã−1·ãðàä−1 è V = VT . Íèæíÿÿ
ñòðîêà â êàæäîé êîëîíêå îòíîñèòñÿ ê âçðûâó íà ïîâåðõíîñòè ãðóí-
òà.

Òàáëèöà 1

Çíà÷åíèÿ ∆P è ∆T ïðè ðàçëè÷íûõ R è q
R, ì 50 100 150 200

q=10 êã

∆P, àòì.
0,042 0,020 0,012 0,009

0,057 0,026 0,017 0,012

∆T, 0C
4,20 2,0 1,2 0,9

5,70 2,6 1,7 1,2

q=50 êã

∆P, àòì.
0,078 0,040 0,021 0,018

0,110 0,047 0,027 0,020

∆T, 0C
7,8 4,0 2,1 1,8

11,0 4,7 2,7 2,0

q=100 êã

∆P, àòì.
0,107 0,046 0,030 0,020

0,150 0,062 0,038 0,034

∆T, 0C
10,7 4,6 3,0 2,0

15,0 6,2 3,8 3,4
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Èç äàííûõ òàáëèöû âèäíî, ÷òî ïðè ìîùíûõ âçðûâàõ (q = 100
êã) íà ðàññòîÿíèÿõ ïîðÿäêà 150...200 ìåòðîâ îò ìåñòà âçðûâà òåì-
ïåðàòóðà íà ôðîíòå óäàðíîé âîëíû âûøå, ÷åì òåìïåðàòóðà íåâîç-
ìóùåííîãî âîçäóõà, íà 6,2 è 3,4◦Ñ ñîîòâåòñòâåííî.

Íà îñíîâå ìàòåìàòè÷åñêèõ ðàñ÷åòîâ è ýêñïåðèìåíòîâ ïîëó÷åíî,
÷òî âðåìÿ τ ïîëíîãî èñïàðåíèÿ êàïëè âíóòðè øàðà ðàäèóñîì R
ðàñ÷èòûâàåòñÿ ïî ôîðìóëå:

τ =
ρkρ0CpRnT

2
0 r

2
0R

2βρn(T0)Lq1/3Ä
, (3)

ãäå ρk = 103êã·ì−3; ρ0 = 1, 2êã·ì−3; Cp = 103 äæ· êã−1· ãðàä−1;
Rn = 0, 47 · 103 äæ· êã−1· ãðàä−1; T0 = 280 ◦Ê; r0 = 10−6r̄0, ãäå r̄0 �
ñðåäíèé ðàäèóñ îáëà÷íûõ êàïåëü â ìêì; R = 50 ì; β = 0, 84 · 104 Í·
ì· êã−1/3; ρn(T0) = 7, 8 · 10−3 êã· ì−3; L = 2, 5 · 106 äæ· êã−1· ãðàä−1;
ïðè q = 10 êã; Ä=2 · 10−3 ì2· ñ−1.

Ðàäèóñ øàðà R â îáëà÷íîé ñðåäå, âíóòðè êîòîðîãî âñå êàïëè ñ
ðàäèóñàìè r ≤ r0 ïîëíîñòüþ èñïàðÿþòñÿ,

R =
5

r̄40
q

(
V

VT

)
, (4)

ãäå R âûðàæåíî â ì, q � â êã, r̄0 � â ìêì.
Ïðè q = 10 êã, V = VT è r̄0 = 1 ìêì ïî ôîðìóëå (4) ïîëó÷àåì:

R1 = 50 ì, R2 = 200 ì, R3 = 800 ì; ãäå R1 � êîãäà âçðûâ ïðîèçâî-
äèòñÿ íà âûñîòå h = 30...200 ì; R3 � êîãäà h = 2...3 ì îò ïîâåðõíîñòè
çåìëè.

Âûâîäû.
1. Ðàñïðîñòðàíåíèå óäàðíûõ âîëí â îáëà÷íîé ñðåäå ïðèâîäèò ê

ñîçäàíèþ çîíû ïðîñâåòëåíèÿ âñëåäñòâèå èñïàðåíèÿ îáëà÷íûõ êà-
ïåëü ïîä äåéñòâèåì ïîâûøåíèÿ òåìïåðàòóðû è äàâëåíèÿ íà âîëíå
ñæàòèÿ ïî ñðàâíåíèþ ñ èõ çíà÷åíèÿìè â íåâîçìóùåííîì âîçäóõå.
Ïðè ìîùíûõ âçðûâàõ (ñì. òàáëèöó) íà ðàññòîÿíèÿõ 100 ÷ 200 ì
îò ìåñòà âçðûâà òåìïåðàòóðà íà ôðîíòå óäàðíîé âîëíû åùå ñóùå-
ñòâåííî îòëè÷àåòñÿ îò òåìïåðàòóðû â íåâîçìóùåííîé ñðåäå (íà 6,2
è 3,4◦Ñ ñîîòâåòñòâåííî).

2. Ïîëó÷åíà ôîðìóëà äëÿ ðàñ÷åòà âðåìåíè τ ïîëíîãî èñïàðåíèÿ
êàïåëü òóìàíà â âèäå (3).

3. Âåëè÷èíà ðàäèóñà øàðà Ri, âíóòðè êîòîðîãî âñå êàïëè òó-
ìàíà ïîëíîñòüþ èñïàðÿþòñÿ, çàâèñèò îò âûñîòû âçðûâà òåïëîâîãî

147



çàðÿäà íàä ïîâåðõíîñòüþ ãðóíòà. Åñëè âçðûâ çàðÿäà ïðîèçâîäèò-
ñÿ â òóìàíå íà îòíîñèòåëüíî áîëüøîé âûñîòå (h = 50 ÷ 200 ì), òî
ðàäèóñ øàðà Ri îïðåäåëÿåòñÿ ïî ôîðìóëå (4) (R = 50 ì). Åñëè æå
âçðûâ ïðîèñõîäèò íà ïîâåðõíîñòè ãðóíòà, òî ðàäèóñ óâåëè÷èâàåòñÿ
â 4 ðàçà (R2 = 200 ì). Êîãäà çàðÿä âçðûâàåòñÿ íà íåáîëüøîé (1 � 2
ì) âûñîòå íàä ãðóíòîì, â òóìàíå ðàñïðîñòðàíÿþòñÿ îäíà çà äðóãîé
äâå óäàðíûå âîëíû � ïðÿìàÿ è îòðàæåííàÿ, ðàçäåë¼ííûå êîðîò-
êèì ïðîìåæóòêîì âðåìåíè â ìèëëèñåêóíäû. Ïðè ýòîì èçáûòî÷íîå
äàâëåíèå â ïðÿìîé è îòðàæåííîé óäàðíûõ âîëíàõ ñêëàäûâàþòñÿ è
ðàäèóñ øàðà R3 = 800 ì.
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Ðàññìîòðèì óðàâíåíèå

Dα
0tu(x, t) + (−1)n

∂2nu

∂x2n
= f(x, t), (1)

ãäå n ∈ N, Dα
0t � îïåðàòîð äðîáíîãî (â ñìûñëå Ðèìàíà-Ëèóâèëëÿ)

èíòåãðîäèôôåðåíöèðîâàíèÿ ïîðÿäêà α, 0 < α < 1 [1].
Ïðè α = 1 â ðàáîòå [2] äëÿ óðàâíåíèÿ (1) äîêàçàíà åäèíñòâåí-

íîñòü ðåøåíèÿ çàäà÷è Êîøè â êëàññå ôóíêöèé áûñòðîãî ðîñòà. Äëÿ
óðàâíåíèÿ òåïëîïðîâîäíîñòè â ðàáîòå [3] äîêàçàíà òåîðåìà åäèí-
ñòâåííîñòè. Äëÿ óðàâíåíèÿ ñ ðåãóëÿðèçîâàííîé äðîáíîé ïðîèçâîä-
íîé â ðàáîòå [4] áûëà äîêàçàíà òåîðåìà åäèíñòâåííîñòè â êëàññå
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ôóíêöèé ýêñïîíåíöèàëüíîãî ðîñòà. Â ðàáîòå [5] ïîñòðîåíî ðåøåíèå
çàäà÷è Êîøè è äîêàçàíà òåîðåìà åäèíñòâåííîñòè â êëàññå ôóíêöèé,
óäîâëåòâîðÿþùèõ àíàëîãó óñëîâèÿ À.Í. Òèõîíîâà.

Â äàííîé ðàáîòå äëÿ óðàâíåíèÿ (1) äîêàçàíà òåîðåìà åäèíñòâåí-
íîñòè ðåøåíèÿ çàäà÷è Êîøè â êëàññå ôóíêöèé áûñòðîãî ðîñòà.

(Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäà-

ìåíòàëüíûõ èññëåäîâàíèé, ïðîåêò � 16-01-00462 À).
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Ïóñòü x = (x1, x2, ... , xn) - òî÷êà n-ìåðíîãî åâêëèäîâîãî ïðî-
ñòðàíñòâà Rn. Â îáëàñòè Ω = {(x, t) : x ∈ Rn, t ∈ R1, t > 0}
ðàññìîòðèì çàäà÷ó Êîøè äëÿ ìíîãîìåðíîãî óðàâíåíèÿ âûñîêîãî
ïîðÿäêà âèäà

Lm
γ,λ(u) ≡

(
Bt

γ −∆x + λ2
)m

u = 0, (x, t) ∈ Ω, (1)

ñ ïîëóîäíîðîäíûìè íà÷àëüíûìè óñëîâèÿìè

∂2ku

∂t2k

∣∣∣∣
t=0

= φk(x),
∂2k+1u

∂t2k+1

∣∣∣∣
t=0

= 0, x ∈ Rn, k = 0,m− 1, (2)
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èëè

∂2ku

∂t2k

∣∣∣∣
t=0

= 0, t2γ+1∂
2k+1u

∂t2k+1

∣∣∣∣
t=0

= ψk(x), x ∈ Rn, k = 0,m− 1, (3)

ãäå u = u(x, t), Bt
γ ≡ ∂2/∂t2 + [(2γ + 1)/t]∂/∂t, ∆x ≡

n∑
k=1

∂2

∂x2k
, m

- íàòóðàëüíîå ÷èñëî, γ, λ ∈ R, γ > −1/2, çäåñü φk(x), ψk(x), k =
= 0,m− 1 - çàäàííûå äèôôåðåíöèðóåìûå ôóíêöèè.

Êîãäà λ = 0, â ðàáîòàõ [1], [2] ïîëó÷åíû ïðåäñòàâëåíèÿ ðåøå-
íèÿ ïîñòàâëåííîé çàäà÷è Êîøè. Ïðè ýòîì ðåøåíèå, êîíñòðóèðîâàíî
èñïîëüçóÿ ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ Ýéëåðà-Ïóàññîíà-
Äàðáó (ÝÏÄ). Ïîñëåäíåå îñíîâàíî íà òîì ôàêòå, ÷òî ñðåäíåå ñôå-
ðè÷åñêîå äîñòàòî÷íî ãëàäêîé ôóíêöèè óäîâëåòâîðÿåò óðàâíåíèþ
Äàðáó [3]. Îòïðàâëÿÿñü îò ýòîãî ôàêòà [4] ïîëó÷àþò ôîðìóëó Êèðõ-
ãîôà äëÿ ðåøåíèé óðàâíåíèé ÝÏÄ, â òîì ÷èñëå äëÿ âîëíîâîãî óðàâ-
íåíèÿ. Îäíàêî, êîãäà λ ̸= 0, ýòîò ôàêò íå èìååò ìåñòà, ïîýòîìó
ýòîò ïîäõîä íåïðèìåíèì. Íåîáõîäèìî ïðèìåíåíèå íåñòàíäàðòíîãî
ìàòåìàòè÷åñêîãî àïïàðàòà ó÷èòûâàþùåãî ñïåöèôèêó óðàâíåíèé ñ
ñèíãóëÿðíûìè êîýôôèöèåíòàìè.

Â êà÷åñòâå òàêîãî ìàòåìàòè÷åñêîãî àïïàðàòà ìîæíî èñïîëüçî-
âàòü îïåðàòîð èíòåãðèðîâàíèÿ äðîáíîãî ïîðÿäêà Ýðäåéè-Êîáåðà.
Ïðèìåíåíèå ýòîãî îïåðàòîðà ïîçâîëÿåò ñâîäèòü óðàâíåíèÿ ñ ìëàä-
øèì ÷ëåíîì λ2u è ñ ñèíãóëÿðíûì îïåðàòîðîì Áåññåëÿ, êîòîðûé
äåéñòâóåò ïî îäíîé èëè íåñêîëüêèì ïåðåìåííûì, ê íå ñèíãóëÿðíûì
óðàâíåíèÿì áåç ìëàäøåãî ÷ëåíà λ2u.

Â ðàáîòå Ëîóíäåñà [5] áûë ââåäåí è èññëåäîâàí îáîáùåííûé îïå-
ðàòîð Ýðäåéè-Êîáåðà ñ ôóíêöèåé Áåññåëÿ â ÿäðå

Jλ(η, α)f(x) = 2αλ1−αx−2α−2η

x∫
0

Jα−1

(
λ
√
x2 − t2

)
(x2 − t2)(1−α)/2

t2η+1f(t)dt, (4)

ãäå α, η, λ ∈ R, α > 0, η > −(1/2), Jν(z)− ôóíêöèÿ Áåññåëÿ ïåðâî-
ãî ðîäà ïîðÿäêà ν.

Îñíîâíûå ñâîéñòâà îïåðàòîðà (4) ìîæíî íàéòè â êíèãå [6].
Ïóñòü [Bx

η ]
0 = E, E - åäèíè÷íûé îïåðàòîð, [Bx

η ]
m = [Bx

η ]
m−1[Bx

η ]
= [Bx

η ][B
x
η ]...[B

x
η ] - m−àÿ ñòåïåíü îïåðàòîðà Áåññåëÿ.

Â ðàáîòå [7] äîêàçàíû ñëåäóþùèå òåîðåìû.
Òåîðåìà 1. Ïóñòü α > 0, η > −(1/2), f(x) ∈ C2m(0, b),

b > 0, ôóíêöèè x2η+1[Bx
η ]

k+1f(x) èíòåãðèðóåìû â íóëå è
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lim
x→0

x2η+1 d

dx
[Bx

η ]
kf(x) = 0, k = 0,m− 1. Òîãäà

[Bx
η+α + λ2]mJλ(η, α)f(x) = Jλ(η, α)[B

x
η ]

mf(x).

Ïóñòü ôóíêöèÿ u(x, t) = u(x1, x2, . . . , xn, t) íåïðåðûâíî äèôôå-
ðåíöèðóåìà äî ïîðÿäêà 2m ïî ïåðåìåííîé t è ïîðÿäêà íå ìåíüøå
÷åì m ïî x. Lx - íå çàâèñÿùèé îò t ëèíåéíûé äèôôåðåíöèàëüíûé
îïåðàòîð ëþáîãî êîíå÷íîãî ïîðÿäêà ïî ïåðåìåííîé x ∈ Rn.

Òåîðåìà 2. Ïóñòü α > 0, η > −(1/2), ôóíêöèè t2η+1[Bt
η]

ku(x, t)

èíòåãðèðóåìû ïðè t→ 0 è lim
t→0

t2η+1 ∂

∂t
[Bt

η]
ku(x, t) = 0, k = 0,m− 1.

Òîãäà

(Bt
η+α + λ2 + Lx)

mJ t
λ(η, α)u(x, t) = J t

λ(η, α)(B
t
η + Lx)

mu(x, t),

âåðõíèé èíäåêñ t â îïåðàòîðàõ îçíà÷àåò ïåðåìåííóþ, ïî êîòîðîé
äåéñòâóþò ýòè îïåðàòîðû.

Ïðèìåíÿÿ äîêàçàííûå òåîðåìû, íàéäåíà ÿâíàÿ ôîðìóëà ðåøå-
íèÿ èññëåäóåìîé çàäà÷è (1)�(2), ïðè íå÷åòíîì n, â âèäå

u(x, t) = lnt
1−2α


(
1

t

∂

∂t

)n−1
2

∫
|ξ−x|<t

J̄α−1

(
λ
√
t2 − |ξ − x|2

)
[
t2 − |ξ − x|2

]1−α f0(ξ)dξ +

+
m−1∑
k=1

2−2k

k!(α)k

(
1

t

∂

∂t

)n−1
2

∫
|ξ−x|<t

J̄α+k−1

(
λ
√
t2 − |ξ − x|2

)
[
t2 − |ξ − x|2

]1−α−k
fk(ξ)dξ

 ,

ãäå fk(x) =
k∑

j=0

(−1)jCj
k∆

j
xΦk−j(x), Φk(x) =

k∑
j=0

ajC
j
kλ

2(k−j)φj(x), k =

0,m− 1, aj = Γ (α + (2j + 1)/2) /Γ ((2j + 1)/2) , Cj
k = k!/[j!(k − j)!]

- áèíîìèàëüíûå êîýôôèöèåíòû, α = γ + 1/2 > 0, ln = [1 · 3 · 5 · ... ·
(n− 2)ωnΓ(α)]

−1, ωn = 2π(n/2)/Γ (n/2) .
Àíàëîãè÷íàÿ ôîðìóëà íàéäåíà è ïðè ÷åòíîì n, à òàêæå è äëÿ

çàäà÷è (1)�(3). Äîêàçàíî, ÷òî ïîëó÷åííûå ôîðìóëû, ïðè îïðåäå-
ëåííûõ óñëîâèÿõ íà çàäàííûå íà÷àëüíûå ôóíêöèè, ÿâëÿþòñÿ åäèí-
ñòâåííûìè êëàññè÷åñêèìè ðåøåíèÿìè èññëåäóåìûõ çàäà÷.
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A DIFFERENCE SCHEME FOR THE TEMPERED TIME
FRACTIONAL ALLERS' EQUATION
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Abstract. Moisture movement in is capillary porous environment
is described by the equation of Aller [1]. Solution of Dirichlet boundary
value problem for the Allers' equation in di�erential and di�erence
settings are studied. By the method energy inequalities, a priori estimate
is obtained for the solution of the di�erential problems. The obtained
results are supported by the numerical calculations carried out for test
problems.

The Dirichlet boundary value problem.
In rectangle QT = {(x, t) : 0 ≤ x ≤ l, 0 ≤ t ≤ T} let us study the

boundary value problem

∂α,λ0t u =
∂

∂x

(
k(x, t)

∂u

∂x

)
+∂β,µ0t

∂

∂x

(
η(x, t)

∂u

∂x

)
−q(x, t)u+f(x, t), (1)

u(0, t) = 0, u(l, t) = 0, 0 ≤ t ≤ T, (2)
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u(x, 0) = u0(x), 0 ≤ x ≤ l, (3)

where ∂γ,δ0t u(x, t) = 1
Γ(1−γ)

t∫
0

e−δ(t−s)(t − s)−γus(x, s) ds is a tempered

time fractional derivative of order γ, 0 < γ < 1, and parameter δ ≥ 0,
0 < c1 ≤ k(x, t), η(x, t) ≤ c2, ηt(x, t) ≥ 0, q(x, t) ≥ 0 on QT .

Theorem 1. If k(x, t) ∈ C1,0
(
QT

)
, η(x, t) ∈ C1,1

(
QT

)
, q(x, t),

f(x, t) ∈
(
QT

)
, 0 < c1 ≤ k(x, t), η(x, t) ≤ c2, ηt(x, t) ≥ 0, then the

solution u(x, t) of the problem (1) � (3) satis�es a priori estimate

Dα−1,λ
0t ∥u∥20 +

c22
c1

t∫
0

∥ux∥20ds+
c21
c2
Dβ−1,µ

0t ∥ux∥20 ≤

≤ l2

2c1

t∫
0

∥f∥20ds+
c21

c2Γ(2− β)

t∫
0

e−µηdη

ηβ
∥u′0∥20 +

1

Γ(1− α)

t∫
0

e−ληdη

ηα
∥u0∥20. (4)

The uniqueness and continuous dependence of the solution of the
problem (1) � (3) on the input data follow from a priori estimate (4).

Di�erence schemes for the Dirichlet boundary value prob-
lem. In this section we considered case, when η(x, t) = η(x). In the
rectangle QT we introduce the grid ωhτ = ωh × ωτ , where

ωh = {xi = ih, i = 0, 1, . . . , N, hN = l} ,

ωτ = {tj = jτ, j = 0, 1, . . . , j0, τj0 = T} .

To problem (1) � (3) we assign the di�erence scheme

∆α,λ
0tj+1

y = Λ1y
j+1+∆β,µ

0tj+1
Λ2y+φ

j+1
i , 1 ≤ i ≤ N−1, 1 ≤ j ≤ j0−1, (5)

y(0, t) = 0, y(l, t) = 0, t ∈ ωτ , (6)

y(x, 0) = u0(x), x ∈ ωh, (7)

where

Λ1y = (ayx̄)x, aji = k(xi−1/2, tj+1),

Λ2y = (byx̄)x, bi = η(xi−1/2),

φj+1
i = f(xi, tj+1),
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∆γ,δ
0tj+1

y =

j∑
s=0

c
(γ,δ)
j−s (v(ts+1)− v(ts))

where

c
(γ,δ)
l =

τ−γe−δtl+1/2

Γ(2− γ)

(
a
(γ)
l + δτb

(γ)
l

)
, l ≥ 0,

a
(γ)
l = (l + 1)1−γ − l1−γ,

b
(γ)
l =

1

2− γ

[
(l + 1)2−γ − l2−γ

]
− 1

2

[
(l + 1)1−γ − l1−γ

]
, l ≥ 1

is the di�erence analogue of the tempered time fractional derivative of
order γ, 0 < γ < 1, and parameter δ ≥ 0.

Theorem 2. The di�erence scheme (5) � (7) is absolutely stable
and its solution satis�es a priori estimate

j∑
s=0

c
(α,λ)
j−s ∥ys+1∥20τ +

j∑
s=0

c
(β,µ)
j−s ∥

√
bys+1

x̄ ]|20τ

≤ l2

2

j∑
s=0

∥φs∥20τ + ∥y0∥20
j∑

s=0

c(α,λ)s τ + ∥
√
by0x̄∥20

j∑
s=0

c(β,µ)s τ, (8)

where (y, v) =
N−1∑
i=1

yivih, (y, v] =
N∑
i=1

yivih, ∥y∥20 = (y, y), ∥y]|20 = (y, y].
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Ïóñòü â ýòíîñå èç N = N(t) ÷åëîâåê, æèâóùèõ â íåêîòîðîé ãåî-
ãðàôè÷åñêîé îáëàñòè ñ îïðåäåëåííîé ñèñòåìîé ñâÿçè, â ìîìåíò âðå-
ìåíè t ñîäåðæàòñÿ U = U(t) ïàññèîíàðèåâ è V = V (t) ñóáïàññèî-
íàðèåâ. Äîïóñòèì, ÷òî ôàçà ïîäúåìà âíóòðèýòíè÷åñêîé ýâîëþöèè
íà÷èíàåòñÿ â ìîìåíò âðåìåíè t = 0 è çàêàí÷èâàåòñÿ ïðè t = tm.
Î÷åâèäíî, ÷òî îáëàñòè çíà÷åíèÿR(N), R(U), R(V )ôóíêöèéN,U, V
ïðèíàäëåæàò ìíîæåñòâó öåëûõ ÷èñåë. Ïîýòîìó, âìåñòî ðàçðûâíûõ
öåëî÷èñëåííûõ ôóíêöèé N,U, V ââåäåì íåïðåðûâíî äèôôåðåíöè-
ðóåìûå ôóíêöèè n = n(t), u = u(t), v = v(t), èìåþùèå â êàæäûé
ìîìåíò âðåìåíè òå æå öåëûå ÷àñòè, ÷òî è N,U, V ñîîòâåòñòâåííî,
ò.å. [n(t)] = N(t), [u(t)] = U(t), [v(t)] = V (t) äëÿ âñåõ t ∈ [0, tm].

Áóäåì ïðåäïîëàãàòü, ÷òî

n(t) = u(t) + v(t), 0 ≤ t ≤ tm. (1)

Â òåîðèè ïîïóëÿöèè, â òîì ÷òî ÷èñëå ÷åëîâå÷åñêîé, íàèáîëåå
àïðîáèðîâàííûì çàêîíîì ðàçâèòèÿ ÿâëÿåòñÿ ëîãèñòè÷åñêèé çàêîí
ðîñòà [1, ñ. 103]

n′(t) = µn(t)− µ

K
n2(t), (2)

ãäå K � åìêîñòü ñðåäû îáèòàíèÿ, µ � êîýôôèöèåíò àâòîïðèðîñòà.
Óðàâíåíèå (2) ìîæíî ïåðåïèñàòü â âèäå

d

dt

( 1

n(t)

)
=

µ

K
− µ

n(t)
. (3)

Óðàâíåíèå (3) ÿâëÿåòñÿ ëèíåéíûì îòíîñèòåëüíî ôóíêöèè 1/n(t).
Ëîãèñòè÷åñêèé çàêîí (2) íå ó÷èòûâàåò àäåêâàòíî ïðåäûñòîðèþ

èëè ñòîõàñòè÷åñêèé õàðàêòåð âíóòðèýòíè÷åñêîé ýâîëþöèè. ×òîáû
ó÷åñòü ýòè ôàêòîðû ìîæíî âîñïîëüçîâàòüñÿ âìåñòî äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ (2) ñëåäóþùåé ìîäåëüþ

Dα
0t

[ 1

n(τ)

]
+

µ

n(t)
= δtβ, (4)
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ãäå α, µ, δ, β � ïîñòîÿííûå ïàðàìåòðû ìîäåëè, êîòîðûå õàðàêòåðè-
çóþò òîò èëè èíîé ýòíîñ, ïðè÷åì 0 < α < 1, β > −1;

Dα
0tu(τ) =

1

Γ(1− α)

d

dt

t∫
0

u(τ)dτ

(t− τ)α

� îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ Ðèìàíà-Ëèóâèëëÿ ïîðÿä-
êà α [1, ñ. 28], Γ(α) � ãàììà ôóíêöèÿ Ýéëåðà.

Îòíîñèòåëüíî ôóíêöèè z(t) = 1/n(t) óðàâíåíèå (4) ÿâëÿåòñÿ ëè-
íåéíûì äèôôåðåíöèàëüíûì óðàâíåíèåì äðîáíîãî ïîðÿäêà α

Dα
0tz(τ) + µz(t) = δtβ, 0 < t < tm. (5)

Ðåøåíèå óðàâíåíèÿ äðîáíîãî ïîðÿäêà (5), óäîâëåòâîðÿþùåå íà-
÷àëüíîìó óñëîâèþ lim

t→0
Dα−1

0t z(τ) = 0 èìååò âèä [2, ñ. 92]

z(t) = δD−α
0t τ

β − µδΓ(α)D−α
0t {E1/2[−µ(t− τ)α;α]D−α

0τ η
β},

ãäåEρ(z, µ) =
∞∑
k=0

zk

Γ(µ+k/ρ)
�ôóíêöèÿ òèïàÌèòòàã�Ëåôôëåðà [2, ñ. 86].
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Â íàñòîÿùåå âðåìÿ øèðîêîå ðàçâèòèå ïîëó÷èëî îäíî èç íàó÷-
íûõ íàïðàâëåíèé íåëèíåéíîé äèíàìèêè � äðîáíàÿ äèíàìèêà. Ñóòü,
êîòîðîé ñîñòîèò â ó÷åòå ýôôåêòîâ ïàìÿòè è ïîñëåäåéñòâèÿ, õàðàê-
òåðèçóþùèìñÿ ïðîèçâîäíûìè äðîáíûõ ïîðÿäêîâ. Áîëåå ïîäðîáíî
âîïðîñû èññëåäîâàíèÿ òàêèõ ñèñòåì èçëîæåíû â êíèãå È. Ïåòðàñà
[1], â êíèãå Â.Â. Ó÷àéêèíà [2] ðàññìàòðèâàþòñÿ ýëåìåíòû ýðåäèòàð-
íîé äèíàìèêè, êîòîðàÿ âêëþ÷àåò äðîáíóþ äèíàìèêó êàê ÷àñòíûé
ñëó÷àé.

Â ðàáîòå [3] áûëà ïðåäëîæåíà ìîäåëü îñöèëëÿòîðà Äóôôèíãà ñ
ôðàêòàëüíûì òðåíèåì. Ôðàêòàëüíîå òðåíèå îáëàäàåò ñâîéñòâàìè
âÿçêîãî òðåíèÿ çà ñ÷åò ñòåïåííîãî ÿäðà â èíòåãðàëüíîì îïåðàòî-
ðå (¾òÿæåëûå õâîñòû¿). Ïîýòîìó òàêîé îñöèëëÿòîð ìîæåò èìåòü
ðàçëè÷íûå ïðèëîæåíèÿ, íàïðèìåð [4,5].

Â íàñòîÿùåé ðàáîòå ìû ïðîäîëæèì èçó÷àòü îñöèëëÿòîð Äóô-
ôèíãà ñ ôðàêòàëüíûì òðåíèåì, íî ïîðÿäîê äðîáíîé ïðîèçâîäíîé
áóäåò ïðåäñòàâëÿòü ñîáîé ôóíêöèþ îò âðåìåíè, à íå êîíñòàíòó êàê
â ðàáîòå [3]. Äàëåå ïîñòðîèì ÷èñëåííóþ ÿâíóþ êîíå÷íî-ðàçíîñòíóþ
ñõåìó äëÿ ñ÷åòà ïðèáëèæåííîãî ðåøåíèÿ ñîîòâåòñòâóþùåé çàäà÷è
Êîøè, à òàêæå íà îñíîâå ÷èñëåííîãî ðåøåíèÿ ïîñòðîèì è èññëåäóåì
ôàçîâûå òðàåêòîðèè.

Ïîñòàíîâêà çàäà÷è è ìåòîäèêà ðåøåíèÿ. Íàéòè ðåøåíèå
x (t), ãäå t ∈ [0, T ] ñëåäóþùåé çàäà÷è Êîøè:

ẍ (t) + αD
q(t)
0t x (τ)− x (t) + x3 (t) = δ cos (ωt) , x (0) = x0, ẋ (0) = y0,

(1)

ãäå D
q(t)
0t x (τ) = 1

Γ(q(t))
d
dt

t∫
0

x(τ)dτ

(t−τ)q(t)
� ïðîèçâîäíàÿ Ðèìàíà-Ëèóâèëëÿ

ïåðåìåííîãî äðîáíîãî ïîðÿäêà 0 < q (t) < 1, α � êîýôôèöèåíò âÿç-
êîãî òðåíèÿ, δ è ω � àìïëèòóäà è ÷àñòîòà âíåøíåé ïåðèîäè÷åñêîé
ñèëû, x0 è y0 � çàäàííûå êîíñòàíòû, íà÷àëüíûå óñëîâèÿ.

Ñëó÷àé, êîãäà q (t) ïðåäñòàâëÿåò êîíñòàíòó áûë ïîäðîáíî èññëå-
äîâàí â ðàáîòå [3]. Â ðàáîòå [6] áûëà ðàññìîòðåíà ìîäåëü ýðåäèòàð-
íîãî îñöèëëÿòîðà Äóôôèíãà ñ ïðîèçâîäíîé Ãåðàñèìîâà-Êàïóòî.

Çàäà÷ó Êîøè (1) óäîáíî ïðåäñòàâèòü â âèäå ñèñòåìû äèôôåðåí-
öèàëüíûõ óðàâíåíèé:

ẋ (t) = y (t) ,

D
q(t)
0t x (τ) = w (t) ,

ẏ (t) = x (t)− αw (t)− x3 (t) + δ cos (ωt) ,
x (0) = x0, y (0) = y0.

(2)
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Ñèñòåìà (2), â ñèëó íåëèíåéíîñòè, íå èìååò òî÷íîãî ðåøåíèÿ,
ïîýòîìó áóäåì èñêàòü ïðèáëèæåííîå ðåøåíèå ñ ïîìîùüþ òåîðèè
êîíå÷íî-ðàçíîñòíûõ ñõåì [7-9]. Ðàçîáüåì îòðåçîê [0, T ] íà N ðàâíûõ
÷àñòåé ñ øàãîì h. Ðåøåíèå äèôôåðåíöèàëüíîé çàäà÷è x (t) ïåðåé-
äåò â ïðèáëèæåííîå ñåòî÷íîå ðåøåíèå x (tk) , tk = kh, k = 1, ..., N .
Ïðîèçâîäíóþ äðîáíîãî ïîðÿäêà â ñèñòåìå (2) àïïðîêñèìèðóåì ðàç-
íîñòíûì àíàëîãîì � ïðîèçâîäíîé Ãðþíâàëüäà-Ëåòíèêîâà [10]:

D
q(t)
0t x (τ) ≈

1

hqk−1

k−1∑
j=0

c
(qk−1)
j xk−j =

xk
hqk−1

+
k−1∑
j=1

c
(qk−1)
j xk−j, (3)

c
(qk−1)
0 = 1, c

(qk−1)
j =

(
1− 1 + qk−1

j

)
c
qk−1

j−1 ,

à öåëî÷èñëåííûå ïðîèçâîäíûå:

ẋ (t) ≈ xk − xk−1

h
, ẏ (t) ≈ yk − yk−1

h
. (4)

Ïîäñòàâëÿÿ (3) è (4) â ñèñòåìó (2), ïðèõîäèì ê ñëåäóþùåìó ïðè-
áëèæåííîìó ðåøåíèþ çàäà÷è Êîøè (2):

xk = xk−1 + hyk−1,

xk = wk−1h
qk−1 −

k−1∑
j=1

c
(qk−1)
j xk−j,

yk = yk−1 +
[
αwk−1 − x3k−1 + δ cos (ω (k − 1))

]
h.

(4)

Ìîæíî îòìåòèòü, èñõîäÿ èç ðàáîòû [10], ÷òî àïïðîêñèìàöèÿ (5)
äèôôåðåíöèàëüíîé çàäà÷è (2) èìååò ïåðâûé ïîðÿäîê. Ìû íå áó-
äåì ïðîâîäèòü èññëåäîâàíèÿ ÿâíîé ñõåìû (5) íà óñòîé÷èâîñòü è
ñõîäèìîñòü. ßâíûå ñõåìû, êàê ïðàâèëî óñëîâíî óñòîé÷èâû, ò.å. ñó-
ùåñòâóåò îãðàíè÷åíèå íà øàã h. Îöåíèòü øàã h ìîæíî ñ ïîìîùüþ
ìåòîäà äâîéíîãî ñ÷åòà [11]. Óñòîé÷èâîñòü òî÷êè ïîêîÿ ñèñòåìû (2)
ìîæíî ïðîâåñòè ïî àíàëîãèè ðàáîòû [12].
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Â îáëàñòè Ω = {(x, y) : 0 < x < r,−α < y < β} åâêëèäîâîé ïëîñ-
êîñòè òî÷åê (x, y), ãäå r, α è β �äåéñòâèòåëüíûå ïîëîæèòåëüíûå
÷èñëà, ðàññìàòðèâàåòñÿ àíàëîã çàäà÷è À.À. Äåçèíà [1, c. 174] äëÿ
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óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñìåøàííîãî òèïà âòîðîãî ïîðÿä-
êà {

uxx − uy = f+, y > 0,

uxx − uyy = f−, y < 0,

ãäå u = u(x, y) � íåèçâåñòíàÿ ôóíêöèÿ, f+ = f+(x, y), f− =
= f−(x, y) � çàäàííûå è äîñòàòî÷íî ãëàäêèå ôóíêöèè ñîîòâåòñòâåí-

íî â Ω
+
è Ω

−
, çäåñü Ω+ = Ω ∩ (y > 0), Ω− = Ω ∩ (y < 0).

Â äàííîé ðàáîòå ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåí-
íîãî ðåøåíèÿ u(x, y) èññëåäóåìîé çàäà÷è â îáëàñòè Ω. Äëÿ äîêàçà-
òåëüñòâà åäèíñòâåííîñòè ðåøåíèÿ èñïîëüçîâàí ìåòîä ôóíêöèè Ãðè-
íà. Ðåøåíèå íàéäåíî â ÿâíîì âèäå.

Îòìåòèì, ÷òî ðåçóëüòàòû äàííîé ðàáîòû îáîáùàþò ðåçóëüòàòû
ðàáîò [2, 3].

Ëèòåðàòóðà

1. Íàõóøåâà Ç.À. Íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ îñíîâíûõ è ñìåøàííîãî
òèïîâ äèôôåðåíöèàëüíûõ óðàâíåíèé. Íàëü÷èê: Èçäàòåëüñòâî Ó÷ðåæäå-
íèÿ Ðîññèéñêîé àêàäåìèè íàóê Êàáàðäèíî�Áàëêàðñêîãî íàó÷íîãî öåíòðà
ÐÀÍ, 2011, 196 ñ.

2. Êèðæèíîâ Ð.À. Àíàëîã çàäà÷è À.À. Äåçèíà äëÿ óðàâíåíèÿ ñìåøàííî-
ãî ïàðàáîëî�ãèïåðáîëè÷åñêîãî òèïà// Äîêëàäû Àäûãñêîé (×åðêåññêîé)
Ìåæäóíàðîäíîé àêàäåìèè íàóê. 2014, Ò. 16, � 2, Ñ. 41�46.

3. Êèðæèíîâ Ð.À. Î åäèíñòâåííîñòè ðåøåíèÿ àíàëîãà çàäà÷è À.À. Äåçèíà
äëÿ óðàâíåíèÿ ñìåøàííîãî ïàðàáîëî�ãèïåðáîëè÷åñêîãî òèïà// Äîêëàäû
Àäûãñêîé (×åðêåññêîé) Ìåæäóíàðîäíîé àêàäåìèè íàóê. 2015, Ò. 17, � 3,
Ñ. 28�30.

ÓÄÊ 004.942

ÏÐÈÌÅÍÅÍÈÅ ÑÎÂÐÅÌÅÍÍÛÕ
ÈÍÔÎÐÌÀÖÈÎÍÍÛÕ ÒÅÕÍÎËÎÃÈÉ ÏÐÈ

ÈÇÓ×ÅÍÈÈ ÁÈÎËÎÃÈ×ÅÑÊÈÕ ÏÐÎÖÅÑÑÎÂ
c⃝ Êèñåëåâà Ò.Â., Øåëåñò Ï.Ä.

Ñåâåðî-Êàâêàçñêèé ôåäåðàëüíûé óíèâåðñèòåò (Ðîññèÿ, Ñòàâðîïîëü)
e-mail: appinform@ncfu.ru

Â ñîâðåìåííîì ìèðå òðóäíî ïðåäñòàâèòü ñåáå îáó÷åíèå áåç ïðè-
ìåíåíèÿ èíôîðìàöèîííûõ òåõíîëîãèé. Äëÿ èçó÷åíèÿ áèîëîãè÷å-
ñêèõ ïðîöåññîâ øèðîêî ïðèìåíÿþòñÿ äâà âèäà ìàòåìàòè÷åñêîãî
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ìîäåëèðîâàíèÿ: àíàëèòè÷åñêîå è èìèòàöèîííîå. È õîòÿ àíàëèòè÷å-
ñêîå ìîäåëèðîâàíèå ïîìîãàåò óñòàíîâèòü íåêîòîðûå çàêîíîìåðíî-
ñòè è îáùèå òåíäåíöèè ðàçâèòèÿ è ïîâåäåíèÿ îðãàíèçìîâ â æèâîé
ïðèðîäå, ÷àùå âñåãî ïðîèñõîäÿùèå áèîëîãè÷åñêèå ïðîöåññû òðóäíî
îïèñàòü ñðåäñòâàìè àíàëèòè÷åñêîé ìàòåìàòèêè.

Ðàçâèòèå ñîâðåìåííûõ èíôîðìàöèîííûõ òåõíîëîãèé ïîçâîëèëî
ñóùåñòâåííî ðàçäâèíóòü ãðàíèöû ìîäåëèðîâàíèÿ ïðîöåññîâ â áèî-
ëîãèè. Ïðèìåíåíèå ñèñòåìíî-äèíàìè÷åñêîé ìîäåëè, èñïîëüçóþùåé
åäèíûé ïîäõîä ê îïèñàíèþ ñèñòåì, êëàññèôèêàöèè èõ ýëåìåíòîâ
è âçàèìîñâÿçåé, ïîçâîëÿåò îïèñûâàòü ïîâåäåíèå áèîëîãè÷åñêîé ñè-
ñòåìû è åå ñòðóêòóðû êàê ìíîæåñòâî âçàèìîäåéñòâóþùèõ ñâÿçåé.
Ïîñòðîåííûå â ðàìêàõ ïðàâèë ñèñòåìíîé äèíàìèêè ìîäåëè ÿâëÿ-
þòñÿ íàãëÿäíûìè è ëåãêî êîððåêòèðóåìûìè.

Ïðîöåññ ìîäåëèðîâàíèÿ â ñèñòåìíîé äèíàìèêå ìîæíî ðàçáèòü
íà äâà ýòàïà. Íà ïåðâîì ýòàïå îïðåäåëÿåòñÿ ãðàíèöà ñèñòåìû. Âàæ-
íî âûäåëèòü òó îáëàñòü ðàññìàòðèâàåìîãî îáúåêòà, ïîâåäåíèå êîòî-
ðîé íàñ èíòåðåñóåò. Òàêæå, ñëåäóåò îïðåäåëèòü èíòåðåñóþùèé íàñ
óðîâåíü äåòàëèçàöèè ýëåìåíòîâ ñèñòåìû. Ïîñëå ýòîãî óñòàíàâëèâà-
þòñÿ è îïèñûâàþòñÿ âçàèìîñâÿçè ìåæäó åå ýëåìåíòàìè: êàê êîëè÷å-
ñòâåííûå, òàê è êà÷åñòâåííûå. Íà âòîðîì ýòàïå ïðîâîäèòñÿ àíàëèç
ïîñòðîåííîé ìîäåëè ñ ïîìîùüþ êîìïüþòåðà. Çàòåì ðàññìàòðèâà-
åòñÿ ïîâåäåíèå ñèñòåìû ïðè ðàçëè÷íûõ çíà÷åíèÿõ íà÷àëüíûõ ïå-
ðåìåííûõ. Ïî ïîëó÷åííûì ðåçóëüòàòàì â ìîäåëü âíîñÿòñÿ ñîîòâåò-
ñòâóþùèå êîððåêòèðîâêè: óòî÷íÿþòñÿ êîëè÷åñòâåííûå ïîêàçàòåëè
è, ïðè íåîáõîäèìîñòè, êîððåêòèðóåòñÿ ñòðóêòóðà âçàèìîäåéñòâèÿ
ýëåìåíòîâ [1].

Äëÿ àíàëèçà èñïîëüçóåòñÿ ñïåöèàëèçèðîâàííîå ïðîãðàììíîå
îáåñïå÷åíèå, êîòîðîå ïîçâîëÿåò ðàáîòàòü ñ ìîäåëüþ â òåðìèíàõ ñè-
ñòåìíîé äèíàìèêè [2]. Ìåòîäû ñèñòåìíîé äèíàìèêè ïîääåðæèâàþò-
ñÿ òàêèìè èíñòðóìåíòàìè, êàê DYNAMO, Stella, Vensim, PowerSim,
iThink, ModelMaker è äð.

Òàêèì îáðàçîì, ïðèìåíåíèå ñîâðåìåííûõ èíôîðìàöèîííûõ òåõ-
íîëîãèé äëÿ ìîäåëèðîâàíèÿ áèîëîãè÷åñêèõ ïðîöåññîâ äàåò âîçìîæ-
íîñòü íà êîìïüþòåðíûõ ìîäåëÿõ àíàëèçèðîâàòü è óñòàíàâëèâàòü
âñå áîëåå ãëóáîêèå è ñëîæíûå âçàèìîñâÿçè ìåæäó áèîëîãè÷åñêîé
òåîðèåé è îïûòîì.
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Â äîêëàäå èçëàãàþòñÿ ðåçóëüòàòû î ðàçðåøèìîñòè íîâûõ ëèíåé-
íûõ è íåëèíåéíûõ êîýôôèöèåíòíûõ îáðàòíûõ çàäà÷ äëÿ ðàçëè÷-
íûõ êëàññîâ äèôôåðåíöèàëüíûõ óðàâíåíèé. Êðîìå òîãî, â äîêëàäå
ïðèâîäÿòñÿ ðåçóëüòàòû î ðàçðåøèìîñòè íîâûõ íåëîêàëüíûõ êðà-
åâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, êàê ñâÿçàííûõ ñ
îáðàòíûìè çàäà÷àìè, òàê è èìåþùèõ ñàìîñòîÿòåëüíîå çíà÷åíèå.
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(Ðîññèÿ, Ñòåðëèòàìàê)
e-mail: kosul@mail.ru

Â ðàáîòå [1] äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé ∆pu = a0(x, u) ñ L1

� äàííûìè (sup|u|<c |a0(x, u)| ∈ L1,loc(Ω)) áûëî èñïîëüçîâàíî ïîíÿ-
òèå ýíòðîïèéíîãî ðåøåíèÿ çàäà÷è Äèðèõëå c íóëåâûì ãðàíè÷íûì
óñëîâèåì è äîêàçàíû åãî ñóùåñòâîâàíèå è åäèíñòâåííîñòü â ïðî-
èçâîëüíîé îáëàñòè Ω. Ïîíÿòèå ýíòðîïèéíîãî ðåøåíèÿ âïåðâûå áû-
ëî ââåäåíî Ñ.Í. Êðóæêîâûì [2] äëÿ óðàâíåíèé ïåðâîãî ïîðÿäêà.
Èçó÷åíèþ ñóùåñòâîâàíèÿ ýíòðîïèéíûõ ðåøåíèé çàäà÷è Äèðèõëå â
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ïðîñòðàíñòâàõ Îðëè÷à äëÿ èçîòðîïíûõ ýëëèïòè÷åñêèõ óðàâíåíèé ñ
íåñòåïåííûìè íåëèíåéíîñòÿìè âòîðîãî ïîðÿäêà (Ω � îãðàíè÷åííàÿ
îáëàñòü) ïîñâÿùåíà ñòàòüÿ À. Áåíêèðàíå è Äæ. Áåííîóíà [3].

Ñëåäóåò çàìåòèòü, ÷òî â èçâåñòíûõ àâòîðó ðàáîòàõ ðåçóëüòà-
òû óñòàíîâëåíû äëÿ ýíòðîïèéíûõ ðåøåíèé ýëëèïòè÷åñêèõ çàäà÷ â
îãðàíè÷åííûõ îáëàñòÿõ (çà èñêëþ÷åíèåì ñòàòüè [1]) ñ îäíîðîäíûìè
ãðàíè÷íûìè óñëîâèÿìè.

Ïóñòü Ω� ïðîèçâîëüíàÿ îáëàñòü ïðîñòðàíñòâàRn = {x = (x1, x2,
. . . , xn)}, n ≥ 2. Äëÿ àíèçîòðîïíûõ ýëëèïòè÷åñêèõ óðàâíåíèé âòî-
ðîãî ïîðÿäêà ñ L1 � ïðàâîé ÷àñòüþ ðàññìàòðèâàåòñÿ çàäà÷à Äèðè-
õëå

n∑
i=1

(ai(x, u,∇u))xi
= a0(x, u), x ∈ Ω; (1)

u(x)
∣∣∣
∂Ω

= ψ(x)
∣∣∣
∂Ω
. (2)

Àâòîðîì äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ýí-
òðîïèéíîãî ðåøåíèÿ çàäà÷è Äèðèõëå (1), (2) â àíèçîòðîïíîì ïðî-
ñòðàíñòâå Ñîáîëåâà-Îðëè÷à áåç ïðåäïîëîæåíèÿ îãðàíè÷åííîñòè îá-
ëàñòè Ω è ãëàäêîñòè åå ãðàíèöû.
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Ðàññìîòðèì óðàâíåíèå

(−y)mUxx − Uyy = 0, m = const > 0 (1)

â îáëàñòè D, îãðàíè÷åííîé õàðàêòåðèñòèêàìè

AC : x− 2

m+ 2
(−y)

m+2
2 = 0, BC : x+

2

m+ 2
(−y)

m+2
2 = 1

óðàâíåíèÿ (1), âûõîäÿùèìè èç òî÷êè A (0, 0), B (1, 0) è îòðåçêîì
AB ïðÿìîé y = 0.

Ââåäåì îáîáùåííûå îïåðàòîðû äðîáíîãî èíòåãðîäèôôåðåíöè-
ðîâàíèÿ îò ôóíêöèè ïî äðóãîé ôóíêöèè â ñëåäóþùåì âèäå [1]

F0x

[
a, b

c, g(x)

]
φ(x) ≡

≡


1

Γ(−c)

x∫
0

[g(x)− g(t)]c−1F (a, b,−c; g(x)− g(t)

g(x)
)φ(t)g

′
(t)dt, c < 0,

[g(x)]a
d

dg(x)
[g(x)]−aF0x

[
a, b+ 1

c− 1, g(x)

]
φ(x), 0 < c < 1.

Â ðàáîòå èññëåäóåòñÿ ñëåäóþùàÿ
Çàäà÷à. Íàéòè ôóíêöèþ U (x, y) óäîâëåòâîðÿùóþ óñëîâèÿì:
1) U(x, y) ∈ C(D) ∩ C ′

(D ∪ AB);
2) U (x, y) ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè D;
3) U (x, y) óäîâëåòâîðÿåò óñëîâèÿì U(x, 0) = τ(x), x ∈ AB,

F0x

[
a, b

c; x2

] (
x2
)l
U [θ(x)] = a(x)Uy(x, 0) + b(x), x ∈ AB.

Ëèòåðàòóðà

1. Ñàìêî Ñ.Ã, Êèëáàñ À.À, Ìàðè÷åâ Î.È. Èíòåãðàëû è ïðîèçâîäíûå äðîá-
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Ïðîöåññ ïåðåðàñïðåäåëåíèÿ äàâëåíèÿ â ïîðèñòîé ñðåäå îïèñû-
âàåòñÿ óðàâíåíèåì ïüåçîïðîâîäíîñòè

∂p

∂t
= χ2

(
∂2p

∂x2
+
∂2p

∂y2
+
∂2p

∂z2

)
, (1)

ðåøåíèåì êîòîðîãî ÿâëÿåòñÿ ôóíêöèÿ

p (t, x, y, z) = p1(t, x)× p2(t, y)× p3(t, z), (2)

ïðè÷åì p1(t, x), p2(t, y), p3(t, z) ÿâëÿþòñÿ ðåøåíèÿìè îäíîìåðíûõ
êðàåâûõ çàäà÷, êîòîðûå ïîäðîáíî ðàññìîòðåíû â [1].

Â ðàáîòå [2] íàéäåíî ðåøåíèå çàäà÷è ïîñòðîåíèÿ ôóíêöèè ïåðå-
ðàñïðåäåëåíèÿ äàâëåíèÿ ìíîãîêîìïîíåíòíîãî ðàññîëà â ïîðèñòîé
ñðåäå ïðåäëîæåíî ðåøåíèå äàííîé çàäà÷è ìåòîäîì ñåòîê. Öåëüþ
äàííîé ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà ìîäóëÿ ñ ïîìîùüþ ñðåäñòâ
ïðîãðàììèðîâàíèÿ ñðåäû àâòîìàòèçàöèè ìàòåìàòè÷åñêèõ âû÷èñ-
ëåíèé MathCad [3] äëÿ ïîèñêà ðåøåíèÿ êðàåâîé çàäà÷è:

∂p1
∂t

=
∂2p1
∂x2

ïðè ñëåäóþùèõ íà÷àëüíîì

p1 (0, x) = x2, (0 < x ≤ 0.028)

è ãðàíè÷íûõ óñëîâèÿõ

p1 (t, 0) = 0, p1 (t, 2) = 0, (0 < t ≤ 1800).

Ïðèìåð ðàçðàáîòàííîãî ñðåäñòâàìè ïðîãðàììèðîâàíèÿ ñðåäû
àâòîìàòèçàöèè ìàòåìàòè÷åñêèõ âû÷èñëåíèé MathCad ïðèâåäåí íà
ðèñóíêàõ 1 � 3.
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Ðèñ. 1. Ôðàãìåíò ìîäóëÿ äëÿ ðåøåíèÿ çàäà÷è ïðîöåññà ïåðåðàñïðåäåëåíèÿ

äàâëåíèÿ ìíîãîêîìïîíåíòíîãî ðàññîëà â ïîðèñòîé ñðåäå.

Ââîä èñõîäíûõ äàííûõ è ïðåäâàðèòåëüíûå ðàñ÷åòû.

Ðèñ. 2. Ôðàãìåíò ìîäóëÿ äëÿ ðåøåíèÿ çàäà÷è ïðîöåññà ïåðåðàñïðåäåëåíèÿ

äàâëåíèÿ ìíîãîêîìïîíåíòíîãî ðàññîëà â ïîðèñòîé ñðåäå. Ïðîãðàììíûé ìîäóëü.
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Ðèñ. 3. Ôðàãìåíò ìîäóëÿ äëÿ ðåøåíèÿ çàäà÷è ïðîöåññà ïåðåðàñïðåäåëåíèÿ

äàâëåíèÿ ìíîãîêîìïîíåíòíîãî ðàññîëà â ïîðèñòîé ñðåäå.

Ïðîâåðêà ðàáîòû ìîäóëÿ ïî çàäàííûì ýêñïåðèìåíòàëüíûì äàííûì.
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Â ðàáîòå èññëåäóåòñÿ èíôîðìàöèîííîå âçàèìîäåéñòâèå èíäèâè-
äîâ â ãðóïïå, èìåþùåé ÷èñëåííîñòü n. Â ðàññìàòðèâàåìîé ìàòåìà-
òè÷åñêîé ìîäåëè ïðåäïîëàãàåòñÿ, ÷òî íåîõâà÷åííûé èíôîðìàöèåé
èíäèâèä ìîæåò åå ïîëó÷èòü ëèáî îò ÑÌÈ, ëèáî îò èíôîðìèðîâàí-
íîãî ðàíåå èíäèâèäà. Ñ ó÷åòîì íåëîêàëüíîñòè ïî âðåìåíè è ïðåäïî-
ëàãàÿ îäíîðîäíîñòü ñîöèóìà, èíôîðìàöèîííîå âçàèìîäåéñòâèå ìî-
æåò áûòü îïèñàíî ñëåäóþùåé ìîäåëüþ:

dα

dtα
u = (a+ bu)(n− u), u(0) = u0, 0 < α < 1, t ∈ (0, T ), (1)

ãäå dα

dtα
äðîáíàÿ ïðîèçâîäíàÿ ïîðÿäêà α [1, ñ. 11], ïàðàìåòð α õàðàê-

òåðèçóåò êîììóíèêàöèîííóþ ñòðóêòóðó, u(0) = u0 -� ÷èñëåííîñòü
àäåïòîâ â ìîìåíò âðåìåíè t. Îáîçíà÷èì ÷åðåç a èíòåíñèâíîñòü ðàñ-
ïðîñòðàíåíèÿ èíôîðìàöèè ÷åðåç ÑÌÈ, à ÷åðåç b èíòåíñèâíîñòü
ðàñïðîñòðàíåíèÿ èíôîðìàöèè ÷åðåç èíôîðìèðîâàííîãî ðàíåå èí-
äèâèäà. Â ñëó÷àå, êîãäà α = 1, ýòà ìîäåëü ðàññìîòðåíà â
ðàáîòå [2, ñ. 19].

Â äàííîé ðàáîòå ïðîâîäèòñÿ àíàëèç ìîäåëè äëÿ âñåõ α ∈ (0, 1),
âûïîëíåíà ÷èñëåííàÿ ðåàëèçàöèÿ â ñðåäå Ñ#.
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Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîä-
íûõ âòîðîãî ïîÿäêà ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè x, y:
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sign (y2 − ym) · ∂
2u

∂x2
+
∂2u

∂y2
= 0, (1)

ãäå m�íàòóðàëüíîå íå÷åòíîå ÷èñëî.
Óðàâíåíèå (1) ÿâëÿåòñÿ óðàâíåíèåì ãèïåðáîëè÷åñêîãî òèïà â ïî-

ëîñå 0 < y < m, ýëëèïòè÷åñêîãî òèïà âíå ýòîé ïîëîñû è ïàðàáîëè-
÷åñêè âûðîæäàåòñÿ íà ïàðàëëåëüíûõ ëèíèÿõ y = 0, y = m, ãäå
êîýôôèöèåíò k(y) = sign(y2 − ym) ïðè ñòàðøèõ ïðîèçâîäíûõ ïðå-
òåðïåâàåò ðàçðûâ ïåðâîãî ðîäà.

Ïóñòü Ω � ñìåøàííàÿ îáëàñòü (ñì.
ðèñ.), ãèïåðáîëè÷åñêàÿ ÷àñòü êîòîðîé
ñîâïàäàåò ñ ïðÿìîóãîëüíîé îáëàñòüþ
Ω− = {(x, y) : 0 < x < 1, 0 < y < m}, à ýë-
ëèïòè÷åñêàÿ ïðåäñòàâëÿåò ñîáîé îáú-
åäèíåíèå äâóõ îäíîñâÿçíûõ îáëàñòåé
Ω+

0 è Ω+
1 , ðàñïîëîæåííûõ â ïîëóïëîñ-

êîñòè y < 0 è y > m ñîîòâåòñòâåííî:
Ω+

0 îãðàíè÷åíà êðèâîé σ0 ñ êîíöàìè â
òî÷êàõ A0 = (0, 0) , B0 = (1, 0) è îò-
ðåçêîì A0B0 ïðÿìîé y = 0; Ω+

1 îãðà-
íè÷åíà êðèâîé σ1 ñ êîíöàìè â òî÷êàõ
Am = (0,m), Bm = (1,m) è îòðåçêîì
AmBm ïðÿìîé y = m.

Côîðìóëèðóåì çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ (1) â îáëàñòè Ω.
Çàäà÷à D. Íàéòè ðåøåíèå u = u(x, y) óðàâíåíèÿ (1) íåïðåðûâ-

íîå â Ω è óäîâëåòâîðÿþùåå ñëåäóþùèì óñëîâèÿì:

lim
y→+0

uy(x, y) = lim
y→−0

uy(x, y), 0 < x < 1,

lim
y→m+0

uy (x, y) = lim
y→m−0

uy (x, y) , 0 < x < 1,

u|σ0 = φ0(x, y), u|σ1 = φ1(x, y),

u|A0Am = ψ0(y), u|B0Bm = ψ1(y), 0 ≤ y ≤ m,

ãäå φ0(x, y), φ1(x, y), ψ0(x), ψ1(x) � çàäàííûå äîñòàòî÷íî ãëàäêèå
ôóíêöèè.

Äëÿ óðàâíåíèÿ (1) â îáëàñòè Ω ñïðàâåäëèâ ïðèíöèï ýêñòðåìóìà,
êîòîðûé ñôîðìóëèðóåì â âèäå ñëåäóþùåé òåîðåìû.

169



Òåîðåìà. Ïóñòü u(x, y)�ðåøåíèå çàäà÷è D ïðè ψ0(y) = ψ1(y) = 0

äëÿ âñåõ y ∈ [0,m]. Òîãäà ïîëîæèòåëüíûé ìàêñèìóì (îòðèöà-

òåëüíûé ìèíèìóì) ôóíêöèè u(x, y) íà êîìïàêòå Ω
+

= Ω
+

0 ∪ Ω
+

1

äîñòèãàåòñÿ íà σ0 ∪ σ1.
Äîêàçàòåëüñòâî åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è D ñóùåñòâåí-

íî îïèðàåòñÿ íà äàííóþ òåîðåìó, ïðèíöèï Çàðåìáû [1], à òàê æå
òåîðåìó î ñðåäíåì çíà÷åíèè äëÿ âîëíîâîãî óðàâíåíèÿ [2, ñ.165].

Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è äîêàçûâàåòñÿ ìåòîäîì ðåäóê-
öèè ê ñèíãóëÿðíîìó èíòåãðàëüíîìó óðàâíåíèþ [3].

Ñëó÷àé êîãäà îáëàñòü Ω− ïðåäñòàâëÿåò ñîáîé êâàäðàò Ω− =
= {(x, y) :0<x<1,0 < y < 1} áûë ðàññìîòðåí â ðàáîòå [4].
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Íà ãðàôå-äåðåâå Γ ðàññìàòðèâàåòñÿ îäíîðîäíîå äèôôåðåíöè-
àëüíîå óðàâíåíèå 4-ãî ïîðÿäêà

Lu = 0, x ∈ Γ. (1)

Íà ðåáðàõ ãðàôà óðàâíåíèå ïîðîæäàåòñÿ ñàìîñîïðÿæåííûì äèô-
ôåðåíöèàëüíûì âûðàæåíèåì ÷åòâåðòîãî ïîðÿäêà, îïèñûâàþùèì
óïðóãèå äåôîðìàöèè èçãèáà ñòåðæíÿ (ñì. [1,2]), à â êàæäîé âíóò-
ðåííåé âåðøèíå ãðàôà çàäàíû ëèáî óñëîâèÿ æåñòêîãî (ñì. [1]), ëèáî
øàðíèðíîãî (ñì. [2]) ñîåäèíåíèÿ ñòåðæíåé.
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Ïóñòü a, b ∈ ∂Γ è γa� ðåáðî ïðèìûêàþùåå ê âåðøèíå a. Äëÿ
êàæäîãî s ∈ γa ∪ a ââåäåì â ðàññìîòðåíèå êðàåâóþ çàäà÷ó äëÿ
óðàâíåíèÿ (1) ñ êðàåâûìè óñëîâèÿìè (ïðè îðèåíòàöèè ãðàíè÷íûõ
ðåáåð âíóòðü ãðàôà)

u(s) = 0, ϑ(a)u′(s)− β(a)u′′(s) = 0,

u(b) = 0, ϑ(b)u′(b)− β(b)u′′(b) = 1,

u(c) = 0, ϑ(c)u′(c)− β(c)u′′(c) = 0, c ∈ ∂Γ \ {a, b},
(2)

ãäå ϑ, β ≥ 0, ϑ+ β > 0. Îáîçíà÷èì ÷åðåç vs(x) ðåøåíèå çàäà÷è (2).
Òåîðåìà 1. Ïóñòü ξ ∈ γa è v

′
ξ(ξ) = v′′ξ (ξ) = 0, sign vξ(ξ + 0) >

> 0. Òîãäà äëÿ âñåõ s ∈ γa \ (a, ξ) äîñòàòî÷íî áëèçêèõ ê òî÷êå
ξ âûïîëíåíî íåðàâåíñòâî sign vs(s + 0) < 0, à äëÿ âñåõ s ∈ (a, ξ)
äîñòàòî÷íî áëèçêèõ ê òî÷êå ξ âûïîëíåíî íåðàâåíñòâî sign vs(s+
+0) > 0.

Äëÿ êàæäîé ãðàíè÷íîé âåðøèíû a ∈ ∂Γ ðàññìîòðèì êðàåâóþ
çàäà÷ó äëÿ óðàâíåíèÿ (1) ñ êðàåâûìè óñëîâèÿìè

u(a) = 0, ϑ(a)u′(a)− β(a)u′′(a) = 1,

u(c) = 0, ϑ(c)u′(c)− β(c)u′′(c) = 0, c ∈ ∂Γ \ a.
(3)

Îïðåäåëåíèå. Áóäåì ãîâîðèòü, ÷òî óðàâíåíèå (1) êðèòè÷å-
ñêè íåîñöèëëèðóåò íà ãðàôå Γ, åñëè äëÿ ëþáîé âåðøèíû a ∈ ∂Γ
ðåøåíèå êðàåâîé çàäà÷è (1), (3) ñ β(·) ≡ 0 ïîëîæèòåëüíî íà Γ è
õîòÿáû îäíî èç ýòèõ ðåøåíèé èìååò íà ∂Γ íóëü êðàòíîñòè òðè.

Ñâîéñòâî êðèòè÷åñêîé íåîñöèëëÿöèè îáîáùàåò ïîíÿòèå òî÷íîãî
ïðîìåæóòêà íåîñöèëëÿöèè â êëàññè÷åñêîé òåîðèè (ñì. [3]). Èç ðå-
çóëüòàòîâ [2] ñëåäóåò,÷òî äëÿ óðàâíåíèÿ ñ óñëîâèÿìè òîëüêî øàð-
íèðíîãî ñî÷ëåíåíèÿ âî âíóòðåííèõ âåðøèíàõ êðèòè÷íîñòü íåîñöèë-
ëÿöèè íå âîçíèêàåò. Åñëè æå â íåêîòîðîé óçëîâîé âåðøèíå çàäà-
íû óñëîâèÿ æåñòêîãî ñîåäèíåíèÿ, òî äëÿ òàêîãî óðàâíåíèÿ êðèòè÷-
íîñòü íåîñöèëëÿöèè çàêëþ÷àåòñÿ â òîì, ÷òî äàæå íåçíà÷èòåëüíîå
èçìåíåíèå îáëàñòè çàäàíèÿ óðàâíåíèÿ ïðèâîäèò ê òîìó, ÷òî îíî ïå-
ðåñòàåò áûòü íåîñöèëëèðóþùèì. Ïðè÷åì ïîòåðÿ ñâîéñòâà íåîñöèë-
ëÿöèè ïðîèñõîäèò íå òîëüêî ïðè ¾ðàñøèðåíèè¿ ãðàôà, íî è ïðè åãî
¾óìåíüøåíèè¿ (ñì. [1]). Òàêîé ýôôåêò íå íàáëþäàåòñÿ â êëàññè÷å-
ñêîé òåîðèè íåîñöèëëÿöèè è, êàê ïîêàçûâàåò ñëåäóþùàÿ òåîðåìà,
èìååò ìåñòî òîëüêî äëÿ ãðàôà íå ãîìåîìîðôíîãî èíòåðâàëó.

Òåîðåìà 2. Åñëè äèôôåðåíöèàëüíîå óðàâíåíèå (1) ñëàáî (ñèëü-
íî) íå îñöèëëèðóåò íà ãðàôå�öåïè Γ, òî îíî ñëàáî (ñèëüíî) íå îñ-
öèëëèðóåò è íà ëþáîì åãî ïîäãðàôå Γ0 ⊂ Γ.
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Òåîðåìà 3. Ïóñòü Γ� ãðàô-öåïî÷êà è óðàâíåíèå (1) êðèòè÷å-
ñêè íå îñöèëëèðóåò íà ïîäãðàôå Γ0 ⊂ Γ (Γ0 ̸= Γ). Òîãäà ôóíêöèÿ
Ãðèíà êðàåâîé çàäà÷è (1), (3) íà ãðàôå Γ çíàêîïåðåìåííà.

Èç òåîðåìû 3 è ðåçóëüòàòîâ [1] ñëåäóåò, ÷òî ñâîéñòâî êðèòè÷å-
ñêîé íåîñöèëëÿöèè âû÷ëåíÿåò ãðàíü ìåæäó âîçìîæíîñòüþ è íåâîç-
ìîæíîñòüþ äëÿ ôóíêöèè Ãðèíà õîòü êàêîé�òî êðàåâîé çàäà÷è áûòü
ïîëîæèòåëüíîé, ïðè÷åì â íàèëó÷øåì ïîëîæåíèè îêàçûâàåòñÿ çàäà-
÷à Äèðèõëå (1), (3).
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Îáëàêà, êàê è ìíîãèå îáúåêòû â ïðèðîäå, ïðåäñòàâëÿþò ñîáîé
íåðåãóëÿðíûå ôðàêòàëû [1]. Èññëåäîâàíèå ýâîëþöèè ðàçìåðîâ ÷à-
ñòèö â êàïåëüíûõ îáëàêàõ ïîä âëèÿíèåì êîíäåíñàöèè è êîàãóëÿöèè
êàïåëü, ó÷èòûâàþùèõ ôðàêòàëüíîñòü îáëà÷íîé ñðåäû, ïðåäñòàâëÿ-
åò ñîáîé ïðàêòè÷åñêè âàæíóþ çàäà÷ó äëÿ ðàçðàáîòêè ìåòîäîâ ïðî-
ãíîçà ïîãîäû, ïîñêîëüêó îò ðàçìåðîâ êàïåëü çàâèñèò èíòåíñèâíîñòü
âûïàäåíèÿ îñàäêîâ [2].

Ïîýòîìó ïðè èññëåäîâàíèè ïðîöåññîâ, ïðîòåêàþùèõ â îáëàêàõ,
äëÿ âûÿâëåíèÿ ðîëè ôðàêòàëüíîñòè ñðåäû íåîáõîäèìî èñïîëüçî-
âàòü àïïàðàò äðîáíîãî èñ÷èñëåíèÿ.

Â ñâÿçè ñ ýòèì öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ îöåíêà âëèÿíèÿ
ôðàêòàëüíîñòè îáëà÷íîé ñðåäû íà ðàçëè÷íûå ìåõàíèçìû ôîðìèðî-
âàíèÿ è èíòåíñèâíîñòü îñàäêîâ ïðè çàäàííûõ íà÷àëüíûõ çíà÷åíèÿõ
ïàðàìåòðîâ, âõîäÿùèõ â ìèêðîôèçè÷åñêèé àëãîðèòì.
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Ðàññìàòðèâàåòñÿ ïðîöåññ ðîñòà ÷àñòèö ñ ó÷åòîì ôðàêòàëüíîñòè
ñðåäû â äâóõ ðåæèìàõ:

à) êîíäåíñàöèîííûé ðîñò

∂α0tr (t) =
3τεDC

ρr (t)
, 0 < α < 1;

á) êîàãóëÿöèîííûé ðîñò

∂α0tR (t) = τw (R (t)−R0) , 0 < α < 1,

ãäå ∂α0tr (t) � ïðîèçâîäíàÿ ïî Êàïóòî, α� ôåíîìåíîëîãè÷åñêèé ïàðà-

ìåòð, τ� õàðàêòåðíîå âðåìÿ ïðîöåññà, ε = B

B+D/r
, B = γ

√
RT
2πµ

, C

� ðàçíîñòü ìåæäó êîíöåíòðàöèåé ïàðà íà áîëüøîì ðàññòîÿíèè îò
êàïëè è ðàâíîâåñíîé êîíöåíòðàöèåé ïàðà ó ïîâåðõíîñòè; γ � êîýô-
ôèöèåíò êîíäåíñàöèè, µ � ìîëåêóëÿðíûé âåñ âîäû, R � óíèâåðñàëü-
íàÿ ãàçîâàÿ ïîñòîÿííàÿ, T � òåìïåðàòóðà, ρ � ïëîòíîñòü âîäû, D
� êîýôôèöèåíò äèôôóçèè âîäÿíîãî ïàðà â âîçäóõå, R (t) � ðàäèóñ
êàïëè, w � âåðîÿòíîñòü ñëèÿíèÿ, R0 � ðàäèóñ â íà÷àëüíûé ìîìåíò
âðåìåíè êîàãóëÿöèè.

Ïîëó÷åííûå çàâèñèìîñòè ðàçìåðà ÷àñòèö îò ôðàêòàëüíîñòè ñðå-
äû â ðàçëè÷íûõ ðåæèìàõ ñðàâíèâàþòñÿ ñ êëàññè÷åñêîé òåîðèåé,
ðàçðàáîòàííîé Ìàêñâåëëîì äëÿ ñòàöèîíàðíîãî êîíäåíñàöèîííîãî
ðîñòà íåïîäâèæíîé ñôåðè÷åñêîé ÷àñòèöû.
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Èñïîëüçîâàíèå ÃÈÑ ïðè êàðòîãðàôè÷åñêèõ èññëåäîâàíèÿõ ïðè-
ìåíÿåòñÿ äîñòàòî÷íî øèðîêî. ÃÈÑ-òåõíîëîãèè èñïîëüçóþòñÿ òàì,
ãäå òðåáóåòñÿ ïðåäñòàâèòü ïðîñòðàíñòâåííîå ðàñïðåäåëåíèå áîëü-
øèõ ìàññèâîâ ðàçíîðîäíûõ äàííûõ â ñòðîãîé ïðèâÿçêå ê êîíêðåò-
íîé îáëàñòè ãåîãðàôè÷åñêîãî ïðîñòðàíñòâà. Àêòóàëüíîñòü íå âû-
çûâàåò ñîìíåíèé, òàê êàê êàðòîãðàôè÷åñêèé ìåòîä îòîáðàæåíèÿ
èíôîðìàöèè ÿâëÿåòñÿ íàèáîëåå óäîáíûì. Êðîìå òîãî óìåíüøàþò-
ñÿ ñîîòâåòñòâåííî êàê âðåìåííûå, òàê è ôèíàíñîâûå çàòðàòû íà
ïðîâåäåíèå íàó÷íûõ èññëåäîâàíèé. Íî ïðè ýòîì áîëüøèíñòâî ÃÈÑ,
ïðèìåíÿåìûõ äëÿ äàííûõ öåëåé ÿâëÿþòñÿ äâóìåðíûìè. Â äàííîì
ñëó÷àå àâòîð èñïîëüçîâàë äëÿ îöåíêè ïîäâåðæåííîñòè òåððèòîðèè
îïàñíûì ïðèðîäíûì ïðîöåññàì (ÎÏÏ), â ÷àñòíîñòè, ñíåæíûõ ëà-
âèí àâòîðñêóþ òðåõìåðíóþ ÃÈÑ, ðàçðàáîòàííóþ ñîòðóäíèêîì Âû-
ñîêîãîðíîãî ãåîôèçè÷åñêîãî èíñòèòóòà Àëèòîé Ñ.Ë. äëÿ ðàéîíè-
ðîâàíèÿ áàññåéíà ðåêè Áàêñàí (ÊÁÐ) ïî òèïàì ïðîÿâëåíèÿ ñåëå-
âîãî ïðîöåññà (äàííàÿ ïðîãðàììà ïðîøëà ðåãèñòðàöèþ â Ðîñïà-
òåíòå êàê "Îöèôðîâùèê òîïîãðàôè÷åñêèõ êàðò")[1]. Äëÿ ýòîãî â
óæå ðàçðàáîòàííóþ ÃÈÑ äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è � ìîð-
ôîìåòðè÷åñêîãî àíàëèçà ðåëüåôà è ïîñòðîåíèÿ öèôðîâîé ìîäåëè
ðåëüåôà áûë äîáàâëåí äîïîëíèòåëüíî ðÿä ôóíêöèé . Äëÿ ïðîâåäå-
íèÿ äåòàëüíûõ ãåîìîðôîëîãè÷åñêèõ èññëåäîâàíèé íà èññëåäóåìîé
òåððèòîðèè íåîáõîäèìî ñäåëàòü îöåíêó ðåëüåôà ïî ñóììå îñíîâ-
íûõ ÷èñëåííûõ ìîðôîìåòðè÷åñêèõ ïàðàìåòðîâ ðåëüåôà: ãëóáèíå,
α, ðàçíèöå âûñîò ìåæäó âîäîðàçäåëàìè è òàëüâåãàìè; ãóñòîòå ðàñ-
÷ëåíåíèÿ, β, ÷àñòîòå ÷åðåäîâàíèÿ ïîâûøåíèé è ïîíèæåíèé ðåëüå-
ôà; èíòåíñèâíîñòè ðàñ÷ëåíåíèÿ ðåëüåôà, tgγ = β/α [2]. Ïðè ýòîì
îíà ìîæåò áûòü èñïîëüçîâàíà è äëÿ êàðòîãðàôè÷åñêîé îöåíêè äå-
ÿòåëüíîñòè äðóãèõ ÎÏÏ. Íàó÷íàÿ íîâèçíà è ïðàêòè÷åñêàÿ çíà÷è-
ìîñòü èñïîëüçîâàíèÿ àâòîðñêîé ÃÈÑ äîñòàòî÷íî âûñîêè. Ïåðåâîä
áóìàæíîãî âàðèàíòà òîïîãðàôè÷åñêîé êàðòû â öèôðîâîé è ïîñòðî-
åíèå íà ýòîé îñíîâå ñïåöèàëüíûõ öèôðîâûõ êàðò îñóùåñòâëÿåòñÿ ñ
íàèìåíüøèìè çàòðàòàìè. Ïðè ýòîì ââåä¼í êîýôôèöèåíò ðàñ÷ëåíå-
íèÿ (äâóìåðíûé ïëîùàäíîé ïîêàçàòåëü), êîòîðûé ÿâëÿåòñÿ áîëåå
èíôîðìàòèâíûì,÷åì ïðèìåíÿåìûé, òàê êàê íàèáîëåå îáúåêòèâíî
îòîáðàæàåò ïàðàìåòðû ñêëîíà. Ôîðìóëà äëÿ åãî âû÷èñëåíèÿ:

k = (S − Sr)/SR ∗ 100%,

ãäå Sr � ïëîùàäü ãîðèçîíòàëüíîé ïðîåêöèè ñêëîíà; S � ôàêòè÷å-
ñêàÿ ïëîùàäü ñêëîíà.
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Ìàòåðèàëû è ìåòîäû èññëåäîâàíèé. Àâòîð èñïîëüçîâàë
ìåòîäè÷åñêèå ðàçðàáîòêè, ïîëó÷åííûå ïðè ñîñòàâëåíèè ðÿäà êàðòî-
ãðàôè÷åñêèõ ðàáîò è ïðîâåäåíèè ëàíäøàôòíî-ãåîìîðôîëîãè÷åñêîãî
ðàéîíèðîâàíèÿ òåððèòîðèè ÊÁÐ [3,4].

Ðåçóëüòàòû èññëåäîâàíèé. Ïîëó÷åíà öèôðîâàÿ ìîäåëü ðå-
ëüåôà äëÿ Þæíîãî Ïðèýëüáðóñüÿ � ðåãèîíà, èíòåíñèâíî ðàçâèâà-
þùåãîñÿ â ðåêðåàöèîííîì îòíîøåíèè. Çà îñíîâó ïîñòðîåíèÿ ÃÈÑ
âçÿòà òîïîãðàôè÷åñêàÿ êàðòà èññëåäóåìîãî ðàéîíà (Öåíòðàëüíûé
Êàâêàç, ñåâåðíûé ñêëîí, Þæíîå Ïðèýëüáðóñüå, âåðõîâüÿ ð. Áàêñàí,
Êàáàðäèíî-Áàëêàðñêàÿ Ðåñïóáëèêà) Ì 1:200000. Íà ïåðâîì ýòàïå
ïðîâåäåíà òðàññèðîâêà èçîãèïñ òîïîãðàôè÷åñêîé êàðòû â ïîëóàâ-
òîìàòè÷åñêîì ðåæèìå ñ çàäàííîé äåòàëèçàöèåé; íà âòîðîì � âû-
ïîëíåíà àâòîìàòè÷åñêàÿ ôèëüòðàöèÿ èçîáðàæåíèÿ è ïîëó÷åíà êàð-
òà ñîäåðæàùàÿ òîëüêî íóæíûå èçîãèïñû; íà òðåòüåì - ïðîèçâåäåí
ââîä âûñîò â ðó÷íîì ðåæèìå. Íà îñíîâå öèôðîâîé ìîäåëè ðåëüåôà,
ñîçäàí êîìïëåêò öèôðîâûõ êàðò: 1) îöåíêè ðåëüåôà ïî ýêñïîçèöèè,
óãëó íàêëîíà ïîâåðõíîñòè è êîýôôèöèåíòó ðàñ÷ëåíåíèÿ; 2) îöåíêè
ëàâèííîé îïàñíîñòè.

Âûâîäû. Ïðèìåíåíèå ÃÈÑ, â ÷àñòíîñòè 3-õ ìåðíîé ïîçâîëÿåò
ïîëó÷èòü íà îñíîâå ïîñòðîåííîé öèôðîâîé ìîäåëè ðåëüåôà öèôðî-
âûå êàðòû îöåíêè ðåëüåôà ïî ìîðôîìåòðè÷åñêèì ïàðàìåòðàìè è
ïðîâåñòè èíæåíåðíî-ãåîëîãè÷åñêîå ðàéîíèðîâàíèå äëÿ îöåíêè ïðè-
ãîäíîñòè îñâîåíèÿ òåððèòîðèè ïîä êîíêðåòíûé òèï çåìëåïîëüçî-
âàíèÿ ñ ó÷¼òîì ÎÏÏ (â äàííîì ñëó÷àå ëàâèííîé îïàñíîñòè). Íà
ñåãîäíÿøíèé äåíü ñóùåñòâóåò ðÿä ìåòîäîâ êîëè÷åñòâåííîé îöåí-
êè ïîäâåðæåííîñòè òåððèòîðèè ÎÏÏ. Âñòðàèâàíèå ýòèõ ìåòîäîâ â
ñòðóêòóðó ðàçðàáîòàííîé ÃÈÑ äà¼ò âîçìîæíîñòü áûñòðî è íàãëÿä-
íî ðàéîíèðîâàòü òåððèòîðèþ ïî òîìó èëè èíîìó ïàðàìåòðó, à òàê-
æå ïðîâîäèòü ñðàâíèòåëüíîå ðàéîíèðîâàíèå ïî ëþáîé êîìáèíàöèè
òàêèõ ïîêàçàòåëåé. Ïðè ýòîì òðåõìåðíûå ÃÈÑ ìîæíî èñïîëüçîâàòü
ïðàêòè÷åñêè äëÿ îïèñàíèÿ âñåõ ÎÏÏ.
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3. Àòëàñ ïðèðîäíûõ îïàñíîñòåé è ñòèõèéíûõ áåäñòâèé Êàáàðäèíî-Áàëêàð-
ñêîé ðåñïóáëèêè /Êþëü Å.Â.è äð. Ñ-Ïá.: Ãèäðîìåòåîèçäàò, 2000, 66 ñ.

4. Êþëü Å.Â. Ïðèíöèïû ãåîýêîëîãè÷åñêîãî êàðòîãðàôèðîâàíèÿ è ðàéîíèðî-
âàíèÿ ëàâèííîé äåÿòåëüíîñòè. Íàëü÷èê: Èçä-âî ÊÁÍÖ ÐÀÍ. 2012. 227 ñ.

ÓÄÊ 519.21 + 537.86
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ÊÎÍÄÓÊÒÈÂÍÎÃÎ ÒÅÏËÎÎÁÌÅÍÀ Â
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c⃝ ËàìÒàíÔàò, Âèð÷åíêî Þ.Ï.
Áåëãîðîäñêèé ãîñóäàðñòâåííûé íàöèîíàëüíûé

èññëåäîâàòåëüñêèé óíèâåðñèòåò (Ðîññèÿ, Áåëãîðîä)
e-mail: lam_tan_phat1802@yahoo.com

Èññëåäóåòñÿ ñòîõàñòè÷åñêàÿ ìîäåëü ðàäèàöèîííî-êîíäóêòèâíî-
ãî òåïëîîáìåíà â òâåðäîòåëüíîé äèýëåêòðè÷åñêîé ñðåäå. Ìàòåìà-
òè÷åñêàÿ ìîäåëü ïðåäñòàâëÿåò ñîáîé ñòîõàñòè÷åñêèå äèôôåðåíöè-
àëüíûå óðàâíåíèÿ Ìàêñâåëëà ñ ñòîõàñòè÷åñêèì èñòî÷íèêîì â âèäå
ôëóêòóàöèîííîãî ýëåêòðè÷åñêîãî òîêà, âûçâàííîãî òåïëîâûìè êî-
ëåáàíèÿìè àòîìîâ (èîíîâ) ñðåäû,

ε

c

∂Ẽ

∂t
+

4π

c
j̃ = [∇, H̃] , (∇, Ẽ) = 4π

ε
ρ̃ ,

µ

c

∂H̃

∂t
= −[∇, Ẽ] , (∇, H̃) = 0 ,

(1)

ãäå Ẽ è H̃ � íàïðÿæåííîñòè ýëåêòðè÷åñêîãî è ìàãíèòíîãî ïîëåé
òåïëîâîãî èçëó÷åíèÿ âíóòðè ñðåäû, êîýôôèöèåíòû ε è µ � ýëåêòðè-
÷åñêàÿ è ìàãíèòíàÿ ïðîíèöàåìîñòè, êîòîðûå íå çàâèñÿò îò {x, t}.
Â óðàâíåíèÿõ (1) ñòîõàñòè÷åñêèå èñòî÷íèêè: âåêòîðíîå ïîëå j̃(x, t),
ρ̃(x, t) ïðåäñòàâëÿþò ñîáîé ñîîòâåòñòâåííî ïëîòíîñòè ýëåêòðè÷åñêî-
ãî òîêà è çàðÿäà, âîçíèêàþùèõ íà ìèêðîìàñøòàáàõ âñëåäñòâèå òåï-
ëîâûõ ôëóêòóàöèé. Îíè ïîä÷èíåíû óðàâíåíèþ íåïðåðûâíîñòè

˙̃ρ+ (∇, j̃) = 0 . (2)
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Ïî ýòîé ïðè÷èíå, äëÿ ïîëíîãî ìàòåìàòè÷åñêîãî çàäàíèÿ ìîäåëè äî-
ñòàòî÷íî îïðåäåëèòü ïîëå j̃(x, t). Òàêîå îïðåäåëåíèå äàåòñÿ ôîðìó-

ëîé j̃(x, t) = φ̃(x, t)a(x, t;T ) + σẼ(x, t), ãäå σ � êîýôôèöèåíò ýëåê-
òðîïðîâîäíîñòè ñðåäû, a(x, t;T ) � ôèêñèðîâàííàÿ ôóíêöèÿ, êîòî-
ðàÿ ïðåäñòàâëÿåò ñîáîé ôóíêöèîíàë îò ðàñïðåäåëåíèÿ òåìïåðàòó-
ðû T â ñðåäå è êîòîðàÿ îïðåäåëÿåòñÿ íà îñíîâå ñòàòôèçè÷åñêèõ
ñîîáðàæåíèé, à ñëó÷àéíîå ïîëå φ̃(x, t) ÿâëÿåòñÿ îäíîðîäíûì, ñòî-
õàñòè÷åñêè èçîòðîïíûì îáîáùåííûì ãàóññîâñêèì âåêòîðíûì ïî-
ëåì ñ íóëåâûì ñðåäíèì çíà÷åíèåì. Ðàñïðåäåëåíèå âåðîÿòíîñòåé
ýòîãî ïîëÿ ïîëíîñòüþ îïðåäåëÿåòñÿ åãî êîððåëÿöèîííîé ôóíêöèåé
Kj1j2(x1 − x2, t1 − t2) = ⟨φ̃j1(x1, t1)φ̃j2(x2, t2)⟩, êîòîðàÿ ïðèíèìàåòñÿ
â âèäå

Kj1j2(x1 − x2, t1 − t2) = K(|x1 − x2|)δj1j2δ(t1 − t2) .

Â ðàìêàõ ñôîðìóëèðîâàííîé ìîäåëè âû÷èñëÿåòñÿ ìàòåìàòè÷å-
ñêîå îæèäàíèå ⟨S̃(x, t)⟩ âåêòîðíîãî ïîëÿ (c � ñêîðîñòü ñâåòà â âàêó-
óìå)

S̃(x, t) =
c

4π
[Ẽ, H̃](x, t) , (3)

êîòîðîå ïðåäñòàâëÿåò ñîáîé ïîòîê ýíåðãèè ýëåêòðîìàãíèòíîãî èç-
ëó÷åíèÿ â ñòàöèîíàðíîì ïîëå, ñ òî÷êè çðåíèÿ òåîðèè ñëó÷àéíûõ
ïðîöåññîâ, è êîòîðîå, òàêèì îáðàçîì, ÿâëÿåòñÿ îïðåäåëÿåìûì ìî-
äåëüþ ôóíêöèîíàëîì îò ðàñïðåäåëåíèÿ òåìïåðàòóðû T (x, t). Òàêîå
ñðåäíåå äàåòñÿ âûðàæåíèåì

Sj(x, t) = ϵjll′
c

4π

∫
R8

exp
[
i(k− k′,x) + i(ω − ω′)t

]
×

×
⟨
Ẽl(k, ω)H̃

∗
l′(k

′, ω′)
⟩
dkdk′dωdω′ , (4)

ãäå ôóðüå-îáðàçû Ẽ(k, ω) è H̃(k, ω) äàþòñÿ âûðàæåíèÿìè

Ẽ(k, ω) = i
4π

ε
·

(
(ω2 − iωγ)ι̃(k, ω)− c̄2(k, ι̃(k, ω))k

)
(ω − iγ)(ω2 − c̄2k2 − iωγ)

, (5)

H̃(k, ω) = −i4πc
εµ

· [k, ι̃(k, ω)]

(ω2 − c̄2k2 − iωγ)
, (6)
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c̄2 = c2/εµ è ñîîòâåòñòâóþò îáîáùåííûì ôóíêöèÿì íà ïðîñòðàíñòâå
áåñêîíå÷íî äèôôåðåíöèðóåìûõ, áûñòðî óáûâàþùèõ ôóíêöèé â R4.
Çäåñü îáîáùåííîå ñëó÷àéíîå ïîëå ι̃(k, ω) èìååò âèä

ι̃(k, ω) =
1

(2π)4

∫
R4

exp
(
− iωt− i(k,x)

)
a(T (x, t))φ̃(x, t)dxdt .

Îòíîñèòåëüíî ôóíêöèè K(r), êðîìå åå ïîëîæèòåëüíîé îïðåäåëåí-
íîñòè, êîòîðàÿ íåîáõîäèìà â ñèëó òåîðåìû Áîõíåðà-Õèí÷èíà, ìû
ïðåäïîëàãàåì ñëåäóþùóþ åå ñòðóêòóðó r−3

0 Q(r/r0), ãäå r0 > 0 � ìà-
ëûé ïàðàìåòð. Ïîìèìî ýòîãî ìàëîãî ïàðàìåòðà, ââîäèòñÿ ïàðàìåòð
L � ìàêñèìàëüíûé ðàçìåð òåìïåðàòóðíîé íåîäíîðîäíîñòè (çà ïðå-
äåëàìè ôèêñèðîâàííîé îáëàñòè Ω ⊂ R3 ñ ëèíåéíûì ðàçìåðîì L,
T (x) = T0 ïðè t = 0), ìàëûå ïàðàìåòðû κ/Lc̄κ ≪ 1, κ � òåïëîåì-
êîñòü ñðåäû, à κ � åå òåïëîïðîâîäíîñòü è γL/c̄≪ 1, γ = 4πσ/ε.

Ïëîòíîñòü ïîòîêà Sj(x, t) êàê ãëàâíûé ÷ëåí åå àñèìïòîòèêè ïðè
κ/Lc̄κ→ 0, γL/c̄→ 0, r0/L→ 0, ãäå ïðåäåëüíûå ïåðåõîäû ïîíèìà-
þòñÿ êàê ïîâòîðíûå. Â ðåçóëüòàòå âñåõ ïðîâåäåííûõ âû÷èñëåíèé
ïîëó÷àåòñÿ ñëåäóþùèé ðåçóëüòàò

Sj(x, t) =
r−3
0 KR

4πc̄2

∫
R3

yje
−3γ|y|/2c̄

|y|3
a2(x− y, t;T )dy ,

R = 4πc̄2/ε, K =
∫
Q(|x|)dx = const.

Ëèòåðàòóðà

1. Virchenko Yu.P., Saprykin M.A. Nonequilibrium thermodynamics of heat
radiation conduction in dielectric media// Functional Materials. 2011. Ò. 18,
� 4. Ñ. 504�511.

2. Âèð÷åíêî Þ.Ï., Ñàïðûêèí Ì.À.Ôëóêòóàöèîííûé ïîäõîä â òåîðèè ðàäèà-
öèîííî-êîíäóêòèâíîãî òåïëîîáìåíà// Äîïîâiäi ÍÀÍÓ. 2010. Ò. 11.
Ñ. 63�69.
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Ïóñòü C = C (0, 2π) ïðîñòðàíñòâî íåïðåðûâíûõ 2π-ïåðèîäè÷åñ-
êèõ ôóíêöèé ñ íîðìîé ∥f∥C := max

x
|f (x)|,

S [f ] :=
a0
2

+
∞∑
k=1

ak cos kx+ bk sin kx

� ðÿä Ôóðüå ôóíêöèè f , Sn (x; f) � ÷àñòíûå ñóììû ïîðÿäêà n ðÿäà
S [f ], Hω � ïðîñòðàíñòâî ôóíêöèé f ∈ C ñ íîðìîé ∥f∥ω := ∥f∥C+
+|f |ω, ãäå

|f |ω := sup
h>0

∥∆hf∥C
ω (h)

< +∞,

∆hf (x) := f (x+ h) − f (x), h > 0, ω (·) � ôóíêöèÿ òèïà ìîäóëÿ
íåïðåðûâíîñòè, En(f)ω � íàèëó÷øåå ïðèáëèæåíèå f â ïðîñòðàíñòâå
Hω. Ïîñëåäîâàòåëüíîñòü íåîòðèöàòåëüíûõ ôóíêöèé λk (ν), v ∈ V ⊂
⊂ R, óäîâëåòâîðÿåò óñëîâèþ Λq, åñëè

a)
∞∑
i=0

{
2in∑

k=2in+1

λk (v) ln
q (k + 1)

}1
q

<∞, ∀v ∈ V,

n ∈ N0 := N ∪ {0}
á) ∃ êîíñòàíòà Mn =Mn (Λq), òàêàÿ ÷òî

∞∑
i=0

(
2inΛ2in+1,2i+1n (v)

)1
q ≤Mn, ∀v ∈ V,

Λm,n (v) := max
m≤k≤n

λk (v) .

Òåîðåìà. Åñëè Hω ⊂ Hω∗, òî ∀f ∈ Hω, ∀n ∈ N0 è ∀q ≥ 1
ñïðàâåäëèâî íåðàâåíñòâî∥∥∥∥∥∥∥∥

∞∑
i=0


2i+1n∑

k=2in+1

λk (v) |Sk (f)− f |q


1
q

∥∥∥∥∥∥∥∥
ω∗

≤

≤ Aq

∞∑
i=0

(
2inΛ2in+1,2i+1n (v)

)1
qE2in(f)ω∗ , Aq := const > 0,
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â ÷àñòíîñòè, åñëè ω̃ (h) := ω(h)
ω∗(h)

ìîíîòîííî âîçðàñòàåò, òî∥∥∥∥∥∥∥∥
∞∑
i=0


2i+1∑

k=2i+1

λk (v) |Sk (f)− f |q


1
q

∥∥∥∥∥∥∥∥
ω∗

≤

≤ Aq|f |ω
∞∑
i=0

(
2iΛ2i+1,2i+1 (v)

)1
q ω̃

(
1

2i

)
.

Ïîäîáíûå âîïðîñû èçó÷àëèñü â ðàáîòàõ [1, 2].
Ëèòåðàòóðà
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ÄÈÔÔÓÇÈÈ
c⃝ Ëîñàíîâà Ô.Ì.

Ôåäåðàëüíîå ãîñóäàðñòâåííîå áþäæåòíîå íàó÷íîå ó÷ðåæäåíèå
"Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè" (Ðîññèÿ, Íàëü÷èê)

e-mail: losanovaf@gmail.com

Â îáëàñòè Ω = {(x, y) : 0 < x < ∞, 0 < y < T} åâêëèäîâîé
ïëîñêîñòè íåçàâèñèìûõ ïåðåìåííûõ (x, y) ðàññìîòðèì óðàâíåíèå

uxx(x, y)−D
α
0y u(x, η) = f(x, y), (1)

ãäå

Dα
0yu(x, η) =


1

Γ(−α)

∫ y

0
u(x,η)dη
(y−η)α+1 , α < 0,

u(x, y), α = 0,
∂n

∂yn
Dα−n

0y u(x, η), n− 1 < α ≤ n, n ∈ N

� îïåðàòîð äðîáíîãî èíòåãðîäèôôåðåíöèðîâàíèÿ (â ñìûñëå Ðèìàíà-
Ëèóâèëëÿ) ïîðÿäêà α [1, ñ. 9], Γ(α) � ãàììà-ôóíêöèÿ Ýéëåðà,
0 < α ≤ 1.
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Ðåøåíèå u(x, y) óðàâíåíèÿ (1) íàçîâåì ðåãóëÿðíûì â îáëàñòè Ω,
åñëè y1−αu(x, y) ∈ C(Ω), uxx(x, y), D

α
0yu(x, η) ∈ C(Ω).

Çàäà÷à. Â îáëàñòè Ω òðåáóåòñÿ íàéòè ðåãóëÿðíîå ðåøåíèå
u(x, y) óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèÿì:

lim
y→0

D
α−1
0y u(x, η) = τ(x), 0 ≤ x <∞, (2)

∞∫
0

K(x, y)u(x, y)dx = ψ(y), 0 < y < T, (3)

ãäå τ(x), ψ(y), K(x, y) - çàäàííûå íåïðåðûâíûå ôóíêöèè.
Äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè. Ðåøåíèå íàé-

äåíî â êëàññå ôóíêöèé áûñòðîãî ðîñòà [2, c. 120].
Ëèòåðàòóðà
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1995. 301 c.
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Ïðè ðåøåíèè çàäà÷ êîíñòðóêòèâíîãî îáó÷åíèÿ âîçíèêàåò íåîá-
õîäèìîñòü íàõîæäåíèÿ ôóíêöèé íàèáîëåå âûðàçèòåëüíî ðåàëèçóþ-
ùèõ çàäàííûå îáó÷àþùèå âûáîðêè.

Ïóñòü íà âõîä ñèñòåìû ïîäàåòñÿ âåêòîð çíà÷åíèé x =
= (x1, x2, ..., xn) è êàæäûé âõîä îáëàäàåò âåñîì wj, j = 1, ...,m. Íà
âûõîäå ñèñòåìû èìååòñÿ ðåçóëüòèðóþùåå çà÷åíèå y.

Ñòàâèòñÿ çàäà÷à: ïîñòðîèòü (òàáëè÷íî çàäàòü) íàáîð ôóíêöèé,
óäîâëåòâîðÿþùèõ óñëîâèþ:

f(xi, wi) = y, (1)
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ãäå f(xi, wi) - åñòü ôóíêöèÿ ïðåäñòàâèìàÿ ÷åðåç îïåðàöèè ïñåâ-
äîñëîæåíèÿ è ïñåâäîóìíîæåíèÿ.

Äëÿ ðåàëèçàöèè ïîñòàâëåííîé çàäà÷è ïðåäëîæèì ñëåäóþùèé
ìåòîä.

Ïóñòü äàíà k-çíà÷íàÿ ëîãèêà L =< L, x,&,∨,̄ ,→>, L = {0, 1, ...,
k − 1}.

Ìíîæåñòâî ôóíêöèé σ(x, y) : σ(x, 0) = σ(0, x) = x íàçîâåì ôóíê-
öèÿìè ïñåâäîñëîæåíèÿ, à ìíîæåñòâî ôóíêöèé π(x, y) : π(x, 0) =
= π(0, x) = 0 - ôóíêöèÿìè ïñåâäîóìíîæåíèÿ.

Ïðè çàäàííûõ âõîäíûõ çíà÷åíèÿõ x è w è âûõîäíîì y èìååì ÷à-
ñòè÷íî îïðåäåëåííóþ k-çíà÷íóþ ôóíêöèþ, êîòîðàÿ îïðåäåëåíà íà
íàáîðå (x,w) çíà÷åíèåì y. Äëÿ ýòîãî âíà÷àëå ïîñòðîèì äîïóñòèìûå
îïåðàöèè ïñåâäîóìíîæåíèÿ äëÿ xiwi, i = 1, ..., n â âèäå äåðåâà.

Ðàññìîòðèì x1w1. Ýòà âåëè÷èíà íàì íåèçâåñòíà, íî äîëæíà ïðè-
íèìàòü îäíî èç çíà÷åíèé L = {0, 1, ..., k − 1} ( â ñèëó çàìêíóòîñòè
îïåðàöèè ïñåâäîóìíîæåíèÿ). Îòñþäà âûòåêàåò íåîáõîäèìîñòü âû-
ïîëíåíèÿ îäíîãî èç òðåõ óñëîâèé:

x1w1 = 0, x1w1 = 1, ..., x1w1 = k − 1 (2)

Ïðè ýòîì ïîëó÷àåì k âîçìîæíîñòè ðåàëèçàöèè ôóíêöèè Π ∈ π
(ò.å. òðè ðàçâåòâëåíèÿ äåðåâà). Íà ñëåäóþùåì øàãå ðàññìîòðèì
ñëåäóþùåå ñîîòíîøåíèå x2w2 è ñ ó÷åòîì ñôîðìóëèðîâàííûõ ðàíåå
ïðåäïîëîæåíèé êàæäàÿ èç âåòâåé (2) ðàçîáúåòñÿ â ñâîþ î÷åðåäü
íà k âåòâè. Ïðîäîëæàÿ âûïîëíÿòü îïèñàííûå âûøå øàãè ïîñòðîèì
äåðåâî äîïóñòèìûõ çíà÷åíèé òàáëèö èñòèííîñòè îïåðàöèè ïñåâäî-
óìíîæåíèÿ. Åñëè íà íåêîòîðîì øàãå äîïóùåíèå áóäåò ïðîòèâîðå-
÷èòü ñäåëàííîìó ðàíåå ïðåäïîëîæåíèþ îòíîñèòåëüíî äàííîãî âàðè-
àíòà ôóíêöèè Π, òî òàêàÿ âåòêà ÿâëÿåòñÿ òóïèêîâîé è îíà îòáðàñû-
âàåòñÿ. Ïîñëåäíèì øàãîì ÿâëÿåòñÿ ðàññìîòðåíèå xnwn, ïîñëå ÷åãî
ïðîöåññ íàõîæäåíèÿ ïñåâäîóìíîæåíèÿ çàêàí÷èâàåòñÿ. Ìíîæåñòâî
äîïóñòèìûõ ðåøåíèé ôóíêöèè Π ñîáèðàåòñÿ ïîäúåìîì îò âåðõíèõ
ëèñòüåâ äåðåâà ê êîðíþ. Â ðåçóëüòàòå ïîëó÷àåì ñîâîêóïíîñòü òàá-
ëèö èñòèííîñòè ôóíêöèè ïñåâäîóìíîæåíèÿ.

Åñëè ñîâîêóïíîñòü ìíîæåñòâà π ïóñòà, òî äëÿ ôóíêöèé x =
(x1, x2, ..., xn), w = (w1, w2, ..., wn) íåëüçÿ óêàçàòü òàêèå îïåðàöèè
ïñåâäîñëîæåíèÿ è ïñåâäîóìíîæåíèÿ, ÷òîáû âûïîëíÿëîñü ñîîòíî-
øåíèå (1).

Ïóñòü ai = xiwi, i = 1, ..., n, òîãäà êàæäîé íàéäåííîé îïåðàöèè
Π ∈ π ìîæíî ïîñòàâèòü â ñîîòâåòñòâèå âåêòîð a = (a1, a2, ..., an).
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Ò.å. (1) ïåðåïèøåòñÿ: Σ(a1, a2, ..., an) = y. È äàëåå äëÿ îïðåäåëåíèÿ
îïåðàöèè ïñåâäîñëîæåíèÿ âîñïîëüçóåìñÿ àëãîðèòìîì ïðåäñòàâèìî-
ñòè ôóíêöèè ÷åðåç îïåðàöèè ïñåâäîñëîæåíèÿ, ïðåäëîæåííûé â [2].

Óòâåðæäåíèå. Ñóùåñòâóåò àëãîðèòì äëÿ íàõîæäåíèÿ ôóíê-
öèé ïñåâäîóìíîæåíèÿ è ïñåâäîñëîæåíèÿ, ðåàëèçóþùèõ çàäàííûå
óñëîâèÿ f(xi, wi) = y.

Ïðåäëîæåííûé ìåòîä ïëàíèðóåòñÿ ïðèìåíèòü äëÿ ïîñòðîåíèÿ
êîððåêòîðîâ àëãîðèòìîâ ðàñïîçíàâàíèÿ [1, 3].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé, ïðîåêò � 15-01-03381.
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ÄÐÎÁÍÎÅ ÈÍÒÅÃÐÀËÛ È ÏÐÎÈÇÂÎÄÍÛÅ
ÊÈÏÐÈßÍÎÂÀ È ÐÅØÅÍÈÅ ÇÀÄÀ×È ÊÎØÈ ÄËß

ÑÈÍÃÓËßÐÍÎÃÎ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ
ÓÐÀÂÍÅÍÈß
c⃝ Ëÿõîâ Ë.Í.

Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Ðîññèÿ, Âîðîíåæ)
e-mail: levnlya@mail.ru

Â 60-õ ãîäàõ ïðîøëîãî ñòîëåòèÿ È.À. Êèïðèÿíîâ ââåë îïåðà-
òîðû äðîáíîãî èíòåãðîäèôôåðåíöèðîâàíèÿ, ïîðîæäåííîå ïðåîáðà-
çîâàíèåì Ôóðüå-Áåññåëÿ (ñì. [1], ñ. 427-428). Êàê îêàçàëîñü, ýòè
ôîðìóëû ïðèìåíÿþòñÿ äëÿ ïîñòðîåíèÿ ðåøåíèé çàäà÷è Êîøè äëÿ
ñèíãóëÿðíîãî óðàâíåíèÿ Ýéëåðà-Ïóàññîíà-Äàðáó ñ îïåðàòîðîì Áåñ-
ñåëÿ ïî âðåìåíè.

Â äîêëàäå áóäóò ïðèâåäåíû ñîîòâåòñòâóþùèå ôîðìóëû.
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ÃÀÓÑÑÎÂÎ ÑÎÎÒÍÎØÅÍÈÅ ÄËß ÑÌÅÆÍÛÕ
ÔÓÍÊÖÈÉ ÃÎÐÍÀ H3

c⃝ Ìàâëÿâèåâ Ð.Ì.1, Ãàðèïîâ È.Á.2

Êàçàíñêèé (Ïðèâîëæñêèé) ôåäåðàëüíûé óíèâåðñèòåò (Ðîññèÿ, Êàçàíü)
1e-mail: mavly72@mail.ru

2e-mail: ilnur_garipov@mail.ru

Ïðè ðåøåíèè çàäà÷ äëÿ îáîáùåííîãî îñåñèììåòðè÷åñêîãî óðàâ-
íåíèÿ Ãåëüìãîëüöà âîçíèêàåò íåîáõîäèìîñòü â èñïîëüçîâàíèè êîí-
ôëþýíòíîé ãèïåðãåîìåòðè÷åñêîé ôóíêöèè Ãîðíà. Èçâåñòíî [1], ÷òî
ýòà ôóíêöèÿ çàïèñûâàåòñÿ ÷åðåç ôóíêöèþ Ãàóññà:

H3(α, β; δ; z, t) =
∞∑
n=0

(−1)n

(1− α)n

tn

n!
F (α− n, β; δ; z) (|z| < 1), (1)

ãäå ñèìâîë Ïîõãàììåðà îïðåäåëÿåòñÿ ôîðìóëîé

(1− α)n = (1− α)(2− α) . . . (n− 1− α)(n− α)︸ ︷︷ ︸
n

. (2)

Èñïîëüçóÿ (2), çàïèøåì ñîîòíîøåíèå

(−α)n(n−α) = (−α)(1− α)(2− α) . . . (n− 1− α)︸ ︷︷ ︸
n

(n−α) = −α(1−α)n,

êîòîðîå ïî ñâîéñòâàì ïðîïîðöèè ïðåäñòàâèìî â âèäå

α(
1− (α + 1)

)
n

=
(α− n)

(1− α)n
. (3)

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî ñëåäóþùåãî ñî-
îòíîøåíèÿ òèïà Ãàóññà ìåæäó ñìåæíûìè ôóíêöèÿìè Ãîðíà

(β − α)H3(α, β; δ; z, t)− β H3(α, β + 1; δ; z, t)+
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+αH3(α + 1, β; δ; z, t) =
1

1− α
tH3(α− 1, β; δ; z, t). (4)

Êàê óêàçàíî â [1], ïðè t = 0 ôóíêöèÿ H3 âûðîæäàåòñÿ â ãèïåð-
ãåîìåòðè÷åñêóþ ôóíêöèþ

H3(α, β; δ; z, 0) = F (α, β; δ; z). (5)

Â ðàáîòå [2] ïðèâåäåíû 15 ñîîòíîøåíèé Ãàóññà ìåæäó ñìåæíûìè
ãèïåðãåîìåòðè÷åñêèìè ôóíêöèÿìè, íàïðèìåð

(b− a)F (a, b; c; z)− bF (a, b+ 1; c; z) + aF (a+ 1, b; c; z) = 0. (6)

Ñ ó÷åòîì (5) î÷åâèäíî, ÷òî ïðè t = 0 ñîîòíîøåíèå (4) âûðîæäàåòñÿ
â ôîðìóëó (6) ñ òî÷íîñòüþ äî îáîçíà÷åíèé ïàðàìåòðîâ.

Âçÿâ ïàðàìåòðû a = α− n, b = β, c = δ èç (6) ïîëó÷àåì

(β − α)F (α− n, β; δ; z)− β F (α− n, β + 1; δ; z) =

= −(α− n)F (α− n+ 1, β; δ; z)− nF (α− n, β; δ; z). (7)

Èñïîëüçóÿ (1), ïðåäñòàâèì ëåâóþ ÷àñòü (4) â âèäå ðÿäîâ:

(β−α)H3(α, β; δ; z, t)−β H3(α, β+1; δ; z, t)+αH3(α+1, β; δ+z, t) =

= (β − α)
∞∑
n=0

(−1)n

(1− α)n

tn

n!
F (α− n, β; δ; z)−

−β
∞∑
n=0

(−1)n

(1− α)n

tn

n!
F (α− n, β + 1; δ; z)+

+α
∞∑
n=0

(−1)n(
1− (α + 1)

)
n

tn

n!
F (α + 1− n, β + 1; δ; z) =

ó÷èòûâàÿ ôîðìóëó (3), îáúåäèíèì ðÿäû

=
∞∑
n=0

(−1)n

(1− α)n

tn

n!

(
(β − α)F (α− n, β; δ; z)− β F (α− n, β + 1; δ; z)+

+(α− n)F (α + 1− n, β + 1; δ; z)
)
=

è óïðîñòèì ðÿä, èñïîëüçóÿ ñîîòíîøåíèå (7)

=
∞∑
n=0

(−1)n

(1− α)n

tn

n!

(
−nF (α− n, β; δ; z)

)
=
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= 0 +
1

(1− α)
t

∞∑
n−1=0

(−1)n−1(
1− (α− 1)

)
n−1

tn−1

(n− 1)!
F
(
α− 1− (n− 1), β; δ; z

)
︸ ︷︷ ︸

H3(α−1,β;δ;z,t)

=

=
1

(1− α)
tH3(α− 1, β; δ; z, t).

Òåì ñàìûì ôîðìóëà (4) äîêàçàíà. Â ÷àñòíîñòè, èç íåå ïðè ïàðà-
ìåòðàõ α = β = k; δ = 2k ñëåäóåò, ÷òî

H3(k+1, k; 2k; z, t)−H3(k, k+1; 2k; z, t) =
1

k(1− k)
tH3(k−1, k; 2k; z, t).
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Ê ÂÛÂÎÄÓ ÔÐÀÊÒÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß
ÑÎÑÒÎßÍÈß ÌÍÎÃÎÊÎÌÏÎÍÅÍÒÍÛÕ ÑÈÑÒÅÌ
c⃝ Ìàãîìåäîâ Ð.À.1, Ìåéëàíîâ Ð.Ï. , Ìåéëàíîâ Ð.Ð.1,
Àõìåäîâ Ý.Í.1, Áåéáàëàåâ Â.Ä.1,2, Àëèâåðäèåâ À.À.1,2
1ÔÃÁÓÍ Èíñòèòóò ïðîáëåì ãåîòåðìèè ÄÍÖ ÐÀÍ (Ðîññèÿ, Ìàõà÷êàëà)

2Äàãåñòàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Ðîññèÿ, Ìàõà÷êàëà)

e-mail: ramazan_magomedov@rambler.ru

Èíòåðåñ ê âûâîäó óðàâíåíèé ñîñòîÿíèÿ ñâÿçàí ñ ïîëó÷åíèåì íî-
âûõ âåùåñòâ è èõ êîìïîçèöèé, è ïðèìåíåíèåì òàêèõ âåùåñòâ â øè-
ðîêîé îáëàñòè èçìåíåíèÿ òåìïåðàòóðû è äàâëåíèÿ, ñ îõâàòîì ýêñ-
òðåìàëüíûõ ñîñòîÿíèé [1].

Â ýòîé ñâÿçè âåäóòñÿ èíòåíñèâíûå èññëåäîâàíèÿ ïî îáîáùåíèþ
êàê òåðìîäèíàìèêè, òàê è ñòàòèñòè÷åñêîé ôèçèêè, â ÷àñòíîñòè, ñ
ïðèìåíåíèåì äðîáíîãî èñ÷èñëåíèÿ [2-3]. Â ñëó÷àå ðàâíîâåñíîé òåð-
ìîäèíàìèêè ïåðåõîä ê äðîáíûì ïðîèçâîäíûì ïî òåðìîäèíàìè÷å-
ñêèì ïàðàìåòðàì (òåìïåðàòóðà, îáúåì) [2] âíîñèò â òåîðèþ íîâûé
ïàðàìåòð � ïîêàçàòåëü ïðîèçâîäíîé äðîáíîãî ïîðÿäêà α, êîòîðûé
ó÷èòûâàåò íåëîêàëüíîñòü èíòåãðàëà ñòîëêíîâåíèé, è ðàñøèðÿåò îá-
ëàñòü ïðèìåíèìîñòè ïîëó÷åííîãî îäíîïàðàìåòðè÷åñêîãî ñåìåéñòâà
óðàâíåíèé ñîñòîÿíèÿ.
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Â ðàáîòå èñïîëüçóåòñÿ ìåòîä äðîáíîãî èñ÷èñëåíèÿ äëÿ âûâî-
äà ôðàêòàëüíîãî óðàâíåíèÿ ñîñòîÿíèÿ äëÿ ìíîãîêîìïîíåíòíûõ âå-
ùåñòâ.

Ïðè âûâîäå óðàâíåíèÿ ñîñòîÿíèÿ èñïîëüçóåòñÿ ñîîòíîøåíèå

P = −Γ(2− α)

V 1−α

∂αF

∂V α
T

, (1)

ãäå F = −kT lnZ � ïîòåíöèàë Ãåëüìãîëüöà.
Ñòàòèñòè÷åñêàÿ ñóììà Z â îáùåì ñëó÷àå äàåòñÿ âûðàæåíèåì [4]

Z =
1

(2π~)3NN !

∫
· · ·
∫
dp1 . . . dpNdr1 . . . drN exp

(
− H

kT

)
,

ãäåN � ÷èñëî ÷àñòèö â ñèñòåìå, p � èìïóëüñ ÷àñòèöû, r � êîîðäèíàòà
÷àñòèöû, ~ � ïîñòîÿííàÿ Ïëàíêà, k - ïîñòîÿííàÿ Áîëüöìàíà.

Ñóììà êèíåòè÷åñêîé è ïîòåíöèàëüíîé ýíåðãèè îïðåäåëÿåòñÿ âû-
ðàæåíèåì

H =
N∑

n=1

P 2
n

2mi

+ U(r1 . . . rN),

ãäå mi � ìàññà ìîëåêóëû i-îé êîìïîíåíòû.
Äëÿ ïîòåíöèàëà Ãåëüìãîëüöà, â ïðèáëèæåíèè ïàðíîãî âçàèìî-

äåéñòâèÿ, èìååì

F = kT

{
ln

(
V N

N !Λ3N

)
+ ln

(
1− N

V

3∑
i=1

xiBi −
N

V

3∑
i<j=1

xijBij

)}
, (2)

ãäå Λ =
√
2π~/mikT � ýôôåêòèâíàÿ òåïëîâàÿ äëèíà ÷àñòèöû, xi �

êîíöåíòðàöèÿ i-îé êîìïîíåíòû â ñèñòåìå, Bi � âòîðîé âèðèàëüíûé
êîýôôèöèåíò i-îé êîìïîíåíòû.

Ïîäñòàâèì (2) â (1) è âû÷èñëèì ïðîèçâîäíóþ äðîáíîãî ïîðÿäêà,
èñïîëüçóÿ ïðè ýòîì òàáëè÷íûå èíòåãðàëû èç [5]

P =
NkT

V

{
1+

B(T )/V

1 +NB(T )/V
+ (1−α)

[
ln

(
eV

N

[
mx

1m
y
2m

z
3kT

2π~2

] 3
2
)
+

+ ψ(1)− ψ(2− α)− 1

N

(
ln(1 + A/V ) + ψ(2− α)− ψ(1)

)]}
, (3)

ãäå A = NB(T ), B(T ) =
∑3

i=1 xiBi +
∑3

i<j xijBij � îáîáùåííûé
âòîðîé âèðèàëüíûé êîýôôèöèåíò ñèñòåìû, ψ(x) � ïñè ôóíêöèÿ îò
÷èñëà x, x+ y + z = 1 � ìàññîâûå äîëè êîìïîíåíò â ñèñòåìå.
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Îñòàâèì ëèíåéíûå ïî ìàëîìó ïàðàìåòðó B(T )
V

< 1 ÷ëåíû è, ïðå-
íåáðåãàÿ ìàëûìè ÷ëåíàìè 1/N ≪ 1, îêîí÷àòåëüíî ïîëó÷èì ñëåäó-
þùåå óðàâíåíèå ñîñòîÿíèÿ

P =
NkT

V

{
1 +

B(T )

V
+ (1− α)

[
ln

(
eV

N

[
mx

1m
y
2m

z
3kT

2π~2

] 3
2
)
+

+ ψ(1)− ψ(2− α)− B(T )

V

]}
, (4)

ïðè α = 1 óðàâíåíèå ñîñòîÿíèÿ (4) ñîâïàäàåò ñ òðàäèöèîííûì óðàâ-
íåíèåì ñîñòîÿíèÿ.

Òàêèì îáðàçîì, èñõîäÿ èç îáîáùåíèÿ ðàâíîâåñíîé òåðìîäèíàìè-
êè íà ñëó÷àé ïðîèçâîäíûõ äðîáíîãî ïîðÿäêà, ìîæíî âûâåñòè îä-
íîïàðàìåòðè÷åñêîå óðàâíåíèå ñîñòîÿíèÿ è íà åãî îñíîâå ïîëó÷èòü
àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ òåðìîäèíàìè÷åñêèõ õàðàêòåðèñòèê
âåùåñòâà [2].
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Ðàññìîòðèì óðàâíåíèå

∂α0tu(η)− λu(t)− µH(t− τ)u(t− τ) = f(t), 0 < t < 1, (1)

ãäå ∂α0tu(t) �äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî [1, c. 11], H(t) � ôóíê-
öèÿ Õåâèñàéäà, 1 < α ≤ 2, λ, µ � ïðîèçâîëüíûå ïîñòîÿííûå, τ �
ôèêñèðîâàííîå ïîëîæèòåëüíîå ÷èñëî.

Çàäà÷à Êîøè äëÿ óðàâíåíèÿ (1) èññëåäîâàíà â ðàáîòå [2]. Íà-
÷àëüíàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) ñ îïåðàòîðîì Ðèìàíà-Ëèóâèëëÿ
èçó÷åíà â [3]. Çàäà÷è Äèðèõëå è Íåéìàíà äëÿ óðàâíåíèÿ (1) ðàñ-
ñìîòðåíû â ðàáîòàõ [4] è [5].

Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) íàçîâåì ôóíêöèþ u = u(t),
èìåþùóþ àáñîëþòíî íåïðåðûâíóþ ïðîèçâîäíóþ ïåðâîãî ïîðÿäêà è
óäîâëåòâîðÿþùóþ ýòîìó óðàâíåíèþ äëÿ âñåõ t ∈ (0, 1).

Çàäà÷à. Íàéòè ðåãóëÿðíîå ðåøåíèå u(t) óðàâíåíèÿ (1) ïðè
0 < t < 1, óäîâëåòâîðÿþùåå óñëîâèÿì

au(0) + bu′(0) = 0,

cu(1) + du′(1) = 0,
(2)

ãäå a, b, c, d− çàäàííûå ïîñòîÿííûå, ïðè÷åì a2+b2 ̸= 0, c2+d2 ̸= 0.
Ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà. 1) Ïóñòü ôóíêöèÿ f(t) ∈ C(0, 1) ïðåäñòàâèìà â âèäå

f(t) = Dα−2
0t g(t), g(t) ∈ L(0, 1),

è âûïîëíåíî óñëîâèå
△ ̸= 0, (3)

ãäå
△ = a(cW2(1) + dW1(1))− b(cW1(1) + dW1(1)).

Òîãäà ñóùåñòâóåò ðåãóëÿðíîå ðåøåíèå çàäà÷è (1)-(2), êîòîðîå èìå-
åò âèä

u(t) =

1∫
0

f(ξ)G(t, ξ)dξ,

ãäå

G(t, ξ) = H(t− ξ)Wα(t− ξ) + (cWα(1− ξ) + dWα−1(1− ξ))×

×
(
b

△
W1(t)−

a

△
W2(t)

)
,
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Wν(t) =
∞∑

m=0

µm(t−mτ)αm+ν−1
+ Em+1

α,αm+ν(λ(t−mτ)α+), ν ∈ R,

Eρ
α,β(z) =

∞∑
k=0

(ρ)kz
k

Γ(αk + β)k!

� îáîáùåííàÿ ôóíêöèÿ Ìèòòàã-Ëåôôëåðà [6], (ρ)k� ñèìâîë Ïîõãàì-
ìåðà, Γ(z)� Ãàììà-ôóíêöèÿ Ýéëåðà,

(t−mτ)ρ+ =

{
(t−mτ)ρ, t−mτ > 0

0, t−mτ ≤ 0.

2) Ðåøåíèå çàäà÷è (1)-(2) åäèíñòâåíî òîãäà è òîëüêî òîãäà, êîãäà
âûïîëíåíî óñëîâèå (3).
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Â ïðÿìîóãîëüíîé îáëàñòè Ω = {(x, y) : 0 < x < r, 0 < y < T}
ðàññìàòðèâàåòñÿ óðàâíåíèå

∂u

∂y
= a

∂2u

∂x2
+ b

∂3u

∂x2∂y
+ f(x, y), (1)

ãäå a, b - çàäàííûå ïîëîæèòåëüíûå ÷èñëà; f(x, y) - çàäàííàÿ ôóíê-
öèÿ; u = u(x, y) - çíà÷åíèå èñêîìîé ôóíêöèè â òî÷êå x â ìîìåíò
âðåìåíè y.

Óðàâíåíèå (1) íàçûâàåòñÿ óðàâíåíèåì Àëëåðà [1, c. 255] è îòíî-
ñèòñÿ ê óðàâíåíèÿì ïñåâäîïàðàáîëè÷åñêîãî òèïà [2], îïèñûâàþùèõ
ôèëüòðàöèþ æèäêîñòè â ïîðèñòûõ ñðåäàõ [3], [4]. Â ðàáîòå [5] äî-
êàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è Òðèêîìè äëÿ óðàâíåíèÿ
ñìåøàííîãî òèïà ñ îïåðàòîðîì Àëëåðà â ãëàâíîé ÷àñòè.

Ðåãóëÿðíûì â îáëàñòè Ω ðåøåíèåì óðàâíåíèÿ (1) íàçîâåì ôóíê-
öèþ u = u(x, y) òàêóþ, ÷òî u ∈ C(Ω̄) ∩ C1(Ω), uxx, uxxy ∈ C(Ω),
óäîâëåòâîðÿþùóþ óðàâíåíèþ (1).

Â ðàáîòå èññëåäóåòñÿ
Ïåðâàÿ êðàåâàÿ çàäà÷à. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðå-

øåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ

u(x, 0) = φ(x), 0 ≤ x ≤ r, (2)

è ãðàíè÷íûì óñëîâèÿì:

u(0, y) = 0, 0 ≤ y ≤ T, (3)

u(r, y) = 0, 0 ≤ x ≤ T, (4)

ãäå φ(x) ∈ C2[0, r].
Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ ñëåäóþùàÿ
Òåîðåìà. Çàäà÷à (2)-(4) äëÿ óðàâíåíèÿ (1) èìååò íå áîëåå îä-

íîãî ðåøåíèÿ.
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Âàæíîñòü ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ýêîíîìè÷åñêèõ ïðî-
öåññîâ íåîñïîðèìà. Ýòî îáóñëîâëåíî òåì, ÷òî ìàòåìàòè÷åñêîå îïè-
ñàíèå ýêîíîìè÷åñêèõ ñèñòåì äàåò êîëè÷åñòâåííîå è êà÷åñòâåííîå
ïðåäñòàâëåíèå î ýêîíîìè÷åñêèõ ïîêàçàòåëÿõ ñ öåëüþ èõ äàëüíåé-
øåãî ïðîãíîçèðîâàíèÿ â ñëåäóþùèå ïðîìåæóòêè âðåìåíè, à òàêæå
ðåêîìåíäàöèè äëÿ ïðèíÿòèÿ ïðàâèëüíîãî óïðàâëåí÷åñêîãî ðåøå-
íèÿ [1]. Äëÿ íàñ íàèáîëüøèé èíòåðåñ ïðåäñòàâëÿåò èññëåäîâàíèå
ýêîíîìè÷åñêèõ êðèçèñîâ, òàê êàê èìåííî îíè îïðåäåëÿþò ýêîíî-
ìè÷åñêîå áëàãîñîñòîÿíèå ãðàæäàí è ñòåïåíü ñîöèàëüíîãî íàïðÿæå-
íèÿ â ñòðàíå. Åùå â 20-å ãîäû ïðîøëîãî âåêà ñîâåòñêèé ýêîíîìèñò
Í.Ä. Êîíäðàòüåâ âûäåëèë âî âðåìåííûõ ýêîíîìè÷åñêèõ ðÿäàõ äîë-
ãîñðî÷íûå ïåðèîäè÷åñêèå êîëåáàíèÿ (âîëíû) ñ äëèòåëüíîñòüþ 50-55
ëåò [2]. Äàëåå äðóãèå èññëåäîâàòåëè â ïîñëåäñòâèå àíàëîãè÷íî âû-
ÿâèëè âîëíû äðóãîé äëèòåëüíîñòè, íàïðèìåð, âîëíû áàçîâûõ èí-
âåñòèöèé [3] è ò.ä. Íàèáîëåå ïîëíîå ìàòåìàòè÷åñêîå îïèñàíèå ìî-
äåëèðîâàíèÿ öèêëîâ Êîíäðàòüåâà áûëî ïðîâåäåíî, íà íàø âçãëÿä,
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â ðàáîòàõ Ñ.Â. Äóáîâñêîãî [4-6]. Â íàñòîÿùåé ðàáîòå áûëà ïðåäëî-
æåíà ìàòåìàòè÷åñêàÿ ìîäåëü, êîòîðàÿ îáîáùàåò èçâåñòíóþ ìîäåëü
Äóáîâñêîãî â ñëó÷àå ó÷åòà ýôôåêòîâ ïàìÿòè â ýêîíîìè÷åñêîé ñè-
ñòåìå è ÿâëÿåòñÿ ëîãè÷åñêèì ïðîäîëæåíèåì ðàáîò [7] è [8]. Ýôôåê-
òû ïàìÿòè îïèñûâàþòñÿ ñ ïîìîùüþ òåîðèè äðîáíîãî èñ÷èñëåíèÿ,
à èìåííî ïðîèçâîäíûõ äðîáíîãî ïîðÿäêà [9]. Òàêèå ìîäåëè ìîæ-
íî íàéòè â ðàáîòàõ çàðóáåæíûõ àâòîðîâ [10-14], à òàêæå â ðàáîòàõ
îòå÷åñòâåííûõ àâòîðîâ [15-17].

Ïîñòàíîâêà çàäà÷è è ìåòîäèêà ðåøåíèÿ. Îáîáùåííàÿ ìî-
äåëü öèêëîâ Êîíäðàòüåâà ìîæåò áûòü ïðåäñòàâëåíà â âèäå:

∂α0tx (τ) = −λnx (t) (x (t)− 1) (y (t)− y∗) ,

∂β0ty (τ) = n (1− n) y2 (t) (x (t)− x∗) + f (t) ,
x(0) = a, y(0) = b,

(1)

ãäå ∂α0tx (τ) = 1
Γ(1−α)

t∫
0

ẋ(τ)dτ
(t−τ)α

è ∂β0ty (τ) = 1
Γ(1−β)

t∫
0

ẏ(τ)dτ

(t−τ)β
- ïðîèçâîä-

íûå äðîáíûõ ïîðÿäêîâ 0 < α, β < 1 â ñìûñëå Ãåðàñèìîâà-Êàïóòî;
Γ (x) � ãàììà-ôóíêöèÿ Ýéëåðà; x (t) � ýôôåêòèâíîñòü íîâûõ òåõ-
íîëîãèé; y (t) � ýôôåêòèâíîñòü ôîíäîîòäà÷è; x∗ è y∗ � ðàâíîâåñíîå
ñòàöèîíàðíîå ðåøåíèå ñèñòåìû (1); n � íîðìà íàêîïëåíèÿ; λ � êî-
ýôôèöèåíò, êîòîðûé îïðåäåëÿåòñÿ èç ñòàòèñòèêè âðåìåííîãî ðÿäà;
f (t) � âíåøíåå âîçäåéñòâèå íà ýêîíîìè÷åñêóþ ñèñòåìó; t ∈ [0, T ] �
âðåìåííàÿ êîîðäèíàòà, T � âðåìÿ ìîäåëèðîâàíèÿ ïðîöåññà; a è b �
íà÷àëüíûå óñëîâèÿ, çàäàííûå êîíñòàíòû.

Çàìåòèì, ÷òî íåëèíåéíàÿ ñèñòåìà (1) â ñëó÷àå çíà÷åíèé ïàðà-
ìåòðîâ α = β = 1 è f (t) = 0 ïåðåõîäèò â ìîäåëü Äóáîâñêîãî [4].
Ïîýòîìó î÷åâèäíî, ÷òî ðåøåíèå ñèñòåìû (1) áóäåò îáîáùàòü ðå-
øåíèå ìîäåëè Äóáîâñêîãî. Ðåøåíèå íåëèíåéíîé ñèñòåìû (1) áóäåì
èñêàòü ñ ïîìîùüþ ÷èñëåííûõ ìåòîäîâ � êîíå÷íî-ðàçíîñòíûõ ñõåì.
Ðàçîáüåì âðåìåííîé îòðåçîê [0, T ] íà N ðàâíûõ ÷àñòåé, ñ øàãîì
τ . Àïïðîêñèìàöèþ äðîáíûõ ïðîèçâîäíûõ â óðàâíåíèè (1) ïðîâî-
äèì ñîãëàñíî ðàáîòå [18]. Òîãäà ñèñòåìà (1) çàïèøåòñÿ â êîíå÷íî-
ðàçíîñòíîé ïîñòàíîâêå â âèäå:

x0 = a, y0 = b,

x1 = x0

(
1− λn

A
(x0 − 1) (y0 − y∗)

)
, y1 = y0

(
1 + n(1−n)

B
y0 (x0 − x∗)

)
, j = 0,

x2 = x1

(
1− λn

A
(x1 − 1) (y1 − y∗)

)
, y2 = y1

(
1 + n(1−n)

B
y1 (x1 − x∗)

)
, j = 1,

xj+1 = xj

(
1− λn

A
(xj − 1) (yj − y∗)

)
−

j−1∑
k=1

pk (xj−k+1 − xj−k) ,

yj+1 = yj
(
1 + n(1−n)

B
yj (xj − x∗)

)
−

j−1∑
k=1

qk (xj−k+1 − xj−k) + fj , j = 2, ..., N − 1.

(2)
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Çäåñü A = τ−α

Γ(2−α)
, B = τ−β

Γ(2−β)
, pk = (1 + k)1−α − k1−α, qk =

= (1 + k)1−β − k1−β.
Ðåøåíèå (2) â ñëó÷àå, êîãäà α = β = 1 è fj = 0, ïåðåõîäèò â

ðåøåíèå äëÿ ìîäåëè Äóáîâñêîãî [4]. Èññëåäóåì ðåøåíèå (2) â çà-
âèñèìîñòè îò ðàçëè÷íûõ çíà÷åíèé äðîáíûõ ïàðàìåòðîâ α è β, à
òàêæå ïîñòðîèì ôàçîâûå òðàåêòîðèè. Â ýòîé ðàáîòå ìû íå îñòàíàâ-
ëèâàåìñÿ íà âîïðîñàõ óñòîé÷èâîñòè èëè ñõîäèìîñòè ÿâíîé êîíå÷íî
ðàçíîñòíîé ñõåìû (2).

Äàëåå â ðàáîòå áûëè ïîñòðîåíû ôàçîâûå òðàåêòîðèè, êîòîðûå
â çàâèñèìîñòè îò çíà÷åíèé äðîáíûõ ïîðÿäêîâ α è β âûõîäÿò íà
ðàçëè÷íûå ïðåäåëüíûå öèêëû, êîòîðûå ìîæíî ðàññìàòðèâàòü êàê
ýêîíîìè÷åñêèå öèêëû.
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Èçó÷åíèå íåëèíåéíûõ ìàòåìàòè÷åñêèõ ìîäåëåé ðàçëè÷íûõ ôè-
çèêî-õèìè÷åñêèõ ïðîöåññîâ íà äàííîì ýòàïå ðàçâèòèÿ íàóêè ÿâëÿ-
åòñÿ îäíèì èç àêòóàëüíûõ íàïðàâëåíèé ñîâðåìåííîé ìàòåìàòè÷å-
ñêîé ôèçèêè. Ýòî îáóñëîâëåíî èñïîëüçîâàíèåì â ñîâðåìåííîé ôè-
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çèêå è òåõíèêå âîçäåéñòâèé íà âåùåñòâî ýëåêòðè÷åñêèõ ïîëåé áîëü-
øîé èíòåíñèâíîñòè, ïó÷êîâ ÷àñòèö âûñîêîé ýíåðãèè, ìîùíîãî ëà-
çåðíîãî êîãåðåíòíîãî èçëó÷åíèÿ, óäàðíûõ âîëí âûñîêîé èíòåíñèâ-
íîñòè, ìîùíûõ òåïëîâûõ ïîòîêîâ.

Ðàññìîòðèì â îáëàñòè D = {(x, t) : 0 < x < 1, 0 < t < T}
ïåðâóþ êðàåâóþ çàäà÷ó äëÿ íåëèíåéíîãî óðàâíåíèÿ òåïëîïðîâîä-
íîñòè ñ ïðîèçâîäíûìè äðîáíîãî ïîðÿäêà.

Çàäà÷à. Íàéòè ðåøåíèå óðàâíåíèÿ

ρ · c ·c Dα
0tT (x, t) = Dβ

x+(k(T )D
γ
x+T (x, t)) + f(T ) (1)

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ T (x, 0) = ϕ(x) è ãðàíè÷íûì
óñëîâèÿì

T (0, t) = µ1(t), T (1, t) = µ2(t).

Çäåñü cDα
0tT (x, t) = 1

Γ(1−α)

∫ t

0
T ′t(x,s)
(t−s)α

ds � ÷àñòíàÿ äðîáíàÿ ïðîèç-

âîäíàÿ Caputo [1], Dα
x+T (x, t) =

1
Γ(1−α)

∂
∂x

∫ x

0
T (x,s)
(t−s)α

ds - äðîáíàÿ ïðîèç-

âîäíàÿ Ðèìàíà-Ëèóâèëëÿ, 0 < α < 1,0 < β < 1, 0 < γ < 1, k(t), f(t)
� äîñòàòî÷íî ãëàäêèå ôóíêöèè, 0 < c1 ≤ k(t) ≤ c2.

Ðàññìîòðèì ñëó÷àé, êîãäà β = γ = 1, òî åñòü óðàâíåíèå âèäà:

ρ · c ·c Dα
0tT (x, t) =

∂

∂x

(
k(T )

∂

∂x
T (x, t)

)
+ f(T ). (2)

Âîñïîëüçîâàâøèñü àïïðîêñèìàöèåé äðîáíîé ïðîèçâîäíîé, äëÿ
çàäà÷è (2)

ρ · c · 1

Γ(2− α)

n∑
i=0

yi+1
m − yim

τ

(
t
(1−α)
(n−i+1) − t

(1−α)
(n−i)

)
=

1

h

(
knm+1/2

yn+1
m+1 − yn+1

m

h
− knm−1/2

yn+1
m − yn+1

m−1

h

)
+ f(ynm).

(3)

T 0
m = ϕ(xm), T

n
0 = µ1(tn), T

n
M = µ2(tn).

Ïîëó÷åííóþ ðàçíîñòíóþ ñõåìó ìîæíî ñâåñòè ê íàèáîëåå îáùåìó
âèäó:

Am · yn+1
m+1 +Bm · yn+1

m + Cm · yn+1
m−1 = Fm, (4)

ãäå Am =
kn
m+1/2

h2 , Cm =
kn
m−1/2

h2 , Bm =
kn
m+1/2

−kn
m−1/2

h2 +
ρc(t1−α

1 −t1−α
0 )

Γ(2−α)·τ ,

km+1/2 = k(ym)+k(ym+1)
2

,km−1/2 = k(ym−1)+k(ym)
2

, Fm = −ρ · c · 1
Γ(2−α)·τ×

×
(
ynm

(
t1−α
1 − t1−α

0

)
−

n−1∑
i=0

yi+1
m −yim

τ

(
t1−α
n−i+1 − t1−α

n−i

))
− f(ynm).
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Äîêàçàíà òåîðåìà.
Òåîðåìà. Íåÿâíàÿ ðàçíîñòíàÿ ñõåìà (3) áåçóñëîâíà óñòîé÷èâà.
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Â îáëàñòè Ω = {(x, y) : 0 < x < a, 0 < y < b}, a, b ≤ ∞
ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

Dα
0xu(x, y) + ADβ

0yu(x, y) = Bu(x, y) + f(x, y), (1)

ãäå Dγ
0t � îïåðàòîð äðîáíîãî (â ñìûñëå Ðèìàíà-Ëèóâèëëÿ) èíòå-

ãðîäèôôåðåíöèðîâàíèÿ ïîðÿäêà γ [1, ñ.9], α, β ∈ (0, 1), f(x, y) =
||f1(x, y), f2(x, y), ..., fn(x, y)|| è u(x, y) = ||u1(x, y), u2(x, y), ..., un(x, y)|| �
ñîîòâåòñòâåííî çàäàííûé è èñêîìûé n-ìåðíûå âåêòîðû, A è B �
çàäàííûå ïîñòîÿííûå ìàòðèöû ïîðÿäêà n.
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Â òðèäöàòûõ ãîäàõ XX-ãî âåêà àíãëèéñêèéìàòåìàòèê E.M.Wright
ââ¼ë ñëåäóþùóþ öåëóþ ôóíêöèþ

ϕ(ρ, µ; z) =
∞∑
k=0

zk

k!Γ(ρk + µ)
, ρ > −1, µ ∈ C

çàâèñÿùóþ îò äâóõ ïàðàìåòðîâ ρ è µ, çäåñü Γ(z) � ãàììà-ôóíêöèÿ
Ýéëåðà.

Îïðåäåëèì ôóíêöèþ ìàòðè÷íîãî àðãóìåíòà ñîîòâåòñòâóþùóþ
ôóíêöèè ϕ(ρ, µ;λz). Ïóñòü ìàòðèöà A ñ ïîìîùüþ ìàòðèöû H ïðè-
âîäèòñÿ ê æîðäàíîâîé íîðìàëüíîé ôîðìå J(λ), òî åñòü

A = HJ(λ)H−1,

ãäå J(λ) = diag[J1(λ1), ..., Jp(λp)] � êâàçèäèàãîíàëüíàÿ ìàòðèöà ñ
êëåòêàìè âèäà

Ji ≡ Ji(λi) =

∥∥∥∥∥∥∥∥
λi 1 . . . 0
0 λi . . . 0

0
. . .

...
λi

∥∥∥∥∥∥∥∥ ,
λ1, ..., λp � ñîáñòâåííûå ÷èñëà ìàòðèöû A.

Òîãäà ôóíêöèÿ Ðàéòà ìàòðè÷íîãî àðãóìåíòà îïðåäåëÿåòñÿ ñëå-
äóþùèì îáðàçîì

ϕ(ρ, µ;Az) = Hϕ(ρ, µ; J(λ)z)H−1,

ãäå

ϕ(ρ, µ; J(λ)z) = diag[ϕ(ρ, µ; J1(λ1)z), ..., ϕ(ρ, µ; Jp(λp)z)],

ϕ(ρ, µ; Ji(λi)z) =

∥∥∥∥∥∥∥∥∥
ϕ
(0)
ρ,µ(λiz) ϕ

(1)
ρ,µ(λiz) . . . ϕ

(ri)
ρ,µ (λiz)

0 ϕ
(0)
ρ,µ(λiz) . . . ϕ

(ri−1)
ρ,µ (λiz)

0
. . .

...

ϕ
(0)
ρ,µ(λiz)

∥∥∥∥∥∥∥∥∥ ,
ϕ(m)
ρ,µ (λz) =

1

m!

∂m

∂λm
ϕ(ρ, µ;λz) =

zm

m!
ϕ(ρ, µ− ρm;λz).

Ïóñòü âñå ñîáñòâåííûå ÷èñëà ìàòðèöû A ïîëîæèòåëüíû. Ñôîð-
ìóëèðóåì êðàåâóþ çàäà÷ó äëÿ ñèñòåìû (1).
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Çàäà÷à. Íàéòè ðåøåíèå u(x, y) ñèñòåìû (1), óäîâëåòâîðÿþùåå
ñëåäóþùèì êðàåâûì óñëîâèÿì:

lim
x→0

Dα−1
0x u = φ(y), 0 < y < b, (2)

lim
y→0

Dβ−1
0y u = ψ(x), 0 < x < a, (3)

ãäå φ(y), ψ(x) � çàäàííûå n-ìåðíûå âåêòîð-ôóíêöèè.
Â ðàáîòàõ [2], [3] çàäà÷à (1) � (3) èññëåäîâàíà äëÿ ñëó÷àÿ n = 1,

â ðàáîòàõ [3], [4] � â ñëó÷àå êîãäà A � åäåíè÷íàÿ ìàòðèöà.
Ðåãóëÿðíûì ðåøåíèåì ñèñòåìû (1) â îáëàñòè Ω íàçûâàåòñÿ âåê-

òîð-ôóíêöèÿ u(x, y) óäîâëåòâîðÿþùàÿ âî âñåõ òî÷êàõ (x, y) ∈ Ω

ñèñòåìå (1), òàêàÿ, ÷òî x1−αy1−βu(x, y) ∈ C(Ω), Dα
0xu,D

β
0yu ∈ C(Ω).

Ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà. Ïóñòü α, β ∈ (0; 1), x1−αψ(x) ∈ C[0; a], y1−βφ(y) ∈

C[0; b], x1−αy1−βf(x, y) ∈ C(Ω), f(x, y) óäîâëåòâîðÿåò óñëîâèþ Ãåëü-
äåðà ïî îäíîé èç ïåðåìåííûõ, è âûïîëíÿåòñÿ óñëîâèå ñîãëàñîâàíèÿ
lim
y→0

Dβ−1
0y φ(y) = lim

x→0
Dα−1

0x ψ(x). Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðå-

ãóëÿðíîå â îáëàñòè Ω ðåøåíèå çàäà÷è (1) � (3). Ðåøåíèå èìååò
âèä

u(x, y) =

x∫
0

G(x− t, y)Aψ(t)dt+

y∫
0

G(x, y − s)φ(s)ds+

+

y∫
0

x∫
0

G(x− t, y − s)f(t, s)dtds,

ãäå

G(x, y) =

∞∫
0

eBτ 1

x
ϕ(−α, 0; τx−α)

1

y
ϕ(−β, 0;Aτy−β).
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Ê ÂÎÏÐÎÑÓ Î ÏÐÈÌÅÍÅÍÈÈ ÄÐÎÁÍÎÃÎ
ÈÍÒÅÃÐÎÄÈÔÔÅÐÅÍÖÈÐÎÂÀÍÈß Â

ÌÎÄÅËÈÐÎÂÀÍÈÈ ÄÈÔÔÓÇÈÎÍÍÎ-ÄÐÅÉÔÎÂÎÃÎ
ÒÐÀÍÑÏÎÐÒÀ ÍÎÑÈÒÅËÅÉ ÇÀÐßÄÀ Â ÑËÎßÕ Ñ

ÔÐÀÊÒÀËÜÍÎÉ ÑÒÐÓÊÒÓÐÎÉ
c⃝ Ìàì÷óåâ Ìóõòàð Î.

Ôåäåðàëüíîå ãîñóäàðñòâåííîå áþäæåòíîå íàó÷íîå ó÷ðåæäåíèå
"Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè" (Ðîññèÿ, Íàëü÷èê)

e-mail: mamchuevmo@yandex.ru

Äëÿ îïèñàíèÿ ðàçëè÷íûõ ïðîöåññîâ ïåðåíîñà â ñðåäàõ ñ ôðàê-
òàëüíîé ñòðóêòóðîé â íàñòîÿùåå âðåìÿ øèðîêî ïðèìåíÿåòñÿ ìà-
òåìàòè÷åñêèé àïïàðàò äðîáíîãî èíòåãðîäèôôåðåíöèðîâàíèÿ [1-3].
Ýòî ïîçâîëÿåò çà ñ÷åò ââåäåíèÿ íîâîãî ïàðàìåòðà ìîäåëè � ïîðÿäêà
äðîáíîé ïðîèçâîäíîé � èçáåæàòü ÷èñëåííîãî ðåøåíèÿ ñëîæíûõ ñè-
ñòåì èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé è îáîãàùàåò îïèñàíèå
ñèñòåìû.

Áóäåì èñïîëüçîâàòü îïåðàòîð äðîáíîãî èíòåãðî-äèôôåðåíöèðî-
âàíèÿ Ðèìàíà-Ëèóâèëëÿ [1,4]:

Dα
stf(t) =


sign(t−s)

Γ(−α)

t∫
s

f(t′)

(t−t′)1+αdt′, α < 0,

f(t), α = 0,
signn(t− s) dn

dtn
Dα−n

st f(t), n− 1 < α ≤ n, n ∈ N,

à òàêæå ðåãóëÿðèçîâàííóþ äðîáíóþ ïðîèçâîäíóþ (ïðîèçâîäíóþ Êà-
ïóòî)

∂αstf(t) = signn(t− s)Dα−n
st

dnf(t)

dtn
, n− 1 < α ≤ n, n ∈ N,

ãäå Ã(α) � ãàììà-ôóíêöèÿ Ýéëåðà, α - ïîðÿäîê îïåðàòîðîâ.
Â ðàáîòå [3] äàåòñÿ âûâîä óðàâíåíèÿ äèôôóçèîííî-äðåéôîâîãî

òðàíñïîðòà íîñèòåëåé çàðÿäà (ÍÇ) áåç ó÷åòà ïðîöåññîâ ãåíåðàöèè è
ðåêîìáèíàöèè, êîòîðîå èìååò âèä

∂α0tρ−
∂2ρ

∂x2
+ a

∂ρ

∂x
= 0, (1)
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ãäå ρ(x, t) � ïëîòíîñòü çàðÿäà, a = µE
√

τ
D
= const, τ � âðåìÿ æèçíè

ÍÇ, ïðîñòðàíñòâåííàÿ ïåðåìåííàÿ x ÿâëÿåòñÿ áåçðàçìåðíîé (îòíå-

ñåíà ê
√
Dτ). Åñëè â íà÷àëüíûé ìîìåíò âðåìåíè ïëîòíîñòü çàðÿäà

ðàâíà ρ0(x), òî ôóíêöèÿ ρ(x, t) îïðåäåëÿåòñÿ êàê ðåøåíèå çàäà÷è
Êîøè ñ íà÷àëüíûì óñëîâèåì

ρ(x, 0) = ρ0(x). (2)

Ðåøåíèå çàäà÷è (1), (2) èìååò âèä [3,4]

ρ(x, t) =

∞∫
−∞

ρ0(ξ)D
α−1
0t k(x− ξ, t)dξ, (3)

ãäå

k(x, t) =
exp(a x/2)

2t

∞∫
|x|

ϕ

(
−α
2
, 0; − t′

tα/2

)
J0

(
a
√
t′2 − x2

2

)
dt′,

ϕ(α, β; t) =
∞∑
n=0

tn

n! Γ(αn+β)
è J0(t) =

∞∑
n=0

1
n! Γ(n+1)

(
t
2

)2n
� ôóíêöèè Ðàé-

òà è Áåññåëÿ ñîîòâåòñòâåííî.
Â íàñòîÿùåé ðàáîòå ïðîâîäèòñÿ èññëåäîâàíèå ìîäåëè äèôôóçèîí-

íî-äðåéôîâîãî òðàíñïîðòà íîñèòåëåé çàðÿäà â ñëîÿõ ñ ôðàêòàëüíîé
ñòðóêòóðîé. Ïîêàçàíî, ÷òî äëÿ ïëîòíîñòè çàðÿäà ρ(x, t) âûïîëíÿ-
åòñÿ ñëåäóþùèé çàêîí ñîõðàíåíèÿ çàðÿäà

∞∫
−∞

ρ(x, t)dx =

∞∫
−∞

ρ0(x)dx.

Ýòî ñâîéñòâî ÿâëÿåòñÿ íåîáõîäèìûì äëÿ ïðèìåíåíèÿ óðàâíåíèÿ (1)
äëÿ ìîäåëèðîâàíèè ïåðåíîñà çàðÿäà â ôðàêòàëüíûõ ïîëóïðîâîäíè-
êîâûõ ñòðóêòóðàõ.
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ÂÛÐÎÆÄÀÞÙÅÃÎÑß ÓÐÀÂÍÅÍÈß ÑÌÅØÀÍÍÎÃÎ
ÒÈÏÀ

c⃝ Ìàðòåìüÿíîâà Í.Â.
Ñàìàðñêèé ãîñóäàðñòâåííûé ñîöèàëüíî-ïåäàãîãè÷åñêèé óíèâåðñèòåò

(Ðîññèÿ, Ñàìàðà)
e-mail: ninamartem@yandex.ru

Ðàññìîòðèì óðàâíåíèå òèïà ×àïëûãèíà ñ íåèçâåñòíîé ïðàâîé
÷àñòüþ

Lu ≡ K(y)uxx + uyy − b2K(y)u = f(x) (1)

â ïðÿìîóãîëüíîé îáëàñòè D = {(x, y)| 0 < x < 1,−α < y < β},
ãäå K(y) = sgny · |y|n, n > 0, α > 0, β > 0, b > 0 � çàäàííûå
äåéñòâèòåëüíûå ÷èñëà, è ïîñòàâèì ñëåäóþùóþ îáðàòíóþ çàäà÷ó ñ
íåëîêàëüíûì ãðàíè÷íûì óñëîâèåì.

Îáðàòíàÿ çàäà÷à. Íàéòè â îáëàñòè D ôóíêöèè u(x, y) è f(x),
óäîâëåòâîðÿþùèå óñëîâèÿì:

u ∈ C1(D) ∩ C2(D− ∪D+); (2)

f(x) ∈ C(0, 1) ∩ L2[0, 1]; (3)

Lu = f(x), (x, y) ∈ D− ∪D+; (4)

u(0, y) = u(1, y), ux(0, y) = 0, −α ≤ y ≤ β; (5)

u(x, β) = φ(x), u(x,−α) = ψ(x), 0 ≤ x ≤ 1; (6)

uy(x,−α) = g(x), 0 ≤ x ≤ 1, (7)

ãäå φ(x), ψ(x) è g(x)� çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè,
φ(0) = φ(1), ψ(0) = ψ(1), φ′(0) = ψ′(0) = 0, D+ = D ∩ {y > 0},
D− = D ∩ {y < 0} .
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Â äàííîé ðàáîòå, ñëåäóÿ [1-3], óñòàíîâëåí êðèòåðèé åäèíñòâåí-
íîñòè ïîñòàâëåííîé îáðàòíîé çàäà÷è.

Òåîðåìà. Åñëè ñóùåñòâóåò ðåøåíèå çàäà÷è (2) � (7), òî îíî
åäèíñòâåííî òîãäà è òîëüêî òîãäà, êîãäà ïðè âñåõ k ∈ N0 = N∪{0}
âûïîëíåíû óñëîâèÿ

∆(k) = ω+
k (β)

√
αγk[J 1

2q
(pkα

q)Y 1
2q

−1(pkα
q)−J 1

2q
−1(pkα

q)Y 1
2q

−1(pkα
q)]+

+ω−
k (−α)

√
βγk[I 1

2q
(pkβ

q)Y 1
2q

−1(pkα
q) +K 1

2q
(pkβ

q)J 1
2q

−1(pkα
q)]+

+ω−′

k (−α)
√
αβ[I 1

2q
(pkβ

q)Y 1
2q
(pkα

q) +K 1
2q
(pkβ

q)J 1
2q
(pkα

q)] ̸= 0, (8)

ãäå

ω+
k (y) =

1

q

√
yI 1

2q
(pky

q)

∫ y

0

√
tK 1

2q
(pkt

q)dt−

−1

q

√
yK 1

2q
(pky

q)

∫ y

0

√
tI 1

2q
(pkt

q)dt, y > 0,

ω−
k (y) =

π

2q

√
−yJ 1

2q
(pk(−y)q)

∫ y

0

√
−tY 1

2q
(pk(−t)q)dt−

− π

2q

√
−yY 1

2q
(pk(−y)q)

∫ y

0

√
−tJ 1

2q
(pk(−t)q)dt, y < 0,

Y 1
2q
(pk(−yq)) =

π

2 sin π
2q

(J 1
2q
(pk(−yq)) + J− 1

2q
(pk(−yq))),

Y 1
2q
(pk(−yq)) =

π

2 sin π
2q

(J 1
2q

−1(pk(−y)q) + J− 1
2q

−1(pk(−y)q)),

Jν(z), Yν(z) � ôóíêöèè Áåññåëÿ, Iν(z), Kν(z) � ìîäèôèöèðîâàííûå

ôóíêöèè Áåññåëÿ, γk = pkqα
q− 1

2 , pk =
√
b2 + (2πk)2/q, q = (n+2)/2.

Åäèíñòâåííîñòü ðåøåíèÿ äîêàçàíà íà îñíîâå ïîëíîòû ñèñòåìû
ôóíêöèé

2(1− x), 4(1− x) cos 2πkx, 4 sin 2πkx k = 1, 2, ...

â ïðîñòðàíñòâå L2[0, 1].
Â ñëó÷àå, êîãäà ïðè íåêîòîðûõ α, β è k = l ∈ N0 íàðóøåíî

óñëîâèå (8), ò. å. ∆(l) = 0, ïîñòðîåíî íåíóëåâîå ðåøåíèå ñîîòâåòñò-
âóþùåé îäíîðîäíîé çàäà÷è (2) � (7), ïðè φ(x) = ψ(x) = g(x) ≡ 0,

ul(x, y) = ul(y) cos 2πlx, fl(x) = fl cos 2πlx,

203



ãäå

ul(y) =



fl
Bl(α,y)

[
√
βyω−

l (−α)Al(y, β)−
√
αyω+

l (β)Bl(y, β))+

+
√
αβω+

l (y)Bl(α, β)], y > 0,

fl
Bl(α,y)

[−
√
−βyω−

l (−α)Bl(−y, β)−
√
−αyω+

l (β)Gl(α,−y))+
+
√
αβω+

l (y)Bl(α, β)], y < 0,

Al(y1, y2) = I 1
2q
(ply

q
1)K 1

2q
(ply

q
2)−K 1

2q
(ply

q
1)I 1

2q
(ply

q
2),

Bl(y1, y2) = I 1
2q
(ply

q
2)Y 1

2q
(ply

q
1) +K 1

2q
(ply

q
2)J 1

2q
(ply

q
1),

Gl(y1, y2) = J 1
2q
(ply

q
2)Y 1

2q
−1(ply

q
1)− J 1

2q
−1(ply

q
1)Y 1

2q
(ply

q
2),

fl � íå ðàâíàÿ íóëþ ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé, ïðîåêò � 16-31-00421.
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Ðàññìîòðèì â îáëàñòè Ω = {(x, y) : 0 < x < r, −a < y < b},
a, b > 0, óðàâíåíèå

∂2u

∂x2
− ∂αu

∂yα
= 0, 1 < α < 2, (1)

ãäå ∂αu
∂yα

= Dα−2
0y uyy, D

α−2
0y �îïåðàòîð äðîáíîãî èíòåãðî-äèôôåðåí-

öèðîâàíèÿ Ðèìàíà-Ëèóâèëëÿ ïîðÿäêà 2− α [1, c. 9].
Ðàíåå, óðàâíåíèå (1) ðàññìàòðèâàëîñü â ðàáîòàõ [2] è [3]. Â óêà-

çàííûõ ðàáîòàõ ïîëó÷åíû óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè çà-
äà÷è Äèðèõëå äëÿ óðàâíåíèÿ (1) â ñëó÷àå y > 0 â ïðÿìîóãîëü-
íîé îáëàñòè. Â äàííîé ðàáîòå ïîëó÷åíî íåîáõîäèìîå è äîñòàòî÷íîå
óñëîâèå åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ
(1) â îáëàñòè Ω.

Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â îáëàñòè Ω íàçîâåì ôóíê-

öèþ u = u(x, y) òàêóþ, ÷òî u ∈ C1(Ω̄), ôóíêöèè ∂2u
∂x2 ,

∂αu
∂yα

ÿâëÿþòñÿ

íåïðåðûâíûìè â îáëàñòè Ω çà èñêëþ÷åíèåì òî÷åê (x, 0), 0 < x < r.
Çàäà÷à. Íàéòè â îáëàñòè Ω ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ

(1), óäîâëåòâîðÿþùåå óñëîâèÿì

u(0, y) = u(r, y) = 0, (2)

u(x,−a) = u(x, b) = 0. (3)

Ðàññìîòðèì ôóíêöèþ òèïà Ìèòòàã-Ëåôôëåðà [4, c. 12]

E1/α(z;µ) =
∞∑
k=0

zk

Γ(αk + µ)
.

Òåîðåìà. Äëÿ òîãî, ÷òîáû çàäà÷à (1)- (3) èìåëà òîëüêî òðè-
âèàëüíîå ðåøåíèå íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

bE1/α(−λnbα; 2)E1/α(−λnaα; 1) + aE1/α(−λnaα; 2)E1/α(−λnbα; 1) ̸= 0,

ãäå λn =
(
πn
r

)2
, n = 1, 2, ...

Òåîðåìà äîêàçàíà ìåòîäîì, ïðåäëîæåííûì â ðàáîòå [5]. Ïðè
α = 2 ïîëó÷åííîå óñëîâèå åäèíñòâåííîñòè ñîãëàñóåòñÿ ñ êëàññè-
÷åñêèì ðåçóëüòàòîì Áóðãèíà è Äóôôèíà äëÿ åäèíñòâåííîñòè ðå-
øåíèÿ çàäà÷è Äèðèõëå äëÿ âîëíîâîãî óðàâíåíèÿ [6].
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1. Introduction.
In this paper, we consider the following Cauchy problem to a quasi-

linear degenerate parabolic system not in divergence form:

∂u
∂t

= vm 1∇
(∣∣∇uk∣∣p−2∇un

)
,

∂v
∂t

= um 2∇
(∣∣∇vk∣∣p−2∇vn

)
,
t > 0, x ∈ RN , (1)

u|t=0 = u0 (x) ≥ 0, v|t=0 = v0 (x) ≥ 0, x ∈ RN , (2)

where p, m1, m2, k, n - are positive constants, N ≥ 1.
Comparing with the classical divergence form equations are more

close to the actual circumstances in some cases. For example, for the
biological species, the di�usion of divergence form implies that the
species is able to move to all locations within its environment with
equal probability, but if we consider this problem with the objective
conditions, the population density will a�ects the rate of di�usion, so
a kind of 'biased' di�usion equation will be more realistic, for the non-
divergence form di�usion, the di�usion rate is regulated by population
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density, that is increasing for large populations and decreasing for small
populations.

System (1) has been suggested as a mathematical model for a variety
of physical problems (see [1-5, 7-8]).

For instance, this system can be used to describe the development
of multiple groups in the dynamics of biological groups, where u and v
are the densities of the di�erent groups (see [1]).

Porous medium equations with local sources or with nonlocal sources
subjected to nonlocal boundary conditions were studied (see [9-11]).
They discussed the conditions of existence and blow-up.

2. Comparison principle and global solvability of solutions.
Let 1− α1 (k (p− 2) + n− 1)− α2m1 > 0, α1 > 0, α2 > 0 and

α1 (k (p− 2) + n− 1) + α2m1 = α2 (k (p− 2) + n− 1) + α1m2 .

Then we introduce the notations:

hi =
αi

1−αi(k(p−2)+n−1)−α3−imi
, γi =

(p−1)(k(p−2)+n−1−mi)

(k(p−2)+n−1)2−m1m2
, i = 1, 2.

Applying the method of comparison of solutions [12] and method
of standard equations [6] we obtain the estimates of the solution of
problem (1)-(2).

Theorem. Let k (p− 2) + n > m + 1, m = max{m1,m2}, γi >
miγ3−i, −N

p
γi

γi−miγ3−i
+ hi ≤ 0, i = 1, 2, u+ (0, x) ≥ u0 (x) , v+ (0, x) ≥

v0 (x) , x ∈ R. Then the problem (1) - (2) has a global solution with
estimate u (t, x) ≤ u+ (t, x) , v (t, x) ≤ v+ (t, x) , where

u+ (t, x) = A(T + t)−α1

(
a− h

− 1
p−1

1 α
1

p−1
1 |x|

p
p−1

(T+t)
1−α1(k(p−2)+n−1)−α2m1

p−1

)γ1

+

,

v+ (t, x) = B(T + t)−α2

(
a− h

− 1
p−1

1 α
1

p−1
1 |x|

p
p−1

(T+t)
1−α1(k(p−2)+n−1)−α2m1

p−1

)γ2

+

,

Ak(p−2)+n−1Bm1 = p−1
p2n(γ1−m1γ2)

∣∣∣ p−1
pkγ1

∣∣∣p−2

,

Bk(p−2)+n−1Am2 = p−1
p2n(γ2−m2γ1)

∣∣∣ p−1
pkγ2

∣∣∣p−2

, (b)+ = max(0, b) .

Proof. We prove properties of a global solvability of weak solutions
of the system (1) using a comparison principle (see [12]). For this goal
we construct a new system of equation using the standard equation
method as in [6]:

u (t, x) = (T + t)−α1f(ξ), v (t, x) = (T + t)−α2ϕ(ξ),

where ξ =
h
− 1

p
1 α

1
p
1 |x|

(T+t)
1−α1(k(p−2)+n−1)−α2m1

p

, f(ξ) = A
(
a− ξ

p
p−1

)γ1
+
,
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ϕ(ξ) = B
(
a− ξ

p
p−1

)γ2
+
, Ak(p−2)+n−1Bm1 = p−1

p2n(γ1−m1γ2)

∣∣∣ p−1
pkγ1

∣∣∣p−2

,

Bk(p−2)+n−1Am2 = p−1
p2n(γ2−m2γ1)

∣∣∣ p−1
pkγ2

∣∣∣p−2

.

It is easy to check that

Lu+ (t, x) =
(
−N

p
γ1

γ1−m1γ2
+ h1

)
f (ξ) ,

Lv+ (t, x) =
(
−N

p
γ2

γ2−m2γ1
+ h2

)
ϕ (ξ) .

From this expression it follows that for execution the inequalities
Lu+ ≤ 0, Lv+ ≤ 0 is satisfaction of the conditions −N

p
γi

γi−miγ3−i
+

hi ≤ 0, i = 1, 2. By the conditions of the theorem last inequalities are
satis�ed. Then, by theorem comparison of solutions for the problem
(1)-(2) there is a global solution in t > 0, x ∈ RN and for him the
following estimation u+ (t, x) ≥ u (t, x) , v+ (t, x) ≥ v (t, x) , x ∈ RN is
hold.

The proof of the theorem is complete.
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Äèíàìè÷åñêîå ïðîãðàììèðîâàíèå ïðåäñòàâëÿåò ñîáîé ñïîñîá ðå-
øåíèÿ ñëîæíûõ çàäà÷ ïóòåì ðàçáèåíèÿ èõ íà áîëåå ïðîñòûå ïîäçà-
äà÷è. Â áîëüøèíñòâå ñëó÷àåâ ìíîãèå èç ýòèõ ïîäçàäà÷ îäèíàêîâû.
Ìåòîä äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ çàêëþ÷àåòñÿ â òîì, ÷òî-
áû âûïîëíèòü äåéñòâèÿ êàæäîé ïîäçàäà÷è òîëüêî îäèí ðàç, òåì
ñàìûì ñîêðàòèâ êîëè÷åñòâî âû÷èñëåíèé. Äàííûé ñïîñîá îñîáåííî
ïîëåçåí â ñëó÷àÿõ, êîãäà ÷èñëî ïîâòîðÿþùèõñÿ ïîäçàäà÷ äîñòàòî÷-
íî âåëèêî.

Îïòèìàëüíàÿ ïîäñòðóêòóðà â äèíàìè÷åñêîì ïðîãðàììèðîâàíèè
îçíà÷àåò, ÷òî îïòèìàëüíîå ðåøåíèå ïîäçàäà÷ ìåíüøåãî ðàçìåðà ìî-
æåò áûòü ïðèìåíåíî äëÿ âûïîëíåíèÿ èñõîäíîé çàäà÷è. Ðåøèòü åå
ìîæíî âûïîëíèâ ñëåäóþùèå òðè øàãà:

Ðàçäåëåíèå çàäà÷è íà îòäåëüíûå ÷àñòè ìåíüøåãî ðàçìåðà.
Íàõîæäåíèå îïòèìàëüíîãî ðåøåíèÿ ïîäçàäà÷, ðåøàÿ òàêîé æå

àëãîðèòì â òðè ýòàïà.
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Ïðèìåíåíèå ïîëó÷åííîãî ðåøåíèÿ ïîäçàäà÷ äëÿ âûïîëíåíèÿ ãëàâ-
íîé çàäà÷è.

Äèíàìè÷åñêîå ïðîãðàììèðîâàíèå ÿâëÿåòñÿ ðàçäåëîì ìàòåìàòè-
÷åñêîãî ïðîãðàììèðîâàíèÿ, èçó÷àþùèì îáúåäèíåíèå ïðèåìîâ, ìå-
òîäîâ è ñïîñîáîâ, êîòîðûå äàþò âîçìîæíîñòü íàéòè îïòèìàëüíîå
ðåøåíèå çàäà÷è, îñíîâàííîå íà ðàñ÷åòå ïîñëåäñòâèé êàæäîãî ðåøå-
íèÿ è èññëåäîâàíèÿ íàèëó÷øåé ñòðàòåãèè äëÿ äàëüíåéøèõ ðåøå-
íèé.

Ðåøåíèå äèíàìè÷åñêèì ïðîãðàììèðîâàíèåì ÿâëÿåòñÿ ìíîãîóðîâ-
íåâûì, ïîýòîìó äàííûé òåðìèí íå òîëüêî îïðåäåëÿåò îñîáûé âèä
çàäà÷, à òàêæå õàðàêòåðèçóåò ñïîñîáû íàõîæäåíèÿ ðåøåíèé îòäåëü-
íûõ êëàññîâ çàäà÷ ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ.

Ñóùåñòâóþò äâà êëàññà çàäà÷, ãäå ìåòîäû è ñïîñîáû äèíàìè÷å-
ñêîãî ïðîãðàììèðîâàíèÿ èñïîëüçóþòñÿ íàèáîëåå óäà÷íî.

Ê ïåðâîìó êëàññó îòíîñÿòñÿ çàäà÷è ïëàíèðîâàíèÿ äåÿòåëüíî-
ñòè ýêîíîìè÷åñêîãî îáúåêòà: ïðåäïðèÿòèÿ, îòðàñëè è ò.ï., ñ ó÷åòîì
èçìåíåíèÿ ïîòðåáíîñòè â âûïóñêàåìîé ïðîäóêöèè âî âðåìåíè.

Êî âòîðîìó êëàññó çàäà÷ ìîæíî îòíåñòè òå, êîòîðûå íàèëó÷øèì
ñïîñîáîì ðàñïðåäåëÿþò ðåñóðñû ìåæäó ðàçëè÷íûìè íàïðàâëåíèÿ-
ìè âî âðåìåíè.

Ñïîñîáû äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ äîñòèãàþò íàèëó÷-
øèé ðåçóëüòàò òàì, ãäå ïî óñëîâèþ çàäà÷è íåîáõîäèìî ïðèíèìàòü
ðåøåíèÿ ïîýòàïíî.

Â îáùåì âèäå çàäà÷à äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ çàêëþ-
÷àåòñÿ â îïòèìàëüíîì ðàñïðåäåëåíèè êàïèòàëîâëîæåíèé ñ öåëüþ
ïîëó÷åíèÿ ìàêñèìàëüíîé ïðèáûëè. Ïëàíèðóåòñÿ ðàñïðåäåëåíèå íà-
÷àëüíîé ñóììû ñðåäñòâ E0 ìåæäó n ïðåäïðèÿòèÿìè. Ïðåäïîëàãà-
åòñÿ, ÷òî âûäåëåííûå ïðåäïðèÿòèþ â íà÷àëå ïëàíîâîãî ïåðèîäà
ñðåäñòâà Ï1, Ï2, . . . , Ïn ïðèíîñÿò äîõîä Fk(Ïk) ïðè k=1, 2, . . . ,
n. Äîõîä, ïîëó÷åííûé îò âëîæåíèÿ ñðåäñòâ â êàæäîå ïðåäïðèÿòèå,
íå çàâèñèò îò âëîæåíèÿ ñðåäñòâ â äðóãèå ïðåäïðèÿòèÿ, à îáùèé äî-
õîä ðàâåí ñóììå äîõîäîâ, ïîëó÷åííûõ îò âñåõ ñðåäñòâ, âëîæåííûõ
âî âñå ïðåäïðèÿòèÿ.

Ìàòåìàòè÷åñêàÿ ìîäåëü çàäà÷è ñëåäóþùàÿ:

Z =
n∑

k=1

Fk(Ïk) → max

ïðè îãðàíè÷åíèÿõ Ï1 +Ï2 + ...+Ïn = Å0, Ïk ≥ 0, k = 1, n.
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Â ðàáîòå èññëåäóåòñÿ ðåàëèçàöèÿ ìåòîäà äèíàìè÷åñêîãî ïðî-
ãðàììèðîâàíèÿ äëÿ ðåøåíèÿ çàäà÷è î ðàñïðåäåëåíèè ðåñóðñîâ â
ðàçìåðå 1 000 óñëîâíûõ åäèíèö (Å0) ìåæäó òðåìÿ ïðåäïðèÿòèÿ-
ìè (n) çà ÷åòûðå âðåìåííûõ ïåðèîäà. Ïðåäïîëîæèì, ÷òî ïðèáûëü
(Ï1) ïåðâîãî ïðåäïðèÿòèÿ ñîñòàâëÿåò 10% îò ðàçìåðà èíâåñòèðó-
åìîé ñóììû â êàæäûé âðåìåííîé ïåðèîä, ïðèáûëü (Ï2) âòîðîãî
ïðåäïðèÿòèÿ � 20%, ïðèáûëü (Ï3) òðåòüåãî � 30%. Òðåáóåòñÿ îïðå-
äåëèòü ïðè êàêîì èíâåñòèðîâàíèè áóäåò ïîëó÷åíà ìàêñèìàëüíàÿ
ïðèáûëü (Z).

Ïðîàíàëèçèðîâàâ ðåçóëüòàòû äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ,
ïîëó÷åíî, ÷òî ïðè ÷åòûðåõêðàòíîì âëîæåíèè äåíåæíûõ ñðåäñòâ
äëÿ îáåñïå÷åíèÿ ìàêñèìàëüíîãî äîõîäà, ðàâíîãî 150 óñëîâíûõ åäè-
íèö, èíâåñòèöèè â ðàçìåðå 1000 óñëîâíûõ åäèíèö íåîáõîäèìî ðàñ-
ïðåäåëèòü ñëåäóþùèì îáðàçîì: ïåðâîìó ïðåäïðèÿòèþ âûäåëèòü
250, âòîðîìó � 250, òðåòüåìó � 500 óñëîâíûõ åäèíèö.

Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ïîëó÷åíû òàêæå ðå-
çóëüòàòû ðàñïðåäåëåíèÿ èíâåñòèöèé íà äâà, ïÿòü è äåñÿòü ïåðèî-
äîâ. Ìàêñèìàëüíàÿ ïðèáûëü îò âëîæåíèÿ äåíåæíûõ èíâåñòèöèé â
ñóììå 1 000 óñëîâíûõ åäèíèö îæèäàåòñÿ ïðè äâóêðàòíîì âëîæå-
íèè. Äëÿ ýòîãî ïðåäïðèÿòèþ, äîõîäíîñòü êîòîðîãî ñîñòàâëÿåò 30%
îò ñóììû îäíîêðàòíîãî âëîæåíèÿ íåîáõîäèìî âûäåëèòü 600 óñëîâ-
íûõ äåíåæíûõ åäèíèö, à äâóì äðóãèì ïðåäïðèÿòèÿì � ïî 200. Â
ýòîì ñëó÷àå áóäåò ïîëó÷åíà ïðèáûëü â ðàçìåðå 250 óñëîâíûõ åäè-
íèö. Ñàìàÿ ìàëåíüêàÿ ïðèáûëü îæèäàåòñÿ â ñëó÷àå ñàìîãî áîëü-
øîãî êîëè÷åñòâà ïåðèîäîâ èíâåñòèðîâàíèÿ.

Òàêèì îáðàçîì, ìîæíî ñäåëàòü âûâîä, ÷òî óâåëè÷åíèå êîëè÷å-
ñòâà ïåðèîäîâ âëîæåíèÿ èíâåñòèöèîííûõ ñðåäñòâ â ïðåäñòàâëåííîì
ñîîòíîøåíèè ïðèâîäèò ê çíà÷èòåëüíîìó ñíèæåíèþ îæèäàåìîé ïðè-
áûëè. Èñïîëüçîâàíèå ìåòîäà äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ è
êîìïüþòåðíûõ òåõíîëîãèé ïîçâîëÿåò ñíèçèòü çàòðàòû âðåìåíè ïðè
ïðèíÿòèè ðåøåíèé ïî îïòèìàëüíîìó ðàñïðåäåëåíèþ èíâåñòèöèé.
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I.Ïîñòàíîâêà çàäà÷è F. Ïóñòü D− êîíå÷íàÿ îäíîñâÿçíàÿ îá-
ëàñòü êîìïëåêñíîé ïëîñêîñòè z = x + iy, îãðàíè÷åííàÿ ïðè y > 0
íîðìàëüíîé êðèâîé σ0(y = σ0(x)) : x

2+4(m+2)−2ym+2 = 1, ñ êîíöà-
ìè â òî÷êàõ A(−1, 0), B(1, 0), à ïðè y < 0 - õàðàêòåðèñòèêàìè AC
è BC óðàâíåíèÿ

(signy)|y|muxx + uyy −
m

2y
uy = 0, (1)

ãäå ïîñòîÿííàÿ m > 0.
Îáîçíà÷èì ÷åðåç D+ è D− ÷àñòè îáëàñòè D, ëåæàùèå ñîîòâåò-

ñòâåííî â ïîëóïëîñêîñòÿõ y > 0 è y < 0, à ÷åðåç C0 òî÷êó ïåðåñå-
÷åíèÿ õàðàêòåðèñòèêà AC ñ õàðàêòåðèñòèêîé, âûõîäÿùåé èç òî÷êè
E(c, 0), ãäå c ∈ I = (−1, 1)− èíòåðâàë îñè y = 0.

Ïóñòü p(x) = ax − b è q(x) = a − bx ëèíåéíûå äèôôåîìîð-
ôèçìû èç ìíîæåñòâà òî÷åê îòðåçêà [−1, 1] âî ìíîæåñòâî òî÷åê îò-
ðåçêà [−1, c] è [c, 1] ñîîòâåòñòâåííî, ïðè÷åì p(−1) = −1, p(1) = c,
q(−1) = 1, q(1) = c, ãäå a = (1 + c)/2, b = (1− c)/2.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ êîððåêòíîñòè çàäà-
÷è ñ àíàëîãàìè òèïà óñëîâèÿ Ôðàíêëÿ [1,2,3,4] íà õàðàêòåðèñòèêå
AC è îòðåçêå âûðîæäåíèÿ AB.

Çàäà÷à F . Òðåáóåòñÿ íàéòè â îáëàñòè D ôóíêöèþ u(x, y) ∈
∈ C

(
D
)
, óäîâëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì:

1) ôóíêöèÿ u(x, y) ïðèíàäëåæèò C2 (D+) è óäîâëåòâîðÿåò óðàâ-
íåíèþ (1) â îáëàñòè D+;

2) ôóíêöèÿ u(x, y) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì êëàññà
R1(τ

′(x), ν(x) ∈ H) (îïðåäåëåíèå äëÿ τ(x) è ν(x) ñì.íèæå);
3) íà èíòåðâàëå âûðîæäåíèÿ AB èìååò ìåñòî óñëîâèå ñîïðÿ-

æåíèÿ

lim
y→−0

(−y)−m/2∂u

∂y
= lim

y→+0
y−m/2∂u

∂y
, x ∈ I, (2)
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ïðè÷åì ýòè ïðåäåëû ïðè x = ±1 ìîãóò èìåòü îñîáåííîñòè ïîðÿä-
êà íèæå åäèíèöû;

4) âûïîëíåíû óñëîâèÿ

u(x, y) |σ0= φ(x), x ∈ I, (3)

u[θ(p(x))]− u[θ(q(x))] = ψ(x), x ∈ I, (4)

u(p(x), 0)− u(q(x), 0) = f(x), x ∈ I, (5)

ãäå

θ(x0) =
x0 − 1

2
− i

[
(m+ 2)(1 + x0)

4

]2/(m+2)

,

� àôôèêñ òî÷êè ïåðåñå÷åíèÿ õàðàêòåðèñòèêè AC c õàðàêòåðèñòè-
êîé, èñõîäÿùåé èç òî÷êè M0(x0, 0), x0 ∈ I [5,6]. Çàäàííûå ôóíê-
öèè ψ(x), f(x) ∈ C[−1, 1] ∩ C1,α0(−1, 1), φ(x) ∈ C0,α0 [−1, 1] ïðè÷åì
φ(x) = (1− x2)φ0(x), φ0(x) ∈ C0,α0 [−1, 1].

Çàìåòèì, ÷òî óñëîâèÿ (4) è (5) ñîîòâåòñòâåííî ÿâëÿþòñÿ àíàëî-
ãàìè óñëîâèÿ Ôðàíêëÿ [1] íà êóñêàõ AC0 è C0C õàðàêòåðèñòèêè
AC è íà ÷àñòÿõ AE è EB îòðåçêà âûðîæäåíèÿ AB. Óñëîâèå (5) ñ
èñïîëüçîâàíèåì îáîçíà÷åíèÿ u(x, 0) = τ(x) ïðèíèìàåò âèä

τ(p(x))− τ(q(x)) = f(x), x ∈ I. (5∗)

II.Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è F. Ôîðìóëà Äàëàìáå-
ðà, äàþùàÿ â îáëàñòè D− ðåøåíèå âèäîèçìåíåííîé çàäà÷è Êîøè ñ
íà÷àëüíûìè äàííûìè

u(x, 0) = τ(x), x ∈ I; lim
y→−0

(−y)−m/2∂u

∂y
= ν(x), x ∈ I,

èìååò âèä [7, c.39]

u(x, y) =
1

2

[
τ

(
x− 2

m+ 2
(−y)(m+2)/2

)
+ τ

(
x+

2

m+ 2
(−y)(m+2)/2

)]
−

−(−y)(m+2)/2

m+ 2

∫ 1

−1

ν

[
x+

2t

m+ 2
(−y)(m+2)/2

]
dt. (6)

Ñ ïîìîùüþ ôîðìóëû Äàëàìáåðà (6) íåòðóäíî âû÷èñëèòü çíà÷å-
íèÿ

u[θ(p(x))] =
τ(−1) + τ(p(x))

2
− 1

2

∫ p(x)

−1

ν(t)dt, (7)
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u[θ(q(x))] =
τ(−1) + τ(q(x))

2
− 1

2

∫ q(x)

−1

ν(t)dt, (8)

Ïîäñòàâëÿÿ òåïåðü ôóíêöèè (7) è (8) â êðàåâîå óñëîâèå (4), ñ
ó÷åòîì ðàâåíñòâà (5∗) èìååì

aν(p(x)) + bν(q(x)) = Ψ1(x), x ∈ I, (9)

ãäå Ψ1(x) = f(x)− 2ψ(x).
Ñîîòíîøåíèå (9) ÿâëÿåòñÿ ïåðâûì ôóíêöèîíàëüíûì ñîîòíîøå-

íèåì ìåæäó íåèçâåñòíûìè ôóíêöèÿìè τ(x) è ν(x), ïðèâíåñåííîå
íà èíòåðâàë I = (−1, 1) îñè y = 0 èç îáëàñòè D−.

Àíàëîãîì ïðèíöèïà ýêñòðåìóìà À.Â.Áèöàäçå ÿâëÿåòñÿ
Òåîðåìà 1. Ðåøåíèå u(x, y) çàäà÷è F , ïðè âûïîëíåíèè óñëîâèé

ψ(x) ≡ 0, f(x) ≡ 0 ñâîåãî íàèáîëüøåãî ïîëîæèòåëüíîãî çíà÷å-
íèÿ (ÍÏÇ) èëè íàèìåíüøåãî îòðèöàòåëüíîãî çíà÷åíèÿ (ÍÎÇ) â

çàìêíóòîé îáëàñòè D
+
ìîæåò ïðèíèìàòü òîëüêî â òî÷êàõ íîð-

ìàëüíîé êðèâîé σ0.
Äîêàçàòåëüñòâî. Ïóñòü ôóíêöèÿ u(x, y) óäîâëåòâîðÿåò óñëî-

âèÿì òåîðåìû 1. Â ñèëó ïðèíöèïà Õîïôà [8, c.25] ðåøåíèå u(x, y)
óðàâíåíèÿ (1) ñâîåãî ÍÏÇ âî âíóòðåííèõ òî÷êàõ îáëàñòè D+ íå
äîñòèãàåò.

Ïóñòü ðåøåíèå u(x, y) ñâîåãî ÍÏÇ äîñòèãàåò âî âíóòðåííåé òî÷-
êå P (ξ0, 0) èíòåðâàëà I. Òîãäà â ñèëó ñîîòâåòñòâóþùåãî îäíîðîäíî-
ãî óñëîâèÿ (5∗) (ñ f(x) ≡ 0) ðåøåíèå u(x, y) ñâîåãî ÍÏÇ äîñòèãàåò
â äâóõ òî÷êàõ: (p(x0), 0) è (q(x0), 0), ñëåäîâàòåëüíî, â ýòèõ òî÷êàõ
ν(p(x0)) < 0, ν(q(x0)) < 0 [7,c.74]. Îòñþäà ñëåäóåò, ÷òî

aν(p(x0)) + bν(q(x0)) < 0, x0 ∈ I. (10)

Ñ äðóãîé ñòîðîíû â ñèëó ñîîòâåòñòâóþùåãî îäíîðîäíîãî óñëî-
âèÿ (9) (ñ Ψ1(x) ≡ 0) èìååì

aν(p(x0)) + bν(q(x0)) = 0, x0 ∈ I.

÷òî ïðîòèâîðå÷èòü íåðàâåíñòâó (10).
Ñëåäîâàòåëüíî, ðåøåíèå u(x, y) ñâîåãî ÍÏÇ âî âíóòðåííèõ òî÷-

êàõ èíòåðâàëà I íå äîñòèãàåò.
Àíàëîãè÷íî, êàê è âûøå ìîæíî ïîêàçàòü, ÷òî ðåøåíèå u(x, y)

çàäà÷è F ñâîåãî ÍÎÇ âî âíóòðåííèõ òî÷êàõ èíòåðâàëà I íå äîñòè-
ãàåò.
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Òàêèì îáðàçîì, ðåøåíèå ðåøåíèå u(x, y) ∈ C
(
D

+
)
ñâîåãî ÍÏÇ

è ÍÎÇ äîñòèãàåò â òî÷êàõ íîðìàëüíîé êðèâîé σ0.
Òåîðåìà 1 äîêàçàíà.
Èç òåîðåìû 1 âûòåêàåò
Ñëåäñòâèå. Çàäà÷à F èìååò íå áîëåå îäíîãî ðåøåíèÿ.
Â ñàìîì äåëå, â ñèëó òåîðåìû 1 ðåøåíèå îäíîðîäíîé çàäà÷è F

ñâîåãî ÍÏÇ è ÍÎÇ äîñòèãàåò â òî÷êàõ íîðìàëüíîé êðèâîé σ0 è â
ýòèõ òî÷êàõ â ñèëó ñîîòâåòñòâóþùåãî îäíîðîäíîãî óñëîâèÿ (3) (ñ
φ(x) ≡ 0) : u(x, y) |σ= 0. Îòñþäà ñëåäóåò, ÷òî u(x, y) ≡ 0 âñþ-

äó â çàìêíóòîé îáëàñòè D
+
, ñëåäîâàòåëüíî, è âî âñåé ñìåøàííîé

îáëàñòè D.
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ÎÃÐÀÍÈ×ÅÍÍÛÕ ÐÅØÅÍÈÉ ÄËß ÎÄÍÎÃÎ

ÊËÀÑÑÀ ËÈÍÅÉÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ
ÓÐÀÂÍÅÍÈÉ Â ×ÀÑÒÍÛÕ ÏÐÎÈÇÂÎÄÍÛÕ ÍÀ

ÏËÎÑÊÎÑÒÈ
c⃝ Ìóõàìàäèåâ Ý.Ì.1, Íàèìîâ À.Í.2
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Â òåîðèè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé èçâåñò-
íà òåîðåìà Áîëÿ [1] î ñóùåñòâîâàíèè è åäèíñòâåííîñòè îãðàíè÷åí-
íîãî íà âñåé ÷èñëîâîé îñè R = (−∞,+∞) ðåøåíèÿ ëèíåéíîãî îáûê-
íîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

y(m) + c1y
(m−1) + . . .+ cm−1y

′ + cmy = f(x), x ∈ R, (1)

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè c1, . . . , cm è ïðàâîé ÷àñòüþ f(x),
íåïðåðûâíîé è îãðàíè÷åííîé íà R. Ñîãëàñíî òåîðåìå Áîëÿ, óðàâ-
íåíèå (1) ïðè ëþáîé íåïðåðûâíîé è îãðàíè÷åííîé íà R ôóíêöèè
f(x) èìååò åäèíñòâåííîå îãðàíè÷åííîå ðåøåíèå òîëüêî â òîì ñëó-
÷àå, êîãäà ñèìâîë (õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí) óðàâíåíèÿ

sm + c1s
m−1 + . . .+ cm−1s+ cm,

ãäå s = σ + iτ - êîìïëåêñíàÿ ïåðåìåííàÿ, íå èìååò ÷èñòî ìíèìûõ
êîðíåé iτ , τ ∈ R.

Â íàñòîÿùåé ðàáîòå ôîðìóëèðóåòñÿ è äîêàçûâàåòñÿ àíàëîã òåî-
ðåìû Áîëÿ äëÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ ñëåäóþùåãî âèäà:

∂m1+m2u

∂xm1
1 ∂xm2

2

+

m1∑
k1=1

a1k1
∂m1−k1+m2u

∂xm1−k1
1 ∂xm2

2

+

m2∑
k2=1

a2k2
∂m1+m2−k2u

∂xm1
1 ∂xm2−k2

2

+

+

m1−1∑
k1=0

m2−1∑
k2=0

bk1k2
∂k1+k2u

∂xk11 ∂x
k2
2

= f(x1, x2), (x1, x2) ∈ R2. (2)

Çäåñü m1, m2 - íàòóðàëüíûå ÷èñëà, êîýôôèöèåíòû a1k1 , a2k2 , bk1k2 -
êîìïëåêñíûå ÷èñëà.
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Âîïðîñ î ñóùåñòâîâàíèè îãðàíè÷åííûõ ðåøåíèé ëèíåéíûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè èññëåäîâàí â ðàáîòå [2]. Â ýòîé ðàáîòå äîêàçàíî,
÷òî ïðîèçâîëüíîå äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

m1∑
k1=0

...

mn∑
kn=0

ck1...kn
∂k1+...+knu

∂xk11 ...∂x
kn
n

= f(x1, ..., xn), (x1, ..., xn) ∈ Rn,

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè ck1...kn îäíîçíà÷íî ðàçðåøèìî â
ïðîñòðàíñòâå îãðàíè÷åííûõ îáîáùåííûõ ôóíêöèé òîãäà è òîëüêî
òîãäà, êîãäà ñèìâîë óðàâíåíèÿ

m1∑
k1=0

...
mn∑
kn=0

ck1...kns
k1
1 · . . . · sknn ,

ãäå s1, . . . , sn - êîìïëåêñíûå ïåðåìåííûå, íå èìååò ÷èñòî ìíèìûõ
êîðíåé (iτ1, . . . , iτn), τj ∈ R, j = 1, n. Ïðè ýòîì, åñëè f ÿâëÿåò-
ñÿ íåïðåðûâíîé è îãðàíè÷åííîé â Rn ôóíêöèåé, òî ðåøåíèå u íå
âñåãäà áóäåò íåïðåðûâíûì è îãðàíè÷åííûì âìåñòå ñî âñåìè ïðî-
èçâîäíûìè, âõîäÿùèìè â óðàâíåíèå. Ãëàäêîñòü ðåøåíèÿ, êàê ïî-
êàçûâàþò òåîðåìû î ãèïîýëëèïòè÷íîñòè [3], çàâèñèò îò ïîâåäåíèÿ
ñèìâîëà óðàâíåíèÿ â áåñêîíå÷íî óäàëåííûõ òî÷êàõ. Ïîýòîìó ïðåä-
ñòàâëÿåò èíòåðåñ âîïðîñ î íàõîæäåíèè äîïîëíèòåëüíûõ óñëîâèé íà
ñèìâîë, êðîìå îòñóòñòâèÿ ÷èñòî ìíèìûõ êîðíåé, îáåñïå÷èâàþùèõ
ãëàäêîñòü ðåøåíèÿ â êëàññè÷åñêîì ñìûñëå.

Îãðàíè÷åííûì ðåøåíèåì óðàâíåíèÿ (2) íàçîâåì êîìïëåêñíî-
çíà÷íóþ ôóíêöèþ u(x1, x2), êîòîðàÿ íåïðåðûâíà è îãðàíè÷åíà íà
R2 âìåñòå ñî âñåìè ÷àñòíûìè ïðîèçâîäíûìè

∂k1+k2u

∂xk11 ∂x
k2
2

, ãäå kj = 0,mj, j = 1, 2,

è óäîâëåòâîðÿåò óðàâíåíèþ (2).
Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Óðàâíåíèå (2) ïðè ëþáîé íåïðåðûâíîé è îãðàíè÷åí-

íîé íà R2 ôóíêöèè f(x1, x2) èìååò åäèíñòâåííîå îãðàíè÷åííîå ðå-
øåíèå òîãäà è òîëüêî òîãäà, êîãäà ñèìâîë óðàâíåíèÿ

Q(s1, s2) = sm1
1 sm2

2 +

m1∑
k1=1

a1k1s
m1−k1
1 sm2

2 +
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+

m2∑
k2=1

a2k2s
m1
1 sm2−k2

2 +

m1−1∑
k1=0

m2−1∑
k2=0

bk1k2s
k1
1 s

k2
2

è ñëåäóþùèå äâà ìíîãî÷ëåíà íå èìåþò ÷èñòî ìíèìûõ êîðíåé:

Q1(s) = sm1 +

m1∑
k1=1

a1k1s
m1−k1 , (3)

Q2(s) = sm2 +

m2∑
k2=1

a2k2s
m2−k2 . (4)

Ñôîðìóëèðîâàííàÿ òåîðåìà â ÷àñòíîì ñëó÷àå, êîãäà m1 =
= m2 = 1, äîêàçàíà â ðàáîòàõ [4] è [5].
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Íåñìîòðÿ íà èñòîðè÷åñêóþ äàâíîñòü ïîâûøåííîãî èíòåðåñà ê
èññëåäîâàíèÿì äâèæåíèÿ æèäêîñòè â ïîðèñòûõ ñðåäàõ [1-6] òåî-
ðèÿ ôèëüòðàöèè äàëåêà îò ñâîåãî çàâåðøåíèÿ, äî ñèõ ïîð îñòàþòñÿ
íåðåøåííûå ïðîáëåìû ôóíäàìåíòàëüíîãî õàðàêòåðà. Ýòî ñâÿçàíî ñ
òåì, ÷òî îñîáåííîñòè ìíîãîôàçíûõ ïîðèñòûõ ñòðóêòóð ïðèâîäÿò ê
ñëîæíîé ïðèðîäå ÿâëåíèé òåïëîìàññîïåðåíîñà, äëÿ êîòîðûõ õàðàê-
òåðíû íåëîêàëüíûå ýôôåêòû ïàìÿòè, ñèëüíûõ ïðîñòðàíñòâåííûõ
êîððåëÿöèé è ñàìîîðãàíèçàöèè.

Â ðàáîòå [3] áûëè ïîëó÷åíû óðàâíåíèÿ íåëîêàëüíîé íåèçîòåð-
ìè÷åñêîé ôèëüòðàöèè â äðîáíîì èñ÷èñëåíèè. Â äàííîé ñòàòüå ðàñ-
ñìàòðèâàåòñÿ ÷èñëåííûé ìåòîä ðåøåíèÿ êðàåâîé çàäà÷è äëÿ ñè-
ñòåìû óðàâíåíèé íåëîêàëüíîé íåèçîòåðìè÷åñêîé ôèëüòðàöèè. Ðàñ-
ñìîòðèì ñëåäóþùóþ êðàåâóþ çàäà÷ó:

∂α0tP (x, t)−DP (x, t)R
β
xP (x, t)+VP (x, t)R

γ
xP (x, t) = c∂α0tT (x, t), (1)

∂α0tT (x, t)−DT (x, t)R
β
xT (x, t) + VT (x, t)R

γ
xT (x, t) = c∂α0tP (x, t), (2)

P (x, 0) = φ1(t), T (x, 0) = φ2(t), (3)

P (−L, t) = ν1(t), P (L, t) = ν2(t), (4)

T (−L, t) = µ1(t), T (L, t) = µ2(t),

ãäå ∂α0tT (x, t) = 1
Γ(1−α)

∫ τ

0
T ′(x,z)
(t−z)α

dz � ïðîèçâîäíàÿ Caputo [1],

Rβ
xT (x, t) =

1
2Γ(2−β) cos(π

2
(2−β))

∂2

∂ξ2

∫ L

−L
T (ξ,t)

|x−ξ|β−1dξ � ïðîèçâîäíàÿ Ðèññà [2].

Ñèñòåìà óðàâíåíèé (1, 2) ñîâìåñòíî ñ óðàâíåíèåì ñîñòîÿ-
íèÿ ρ = ρ(P, T ) îïèñûâàåò ïðîöåññû íåëîêàëüíîé íåèçîòåðìè÷åñêîé
ôèëüòðàöèè íà îñíîâå äðîáíîãî èñ÷èñëåíèÿ, VP � ñêîðîñòü ôèëü-
òðàöèè æèäêîñòè, VT � ñêîðîñòü êîíâåêòèâíîãî ïåðåíîñà òåïëà.

Êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ (1 - 4) áóäåì ðåøàòü ÷èñëåííûì
ìåòîäîì. Äëÿ ýòîãî â îáëàñòèD = {(x, t) : −L < x < +L, 0 ≤ t ≤ T}
ââåäåì ñåòêó:

ωhτ =

{
(xi, tn) : xi = −L+ ih, tn = nτ, i = 0, 1, . . . , K,

h =
2L

K
, n = 0, 1, . . . , n, τ =

T

N

}
c øàãîì h ïî x è τ ïî t.
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Ñîãëàñíî òåîðåìå Ëåòíèêîâà [1], åñëè f ∈ C2(D), òî ïðîèç-
âîäíàÿ Ãðþíâàëüäà-Ëåòíèêîâà ñîâïàäàåò ñ ïðîèçâîäíîé Ðèìàíà-
Ëèóâèëëÿ.

Èñïîëüçóÿ âûðàæåíèå

RβT (x, t) =
1

2Γ(2− β) cos(π
2
(2− β))

(Dβ
−T (x, t) + Dβ

+T (x, t))

è îïðåäåëåíèå Ãðþíâàëüäà-Ëåòíèêîâà äðîáíîé ïðîèçâîäíîé ïî ïðî-
ñòðàíñòâó

Tα
a+(x) = lim

h→+0

1

hα

[x−a
h

]∑
k=0

qkT (x−kh), T α
b−(x) = lim

h→+0

1

hα

[ b−x
h

]∑
k=0

qkT (x+kh),

äðîáíûå ïðîèçâîäíûå ïî êîîðäèíàòå çàìåíèì ðàçíîñòíûìè âûðà-
æåíèÿìè [5]

(Dβ
+T )i ∼

1

hβ

i+1∑
k=0

qkTi−k+1 = Λβ
+ui, (5)

(Dβ
−T )i ∼

1

hβ

K−i+1∑
k=0

qkTi+k−1 = Λβ
−ui. (6)

Äëÿ ïðîèçâîäíîé ∂α0tT èìååò ìåñòî ðàçíîñòíàÿ àïïðîêñèìàöèÿ [4]

(∂α0tT )n ∼ 1

Γ(2− α)τ

n∑
k=0

(T k+1 − T k)(t1−α
n−k+1 − t1−α

n−k). (7)

Ñ ó÷åòîì ñîîòíîøåíèé (5), (6) è (7) ïîëó÷èì ñëåäóþùóþ ðàçíîñò-
íóþ ñõåìó ñ âåñàìè

1

Γ(2− α)τ

n∑
k=0

(P k+1
i − P k

i )(t
1−α
n−k+1 − t1−α

n−k)−

− (DP )
n+1
i (Λβ

+P
n+1
i + Λβ

−P
n+1
i )

2Γ(2− β) cos(π
2
(2− β))hβ

+
(VP )

n+1
i (Λγ

+P
n+1
i + Λγ

−P
n+1
i )

2Γ(2− γ) cos(π
2
(2− γ))hγ

=

= c1
1

Γ(2− α)τ

n∑
k=0

(T k+1
i − T k

i )(t
1−α
n−k+1 − t1−α

n−k),
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1

Γ(2− α)τ

n∑
k=0

(T k+1
i − T k

i )(t
1−α
n−k+1 − t1−α

n−k)−

− (DT )
n+1
i (Λβ

+T
n+1
i + Λβ

−T
n+1
i )

2Γ(2− β) cos(π
2
(2− β))hβ

+
(VT )

n+1
i (Λγ

+T
n+1
i + Λγ

−T
n+1
i )

2Γ(2− γ) cos(π
2
(2− γ))hγ

=

= c1
1

Γ(2− α)τ

n∑
k=0

(P k+1
i − P k

i )(t
1−α
n−k+1 − t1−α

n−k), (8)

P 0
i = φ1(xi), T

0
i = φ2(xi), P

n
0 = ν1(tn), T

n
0 = µ1(tn),

P n
K = ν2(tn), T

n
K = µ2(tn).

Äîêàçàíà ñëåäóþùàÿ
Òåîðåìà. Ðàçíîñòíàÿ ñõåìà (8) áåçóñëîâíà óñòîé÷èâà.
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Ðàçðåøèìîñòü è, â ÷àñòíîñòè, îäíîçíà÷íàÿ ðàçðåøèìîñòü ñèí-
ãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé Ãèëüáåðòà íåéòðàëüíîãî òèïà è
èõ äèñêðåòíûõ àíàëîãîâ èìååò îñîáîå ìåñòî â ðàññìàòðèâàåìîì âî-
ïðîñå. Â ðàáîòàõ Í.Ã. Àôåíäèêîâîé, Ñ.Ì. Áåëîöåðêîâñêîãî, È.Ê. Ëè-
ôàíîâà, Ì.Ì. Ñîëäàòîâà, Å.Å. Òûðòûøíèêîâà (ñîîòâåòñòâóþùèå
ññûëêè ìîæíî íàéòè â [1]) ïîëó÷åí îòâåò íà ïîñòàâëåííûå âîïðî-
ñû, êîãäà ÿäðà èíòåãðàëüíûõ îïåðàòîðîâ â ðåãóëÿðíîé ÷àñòè óðàâ-
íåíèÿ Ãèëüáåðòà íåéòðàëüíîãî òèïà ÿâëÿþòñÿ îòäåëüíî âçÿòûìè
òðèãîíîìåòðè÷åñêèìè ôóíêöèÿìè.

Ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå Ãèëüáåðòà íåéòðàëüíîãî òè-
ïà

(Tx) (t) + (Kx) (t) = f(t), f ∈ Hγ(0, 2π), (1)

ãäå

(Tx) (t) =
1

2π

∫ 2π

0

ctg
t− s

2
x(s)ds,

(Kx) (t) =
1

2π

∫ 2π

0

k1(t− s)x(s)ds+
1

2π

∫ 2π

0

k2(t− s)x(s)ds,

k1(t− s) =
M∑

m=−M

bme
im(t−s), k2(t− s) =

M∑
m=−M

cme
im(t−s), (2)

bm, cm (m = −M, . . . ,M) � ïðîèçâîëüíûå êîìïëåêñíûå ÷èñ-
ëà, Hγ(0, 2π) - ïðîñòðàíñòâî 2π-ïåðèîäè÷åñêèõ êîìïëåêñíîçíà÷íûõ
ã¼ëüäåðîâûõ ôóíêöèé ñ ïîêàçàòåëåì 0 < γ < 1.

Â [1] èññëåäîâàí âîïðîñ ðàçðåøèìîñòè óðàâíåíèÿ (1) â ïðîñòðàí-
ñòâå Hγ(0, 2π) è èñïîëüçîâàí ìåòîä ðåãóëÿðèçàöèè ñäâèãîì ïðè ðå-
øåíèè äèñêðåòíîãî àíàëîãà óðàâíåíèÿ (1) - ñèñòåìû ëèíåéíûõ àë-
ãåáðàè÷åñêèõ óðàâíåíèé ïîðÿäêà N . Â íàñòîÿùåì äîêëàäå ìåòîä
ðåãóëÿðèçàöèè ñäâèãîì èñïîëüçîâàí â èññëåäîâàíèè ðàçðåøèìîñòè
óðàâíåíèÿ (1) â ïðîñòðàíñòâå Hγ(0, 2π) è äîêàçàíû òåîðåìû ñõî-
äèìîñòè ðåøåíèÿ ðåãóëÿðèçîâàííûõ ñäâèãîì óðàâíåíèÿ (1) ê ñî-
îòâåòñòâóþùèì ðåøåíèÿì óðàâíåíèÿ (1). Ïðèâåäåì ôîðìóëèðîâêè
íåêîòîðûõ èç ýòèõ òåîðåì.

Êàê èçâåñòíî [2], íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ðàçðå-
øèìîñòè óðàâíåíèÿ (1), êîãäàK ≡ 0 (êëàññè÷åñêîå óðàâíåíèå Ãèëü-
áåðòà), ÿâëÿåòñÿ ðàâåíñòâî íóëþ ñðåäíåãî çíà÷åíèÿ ïðàâîé ÷àñòè,
òî åñòü

1

2π

∫ 2π

0

f(t)dt = 0. (3)
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Åñëè âûïîëíåíî óñëîâèå (3), òî äëÿ ëþáîãî êîìïëåêñíîãî ÷èñëà
d0 ñóùåñòâóåò òîëüêî îäíî ðåøåíèå x0 ∈ Hγ(0, 2π) óðàâíåíèÿ (1),
óäîâëåòâîðÿþùåå óñëîâèþ

1

2π

∫ 2π

0

x0(t)dt = d0. (4)

Òåîðåìà ñõîäèìîñòè ðåøåíèÿ ðåãóëÿðèçîâàííîãî ñäâèãîì óðàâ-
íåíèÿ, ôîðìóëèðóåòñÿ òàê:

Òåîðåìà 1. Ïóñòü äëÿ äàííîé ïðàâîé ÷àñòè f ∈ Hγ(0, 2π) âû-
ïîëíåíî óñëîâèå (3). Òîãäà äëÿ ëþáîãî êîìïëåêñíîãî ÷èñëà α ̸= 0
óðàâíåíèå

1

2π

∫ 2π

0

(
ctg

t− s

2
+ α

)
x(s)ds = f(t) + αd0

èìååò åäèíñòâåííîå ðåøåíèå xα ∈ Hγ(0, 2π), êîòîðîå ïðè α →
0 ñõîäèòñÿ ðàâíîìåðíî ê ðåøåíèþ x0, óäîâëåòâîðÿþùåìó óñëî-
âèþ (4).

Â îáùåì ñëó÷àå, óñëîâèå ðàçðåøèìîñòè óðàâíåíèÿ (1) çàâèñèò
îò êîýôôèöèåíòîâ òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ (2). Ìíîãîîá-
ðàçèå ñèòóàöèé, êîòîðîå âîçíèêàåò â ýòîì ñëó÷àå, çàâèñèò îò ÷èñëà
b0 + c0, ðàíãà è ëèíåéíî çàâèñèìîñòè ñòðîê ìàòðèö

Bk =

(
i+ b−k c−k

ck −i+ bk

)
, k = 1, . . . ,M.

Ïðèâåäåì íåêîòîðûå èç ýòèõ óòâåðæäåíèé.
Òåîðåìà 2. Ïóñòü b0+c0 = 0 è detBk ̸= 0 äëÿ âñåõ k = 1, . . . ,M .

Òîãäà íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ðàçðåøèìîñòè óðàâ-
íåíèÿ (1) ÿâëÿåòñÿ âûïîëíåíèå ñîîòíîøåíèÿ (3). Åñëè âûïîëíå-
íî óñëîâèå (3), òî äëÿ ëþáîãî êîìïëåêñíîãî ÷èñëà d0 ñóùåñòâóåò
òîëüêî îäíî ðåøåíèå x0 ∈ Hγ(0, 2π), óäîâëåòâîðÿþùåå óñëîâèþ (4)
è äëÿ ëþáîãî êîìïëåêñíîãî ÷èñëà α ̸= 0 óðàâíåíèå

(Tx) (t) + (Kx) (t) +
α

2π

∫ 2π

0

x(s)ds = f(t) + αd0

èìååò åäèíñòâåííîå ðåøåíèå xα ∈ Hγ(0, 2π), êîòîðîå ñõîäèòñÿ
ðàâíîìåðíî ê x0 ïðè α→ 0.
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Òåîðåìà 3. Ïóñòü b0 + c0 = 0 è äëÿ íåêîòîðîãî k = 1, . . . ,M
âûïîëíåíî ðàâåíñòâî detBk = 0. Òîãäà íåîáõîäèìûì è äîñòàòî÷-
íûì óñëîâèåì ðàçðåøèìîñòè óðàâíåíèÿ (1) ÿâëÿåòñÿ âûïîëíåíèå
óñëîâèé

1

2π

∫ 2π

0

eiktf(t)dt =
1

2π

∫ 2π

0

e−iktf(t)dt = 0. (5)

Åñëè âûïîëíåíû óñëîâèÿ (5), òî äëÿ ëþáûõ êîìïëåêñíûõ ÷èñåë dk
è d−k ñóùåñòâóåò òîëüêî îäíî ðåøåíèå x0 ∈ Hγ(0, 2π), óäîâëåòâî-
ðÿþùåå óñëîâèÿì

1

2π

∫ 2π

0

eiksx0(s)ds = dk,
1

2π

∫ 2π

0

e−iksx0(s)ds = d−k,

è äëÿ ëþáûõ êîìïëåêñíûõ ÷èñåë α ̸= 0, β ̸= 0, óðàâíåíèå

(Tx) (t) + (Kx) (t) +
α

2π

∫ 2π

0

eiksx(s)ds+

+
β

2π

∫ 2π

0

e−iksx(s)ds = f(t) + αdk + βd−k (6)

èìååò åäèíñòâåííîå ðåøåíèå xα,β ∈ Hγ(0, 2π), êîòîðîå ñõîäèòñÿ
ðàâíîìåðíî ê x0 ïðè α→ 0, β → 0.
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Íà ñîâðåìåííîì ýòàïå ðàçâèòèÿ ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ çà-
äà÷ ìàòåìàòè÷åñêîé ôèçèêè íàèáîëüøåå ðàñïðîñòðàíåíèå ïîëó÷è-
ëè ñåòî÷íûå ÷èñëåííûå ìåòîäû. Ðàçâèòèå àïïàðàòíûõ ñðåäñòâ, ãðà-
ôè÷åñêèõ âû÷èñëèòåëåé â ÷àñòíîñòè, äåëàåò ýôôåêòèâíûì ïðè-
ìåíåíèå áåññåòî÷íûõ ÷èñëåííûõ ìåòîäîâ (mesh-free method, MF-
ìåòîä) [1]. Â ðàáîòå ðàññìàòðèâàåòñÿ ïîäìíîæåñòâî MF-ìåòîäîâ �
ìåòîä ãèäðîäèíàìèêè ñãëàæåííûõ ÷àñòèö (smoothed particle hydro-
dynamics, SPH) [2]. Ñ ïîìîùüþ SPH êëàññ ÷èñëåííî èññëåäóåìûõ
çàäà÷ ðàñøèðÿåòñÿ: òå÷åíèÿ ñ äåôîðìàöèÿìè ãðàíèö ðàñ÷åòíîé îá-
ëàñòè; ìîäåëèðîâàíèå çàäà÷ ñî ñâîáîäíîé ïîâåðõíîñòüþ; âçàèìî-
äåéñòâèå æèäêèõ, ïëàñòè÷íûõ è òâåðäûõ ñðåä; ôàçîâûå ïåðåõîäû.
Ó÷èòûâàÿ îòíîñèòåëüíóþ íåçàâèñèìîñòü ÷àñòèö â SPH, òî åñòü âîç-
ìîæíîñòü ðàñïàðàëëåëèâàíèÿ âû÷èñëèòåëüíîãî ïðîöåññà, íàèáîëåå
ýôôåêòèâíîé ïëàòôîðìîé äëÿ ìåòîäà ÷àñòèö ÿâëÿåòñÿ ñèñòåìà íà
áàçå ãðàôè÷åñêèõ ïðîöåññîðîâ (GPU) [3].

SPH-ìåòîä ïðåäïîëàãàåò ðåàëèçàöèþ ñëåäóþùèõ ýòàïîâ ÷èñëåí-
íîãî ýêñïåðèìåíòà [1, 2, 4]:

1. Èíèöèàëèçàöèÿ. Ïðåäñòàâëåíèå (äèñêðåòèçàöèÿ) èñõîäíûõ
óðàâíåíèé ìîäåëè ìíîæåñòâîì ÷àñòèö. Ïðîáëåìà ãåíåðàöèè ÷àñòèö
æèäêîñòè ðàññìîòðåíà â [1, 2].

2. Ãåíåðàöèÿ âèðòóàëüíûõ ÷àñòèö íà ãðàíèöàõ ðàñ÷åòíûõ îáëà-
ñòåé è ïîäîáëàñòåé. Îñîáûé ñòàòóñ èìåþò ÷àñòèöû, êîòîðûå íàõî-
äÿòñÿ íà ãðàíèöàõ ðàñ÷åòíûõ îáëàñòåé. Íà ãðàíèöå �òâåðäîå òåëî
� æèäêîñòü� ïðîèçâîäèòñÿ ôîðìèðîâàíèå ñëîÿ ÷àñòèö, êîòîðûå íå
âçàèìîäåéñòâóþò ñ ÷àñòèöàìè æèäêîñòè, íî äëÿ òîãî, ÷òîáû ìåòîä
áûë óñòîé÷èâ íåîáõîäèìî ôîðìèðîâàòü íåñêîëüêî ïîñëåäîâàòåëü-
íûõ ñëîåâ çà ãðàíèöåé ðàñ÷åòíîé îáëàñòè (âèðòóàëüíûå ÷àñòèöû).
Îòñóòñòâèå âèðòóàëüíûõ ÷àñòèö ïðèâåäåò ê ñêà÷êó ïëîòíîñòè ÷à-
ñòèö íà ãðàíèöå è ïðèâåäåò ê íåêîððåêòíûì ðåçóëüòàòàì àïïðîê-
ñèìàöèè â îáëàñòè ãðàíè÷íûõ ÷àñòèö [1, 4].

3. Âû÷èñëåíèå ñãëàæèâàþùèõ ôóíêöèé. Äëÿ ôóíêöèé, èññëåäó-
åìûõ â ïðîöåññå ìîäåëèðîâàíèÿ, ñóùåñòâóåò áîëüøîå êîëè÷åñòâî
ôóíêöèé ñãëàæèâàíèÿ [1]. Èññëåäîâàòåëü ìîæåò ñàìîñòîÿòåëüíî
âûâåñòè ôóíêöèè ñãëàæèâàíèÿ è ôóíêöèþ ÿäðà äëÿ êàæäîé êîí-
êðåòíîé çàäà÷è.

4. Âû÷èñëåíèå ôèçè÷åñêèõ õàðàêòåðèñòèê ÷àñòèö (ñèëû, èñêóñ-
ñòâåííîé âÿçêîñòè).

5. Îáíîâëåíèå ïàðàìåòðîâ ÷àñòèöû: ýíåðãèè, ìîìåíòà, ïëîòíî-
ñòè (â ñëó÷àå ñæèìàåìûõ òå÷åíèé), êîîðäèíàò, ñêîðîñòè. Ïðîèçâî-
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äèòñÿ ðàñ÷åò íîâûõ êîîðäèíàò [4].
6. Îáíîâëåíèå øàãà ñãëàæèâàíèÿ. ×àñòèöû íà êàæäîì øàãå

àëãîðèòìà èçìåíÿþò ñâîå ïîëîæåíèå, ýòî ïðèâîäèò ê ïåðåñòðîå-
íèþ ìàññèâîâ ñîñåäåé, à òàêæå ê ïåðåîïðåäåëåíèþ øàãà ñãëàæèâà-
íèÿ [2].

7. Øàãè 3 � 6 àëãîðèòìà ïîâòîðÿþòñÿ ïðè ìîäåëèðîâàíèè. Êàæ-
äûé öèêë ñèìâîëèçèðóåò âðåìåííîé øàã.

Ðåàëèçàöèÿ SPH íà GPU òðåáóåò ïðèìåíåíèÿ ñïåöèàëüíûõ ïðè-
åìîâ, ó÷èòûâàþùèõ ñïåöèôèêó GPU: èåðàðõè÷åñêàÿ ïàìÿòü, áëî÷-
íûé õàðàêòåð ïîòîêîâ, îãðàíè÷åííûé îáúåì ãëîáàëüíîé ïàìÿòè âè-
äåîàäàïòåðà. Â ñîîòâåòñòâèè ñ óêàçàííûìè îñîáåííîñòÿìè ïðè ðåà-
ëèçàöèè SPH íà GPU ïðåäëàãàåòñÿ âíåäðåíèå ñëåäóþùèõ ìîäèôè-
êàöèé ñòàíäàðòíîãî àëãîðèòìà:

� èñïîëüçîâàíèå ðàçäåëÿåìîé ïàìÿòè ïðè ðàñ÷åòå âëèÿíèÿ ñî-
ñåäíèõ ÷àñòèö;

� óñêîðåíèå âû÷èñëåíèé çà ñ÷åò ïðèìåíåíèå àòîìàðíûõ îïåðà-
öèé;

� îðèåíòàöèÿ àëãîðèòìîâ íà âàðïû (warp) ïîòîêîâ, âìåñòî îïå-
ðèðîâàíèÿ îòäåëüíûìè ïîòîêàìè;

� âñòðîåííàÿ ñèñòåìà âèçóàëèçàöèè, ïîçâîëÿþùàÿ ñîêðàòèòü êî-
ëè÷åñòâî ðåñóðñîåìêèõ îïåðàöèé îáìåíà ìåæäó GPU è CPU.

Âñå ïåðå÷èñëåííûå ìîäèôèêàöèè ïîçâîëÿþò ñóùåñòâåííî ïîâû-
ñèòü ñêîðîñòü âû÷èñëåíèé. Êàæäàÿ ìîäèôèêàöèÿ îñíîâàíà íà èñ-
ïîëüçîâàíèè àðõèòåêòóðíîé îñîáåííîñòè GPU. Êîëè÷åñòâî òàêèõ
îñîáåííîñòåé ïîñòîÿííî óâåëè÷èâàåòñÿ [3], ïîýòîìó îòêðûâàþòñÿ
âñå íîâûå ïåðñïåêòèâû ïî óëó÷øåíèþ ìåòîäîâ SPH.
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Äàííàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ íàèáîëåå çíà÷èìûõ
ñâîéñòâ ìàòåìàòè÷åñêîé ìîäåëè ñèíãóëÿðíîçàêðåïëåííîé êîíñîëè.
Íàìè áûëî ïîñòðîåíî è èññëåäîâàíî èíòåãðî-äèôôåðåíöèàëüíîå
óðàâíåíèå

(pu′′)′(x) +

∫ x

0

u(s)dQ(s) = F (x) + const ,

â ïðåäïîëîæåíèè, ÷òî p, Qè F � ôóíêöèè îãðàíè÷åííîé âàðèàöèè,
à øòðèõ îçíà÷àåò îáû÷íóþ ïðîèçâîäíóþ. Ðåøåíèÿ áûëè íàéäåíû
â êëàññå íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé, âòîðûå ïðîèç-
âîäíûå êîòîðûõ èìåþò îãðàíè÷åííóþ íà [0,1] âàðèàöèþ, è ïðîèç-
âîäíûå (pu′′) èìåþò êîíå÷íîå íà [0; 1] èçìåíåíèå.

Ãåíåçèñ òàêîãî óðàâíåíèÿ îáúÿñíÿåòñÿ äëÿ ñëó÷àÿ, êîãäà óðàâ-
íåíèå èìååò ôèçè÷åñêóþ ïðèðîäó, âîçíèêàÿ èç çàäà÷è ìèíèìèçàöèè
ôóíêöèîíàëà ýíåðãèè äëÿ êîíñîëè.

Φ (u) =

∫ 1

0

pu′′2

2
dx+

∫ 1

0

u2

2
dQ −

∫ 1

0

udF.

Ñóùåñòâåííîå çíà÷åíèå â íàøåì àíàëèçå ìîäåëè áûëî óñòàíîâ-
ëåíèå ïîäàòëèâîñòè êëàññè÷åñêîé êîíñîëè, à èìåííî äîêàçàòåëü-
ñòâî òåîðåì.

Òåîðåìà. Åñëè F(x)( ̸=const) íå óáûâàåò íà [0;1], òî ðåøåíèå
u(x)çàäà÷è 

(pu′′)′(x) = F (x) + const,
u(0) = 0,
u′(0) = 0,
u′′(1) = 0,
(pu′′)′(1) = 0.
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ïîëîæèòåëüíî â èíòåðâàëå (0; 1).
Òåîðåìà. Ïóñòü F(x) ( ̸=const) íå óáûâàåò íà [0; 1]. Òîãäà äëÿ

ðåøåíèÿ êðàåâîé çàäà÷è ñïðàâåäëèâî íåðàâåíñòâî u”(0) > 0.
Òåîðåìà. Åñëè K(x,s) ôóíêöèÿ âëèÿíèÿ êðàåâîé çàäà÷è

(pu′′)′(x) +
∫ x

0
u(s)dQ(s) = F (x) + const,

u(0) = 0,
u′(0) = 0,
u”(1) = 0,
(pu′′)′ (1) = 0,

òî ðåøåíèå ïðåäñòàâèìî â âèäå u(x) =
∫ 1

0
K(x,s)dF(s).

Ïîñëåäíèé èíòåãðàë ïîíèìàåòñÿ ïî Ðèìàíó-Ñòèëòüåñó.
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Â áîëüøèíñòâå èñòî÷íèêîâ îäíîìåðíàÿ îáîáù¼ííàÿ ìîäåëü íà-
ñëåäñòâåííî óïðóãîãî òåëà (âÿçêîóïðóãîãî òåëà ñ ïàìÿòüþ) çàïè-
ñûâàåòñÿ â âèäå [1�3]

σ(t) +
n∑

k=1

bkD
βkσ(t) = E0ε(t) +

m∑
k=1

akD
αkε(t), (1)

ãäå σ(t), ε(t) � íàïðÿæåíèå è äåôîðìàöèÿ òåëà â ìîìåíò âðåìåíè
t. Êàê îòìå÷àåòñÿ â ìîíîãðàôèè [3], ìíîãèå àâòîðû èñïîëüçóþò â
ðàâåíñòâå (1) "ïîäõîäÿùèå äðîáíûå ïðîèçâîäíûå" , ïðè÷¼ì ïî èç-
âåñòíûì ïðè÷èíàì ïðåäïî÷òåíèå îòäà¼òñÿ ïðîèçâîäíûì ïî Êàïóòî
èëè ëèóâèëëåâñêîé ôîðìå äðîáíîãî èíòåãðîäèôôåðåíöèðîâàíèÿ. Â
ðàáîòå [4] îòìå÷àåòñÿ, ÷òî åñëè â èñõîäíîì ïîñòóëàòå Â. Âîëüòåððû
èñïîëüçîâàòü èíòåãðàëüíûé îïåðàòîð ñ íà÷àëîì â íóëå è àáåëåâûì
ÿäðîì, òî ïîëó÷àþùååñÿ îïðåäåëÿþùåå ñîîòíîøåíèå áóäåò ïðåä-
ñòàâëÿòü ñîáîé äðîáíûé àíàëîã ìîäåëüíîãî ñîîòíîøåíèÿ Ìàêñâåë-
ëà â èíòåãðàëüíîé ôîðìå

Eηε(t) = ησ(t) + EIα0tσ(t), (2)
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ãäå E, η � íåêîòîðûå êîíñòàíòû, êîòîðûå ïðè α → 1 − 0 ñîâïà-
äàþò ñ ìîäóëåì óïðóãîñòè è êîýôôèöèåíòîì äåìïôèðîâàíèÿ ñî-
îòâåòñòâåííî â êëàññè÷åñêîé ìîäåëè Ìàêñâåëëà; Iα0t � èíòåãðàëü-
íûé îïåðàòîð Ðèìàíà�Ëèóâèëëÿ ïîðÿäêà α > 0 [3]. Èñïîëüçóÿ ìå-
òîä ñòðóêòóðíîãî ìîäåëèðîâàíèÿ âÿçêîóïðóãîãî òåëà â ðàáîòå [4]
ïîêàçàíî, êàê èç ñîîòíîøåíèÿ (2) ïîëó÷àþòñÿ õîðîøî èçâåñòíûé
äðîáíûé àíàëîã çàêîíà Íüþòîíà (ìîäåëü Ñêîòò Áëýðà), äðîáíûå
àíàëîãè ìîäåëåé Ôîéõòà, Ìàêñâåëëà, Êåëüâèíà è Çåíåðà â òåðìè-
íàõ äðîáíûõ ïðîèçâîäíûõ Ðèìàíà�Ëèóâèëëÿ. Íåòðóäíî ïîëó÷èòü
îïðåäåëÿþùèå ñîîòíîøåíèÿ â äèôôåðåíöèàëüíîé ôîðìå äëÿ ìî-
äåëåé ñ ðàçëè÷íûì ñî÷åòàíèåì äðîáíûõ àíàëîãîâ ôîéõòîâñêîé è
ìàêñâåëëîâñêîé ìîäåëåé. Òàê, íàïðèìåð, îïðåäåëÿþùåå ñîîòíîøå-
íèå â ìîäåëè ñ ïîñëåäîâàòåëüíûì ñîåäèíåíèåì äðîáíûõ àíàëîãîâ
ìîäåëè Ôîéõòà çàïèñûâàåòñÿ â âèäå

η1η2D
α1
0t D

α2
0t ε+ (E2η1D

α1
0t + E1η2D

α2
0t )ε+ E1E2ε =

= (E1 + E2)σ + (η1D
α1
0t + η2D

α2
0t )σ, (3)

ãäå α1, α2 ∈ (0, 1). Åñëè â ðàâåíñòâå (3) ñóììà α1+α2 ∈ (0, 1), òî ðà-
âåíñòâî Dα1

0t D
α2
0t ε = Dα1+α2

0t ε ñïðàâåäëèâî ïî êðàéíåé ìåðå â êëàññå
ôóíêöèé ε(t) ∈ AC[0, T ]. Íî åñëè α1+α2 ∈ (1, 2), òî ýòî íå âåðíî, ò.ê.
äðîáíûå ïðîèçâîäíûå Ðèìàíà�Ëèóâèëëÿ íå îáëàäàþò â îáùåì ñëó-
÷àå ïîëóãðóïïîâûì ñâîéñòâîì, è âîçìîæíîñòü çàïèñè îáîáù¼ííîé
äðîáíîé ðåîëîãè÷åñêîé ìîäåëè â ôîðìå (1) âûçûâàåò îïðåäåë¼ííûå
ñîìíåíèÿ. Íàêîíåö, èñïîëüçîâàíèå îïðåäåëÿþùåãî ñîîòíîøåíèÿ (3)
äëÿ ðåøåíèÿ çàäà÷è ïîëçó÷åñòè òðåáóåò íàõîæäåíèÿ êîððåêòíûõ
íà÷àëüíûõ óñëîâèé.

Âñå ïåðå÷èñëåííûå ïðîáëåìû ñíèìàþòñÿ, åñëè èñõîäíûå îïðå-
äåëÿþùèå ñîîòíîøåíèÿ ââîäÿòñÿ è çàïèñûâàþòñÿ â èíòåãðàëüíîé
ôîðìå. Çàìåòèì çäåñü, ÷òî Þ.Í. Ðàáîòíîâ îñîçíàííî èçáåãàë ïî-
íÿòèÿ äðîáíûõ ïðîèçâîäíûõ â ñâîèõ èññëåäîâàíèÿõ [5].

Ïðåäåëüíûì ïåðåõîäîì ïðè E → +∞ â (2) ïîëó÷àåì àíàëîã
çàêîíà Ñêîòò Áëýðà â èíòåãðàëüíîé ôîðìå:� çàêîí Ã.Ë. Ñëîíèì-
ñêîãî [6]

ε(t) =
1

η
Iα0tσ(t). (4)

Ïàðàëëåëüíîå ñîåäèíåíèå èäåàëüíîãî óïðóãîãî ýëåìåíòà ñ âÿç-
êîóïðóãèì ýëåìåíòîì Ã.Ë. Ñëîíèìñêîãî (6) ïðèâîäèò ê äðîáíîìó
àíàëîãó ìîäåëè Ôîéõòà â èíòåãðàëüíîé ôîðìå

ηε(t) + E0I
α
0tε(t) = Iα0tσ(t). (5)
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Êîìáèíèðóÿ çàêîíû (2), (6) è (4) â ðàçëè÷íûõ ñî÷åòàíèÿõ â ðàì-
êàõ ñòðóêòóðíîãî ìåõàíè÷åñêîãî ïîäõîäà ê ìîäåëèðîâàíèþ âÿçêî-
óïðóãîãî òåëà ñ ïàìÿòüþ ìû áóäåì ïîëó÷àòü îïðåäåëÿþùèå ñîîò-
íîøåíèÿ ñðàçó â èíòåãðàëüíîé ôîðìå è ïðîáëåìà ðåøåíèÿ çàäà÷è
î ïîëçó÷åñòè ñâåä¼òñÿ ê íàõîæäåíèþ ðåçîëüâåíòû èíòåãðàëüíîãî
óðàâíåíèÿ âîëüòåðîâñêîãî òèïà.

Íàïðèìåð, îïðåäåëÿþùåå ñîîòíîøåíèå â ìîäåëè ñ ïîñëåäîâà-
òåëüíûì ñîåäèíåíèåì äâóõ äðîáíûõ àíàëîãîâ ìîäåëè Ôîéõòà â èí-
òåãðàëüíîé ôîðìå ïðèâîäèò ê ðàâåíñòâó

η1η2ε+ (E1η2I
α1
0t + E2η1I

α2
0t )ε+ E1E2I

α1+α2
0t ε =

= (η2I
α1
0t + η1I

α2
0t )σ + (E1 + E2)I

α1+α2
0t σ. (6)

Óðàâíåíèå (6) îòíîñèòåëüíî èñêîìîé ôóíêöèè äåôîðìàöèè ε(t)
ÿâëÿåòñÿ óðàâíåíèåì âîëüòåððîâñêîãî òèïà. Èíòåãðàëüíûé îïåðà-
òîð â ëåâîé ÷àñòè (6) äîïóñêàåò ôàêòîðèçàöèþ

(I + β1I
α1
0t )(I + β2I

α2
0t )ε(t) = f(t), (7)

ãäå I � òîæäåñòâåííûé îïåðàòîð, êîíñòàíòû β1 = E1/η1, β2 =
= E2/η2, à f(t) � ïðàâàÿ ÷àñòü èíòåãðàëüíîãî óðàâíåíèÿ (6) ñ êî-
ýôôèöèåíòîì (η1η2)

−1. Ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ

ε(t) = (I+β2I
α2
0t )

−1(I+β1I
α1
0t )

−1f = (I−β2Eα2,α2

0t;−β2
)(I−β1Eα1,α1

0t;−β1
)f,

â ÷àñòíîñòè, äëÿ σ(t) = σ0 = const óäà¼òñÿ íàéòè â ÿâíîì âèäå â
òåðìèíàõ ñïåöèàëüíûõ ôóíêöèé, ñâÿçàííûõ ñ ôóíêöèåé òèïà Ìèò-
òàã�Ëåôôëåðà, è ñ èñïîëüçîâàíèåì ñâîéñòâ îïåðàòîðà

Eµ,α
0t;λf =

∫ t

0

Exp(α, µ;λ; t− τ)f(τ)dτ,

ãäå Exp(α, µ;λ; t) = tµ−1Eα(λt
α;µ) � îáîáù¼ííàÿ äðîáíàÿ ýêñïîíåí-

öèàëüíàÿ ôóíêöèÿ, Eα(z;µ) � ôóíêöèÿ òèïà Ìèòòàã�Ëåôôëåðà.
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Íà èíòåðâàëå Γ = (0, a)(a > 0) âåùåñòâåííîé ÷èñëîâîé îñè ðàñ-
ñìîòðèì óðàâíåíèå âèäà

y′′′ +
3p(x)

xα
y′′ +

r(x)

x2α
y′ +

s(x)

x3α
y =

f(x)

x3α
(1)

ãäå α ≥ 1 � äåéñòâèòåëüíîå ÷èñëî, p(x) ∈ C2(Γ̄), r(x) ∈ C1(Γ̄),
s(x), f(x) ∈ C(Γ̄) - èçâåñòíûå, y(x) � èñêîìàÿ ôóíêöèÿ, à òàêæå
ñëåäóþùèé åãî ÷àñòíûé ñëó÷àé:

Lαy ≡ y′′′ +
3p(x)

xα
y′′ +

3xαp′(x)− 3αxα−1p(x) + 3p2(x)

x2α
y′+

+
x2αp′′(x) + [3xαp(x)− 2αx2α−1]p′(x) + (α2 + α)x2α−2p(x)− 3αxα−1p2(x) + p3(x)

x3α
y =

=
f(x)

x3α
, (2)

êîòîðîå íàçîâåì ñîîòâåòñòâóþùèì óðàâíåíèþ (1) ìîäåëüíûì óðàâ-
íåíèåì.
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Îòìåòèì, ÷òî èññëåäîâàíèþ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé âûñøèõ ïîðÿäêîâ c ñèíãóëÿðíûìè è ñâåðõñèíãóëÿðíû-
ìè êîýôôèöèåíòàìè ïîñâÿùåí ðÿä ðàáîò, íàïðèìåð, [1-3]. Â äàííîé
ðàáîòå îáùåå ðåøåíèÿ óðàâíåíèÿ (1) íàõîäèòñÿ â ÿâíîì âèäå èëè
âûðàæàåòñÿ ïðè ïîìîùè ðåøåíèé èíòåãðàëüíîãî óðàâíåíèÿ Âîëü-
òåððà âòîðîãî ðîäà ñî ñëàáîé îñîáåííîñòüþ è ïðèìåíÿåòñÿ ê ïîñòà-
íîâêå è ðåøåíèþ çàäà÷è òèïà Êîøè, ñ äàííûìè íà îñîáîé òî÷êå
x = 0.

1. Îáùåå ðåøåíèå ìîäåëüíîãî óðàâíåíèÿ (2), ñîãëàñíî [2, 3] âû-
ðàæàåòñÿ ñëåäóþùåé ôîðìóëîé:

y(x) = exp[−wα
p (x) + p(0)ωα(x)]Kα[p, f, c0, c1, c2] ïðè α > 1, (3)

y(x) = x−p(0)exp[−w1
p(x)]K1[p, f, c0, c1, c2] ïðè α = 1, (4)

ãäå Kα[p, f, c0, c1, c2], w
α
p (x) è ωα(x) � èçâåñòíûå ôóíêöèè [2, 3], à

cj, j = 0, 2 � ïðîèçâîëüíûå ïîñòîÿííûå.
2. Â îáùåì ñëó÷àå óðàâíåíèå (1) ïðåäñòàâèì â âèäå

Lαy =
f(x) + xαΩ1

α(x)y
′(x) + Ω2

α(x)y(x)

x3α
, (5)

ãäå Ω1
α(x) è Ω2

α(x) � èçâåñòíûå ôóíêöèè, ÿâíî âûðàæàåìûå ïðè ïî-
ìîùè ôóíêöèé p(x), p′(x), p′′(x), r(x), è s(x) [2]. Îáðàùàåì óðàâíå-
íèå (5) íà îñíîâàíèè ôîðìóë (3) è (4).

Òîãäà, ïîëó÷èì ñëåäóþùèå óòâåðæäåíèÿ:
Òåîðåìà 1. Ïóñòü â óðàâíåíèè (1) p(x) ∈ C2(Γ̄), r(x) ∈ C1(Γ̄),

s(x), f(x) ∈ C(Γ̄), p(0) > 0 ïðè α > 1 è p(0) > 2 ïðè α = 1. Â ñëó÷àå
α ≥ 2 ôóíêöèÿ p(x) ïîä÷èíÿåòñÿ äîïîëíèòåëüíîìó óñëîâèþ

|p(x)− p(0)| ≤ Hxh, H > 0, h > α− 1 ïðè x→ +0.

Ôóíêöèè Ω1
α(x), Ω

2
α(x) â òî÷êå x = 0 îáðàùàþòñÿ â íóëü è â åå

îêðåñòíîñòè óäîâëåòâîðÿþò àñèìïòîòè÷åñêèì ðàâåíñòâàì

Ω1
α(x) = O(xδ1), Ω2

α(x) = O(xδ2), δ1, δ2 > 3α− 1.

Òîãäà çàäà÷à ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1) ýê-
âèâàëåíòíà çàäà÷å ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà
âòîðîãî ðîäà

φ(x)−
x∫

0

Mα(x, ξ)φ(ξ)dξ = Kα[p, f, c0, c1, c2] (6)
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ñ ÿäðîì Mα(x, ξ) [2], èìåþùèì ñëàáóþ îñîáåííîñòü ïðè ξ = 0,
íåïðåðûâíîé íà Γ̄ ïðàâîé ÷àñòüþ è íåèçâåñòíîé ôóíêöèåé φ(x),
ñâÿçàííîé ñ èñêîìîé ôóíêöèåé y(x) ïðè ïîìîùè ðàâåíñòâ
y(x) = exp[−wα

p (x) + p(0)ωα(x)]φ(x), y(x) = x−p(0)exp[−w1
p(x)]φ(x)

ïðè α > 1 è α = 1, ñîîòâåòñòâåííî.
Çàìå÷àíèå 1. Ïóñòü â óðàâíåíèè (1) p(0) < 0 , â ñëó÷àå α > 1;

p(0) ≤ 2, â ñëó÷àå α = 1 è ôóíêöèÿ f(x) â òî÷êå x = 0 ðàâíÿ-
åòñÿ íóëþ, à â åå îêðåñòíîñòè óäîâëåòâîðÿåò, ñîîòâåòñòâåííî
àñèìïòîòè÷åñêèì ðàâåíñòâàì

f(x) = O(xδexp[p(0)ωα(x)]), δ > 3α− 1; f(x) = O(xγ), γ > 2− p(0).

Òîãäà çàêëþ÷åíèå òåîðåìû 1 îïÿòü îñòàåòñÿ âåðíûì.
Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1. Òîãäà îáùåå

ðåøåíèå óðàâíåíèÿ (1) èç êëàññà C3(Γ) âûðàæàåòñÿ ôîðìóëîé

y(x) = exp[−wα
p (x) + p(0)ωα(x)]

{ x∫
0

Γα(x, ξ)Kα[p, f, c0, c1, c2]dξ+

+Kα[p, f, c0, c1, c2]
}
ïðè α > 1 è (7)

y(x) = x−p(0)exp[−w1
p(x)]

{ x∫
0

Γ1(x, ξ)K1[p, f, c0, c1, c2]dξ +K1[p, f, c0, c1, c2]
}

ïðè α = 1, ãäå Γα(x, ξ) åñòü ðåçîëüâåíòà èíòåãðàëüíîãî óðàâíåíèÿ
Âîëüòåððà âòîðîãî ðîäà (6) ñ ÿäðîì èìåþùèì ñëàáóþ îñîáåííîñòü
è íåïðåðûâíîé ïðàâîé ÷àñòüþ.

Ôîðìóëû (7) ïîçâîëÿþò ñòàâèòü è ðåøèòü ñëåäóþùóþ çàäà÷ó:
Çàäà÷à òèïà Êîøè. Òðåáóåòñÿ íàéòè ðåøåíèå óðàâíåíèÿ (1) èç
êëàññà C3(Γ) ïî ñëåäóþùèì óñëîâèÿì íà îñîáîé òî÷êå x = 0 :

exp[−p(0)ωα(x)]Bj
αy(x)|x=+0 = yj ïðè α > 1 è

[x−p(0)Bj
1y(x)]|x=+0 = yj ïðè α = 1,

ãäå Bαy = y′ + p(x)
xα y, B

k
αy = Bα(B

k−1
α y), B0

αy ≡ y, yj, j = 0, 2 -
çàäàííûå ïîñòîÿííûå ÷èñëà.

Ëåãêî ìîæíî óáåäèòüñÿ, ÷òî åäèíñòâåííîå ðåøåíèå çàäà÷è òèïà
Êîøè ïîëó÷àåòñÿ èç ôîðìóë (7) çàìåíîé â íèõ ïðîèçâîëüíûå ïîñòî-
ÿííûå cj íà÷àëüíûìè äàííûìè, ñîãëàñíî ðàâåíñòâó: cj = yj, j = 0, 2.
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INVERSE COEFFICIENT PROBLEMS FOR
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Institute of Mathematics and Mathematical Modeling (Kazakhstan, Almaty),
Al-Farabi Kazakh National University (Kazakhstan, Almaty)

e-mail: oralsyn@math.kz

The solvability of various inverse problems for parabolic equations
was studied in papers of Anikonov Yu.E., Belov Yu.Ya., Bubnov B.A.,
Prilepko A.I., Kostin A.B., Monakhov V.N., Kozhanov A.I., Kaliyev I.,
Sabitov K.B., Pyatkov S.G., Ashyralyev A., Kerimov N.B., Ismailov
M.I., Sadybekov M.A. and many others.

Unlike the preceding works, we study the inverse problem for a
heat equation subject to boundary conditions with respect to a spatial
variable under which the system of eigenfunctions of the corresponding
spectral problem for an ordinary di�erential operator does not form a
basis.

In the domain Ω = {(x, t) : 0 < x < 1, 0 < t < T} consider a
problem on �nding unknown coe�cient p(t) of the heat equation

ut = uxx(x, t)− p(t)u(x, t) + f(x, t) (1)
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and its solution satisfying the initial condition

u(x, 0) = φ(x), 0 ≤ x ≤ 1, (2)

the nonlocal boundary condition

ux(0, t) = ux(1, t) + αu(1, t), u(0, t) = 0, 0 ≤ t ≤ T, (3)

and the overdetermination conditions∫ 1

0

u(x, t)dx = E(t), E(t) ̸= 0, 0 ≤ t ≤ T, (4)

where E(t) ∈ W 1
2 (0, T ). Here the parameter α is any positive number,

and f(x), φ(x) and E(t) are given functions. At α = 0 the boundary
conditions (3) are well- known and called in literature as Samarskii-
Ionkin conditions.

The most close to the theme of the present paper is [1]. The existence
of classical solution of an inverse problem analogous to our investigated
problem has been justi�ed in this paper. However, due to the fact that
boundary conditions in [1] are regular, but not strengthened regular,
from the input data of the problem there have been required the impro-
vement of the smoothness and satisfaction to additional conditions. In
the present paper these conditions are completely removed and it is
shown that the inverse problem has the unique generalized solution.

We have proved the unique existence of a generalized solution to
the mentioned problem. The main result of the paper is theorem on
the existence and uniqueness of a generalized solution of the problem
(1)-(4).

The main result of the paper is:
Theorem. If functions φ and f belong to classes φ ∈ W 2

2 (0, 1),
f ∈ L2(Ω), E(t) ̸= 0 and E(t) ∈ W 1

2 (0, T ), then a unique generalized
solution u(x, t) ∈ W 2,1

2 (Ω), p(t) ∈ L2(0, 1) of the problem (1)-(4) exists.
Throughout this note we mainly use techniques fromourworks [2�3].
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Science of Republic of Kazakhstan.
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The solvability of various inverse problems for parabolic equations
was studied in papers of Anikonov Yu.E. and Belov Yu.Ya., Bubnov B.A.,
Prilepko A.I. and Kostin A.B., Monakhov V.N., Kozhanov A.I., Kaliyev I.,
Sabitov K.B., Sadybekov M.A. and many others.

Unlike the preceding works, we study the inverse problem for a
heat equation subject to boundary conditions with respect to a spatial
variable under which the system of eigenfunctions of the corresponding
spectral problem for an ordinary di�erential operator does not form a
basis.

For simplicity we consider only a model equation of one-dimensional
extraction process of a target component from the solid polydisperse
porous materials in one separately taken macropore:

Ψt(x, t)−Ψxx(x, t) = f(x), (1)

where Ψ(x, t) is a dimensionless concentration of the target component
in macropores at x at time point t. Here f(x) is an in�uence of outer
source.

Therefore the problem is considered in the domain Ω = {(x, t) :
0 < x < 1, 0 < t < T}. Here t = 0 is an initial time point and t = T is
a �nal one.

Natural to assume that the value of concentration on the farthest
boundary of the macropore equals to zero:

Ψ(1, t) = 0, 0 ≤ t ≤ T. (2)

For many forms of the solid polydisperse porous materials, the
volume of the di�usion (of the target component from micropore into
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macropore) at the near end at every time point t is proportional to the
change speed of the average value of quantity of the target component
in the macropores. Then

αΨ(0, t) =
d

dt

∫ 1

0

Ψ(ξ, t)dξ, 0 ≤ t ≤ T, (3)

where the proportional coe�cient α is a positive constant.
Our goal is to �nd functions of in�uence of the outer source f(x) by

means of some additional information. The knowledge of f(x) allows in
future to calculate necessary concentration of the target component in
the micropores.

As the additional information we take values of initial and �nal
conditions of the concentration of the target component in the macro-
pores:

Ψ(x, 0) = φ(x), Ψ(x, T ) = ψ(x), 0 ≤ x ≤ 1. (4)

Thus the investigated process is reduced to the mathematical problem:
Find the right-hand side f(x) of the di�usion equation (1), and its
solution Ψ(x, t) subject to the boundary ones (2), (3) and the initial
and �nal conditions (4).

We have proved the unique existence of the generalized solution to
the mentioned problem. The main result of this paper is a theorem.

Theorem. If functions φ(x) and ψ(x) belong to W 2
2 (0, 1) and

satisfy the conditions (2)-(3), then problem (1)-(4) has a unique generali-
zed solution

Ψ(x, t) ∈ W 2,1
2 (Ω), f(x) ∈ L2(0, 1).

Throughout this note we mainly use techniques fromourworks [1�3].
Research supported by the grant 0824/GF4 of the Ministry of Education and

Science of Republic of Kazakhstan.
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áþäæåòíîãî ó÷ðåæäåíèÿ íàóêè Ôåäåðàëüíûé íàó÷íûé öåíòð

"Âëàäèêàâêàçñêèé íàó÷íûé öåíòð Ðîññèéñêîé àêàäåìèè íàóê"; Ôèíàíñîâûé
óíèâåðñèòåò ïðè Ïðàâèòåëüñòâå ÐÔ (Ðîññèÿ, Âëàäèêàâêàç)
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Â íàñòîÿùåå âðåìÿ îöåíêà ðàçìåðîâ çîí ïîðàæåíèÿ, âûçâàí-
íûõ îáâàëàìè ìàññû ãîðíûõ ïîðîä, ïðåäñòàâëÿåòñÿ àêòóàëüíûì
íàó÷íî-ïðàêòè÷åñêèì èññëåäîâàíèåì. Îñóùåñòâèòü òàêîå èññëåäî-
âàíèå âîçìîæíî ñ èñïîëüçîâàíèåì ìàòåìàòè÷åñêîãî ìîäåëèðîâà-
íèÿ.

Â íàñòîÿùåé ðàáîòå èñïîëüçóåòñÿ äâóõæèäêîñòíàÿ ìîäåëü äâè-
æåíèÿ îáëîìêîâ ãîðíûõ ïîðîä ñ èñïîëüçîâàíèåì êîíòèíóàëüíîãî
ïîäõîäà, êîãäà äâèæåíèå ïîòîêà âåùåñòâà ïðåäñòàâëÿåòñÿ â âèäå
ñïëîøíîé ñðåäû. Äàííûé ïîäõîä íå òðåáóåò èñïîëüçîâàíèÿ ìîù-
íûõ âû÷èñëèòåëüíûõ ðåñóðñîâ. Êðîìå òîãî, â ìîäåëè ó÷èòûâàåòñÿ
îæèæåíèå ïîòîêà îáâàëüíûõ ãîðíûõ ïîðîä â ïðîöåññå èõ äâèæåíèÿ
ïî ñêëîíó. Ìîäåëèðîâàíèå îæèæåíèÿ ïîòîêà îáâàëüíûõ ãîðíûõ ïî-
ðîä îñóùåñòâëÿåòñÿ ñ èñïîëüçîâàíèåì êèíåòè÷åñêîé òåîðèè ãðàíó-
ëÿðíûõ ãàçîâ, êîòîðàÿ ó÷èòûâàåò õàîòè÷åñêîå äâèæåíèå îáëîìêîâ
(âñëåäñòâèå èõ ñòîëêíîâåíèé äðóã ñ äðóãîì è ñ ïîâåðõíîñòüþ ñêëî-
íà) êàê â ïëîòíîì, òàê è â ðàçðåæåííîì ñîñòîÿíèè.

Äëÿ ìîäåëèðîâàíèÿ äâèæåíèÿ îáâàëîâ èñïîëüçîâàëñÿ ñâîáîä-
íî ðàñïðîñòðàíÿåìûé ïàêåò äëÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ çàäà÷
ãèäðîàýðîìåõàíèêè OpenFOAM (àíãë. Open Source Field Operation
And Manipulation CFD ToolBox) ïðè ïîääåðæêå ïðîãðàììû "Óíè-
âåðñèòåòñêèé êëàñòåð"ñ óäàëåííûì äîñòóïîì ê êîíñîëè íà óïðàâëÿ-
þùåì óçëå âû÷èñëèòåëüíîãî êëàñòåðà JSCC RAS web-ëàáîðàòîðèè
UniHUB (URL: https://unihub.ru/tools/js3console (date of treatment:
30.04.2016)).

Äëÿ îïèñàíèÿ äâèæåíèÿ îáâàëà ñ ó÷åòîì îæèæåíèÿ èñïîëüçî-
âàëñÿ ðåøàòåëü twoPhaseEulerFoam. Â ðåøàòåëå twoPhaseEulerFoam
ðåàëèçîâàíà äâóõæèäêîñòíàÿ ìîäåëü êèïÿùåãî (îæèæåííîãî) ñëîÿ
íà îñíîâå êîíòèíóàëüíîãî ïîäõîäà (ïîäõîäà Ýéëåðà), ïðè êîòîðîì
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äâèæåíèå ñëîÿ ðàññìàòðèâàåòñÿ êàê äâèæåíèå äâóõ âçàèìîäåéñòâó-
þùèõ êîíòèíóóìîâ, ñâÿçàííûõ ñ ãàçîì è ÷àñòèöàìè. Îñíîâíûå óðàâ-
íåíèÿ äâóõæèäêîñòíîé ìîäåëè - óðàâíåíèÿ íåðàçðûâíîñòè è óðàâ-
íåíèÿ êîëè÷åñòâà äâèæåíèÿ äëÿ îáåèõ ôàç [1,2].

Áûëè ïðîâåäåíû òåñòîâûå ðàñ÷åòû ìîäåëè ñ öåëüþ äàëüíåéøå-
ãî åå èñïîëüçîâàíèÿ äëÿ ìîäåëèðîâàíèÿ äâèæåíèÿ îáâàëîâ. Çàäà÷à
ðåøàëàñü â äâóìåðíîì ïðèáëèæåíèè [3]. Ðàññìàòðèâàëàñü îáëàñòü,
ñîñòîÿùàÿ èç ñêëîíà, ñîïðÿæåííîãî ñ ãîðèçîíòàëüíûì ó÷àñòêîì.
Ðàñ÷åòû ïðîâîäèëèñü ïðè ðàçíîì çíà÷åíèè óãëà ñêëîíà ê ãîðèçîí-
òàëüíîé ïîâåðõíîñòè (β1 = 37 ãðàäóñîâ, β2 = 45 ãðàäóñîâ è β3 = 54
ãðàäóñà).Áîëåå ïîäðîáíî óñëîâèÿ âû÷èñëåíèé îïèñàíû â ðàáîòå [4].

Â êà÷åñòâå ãðàíè÷íîãî óñëîâèÿ äëÿ ñêîðîñòè òâåðäîé ôàçû íà
ñêëîíå è ãîðèçîíòàëüíîì ó÷àñòêå èñïîëüçîâàëîñü óñëîâèå ïðîñêàëü-
çûâàíèÿ. Ïðè ýòîì ðàñ÷åòû ïðîâîäèëèñü ïðè ðàçëè÷íûõ çíà÷åíèÿõ
êîýôôèöèåíòà ïðîñêàëüçûâàíèÿ (â ïðåäåëàõ îò íóëÿ äî 1). Êðîìå
òîãî, ðàñ÷åòû ïðîâîäèëèñü è ïðè óñëîâèè ïðèëèïàíèÿ.

Ðåçóëüòàòû âû÷èñëåíèé ïîêàçàëè, ÷òî çíà÷åíèå êîýôôèöèåíòà
ïðîñêàëüçûâàíèÿ, â öåëîì, íå âëèÿåò íà õàðàêòåð äâèæåíèÿ îáâà-
ëà. Íàáëþäàþòñÿ íåáîëüøèå êîëè÷åñòâåííûå ðàñõîæäåíèÿ â ðàñ÷å-
òàõ ïî ðàñïðåäåëåíèþ òâåðäîé ôàçû è ñêîðîñòè åå äâèæåíèÿ âäîëü
ñêëîíà, êîòîðûå áûëè ïîëó÷åíû ïðè ðàçíûõ çíà÷åíèÿõ êîýôôèöè-
åíòà ïðîñêàëüçûâàíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé, ïðîåêò � 16-35-00147).
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Â íàñòîÿùåé ðàáîòå ðåàëèçîâàí ìåõàíè÷åñêèé îñöèëëÿòîð � óäàð-
íèê íà óïðóãîé áàëêå, êîòîðûé ñîâåðøàåò âûíóæäåííûå êîëåáàíèÿ
è ñîóäàðåíèÿ ñ óïðóãèì ïîëóïðîñòðàíñòâîì � ìåòàëëè÷åñêèì îá-
ðàçöîì. Ïðîâåäåíû èññëåäîâàíèÿ çâóêîâûõ ñèãíàëîâ, âîçíèêàþùèõ
ïðè óäàðàõ îñöèëëÿòîðà î ïîâåðõíîñòü ðàçëè÷íûõ ìåòàëëè÷åñêèõ
îáðàçöîâ [1, 2]. Ýêñïåðèìåíòàëüíûì ðåçóëüòàòàì äàíà ôèçè÷åñêàÿ
èíòåðïðåòàöèÿ è ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü, îïèñûâàþ-
ùàÿ ïðîöåññ ñîóäàðåíèÿ.

Ðàññìîòðèì çàòóõàþùèå êîëåáàíèÿ îñöèëëÿòîðà â ïîëå ñèë òÿ-
æåñòè â îòñóòñòâèå ñîóäàðåíèé è âíåøíåé âîçáóæäàþùåé ñèëû.
Óðàâíåíèå äâèæåíèÿ çàïèñûâàåòñÿ â âèäå

x′′ + 2ax′ + x+ b = 0, (1)

a =
γ

mω2
0

, b =
g

ω2
0

, ω0 =

√
k

m
,

ãäå x(t) � ñìåùåíèå, ÿâëÿþùååñÿ ôóíêöèåé áåçðàçìåðíîãî âðåìåíè,
g � óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ,m � ýôôåêòèâíàÿ ìàññà îñöèëëÿ-
òîðà, k � èçãèáíàÿ æåñòêîñòü, γ � êîýôôèöèåíò çàòóõàíèÿ. Îáùåå
ðåøåíèå óðàâíåíèÿ (1) èìååò âèä

x(t) = exp(−at)[c1 cos (ωt) + c2 sin (ωt)]− b, (2)

ω =
√
1− a2.

Ðåøåíèå (2) â íàøåì ñëó÷àå äîëæíî óäîâëåòâîðÿòü ñëåäóþùèì
íà÷àëüíûì óñëîâèÿì

x(0) = 0, x′(0) = v0, (3)
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ãäå v0 � íà÷àëüíàÿ ñêîðîñòü. Îòñþäà ïîëó÷àåì

c1 = b, c2 =
v0 + ab

ω
, a < 1. (4)

Èç ðåøåíèÿ (2) ñëåäóåò, ÷òî â îòñóòñòâèå âíåøíåãî âîçáóæäåíèÿ
àìïëèòóäà êîëåáàíèé îñöèëëÿòîðà äîëæíà çàòóõàòü ïî ýêñïîíåíöè-
àëüíîìó çàêîíó. Òàêîå çàòóõàíèå ðåãèñòðèðóåòñÿ òàêæå è â ðåæèìå
ñîóäàðåíèé îñöèëëÿòîðà.

Ïðè äâèæåíèè óäàðíèêà â ïðîöåññå êîíòàêòà êîýôôèöèåíò æåñò-
êîñòè â óðàâíåíèè (1) çàâèñèò îò ñìåùåíèÿ x, ÷òî ïðèâîäèò ê íåëè-
íåéíîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ

mx′′ + 2γx′ + k(x)x+mg = 0, (5)

ãäå k(x) � õàðàêòåðèñòèêà æåñòêîñòè âíåäðåíèÿ çîíäà â óïðóãîå
ïîëóïðîñòðàíñòâî. Î÷åâèäíî, ÷òî â íàøåì ýêñïåðèìåíòå âûïîëíÿ-
åòñÿ óñëîâèå k(x)x≫ mg è, êðîìå òîãî, èçãèáíîé æåñòêîñòüþ áàëêè
ìîæíî òàêæå ïðåíåáðå÷ü. Òàêèì îáðàçîì, äâèæåíèå øàðà ïðè êîí-
òàêòå âïëîòü äî îñòàíîâêè è ïðîöåññ âûòàëêèâàíèÿ ìîæíî îïèñàòü
ïðîñòûì óðàâíåíèåì:

x′′ + ω2
0x = 0. (6)

Åñëè ω0 = const , òî ðåøåíèå óðàâíåíèÿ (6) ñ ó÷åòîì íà÷àëüíûõ
óñëîâèé (3) áóäåò èìåòü âèä

x(t) =
v0
ω0

sin (ω0t). (7)

Âðåìÿ êîíòàêòà â äàííîì ñëó÷àå ðàâíî

τ =
T

2
=

π

ω0

=
πx0
v0

, (8)

ãäå T � ïåðèîä, x0 � ìàêñèìàëüíàÿ ãëóáèíà âíåäðåíèÿ çîíäà â îá-
ðàçåö. Îòìåòèì, ÷òî ôîðìóëà (2) áûëà ïîëó÷åíà ðàíåå â ðàáîòå [1]
â ìîäåëè ñòàëêèâàþùèõñÿ øàðîâ.

Â íàèáîëåå îáùåì ñëó÷àå äëÿ ðàñ÷åòà êîíòàêòíîé æåñòêîñòè
ïðè óäàðå çîíäà íåîáõîäèìî èñïîëüçîâàòü èçâåñòíîå ðåøåíèå çàäà-
÷è Ãåðöà äëÿ âçàèìîäåéñòâèÿ øàðà ñ óïðóãèì ïîëóïðîñòðàíñòâîì
[3, 4]. Óðàâíåíèå äâèæåíèÿ çîíäà â çîíå êîíòàêòà ïðèîáðåòàåò âèä

x′′ + αx3/2 = 0, (9)
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α =
4E

√
R

3m(1− σ2)
,

ãäå E � ìîäóëü óïðóãîñòè îáðàçöà, σ � êîýôôèöèåíò Ïóàññîíà äëÿ
ìàòåðèàëà îáðàçöà, R � ðàäèóñ êðèâèçíû êîí÷èêà çîíäà. Ïðè çàïè-
ñè óïðóãîé ñèëû â óðàâíåíèè (9) ïðåäïîëàãàëîñü, ÷òî ìîäóëü óïðó-
ãîñòè ìàòåðèàëà óäàðíèêà íàìíîãî ïðåâûøàåò ìîäóëü óïðóãîñòè
îáðàçöà. Ïðåäñòàâèì óðàâíåíèå (9) â ñëåäóþùåì âèäå

vdv = −αx3/2dx, (10)

v = x′.

Èíòåãðèðóÿ óðàâíåíèå (10), íàõîäèì

1

2
(v2 − v20) = −2α

5
x5/2. (11)

Ïðè v = 0 ñìåùåíèå äîñòèãàåò ìàêñèìàëüíîãî çíà÷åíèÿ [1]:

x0 =

(
5v20
4α

)2/5

= v
4/5
0

[
15m(1− σ2)

16E
√
R

]2/5
. (12)

Èíòåãðèðóÿ óðàâíåíèå (11) ñ ó÷åòîì (12), íàõîäèì äëèòåëüíîñòü
óäàðà

τ ≈ 2.9432
x0
v0

= 2.9432

[
15m(1− σ2)

16E
√
v0R

]2/5
. (13)

Òàêèì îáðàçîì, ïðèõîäèì ê âûâîäó, ÷òî ôîðìóëû (2) è (13) äî-
ñòàòî÷íî õîðîøî ñîãëàñóþòñÿ ìåæäó ñîáîé (ðàçëè÷èå îïðåäåëÿåòñÿ
îòíîøåíèåì π/2.9432 ≈ 1.067 ). Ýòî îçíà÷àåò, ÷òî äëÿ èíòåðïðåòà-
öèè íàøèõ ýêñïåðèìåíòîâ âïîëíå äîñòàòî÷íî âîñïîëüçîâàòüñÿ ëè-
íåéíîé ìîäåëüþ, êîòîðàÿ îïèñûâàåòñÿ óðàâíåíèåì (6). Â ðàìêàõ
ýòîé ìîäåëè àìïëèòóäà àêóñòè÷åñêîãî ñèãíàëà, âîçíèêàþùåãî ïðè
ñîóäàðåíèÿõ çîíäà î ïîâåðõíîñòü òâåðäîãî òåëà, ïðîïîðöèîíàëüíà
1/
√
E , ÷òî äàåò âîçìîæíîñòü èñïîëüçîâàòü àêóñòè÷åñêèå èçìåðå-

íèÿ äëÿ îïðåäåëåíèÿ ìîäóëÿ óïðóãîñòè îáðàçöà [1].
Ðàçëè÷íûå ìîäåëè, îïèñûâàþùèå äâèæåíèå òåë ñ ó÷åòîì çàòó-

õàíèÿ, ïðîïîðöèîíàëüíîãî ñêîðîñòè, îïèñàíû â ðàáîòå [5]. Â ðàáîòå
[6] ïðåäëàãàåòñÿ ìîäåëü âíåäðåíèÿ øòàìïà ñôåðè÷åñêîé ôîðìû â
ñëîé, ëåæàùèé íà æåñòêîì îñíîâàíèè, ïðè÷åì äëÿ îöåíêè ñèëû
ñîïðîòèâëåíèÿ âíåäðåíèþ ïðåäëàãàåòñÿ çàìåíèòü ñïëîøíóþ ñðåäó
ñèñòåìîé íåçàâèñèìûõ ïðóæèí. Ñõîæèå èäåè èçëîæåíû â ðàáîòå [4].
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Òàêîé ïîäõîä ñïðàâåäëèâ ïðè íå î÷åíü áîëüøèõ çíà÷åíèÿõ êîýô-
ôèöèåíòà Ïóàññîíà, îäíàêî ïðåèìóùåñòâîì òàêîé ìîäåëè ÿâëÿåòñÿ
âîçìîæíîñòü ó÷åòà íåëèíåéíûõ ñâîéñòâ ñðåäû è ïîòåðè ýíåðãèè,
ñâÿçàííûå ñ ÿâëåíèÿìè ãèñòåðåçèñà.

Ñëåäóåò îòìåòèòü, ÷òî ïðåäëîæåííûå ìàòåìàòè÷åñêèå ìîäåëè
ïîñòðîåíû â ïðåäïîëîæåíèè óïðóãîñòè ñâîéñòâ îáðàçöîâ, îäíàêî
èç ýêñïåðèìåíòàëüíûõ ðåçóëüòàòîâ ñëåäóåò, ÷òî èìååò ìåñòî ïðî-
öåññ çàòóõàíèÿ, ñâÿçàííûé ñ ïëàñòè÷íîñòüþ ìàòåðèàëà è ïîòåðåé
ýíåðãèè â ïðîöåññå ñîóäàðåíèÿ. Ó÷åò ýòèõ ñâîéñòâ òðåáóåò äàëüíåé-
øåé ðàçðàáîòêè íåëèíåéíûõ ìàòåìàòè÷åñêèõ ìîäåëåé, îïèñûâàþ-
ùèõ ðåàëüíûå ñâîéñòâà îáðàçöîâ, â òîì ÷èñëå íàëè÷èå ïåòëè ãèñòå-
ðåçèñà â ïðîöåññå ñîóäàðåíèÿ îñöèëëÿòîðà ñ ïîëóïðîñòðàíñòâîì.
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Â ðàáîòå ïðåäëîæåíà íîâàÿ ìàòåìàòè÷åñêàÿ ìîäåëü, îáîáùà-
þùàÿ ìîäåëü îñöèëëÿòîðà Âàí-äåð-Ïîëÿ, êîòîðàÿ õàðàêòåðèçóþò
ýðåäèòàðíûé àâòîêîëåáàòåëüíûé ïðîöåññ. Íàëè÷èå ¾ïàìÿòè¿ èëè
ýðåäèòàðíîñòè â êîëåáàòåëüíîé ñèñòåìå îáóñëîâëåíî çàâèñèìîñòüþ
òåêóùåãî åå ñîñòîÿíèÿ îò ïðåäûäóùèõ ñîñòîÿíèé. Ýòîò ýôôåêò
ìîæíî îïèñàòü ñ ïîìîùüþ ìàòåìàòè÷åñêîãî àïïàðàòà äðîáíîãî èí-
òåãðî-äèôôåðåíöèðîâàíèÿ [1,2]. Äëÿ ðåøåíèÿ ðàññìîòðåííîé ìîäå-
ëè áûëè ïðåäëîæåíû äâå ðàñ÷åòíûå ÿâíûå êîíå÷íî-ðàçíîñòíûå ñõå-
ìû. Ñîãëàñíî ðàñ÷åòíûì ñõåìàì áûëè ïîñòðîåíû è èçó÷åíû îñöèë-
ëîãðàììû è ôàçîâûå òðàåêòîðèè. Îäíèì èç êëþ÷åâûõ ðåçóëüòàòîâ
â ðàáîòå ÿâëÿåòñÿ ñëåäóþùèé ðåçóëüòàò, ÷òî íåñìîòðÿ íà íàëè÷èå
ïðîèçâîäíûõ äðîáíûõ ïåðåìåííûõ ïîðÿäêîâ è îòñóòñòâèÿ âíåøíåãî
ãàðìîíè÷åñêîãî âîçäåéñòâèÿ, îñöèëëîãðàììû ñî âðåìåíåì âûõîäÿò
íà ïîñòîÿííóþ àìïëèòóäó, à ôàçîâûå òðàåêòîðèè íà ïðåäåëüíûé
öèêë. Ýòî âàæíûé ðåçóëüòàò òàê êàê ðàíåå ñ÷èòàëîñü, ÷òî ââåäå-
íèå â èñõîäíîå óðàâíåíèå áåç ïðàâîé ÷àñòè ïðîèçâîäíûõ äðîáíûõ
ïîðÿäêîâ ïðèâîäèò ê ïîÿâëåíèþ äèññèïàöèè ýíåðãèè è ê çàòóõàíèþ
êîëåáàíèé [2].

Ïîñòàíîâêà çàäà÷è è ìåòîäèêà ðåøåíèÿ. Ðàññìîòðèì ñëå-
äóþùåå óðàâíåíèå ñ ïðîèçâîäíûìè äðîáíûõ ïåðåìåííûõ ïîðÿäêîâ:

∂
β(x(t),t)
0t x (τ)− λ

(
1− x (t)2

)
∂
γ(x(t),t)
0t x (τ) + x (t) = f (t) , (1)

∂
β(x(t),t)
0t x (τ) =

1

Γ (2− β (x (t) , t))

∫ t

0

ẍ (τ) dτ

(t− τ)β(x(t),t)−1
,

∂
γ(x(t),t)
0t x (τ) =

1

Γ (1− γ (x (t) , t))

∫ t

0

ẋ (τ) dτ

(t− τ)γ(x(t),t)
.

ãäå 0 < γ (x (t) , t) < 1, 1 < β (x (t) , t) < 2 � ïîðÿäêè äðîáíûõ ïðîèç-
âîäíûõ, èçâåñòíûå ôóíêöèè,x (t) � ôóíêöèÿ ñìåùåíèÿ, f (t) � ôóíê-
öèÿ âíåøíåãî âîçäåéñòâèÿ, t ∈ [0, T ] � âðåìÿ, T � âðåìÿ ìîäåëèðî-
âàíèÿ ïðîöåññà, λ � ïàðàìåòð, õàðàêòåðèçóþùèé íåëèíåéíîñòü è
ñèëó çàòóõàíèÿ êîëåáàíèé.

Ñóùåñòâóåò äðóãîå îïðåäåëåíèå ïðîèçâîäíûõ äðîáíûõ ïåðåìåí-
íûõ ïîðÿäêîâ, âõîäÿùèõ â óðàâíåíèå (1) [3], ïîýòîìó ìû òàêæå
ðàññìîòðèì ñëåäóþùåå óðàâíåíèå:

∂
β(x(τ),τ)
0t x (τ)− λ

(
1− x (t)2

)
∂
γ(x(τ),τ)
0t x (τ) + x (t) = f (t) , (2)

∂
β(x(τ),τ)
0t x (τ) =

∫ t

0

ẍ (τ) dτ

Γ (2− β (x (τ) , τ)) (t− τ)β(x(τ),τ)−1
,
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∂
γ(x(τ),τ)
0t x (τ) =

∫ t

0

ẋ (τ) dτ

Γ (1− γ (x (τ) , τ)) (t− τ)γ(x(τ),τ)
.

Óðàâíåíèÿ (1) è (2) îïèñûâàþò ýðåäèòàðíûé (ôðàêòàëüíûé) îñ-
öèëëÿòîð Âàí-äåð-Ïîëÿ [4] ñ ïåðåìåííûìè äðîáíûìè ïîðÿäêàìè,
äëÿ êîòîðûõ ñïðàâåäëèâû ñëåäóþùèå íà÷àëüíûå óñëîâèÿ:

x (0) = x0, ẋ (0) = y0. (3)

Â ñèëó íåëèíåéíîñòè óðàâíåíèé (1) è (2) çàäà÷è Êîøè (1),(3)
è (2),(3) áóäåì ðåøàòü ñ ïîìîùüþ ÷èñëåííûõ ìåòîäîâ � òåîðèè
êîíå÷íî-ðàçíîñòíûõ ñõåì [5]. Äëÿ ýòîãî ðàçîáüåì âðåìåííîé îò-
ðåçîê [0, T ] íà N ðàâíûõ ÷àñòåé ñ ïîñòîÿííûì øàãîì τ = T/N .
Àïïðîêñèìàöèþ ôóíêöèè ðåøåíèÿ x (t) ïðîâåäåì ñåòî÷íîé ôóíê-
öèåé x (tj) = xj, j = 0, 1, 2, ..., N − 1. Àïïðîêñèìàöèþ îïåðàòîðîâ
äðîáíûõ ïåðåìåííûõ ïîðÿäêîâ ïðîâåäåì ñîãëàñíî ðàáîòàì [6],[7]. Â
èòîãå îò äèôôåðåíöèàëüíîé çàäà÷è Êîøè (1) è (3) ìû ïåðåõîäèì
ê ðàçíîñòíîé çàäà÷å Êîøè âèäà:

x1 = τy0 + x0, j = 0,

xj+1 = Ajxj −B
j
xj−1 −Bj

j−1∑
k=1

pjk (xj−k+1 − 2xj−k + xj−k−1)− (4)

−Cj

j−1∑
k=1

qjk (xj−k+1 − xj−k) +Djfj, j = 1, ..., N − 1,

Aj =

2τ−βj

Γ(3−βj)
+

λτ−γj(x2
j−1)

Γ(2−γj)
− 1

τ−βj

Γ(3−βj)
+

λτ−γj(x2
j−1)

Γ(2−γj)

, Bj =

τ−βj

Γ(3−βj)

τ−βj

Γ(3−βj)
+

λτ−γj(x2
j−1)

Γ(2−γj)

,

Cj =

λτ−γj

Γ(2−γj)

(
x2j − 1

)
τ−βj

Γ(3−βj)
+

λτ−γj(x2
j−1)

Γ(2−γj)

, Dj =
1

τ−βj

Γ(3−βj)
+

λτ−γj(x2
j−1)

Γ(2−γj)

,

pjk = (k + 1)2−βj − k2−βj , qjk = (k + 1)1−γj − k1−γj .

Àíàëîãè÷íî, îò äèôôåðåíöèàëüíîé çàäà÷è Êîøè (2) è (3) ìû
ìîæåì ïåðåéòè ê ðàçíîñòíîé çàäà÷å Êîøè:

x1 = τy0 + x0, j = 0,
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xj+1 = Ajxj −B
j
xj−1 −Bj

j−1∑
k=1

τ−βkpk
Γ (3− βk)

(xj−k+1 − 2xj−k + xj−k−1)−

(5)

−Cj

j−1∑
k=1

τ−γkqk
Γ (2− γk)

(xj−k+1 − xj−k) +Djfj, j = 1, ..., N − 1,

Aj =

2τ−β0

Γ(3−β0)
+

λτ−γ0(x2
j−1)

Γ(2−γ0)
− 1

τ−β0

Γ(3−β0)
+

λτ−γ0(x2
j−1)

Γ(2−γ0)

, Bj =

τ−β0

Γ(3−β0)

τ−β0

Γ(3−β0)
+

λτ−γ0(x2
j−1)

Γ(2−γ0)

Cj =

λτ−γ0

Γ(2−γ0)

(
x2j − 1

)
τ−β0

Γ(3−β0)
+

λτ−γ0(x2
j−1)

Γ(2−γ0)

, Dj =
1

τ−β0

Γ(3−β0)
+

λτ−γ0(x2
j−1)

Γ(2−γ0)

,

pk = (k + 1)2−βk − k2−βk , qk = (k + 1)1−γk − k1−γk .

Ðåçóëüòàòû ìîäåëèðîâàíèÿ. Ðàññìîòðèì ñëåäóþùèé ïðèìåð
ðàáîòû ñõåì (4) è (5), êîãäà çíà÷åíèÿ óïðàâëÿþùèõ ïàðàìåòðîâ:
N = 2000, T = 100, τ = 0.05, λ = 0.3, δ = 0, x0 = 0.2, y0 = 0,
β (x (t) , t) = 1.86−0.01 cos (t2x (t)),γ (x (t) , t) = 0.76+0.03 cos (t2x (t)).

Ðåçóëüòàòû èññëåäîâàíèÿ ïðèâåäåíû â ñëåäóþùåé òàáëèöå äëÿ
t ∈ [0, 1].

Òàáëèöà 1: Èññëåäîâàíèå êîíå÷íî-ðàçíîñòíûõ ñõåì (4) è (5)

N Ìàêñèìàëüíàÿ

ïî ìîäóëþ

îøèáêà, ñõåìà

(4), Err1

Ìàêñèìàëüíàÿ

ïî ìîäóëþ

îøèáêà, ñõåìà

(5), Err2

Ðàñ÷åòíûé

ïîðÿäîê ñõî-

äèìîñòè ïî

ñõåìå (4)

p1 =
ln (Err1) / ln τ

Ðàñ÷åòíûé

ïîðÿäîê ñõî-

äèìîñòè ïî

ñõåìå (5)

p2 =
ln (Err2) / ln τ

20 0.00138559287 0.00138565289 2.197001122 2.196986662

40 0.00072544611 0.00072554204 1.959598804 1.959562960

80 0.00037563251 0.00037579202 1.799829147 1.799732262

160 0.00019331091 0.00019339410 1.684909925 1.684825150

200 0.00015557551 0.00015499209 1.654936604 1.655645721

2000 0.00001737038 0.00001941259 1.442031937 1.427407967

Èç òàáëèöû âèäíî, ÷òî ìàêñèìàëüíûå ïî ìîäóëþ îøèáêè óìåíü-
øàþòñÿ ïðè óâåëè÷åíèè êîëè÷åñòâî óçëîâûõ òî÷åê N . Ýòî ãîâîðèò
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î ñõîäèìîñòè ñõåì (4) è (5), ðàñ÷åòíûå êðèâûå ñòðåìÿòñÿ ê íåêî-
òîðûì àñèìïòîòè÷åñêèì êðèâûì. Ðàñ÷åòíûå ïîðÿäêè ñõîäèìîñòè
ýòèõ ñõåì, òîæå óìåíüøàåòñÿ ñ óâåëè÷åíèåì óçëîâûõ òî÷åê ðàñ÷åò-
íîé ñåòêè è èìåþò çíà÷åíèÿ áîëüøå åäèíèöû.

Äàëåå â ðàáîòå áûëè ðàññìîòðåíû äðóãèå ïðèìåðû ñ ïðàâîé ÷à-
ñòüþ â âèäå ïåðèîäè÷åñêîé ôóíêöèè. Ïîêàçàíî, ÷òî ôàçîâûå òðà-
åêòîðèè âûõîäÿò íà ïðåäåëüíûå öèêëû ðàçëè÷íîé ôîðìû. Íåñî-
ìíåííî ðåçóëüòàòû ìîäåëèðîâàíèÿ ìîãóò áûòü èñïîëüçîâàíû â èñ-
ñëåäîâàíèè ýðåäèòàðíûõ äèíàìè÷åñêèõ ñèñòåì.
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Ïóñòü Ñ= C(Tm) (T = [−π, π])− ìíîæåñòâî 2π−ïåðèîäè÷åñêèõ
ïî êàæäîé èç m ïåðåìåííûõ íåïðåðûâíûõ ôóíêöèé, f ∈ C (Tm) ,
S [f ]− åå ðÿä Ôóðüå ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå ôóíê-
öèé, Sk (f, x)− ïðÿìîóãîëüíûå ÷àñòíûå ñóììû S [f ] , Nσ− ìíîæå-
ñòâî ïîñëåäîâàòåëüíîñòåé íàòóðàëüíûõ ÷èñåë (nj), äëÿ êîòîðûõ
1+σ−1 ≤ nj+1n

−1
j ≤ σ, ∀j ∈ N0 = {0, 1, . . .}

Äàëåå, ïóñòü (nj) ∈ Nσ è Λτ (Nσ) (τ > 1)− ìíîæåñòâî íåîòðèöà-
òåëüíûõ ïîñëåäîâàòåëüíîñòåé ÷èñåë (λk) = λ äëÿ êîòîðûõ

nj+1−1∑
k=nj

(λk)
τ ≤ A (nj+1 − nj)

1−τ

(
nj−1∑

k=nj−1

λk

)τ

,

A>0, P = {α = (α1, . . . , αm) : αj = 0, 1} , α ∈ P è k∈ N = {1, 2, . . .} ,
òî kα = (kα1, . . . , kαm).

Âåëè÷èíó

Hq (f, x) = Hq (f, x, λ) =
∞∑
k=0

λk |Skα (f, x)− f (x)|q

íàçîâåì ñèëüíûì ïðåîáðàçîâàíèåì òèïà Ìàðöèíêåâè÷à S [f ] , ãäå
q > 0, (λk) ∈ Λτ (Nσ) , τ > 1 è α ∈ P .

Â ðàáîòå íàðÿäó ñ äðóãèìè ðåçóëüòàòàìè ñîäåðæèòñÿ ñëåäóþùåå
óòâåðæäåíèå.

Òåîðåìà. Ïóñòü f ∈ C (Tm), (nj) ∈ Nσ, (λk)∈ Λτ (Nσ) , τ > 1,

α ∈ P, q>0 è
∞∑
k=0

λk (Ekα (f))
q <∞. Òîãäà Hq ∈ C è ïðè q≥ 1

ω(H
1
q
q , δα) ≤ A(ω(f, δα)(

[∑
k=0

δ−1]λk)
1
q +(

∞∑
k=[(σδ)−1]

λk(Ekα(f))
q)1q). (1)

Â ÷àñòíîñòè, åñëè
∑

k∈N0

λk <∞, òî èç (1) ñëåäóåò

ω
(
H

1
q , δα

)
≤ Aω (f, δα) ,

à ïðè q∈ (0, 1)

ω(Hq, δα) ≤ A((ω(f, δα))q
[∑

k=0

δ−1] +
∞∑

k=[(σδ)−1]

λk (Ekα(f))
qλk). (2)
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Â ñëó÷àå
∑

k∈N0

λk <∞, èç (2) ñëåäóåò ω (Hq, δα) ≤ A (ω (f, δα))q,

ãäå Ekα (f)− ïîëíîå íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè f òðèãîíî-
ìåòðè÷åñêèìè ïîëèíîìàìè ïîðÿäêà íå âûøå k α, à

ω (g, δα) = max|tj |≤δj |g (x+ t(α))− g (x)| ,

t (α) = (t1 (α) , . . . , tm (α)) tj (α) = tj, åñëè αj = 1; tj (α) = 0, åñëè

αj = 0; δ =

(
m∑
k=1

δ2j

) 1
2

.

Îòìåòèì, ÷òî ñîäåðæàíèå òåîðåìû ïðè m= 1 ñîâïàäàåò ñ ðå-
çóëüòàòîì, àíîíñèðîâàííûì íàìè â ðàáîòå [1].
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ñèìïîçèóì. Ðÿäû Ôóðüå è èõ ïðèëîæåíèÿ. Íîâîðîññèéñê. 27 ìàÿ � 3 èþíÿ
2016 ã.
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ÓÐÀÂÍÅÍÈÉ
c⃝ Ïèìåíîâ Â.Ã.

Óðàëüñêèé ôåäåðàëüíûé óíèâåðñèòåò (Åêàòåðèíáóðã, Ðîññèÿ)
e-mail: v.g.pimenov@urfu.ru

Ìíîãèå ìàòåìàòè÷åñêèå ìîäåëè, îñîáåííî â áèîëîãèè, ìîãóò ñî-
äåðæàòü ðàçëè÷íûå ýôôåêòû: ðàñïðåäåëåííîñòü ñîñòîÿíèÿ, âðåìåí-
íóþ äèíàìèêó, íåëèíåéíûå ýôôåêòû íàñëåäñòâåííîñòè [1]. Â ñèëó
ñëîæíîñòè îáúåêòîâ îñíîâíûì èíñòðóìåíòîì èññëåäîâàíèÿ òàêèõ
ìîäåëåé ÿâëÿþòñÿ ÷èñëåííûå àëãîðèòìû [2], ïðè÷åì êëàññè÷åñêèå
ìåòîäû òåîðèè ðàçíîñòíûõ ñõåì íåïðèìåíèìû. Â äîêëàäå ïðèâî-
äÿòñÿ âîçìîæíîñòè äëÿ îáîñíîâàíèÿ ñõîäèìîñòè ñ åäèíîé ïîçèöèè
÷èñëåííûõ ñõåì ðåøåíèÿ ðàçëè÷íûõ òèïîâ óðàâíåíèé ñ íàñëåä-
ñòâåííîñòüþ: ïàðàáîëè÷åñêîãî è ãèïåðáîëè÷åñêîãî òèïîâ, óðàâíå-
íèé ïåðåíîñà, ñìåøàííûõ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâ-
íåíèé.

Îñíîâíûì ýëåìåíòîì ýòîé ñõåìû ÿâëÿåòñÿ ïîøàãîâàÿ ôîðìóëà
(ìåòîä)

yn+1 = Snyn +∆Φ(tn, I({yi}n)), (1)
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ãäå tn � ìîìåíò âðåìåíè ñ íîìåðîì n, ∆ � øàã ïî âðåìåíè, yn �
äèñêðåòíàÿ ìîäåëü (ýëåìåíò ëèíåéíîãî íîðìèðîâàííîãî ïðîñòðàí-
ñòâà Yn, êîòîðîå õàðàêòåðèçóåòñÿ ïðîñòðàíñòâåííûì øàãîì h), {yi}n
� ïðåäûñòîðèÿ ìîäåëè ê ìîìåíòó tn, I � îïåðàòîð èíòåðïîëÿöèè,
Sn � ëèíåéíûé îïåðàòîð ïåðåõîäà, Φ � ôóíêöèÿ ïðîäâèæåíèÿ íà
øàã.

Ýòà ñõåìà ïåðâîíà÷àëüíî ïðèìåíÿëàñü äëÿ èññëåäîâàíèÿ ÷èñ-
ëåííûõ àëãîðèòìîâ ðåøåíèÿ îáûêíîâåííûõ è ôóíêöèîíàëüíî-äèô-
ôåðåíöèàëüíûõ óðàâíåíèé. Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ òåîðå-
ìà ñõîäèìîñòè (îïðåäåëåíèÿ ïîðÿäêà ñõîäèìîñòè, óñòîé÷èâîñòè, à
òàêæå ïîðÿäêîâ íåâÿçêè è ñòàðòîâûõ çíà÷åíèé ñì. â [2, 3]):

Òåîðåìà. Ïóñòü ìåòîä (1) óñòîé÷èâ, ôóíêöèÿ Φ óäîâëåòâîðÿ-
åò óñëîâèþ ëèïøèöåâîñòè ïî âòîðîìó àðãóìåíòó, îïåðàòîð èí-
òåðïîëèðîâàíèÿ I óäîâëåòâîðÿåò óñëîâèþ ëèïøèöåâîñòè, ñòàð-
òîâûå çíà÷åíèÿ èìåþò ïîðÿäîê ∆p1 + hp2, íåâÿçêà ìåòîäà èìååò
ïîðÿäîê ∆p3 + hp4, ãäå p1 > 0, p2 > 0, p3 > 0, p4 > 0, òîãäà ìå-
òîä ñõîäèòñÿ, ïðè÷åì ïîðÿäîê ñõîäèìîñòè íå ìåíüøå ∆min {p1,p3}+
+hmin {p2,p4}.

Ðàçðàáîòàííûå àëãîðèòìû ÷èñëåííîãî ðåøåíèÿ óðàâíåíèé ñ íà-
ñëåäñòâåííîñòüþ è îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé ïàðàáîëè-
÷åñêîãî òèïà [4], ãèïåðáîëè÷åñêîãî òèïà [5], óðàâíåíèÿ ïåðåíîñà [6],
à òàêæå ìíîãîìåðíûå çàäà÷è, èññëåäóþòñÿ ïóòåì âëîæåíèÿ â ýòó
ñõåìó.

Äðîáíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñì., íàïðèìåð [7], â ïî-
ñëåäíèå äåñÿòèëåòèÿ âûçûâàþò îãðîìíûé èíòåðåñ ó ïðèêëàäíèêîâ
â ñâÿçè ñ áîëüøîé òî÷íîñòüþ ìîäåëåé âî ìíîãèõ îáëàñòÿõ íàóêè.
Â ÷àñòíîñòè, èìååòñÿ áîëüøîå ÷èñëî ðàáîò ïî êîíñòðóèðîâàíèþ è
èññëåäîâàíèþ ÷èñëåííûõ àëãîðèòìîâ ðåøåíèÿ óðàâíåíèé ñ ÷àñò-
íûìè ïðîèçâîäíûìè äðîáíûõ ïîðÿäêîâ, êàê ïî ïðîñòðàíñòâåííûì,
òàê è ïî âðåìåííîé ïåðåìåííûì [8�11]. Âî ìíîãèõ ìîäåëÿõ óðàâ-
íåíèÿ îñëîæíåíû ýôôåêòîì íàñëåäñòâåííîñòè � ôóíêöèîíàëüíîãî
çàïàçäûâàíèÿ ïî âðåìåíè, êîòîðûé áëèçîê ïî ñóòè ê ýôôåêòó, ñî-
çäàþùåìóñÿ äðîáíûìè ïðîèçâîäíûìè ïî âðåìåíè, îáà ýòè ýôôåêòà
ìîæíî ñ÷èòàòü ÷àñòíûìè ñëó÷àÿìè ñâîéñòâà âîëüòåððîâîñòè. Îä-
íàêî, åñëè äëÿ óðàâíåíèé ñ äðîáíîé ïðîèçâîäíîé ïî ïðîñòðàíñòâó è
ñ íàñëåäñòâåííîñòüþ ïî âðåìåíè êîíñòðóêöèè ñõåìû (1) ïåðåíîñèò-
ñÿ ïðàêòè÷åñêè áåç èçìåíåíèé [12], òî äëÿ óðàâíåíèé ñ äðîáíîé ïðî-
èçâîäíîé ïî âðåìåíè è ñ ýôôåêòîì íàñëåäñòâåííîñòè êîíñòðóêöèè
òðåáóþò ñóùåñòâåííîé ìîäèôèêàöèè è òåõíèêà çà÷àñòóþ îêàçûâà-
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åòñÿ íåïðèìåíèìîé. Â äîêëàäå ïðåäïîëàãàåòñÿ äàòü àíàëèç ñëó÷àåâ
äëÿ óðàâíåíèÿ âèäà

β1
∂u

∂t
+ β2

∂u

∂tγ
= −V ∂u

∂x
+D

∂2u

∂x2
+ f(x, t, ut(x, ·)), (2)

ãäå ut(x, ·) = {u(x, t + s),−τ ≤ s ≤ 0} � ïðåäûñòîðèÿ ôóíêöèè,
â çàâèñèìîñòè îò êîýôôèöèåíòîâ óðàâíåíèÿ β1, β2, V,D, ïîðÿäêà
äðîáíîé ïðîèçâîäíîé γ è âûáðàííîãî ìåòîäà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ïðîãðàììû ïîâûøåíèÿ êîíêóðåíòîñïî-

ñîáíîñòè âåäóùèõ óíèâåðñèòåòîâ ÐÔ (ñîãëàøåíèå 02.À03.21.0006 îò 27 àâãóñòà

2013 ã.) è ïðîåêòà ÐÍÔ 14-35-00005.
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A numerical scheme for a class of non-linear fractional di�usion-
wave system (FDW) with �xed time delay is considered. This study
is an extension of the numerical schemes which introduced in [2, 3].
This approach focuses on derivation of a linearized compact di�erence
scheme side by side with analyzing unique solvability, convergence and
stability of the resulted numerical solution in L∞-norm by means of the
discrete energy method. Numerical experiments are given to verify the
numerical accuracy of the di�erence scheme.

We construct a linear di�erence scheme to solve numerically FDW
e�ected with a non-linear delayed source function, more speci�c we
consider

∂αu(x, t)

∂tα
= K

∂2u(x, t)

∂x2
+ f(x, t, u(x, t), u(x, t− s)), (1a)

with the following initial and boundary conditions

u(x, t) = ψ(x, t), 0 ≤ x ≤ L, t ∈ [−s, 0), ∂u(x, 0)

∂t
= ψ1(x), (1b)

u(0, t) = ϕ0(t), u(L, t) = ϕL(t), t > 0, (1c)

such that t > 0, 0 ≤ x ≤ L, 1 < α < 2, f(x, t, u(x, t), u(x, t − s)) =
= λu(x, t)g(u(x, t − s)), λ > 0. Where s > 0 is the delay parameter,
K is a positive constant and the fractional derivative is introduced in
Caputo sense.
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In order to introduce the di�erence scheme, some further notations
are needed to �x. Take two positive integersM and n, let h = L

M
, τ = s

n

and denote xi = i h, tk = k τ and tk−1/2 =
(
k − 1

2

)
τ = 1

2
(tk + tk−1).

Cover the space-time domain by Ωhτ = Ωh ×Ωτ , where Ωh = {xi | 0 ≤
i ≤M}, Ωτ = {tk | −n ≤ k ≤ N}, N =

⌊
T
τ

⌋
. Let W = {ν | ν = vki , 0 ≤

i ≤ M,−n ≤ k ≤ N} be a grid function space on Ωhτ . For ν ∈ W, we

denote v
k−1/2
i = 1

2

(
vki + vk−1

i

)
and δ2xv

k
i = 1

h2

(
vki+1 − 2vki + vki−1

)
.

We de�ne the grid function on Ωhτ : V (i, k) = ν(xi, tk).
Lemma 1. Let q(x) ∈ C6[xi−1, xi+1], then

1
12
(q′′(xi−1) + 10q′′(xi)+

+q′′(xi+1))− 1
h2 (q(xi−1)−2q(xi)+q(xi+1)) =

h4

240
q(6)(ωi), ωi ∈ (xi−1, xi+1).

Then, for g = (g0, g1, . . . , gM), the linear operator A is de�ned as

Agi =
1

12
(gi−1 + 10gi + gi+1), 1 ≤ i ≤M − 1.

In [1], an approximation for the time Caputo fractional derivative at
tk−1/2 with 1 < αl < 2 was given:

∂αν(xi, tk−1/2)

∂tα
=

1

µ̄

(
bα0 δtν

k−1/2
i −

k−1∑
j=1

(bαk−j−1−bαk−j)δtν
j−1/2
i −bαk−1ψ1(xi)

)
+ (2)

+R
k−1/2
i ,

where

bαk =
τ 2−α

2− α
((k + 1)2−α − k2−α), µ̄ = τΓ(2− α), (3)

| Rk−1/2
i |≤ 1

Γ(3− α)

(2− α

12
+

23−α

3− α
− (1 + 21−α) +

1

12

)
max

0≤t≤tk
| ∂

3u

∂t3
| τ3−α, (4)

We also de�ne

ν
k−1/2
i =

1

2
(νki + νk−1

i ), δtν
k−1/2
i =

1

τ
(νki − νk−1

i ), (5)

δxν
k
i−1/2 =

1

h
(νki − νki−1), δ2xν

k
i =

1

h
(δxν

k
i+1/2 − δxν

k
i−1/2). (6)

Lemma 2. By using Taylor expansions we obtain

∂2ν(xi, tk−1/2)

∂x2
=

1

2

(
∂2ν(xi, tk)

∂x2
+
∂2ν(xi, tk−1)

∂x2

)
+O

(
τ 2
)
,

ν(xi, tk−1/2) = V
k−1/2
i =

1

2
V k
i +

1

2
V k−1
i +O

(
τ 2
)
,

ν(xi, tk+1/2 − s) = V
k−n− 1

2
i =

1

2
V k−n
i +

1

2
V k−n−1
i +O

(
τ 2
)
.
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We are now in a position to apply and combine the above to obtain

A

[
1

µ̄

(
bα0 δtV

k−1/2
i −

k−1∑
j=1

(bαk−j−1 − bαk−j)δtV
j−1/2
i − bαk−1ψ1(xi)

)]

= Kδ2xV
k−1/2
i +Af

(
xi, tk−1/2,

1

2
V k
i +

1

2
V k−1
i ,

1

2
V k−n−1
i +

1

2
V k−n
i

)
+

(7)

+R
k−1/2
i ,

where ∣∣∣Rk−1/2
i

∣∣∣ ≤ C̄
(
τ 3−α + h4

)
, (8)

such that 1 ≤ i ≤M − 1, 1 ≤ k ≤ N.

The �nal form of our di�erence scheme is obtained by neglecting R
k−1/2
i

and replacing V k
i by νki .

Lemma 3. The di�erence scheme is uniquely solvable.
Theorem. Let ν(x, t) ∈ [0, L]× [−s, T ], be the solution of (1) such

that ν(xi, tk) = V k
i and νki (0 ≤ i ≤M,−n ≤ k ≤ N) be the solution of

the di�erence scheme, denote eki = V k
i − νki , for 0 ≤ i ≤M , −n ≤ k ≤

N , and then if there exists a constant C and

τ ≤ τ0 =
( ϵ0
4C

) 1
3−α

, h ≤ h0 =
( ϵ0
4C

) 1
4
, (9)

one has that

∥ek∥∞ ≤ C
(
τ 3−α + h4

)
, 0 ≤ k ≤ N. (10)
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In this talk we continue our investigations [1] on discretization of
fractional di�erential equations in time.

Some years ago in [2] and [3] were considered the relation between
well-posed Cauchy problems

v′(t) = Alv(t) + g(t), t > 0, v(0) = u0,

and
(D

1/l
t u)(t) = Au(t), t > 0, u(0) = u0.

Moreover, they have shown that for such kind problems with the opera-
tor A which generates C0-semigroup one has v(t) ≡ u(t) for any t > 0
as soon as l = 2 and special choice of g(t).

In this talk, we would like to use such kind of relations for discreti-
zation of fractional di�erential equations of order 1/2.

Research was partially supported by grant of RFBR 15-01-00026-a.
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Ðàññìîòðèì óðàâíåíèå(
dσ0

dxσ0
−

m∑
k=1

λk
dσk

dxσk

)
u(x) = f(x),

ãäå dσk/dxσk � îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ Äæðáàøÿíà-
Íåðñåñÿíà ïîðÿäêà σk (σk ≥ 0), λk ∈ C, àññîöèèðîâàííûé ñ ïîñëå-
äîâàòåëüíîñòüþ {γk0 , γk1 , · · · , γkn(k)} [1].

Â ðàáîòå îáñóæäàþòñÿ âîïðîñû, ñâÿçàííûå ñ ïðåäñòàâëåíèåì
ôóíäàìåíòàëüíîãî ðåøåíèÿ, ïîñòðîåíèåì îáùåãî ðåøåíèÿ è îïðå-
äåëåíèåì êîððåêòíîé ôîðìû çàäàíèÿ íà÷àëüíûõ äàííûõ äëÿ ðàñ-
ñìàòðèâàåìîãî óðàâíåíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé, ïðîåêò � 16-01-00462.
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Äëÿ óðàâíåíèÿ

Dα
0xD

β
0yu(x, y) + a(x, y)Dα

0xu(x, y)+

+b(x, y)Dβ
0yu(x, y) + c(x, y)u(x, y) = f(x, y), (1)

ãäå α, β ∈ (0, 1), a(x, y), b(x, y)− íåïðåðûâíî äèôôåðåíöèðóå-
ìûå ôóíêöèè, c(x, y) � íåïðåðûâíàÿ ôóíêöèÿ, â îáëàñòè D =
= (0, a)× (0, b), a <∞, b <∞ ðàññìîòðåíà ñëåäóþùàÿ

Çàäà÷à. Íàéòè ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâî-
ðÿþùåå óñëîâèÿì

lim
y→0

Dβ−1
0y u(x, y) = ψ(x), 0 < x < a, (2)
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lim
x→0

Dα−1
0x u(x, y) = φ(y), 0 < y < b, (3)

ãäå φ, ψ�çàäàííûå íåïðåðûâíûå ôóíêöèè.
Óðàâíåíèå (1) ïðè a(x, y) = b(x, y) = 0, c(x, y) = 1 áûëî èññëå-

äîâàíî â ðàáîòå [1]. Â äàííîé ðàáîòå äëÿ óðàâíåíèÿ (1) ïîëó÷åíî
îáùåå ïðåäñòàâëåíèå ðåøåíèÿ êðàåâîé çàäà÷è (2), (3), ïîñòðîåí àíà-
ëîã ôóíêöèè Ðèìàíà.
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×åðåç Ω îáîçíà÷èì öèëèíäðè÷åñêóþ îáëàñòü Ω = {(z, t); a <
< t < b, |z| < R}. Íèæíåå îñíîâàíèå ýòîãî öèëèíäðà îáîçíà÷èì
÷åðåç D = {t = a, |z| < R} è áîêîâóþ ïîâåðõíîñòü ýòîãî öèëèíäðà
îáîçíà÷èì ÷åðåç S = a < t < b, |z| ≤ R, z = x + iy. Â îáëàñòè Ω
ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå

φ (t, z) +

t∫
a

A (s)φ (s, z)

(s− a)
ds− λ

π

∫∫
D

exp [iθ]φ (t, s) ds

(R− ρ)β (s− z)
−

− 1

π

t∫
a

ds

(s− a)

∫∫
D

exp [iθ]B (t, s) ds

(R− ρ)β (s− z)
= f (t, z) , (1)

ãäå A(t), B(t, z), f(t, z)− çàäàííûå ôóíêöèè ñîîòâåòñòâåííî îáëà-
ñòåé S, D è Ω, θ = arg s, s = ξ + iη, ds = dξdη, φ(t, z) � íåèçâåñòíàÿ
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ôóíêöèÿ, ρ2 = ξ2+η2, λ = const, β = const > 1. Ðåøåíèå èíòåãðàëü-
íîãî óðàâíåíèÿ (1) áóäåì èñêàòü â êëàññå ôóíêöèé φ(t, z) ∈ C(Ω),
φ(a, z) = 0, φ(t, Reiθ) = 0, θ = arg z, ñ àñèìïòîòè÷åñêèìè ïîâåäåíè-
ÿìè

φ(t, z) = o[(t− a)ε], ε > 0, ïðè t→ a, (2)

φ(t, z) = 0[(R− r)δ1 ], δ1 > β − 1, ïðè r → R. (3)

Ïðîáëåìå èññëåäîâàíèåì ÷àñòíûõ ñëó÷àåâ èíòåãðàëüíîãî óðàâíå-
íèÿ (1) ïîñâÿùåí ðàáîòû [1]-[3].

Îêàçûâàåòñÿ, äëÿ êîððåêòíîñòè êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ
(1), â ñëó÷àÿõ, êîãäà îáùåå ðåøåíèå óðàâíåíèÿ (1) ñîäåðæèò ïðîèç-
âîëüíûå ôóíêöèè, íåîáõîäèìî, êðîìå óñëîâèÿ íà áîêîâóþ ïîâåðõ-
íîñòü è óñëîâèÿ íà íèæíèå îñíîâàíèå, çàäàâàòü óñëîâèå íà îñíîâ-
íóþ îñü öèëèíäðà. Íàïðèìåð, äëÿ èíòåãðàëüíîãî óðàâíåíèÿ (1) ñëå-
äóþùàÿ çàäà÷à ÿâëÿåòñÿ êîððåêòíî ïîñòàâëåííîé:

Çàäà÷à N1. Òðåáóåòñÿ íàéòè ðåøåíèå èíòåãðàëüíîãî óðàâíå-
íèÿ (1) ïðè A(t) = µ, B(t, s) = δ, ïðåäñòàâèìîå â âèäå

φ(t, z) =
∞∑
k=1

(t− a)k+γ φk(z), (4)

ãäå φk(z)- ïðîèçâîëüíûå ôóíêöèè òî÷åê îáëàñòè D, ïî ñëåäóþùèì
ãðàíè÷íûì óñëîâèÿì íà áîêîâóþ ïîâåðõíîñòü è íèæíåå îñíîâàíèå

Re
{
exp

[
δ0w

β
R(r)

] [
φ(t, z)(t− a)−γ

]
t=a

}
r=R

= E0(τ), τ = Reiθ

Re

{
exp

[
δ1w

β
R(r)

] ∂
∂t

[φ(t, z) exp [γwα
a (t)]]t=a

}
r=R

= E1(τ),

Re

{
exp

[
δ2w

β
R(r)

] ∂2
∂t2

[φ(t, z) exp [γwα
a (t)]]t=a

}
r=R

= E2(τ),

Re

{
exp

[
δ3w

β
R(r)

] ∂3
∂t3

[φ(t, z) exp [γwα
a (t)]]t=a

}
r=R

= E3(τ), (5)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Re

{
exp

[
δnw

β
R(r)

] ∂n
∂tn

[φ(t, z) exp [γwα
a (t)]]t=a

}
r=R

= En(τ),

ãäå Ej(τ)(j = 0, 1, 2, 3, ..., n) � çàäàííûå ôóíêöèè òî÷åê ðåáðà S∩D,
è ñëåäóþùèì óñëîâèÿì íà îñü öèëèíäðà{

exp
[
δ0w

β
R(r)

] [
(t− a)−γφ(t, z)

]
t=a

}
z=0

= A0,
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{
exp

[
δ1w

β
R(r)

] [ ∂
∂t

(t− a)−γφ(t, z)

]
t=a

}
z=0

= A1,{
exp

[
δ2w

β
R(r)

] [ ∂2
∂t2

(t− a)−γφ(t, z)

]
t=a

}
z=0

= A2,{
exp

[
δ3w

β
R(r)

] [ ∂3
∂t3

(t− a)−γφ(t, z)

]
t=a

}
z=0

= A3, (6)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .{
exp

[
δnw

β
R(r)

] [ ∂n
∂tn

(t− a)−γφ(t, z)

]
t=a

}
z=0

= An,

ãäå Aj(j = 0, 1, 2, 3, ..., n) � çàäàííûå ïîñòîÿííûå.
Ïðåäïîëàãàÿ, ÷òî â èíòåãðàëüíîì óðàâíåíèè (1) ïðàâàÿ ÷àñòü,

ò.å. ôóíêöèÿ f(t, z), ïðåäñòàâèìà â âèäå

f(t, z) =
∞∑
k=1

(t− a)k+γ fk(z),

è ïîäñòàâëÿÿ çíà÷åíèÿ f(t, z) è φ(t, z) â èíòåãðàëüíîå óðàâíåíèå (1),
äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ ôóíêöèé φk(z)(k = 0, 1, 2, 3, 4, ...) ïî-
ëó÷èì áåñêîíå÷íóþ ðàñùåïë¼ííóþ ñèñòåìó äâóìåðíûõ èíòåãðàëü-
íûõ óðàâíåíèé òèïîâ È.Í. Âåêóà, òåîðèÿ êîòîðîé ðàçðàáîòàíà â
[1]. Ðåøàÿ ýòó ñèñòåìó, íàõîäèì çíà÷åíèÿ φk(z) ÷åðåç ñîîòâåòñòâó-
þùèå çíà÷åíèÿ àíàëèòè÷åñêèõ ôóíêöèé. Ïîäñòàâëÿÿ ýòè íàéäåí-
íûå çíà÷åíèÿ φk(z) â ïðåäñòàâëåíèå (4), ïîëó÷èì îáùåå ïðåäñòàâëå-
íèå ìíîãîîáðàçèÿ ðåøåíèé (1) ÷åðåç áåñêîíå÷íîå ÷èñëî ïðîèçâîëü-
íûõ àíàëèòè÷åñêèõ ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî z. Íàéäå-
íûå ôîðìóëû îáðàùåíèÿ ïîëó÷åííîãî èíòåãðàëüíîãî ïðåäñòàâëå-
íèÿ, òî åñòü ñîîòâåòñòâóþùèå àíàëèòè÷åñêèå ôóíêöèè, íàõîäÿòñÿ
÷åðåç çíà÷åíèÿ íåèçâåñòíîé ôóíêöèè è åå ïðîèçâîäíûõ. Ïîñëå, èñ-
ïîëüçóÿ ãðàíè÷íûå óñëîâèÿ (5), íàõîäÿòñÿ çíà÷åíèÿ ïðîèçâîëüíûõ
àíàëèòè÷åñêèõ ôóíêöèé â îáëàñòè D ÷åðåç ïðîèçâîëüíûå ïîñòî-
ÿííûå. Äàëåå, èñïîëüçóÿ óñëîâèÿ (6), íàõîäÿòñÿ çíà÷åíèÿ ïðîèç-
âîëüíûõ ïîñòîÿííûõ ÷åðåç çíà÷åíèè èçâåñòíûõ ïîñòîÿííûõ Aj(j =
0, 1, 2, 3, ..., n). Ïîäñòàâëÿÿ ýòè íàéäåííûå çíà÷åíèÿ íåèçâåñòíûõ ïî-
ñòîÿííûõ â îáùåå ïðåäñòàâëåíèå, ïîëó÷èì ðåøåíèå çàäà÷è N1.
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Ê ÒÅÎÐÈÈ ÎÄÍÎÃÎ ÊËÀÑÑÀ ÄÂÓÌÅÐÍÎÃÎ
ÑÈÌÌÅÒÐÈ×ÍÎÃÎ ÈÍÒÅÃÐÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß

ÂÎËÜÒÅÐÐÀ Ñ ÑÈÍÃÓËßÐÍÛÌÈ ßÄÐÀÌÈ
c⃝ Ðàäæàáîâ Í.P., Ðàäæàáîâà Ë.Í., Çàðèïîâ Ñ.
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×åðåç D0 îáîçíà÷èì ïðÿìîóãîëüíèê D0 = {(x, y) : −a < x < a,
0 < y < b}. Ñîîòâåòñòâåííî îáîçíà÷èì D+

0 ={(x,y):0<x<a, 0 <y<b},
D−

0 ={(x,y): -a<x<0, 0 <y<b} , Ã0 = {x : −a < x < a, y = 0} ,
Ã1={y: x=0 0<y<b}, L1 = {x : a < x < 0} , L2 = {x : 0 < x < a}. Â
îáëàñòè D = D0\Ã1 ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå

φ (x, y) +

x∫
−x

A (t)φ (t, y)

|t|α
dt+ µ

y∫
0

φ (x, s)

s
ds

+

x∫
−x

B (t) dt

|t|α

y∫
0

φ (t, s)

s
ds = f (x, y) , (1)

ãäå A (x) , B (x) , f (x, y)− çàäàííûå ôóíêöèè òî÷åê Ã0, D0, µ− çà-
äàííàÿ ïîñòîÿííàÿ, ϕ(x, y)- èñêîìàÿ ôóíêöèÿ, α = const > 0 .

Ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (1) áóäåì èñêàòü â êëàññå
ôóíêöèé ϕ(x, y) ∈ C

(
Γ
)
, ϕ(0, 0) = 0 ñ àñèìïòîòè÷åñêèì ïîâåäåíèåì

ϕ(x, y) = o
[
(x− a)δ1(y − a)ε

]
, δ1 > α− 1, ε > 0 ïðè (x,y)→(a,a).

Ïðîáëåìå èññëåäîâàíèÿ îäíîìåðíûõ è äâóìåðíûõ èíòåãðàëüíûõ
óðàâíåíèé ñ ñèíãóëÿðíûìè òî÷êàìè è ñèíãóëÿðíûìè ëèíèÿìè ïî-
ñâÿùåíî ðàáîòû [1]-[5].
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Ïóñòü â èíòåãðàëüíîì óðàâíåíèè (1) α = 1 è ôóíêöèÿ f(x, y)
ïðåäñòàâèìà â âèäå

f(x, y) =
∞∑
k=0

yk+γfk (x) , (2)

ãäå fk (x) (k = 0, 1, 2, 3, . . . )− èçâåñòíûå ôóíêöèè, γ = const > 0.
Ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (1) áóäåì èñêàòü â êëàññå

ôóíêöèé ïðåäñòàâèìûõ â âèäå

φ(x, y) =
∞∑
k=0

yk+γφk (x) , (3)

ãäå φk (x) (x) (k = 0, 1, 2, 3, . . .)− íåèçâåñòíûå ôóíêöèè. Ïîäñòàâ-
ëÿÿ çíà÷åíèÿ f(x, y) è ϕ(x, y) èç (2) è (3) â óðàâíåíèå (1), ïîñëå
íåêîòîðûõ âû÷èñëåíèé èìååì

∞∑
k=0

yk+γ

[
φk (x) +

∫ x

−x

A (t)φk (t)

|t|
dt+

µ

k + γ
φk (x)+

+
1

k + γ

∫ x

−x

B (t)φk (t)

|t|
dt

]
=

∞∑
k=0

yk+γfk (x) . (4)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè yk+γ cëåâà è ñïðàâà ïðè
k = 0, 1, 2, . . . äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ ôóíêöèé φk (x) ïîëó-
÷èì ñëåäóþùóþ áåñêîíå÷íóþ ñèñòåìó ðàñùåïëåííûõ îäíîìåðíûõ
èíòåãðàëüíûõ óðàâíåíèé, òåîðèÿ êîòîðîé õîðîøî ðàçðàáîòàíà â [1].

φk (x) +

∫ x

−x

δk (t)φk (t)

|t|
dt = ωkfk (x) , k = 0, 1, 2, 3, 4, . . . , (5)

ãäå

δk (x) =
A (x) (k + γ) +B (x)

k + γ + µ
, ωk =

k + γ

k + γ + µ
.

Cîãëàñíî [1], åñëè ðåøåíèå ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (5)
ïðè Bk (0) = δk (+0) − δk (−0) < 0(k = 0, 1, 2, 3, . . . ) ñóùåñòâóþò,
òîãäà îíè äàþòñÿ ôîðìóëàìè

φk (x) =

{
φ0
k (x)Ck + ωk [fk (x)− Tk [fk (x)]] , êîãäà x ∈ L1,

−φ0
k (x)Ck + ωk [fk (−x)] + Tk [fk (x)] , êîãäà x ∈ L2,

(6)
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ãäå Ck (k = 0, 1, 2, 3, . . . )− ïðîèçâîëüíûå ïîñòîÿííûå ,

φ0
k (x) = exp [−Wδk (x)] |x|

|Bk(0)|,Wδk (x) =

∫ x

0

Bk (t)−Bk (0)

|t|
dt,

Tk [fk (x)] =

∫ x

0

∣∣∣∣ tx
∣∣∣∣Bk(0)

exp [Wδk (t)−Wδk (t)]
Bk (t)

t
dt,

k = 0, 1, 2, 3, . . . .
Ïîäñòàâëÿÿ ýòè çíà÷åíèÿ φk (x) èç (6) â ôîðìóëó (3), íàõîäèì

ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (1) â ýòîì ñëó÷àå.
Òàêèì îáðàçîì, åñëè ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (1) ïðè

Âk (0) < 0 (k = 0, 1, 2, 3, . . . ) ñóùåñòâóåò, òîãäà îíî ïðåäñòàâèìî â
ñëåäóþùåì âèäå

φ(x, y) =
∞∑
k=0

yk+γ
{
φ0
k (x)Ck + ωk [fk (x)− Tk [fk (x)]]

}
, êîãäà x ∈ L2, (7)

φ(x, y) =

∞∑
k=0

yk+γ
{
−φ0

k (x)Ck + ωk [fk (x) + Tk [fk (x)]]
}
,êîãäà x ∈ L1. (8)

Íåïîñðåäñòâåííîé ïðîâåðêîé ìîæíî óáåäèòüñÿ, ÷òî åñëè ñóùå-

ñòâóåò ñëåäóþùèé ïðåäåë lim
k→∞

|Ck+1|
|Ck|

= L, è âûïîëíåíî óñëîâèå

Lb < 1 (9)

è ðÿä âèäà (2) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî, òîãäà ðÿäû âèäîâ
(7), (8) òàêæå ñõîäÿòñÿ àáñîëþòíî è ðàâíîìåðíî.

Òàêèì îáðàçîì, äîêàçàíà
Òåîðåìà 1. Ïóñòü â èíòåãðàëüíîì óðàâíåíèè (1), ôóíêöèÿ

f(x, y) ïðåäñòàâèìà â âèäå àáñîëþòíî è ðàâíîìåðíî ñõîäÿùåãîñÿ
ôóíêöèîíàëüíîãî ðÿäà (2). Ïóñòü ôóíêöèè A (x) , B (x) è ïîñòî-
ÿííàÿ µ òàêèå, ÷òî

Âk (0) =

= δk (+0)− δk (−0) =
µ (k + γ) (A (+0)−A (−0)) +B (+0)−B (−0)

k + γ + µ
< 0

è
Âk (x)− Âk (0) = o [|x|γk ] ,

γk > 0, ïðè x → 0, k = 0, 1, 2, 3, . . . Ôóíêöèÿ f(x,y) ïðåäñòàâèìà â
âèäå (2), ãäå fk (x) ϵÑ [−a, a] , fk (0) = 0 ñ àñèìïòîòè÷åñêèì ïîâå-
äåíèåì fk (x) = o [|x|ωk ] , ωk > |Âk (0)|ïðè x→ 0, k = 0, 1, 2 . . . .
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Òîãäà èíòåãðàëüíîå óðàâíåíèå (1) â êëàññå ôóíêöèé, ïðåäñòà-
âèìûõ â âèäå (3) âñåãäà ðàçðåøèìî è åãî îáùåå ðåøåíèå â ýòîì
êëàññå ïðåäñòàâèìî â âèäå (6), ãäå Ck (k = 0, 1, 2, 3, . . . )− ïðîèç-
âîëüíûå ïîñòîÿííûå, óäîâëåòâîðÿþùèå óñëîâèþ (9).

Äîïóñòèì, ÷òî ðåøåíèå óðàâíåíèÿ (1), ôóíêöèÿ φ(x, y) - áåñ-
êîíå÷íî-äèôôåðåíöèðóåìàÿ. Òîãäà èç ðàâåíñòâà (3) èìååì

(
y−γφ (x, y)

)
y=0

=φ0 (x) ,

[
∂

∂y

(
y−γφ (x, y)

)]
y=0

=φ1 (x) ,

2!
[

∂2

∂y2
(y−γφ (x, y))

]
y=0

= φ2 (x) , 3!
[

∂3

∂y3
(y−γφ (x, y))

]
y=0

= φ3 (x) ,

. . . . . . . . . .. n!
[

∂n

∂yn
(y−γφ (x, y))

]
y=0

= φn (x) , . . . . . . . . . . . . . . . (10)

Òàêèì îáðàçîì, åñëè ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (1), ô óíê-
öèÿ φ (x, y)− áåñêîíå÷íî-äèôôåðåíöèðóåìà , ðÿä âèäà (3) îáðàòèì,
òî åñòü â ýòîì ñëó÷àå íåèçâåñòíûå ôóíêöèè φn (x) ÷åðåç çíà÷åíèÿ
ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ (1) è åãî ïðîèçâîäíûõ íà Ã0 íà-
õîäÿòñÿ ïî ôîðìóëàì (10).

Èíòåãðàëüíîå ïðåäñòàâëåíèå (7), (8) è åãî ôîðìóëû îáðàùåíèÿ
(10) äàþò âîçìîæíîñòü äëÿ óðàâíåíèÿ (1) ñòàâèòü è èññëåäîâàòü
ñëåäóþùóþ çàäà÷ó

Çàäà÷à R1. Òðåáóåòñÿ íàéòè ðåøåíèå èíòåãðàëüíîãî óðàâíå-
íèå (1), ïðåäñòàâèìîå â âèäå (3) ïðè µ (k + γ) (A (+0)− A (−0)) +
B (+0)−B (−0) < 0 ïî ãðàíè÷íûì óñëîâèÿì

(|x|B0(0)
(
y−γφ (x, y)

)
y=0

)x=−0 = A0, (|x|B1(0)

[
∂

∂y

(
y−γφ (x, y)

)]
y=0

)x=−0 = A1,

(|x|B1(0)

[
∂2

∂y2
(
y−γφ (x, y)

)]
y=0

)x=−0 = A2,

(|x|B2(0)

[
∂3

∂y3
(
y−γφ (x, y)

)]
y=0

)x=−0 = A3,

. . . . . . . . . .. (|x|Bn(0)
[

∂n

∂yn (y−γφ (x, y))
]
y=0

)x=−0 = An ,. . . , (R1)

ãäå Aj (j = 0, 1, 2, 3, . . . )−çàäàííûå ïîñòîÿííûå.
Ðåøåíèå çàäà÷è R1. Èñïîëüçóÿ ïðåäñòàâëåíèå (3), åãî ñâîéñòâà
(10) è óñëîâèè (R1) íàõîäèì íåèçâåñòíûå ïîñòîÿííûå Ñj èç ñëå-
äóþùèõ ðàâåíñòâ j!Ñj = Aj (j = 0, 1, 2, 3, . . . . . . ..) . Îòñþäà Ñj =
Aj

j!
(j = 0, 1, 2, 3, . . . . . . ..)

263



Ïîäñòàâëÿÿ ýòè çíà÷åíèÿ Ñj â ôîðìóëó (7), (8), íàõîäèì ðåøåíèå
çàäà÷è R1 â âèäå

φk (x) =

{ ∑∞
k=0 y

k+γ
{
φ0
k (x)

Aj

j! + ωk [fk (x)− Tk [fk (x)]]
}
, êîãäà x ∈ L1∑∞

k=0 y
k+γ{−φ0

k (x)
Aj

j! + ωk [fk (−x)] + Tk [fk (x)]}, êîãäà x ∈ L2

(11)

Èòàê, äîêàçàíà
Òåîðåìà 2. Ïóñòü â èíòåãðàëüíîì óðàâíåíèè (1) ôóíêöèè A (x) ,

B (x) , f (x, y) óäîâëåòâîðÿþò âñåì óñëîâèÿì òåîðåìû 1. Â çàäà÷å

R1 ïîñòîÿííûå Aj, òàêèå, ÷òî ñóùåñòâóåò ïðåäåë lim
k→∞

|Ak+1|
|Ak|

=

= A <∞. Òîãäà çàäà÷à R1 èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå
äà¼òñÿ ôîðìóëîé (11).
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×åðåç Γ îáîçíà÷èì ìíîæåñòâî òî÷åê Γ = {x : a < x < b} íà
âåùåñòâåííîé îñè. Íà Γ ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå

φ(x) +

∫ x

a

[
p+qln

[(
x−a
b−x

)(
b−t
t−a

)]]
φ (t)

(t−a) (b−t)
dt=f (x), (1)

ãäå p è q çàäàííûå ïîñòîÿííûå, f (x)− çàäàííàÿ ôóíêöèÿ, φ (x)−
èñêîìàÿ ôóíêöèÿ.

Ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (1) áóäåì èñêàòü â êëàññå
ôóíêöèé φ (x)∈Ñ (Ã) , φ (a)=0 ñ àñèìïòîòè÷åñêèì ïîâåäåíèåì
φ (x) = o [(x−a)ε] , ε>0 ïðè x→a, à â òî÷êå x = b ðåøåíèå èíòå-
ãðàëüíîãî óðàâíåíèÿ (1) ìîæåò îáðàùàòüñÿ â íóëü èëè â áåñêîíå÷-
íîñòü.

Òåîðèÿ èíòåãðàëüíîãî óðàâíåíèÿ (1), êîãäà q=0, ïîñòðîåíà â [1]-
[4]. Â [5] ïîëó÷åíî ïðåäñòàâëåíèå ìíîãîîáðàçèÿ ðåøåíèé óðàâíåíèÿ
(1) â çàâèñèìîñòè îò êîðíåé ñîîòâåòñòâóþùåãî õàðàêòåðèñòè÷åñêî-
ãî óðàâíåíèÿ, à òàêæå èçó÷åíû ñâîéñòâà ïîëó÷åííûõ ðåøåíèé.

Äëÿ èíòåãðàëüíîãî óðàâíåíèÿ (1) ñòàâÿòñÿ è èññëåäóþòñÿ ñëå-
äóþùèå êðàåâûå çàäà÷è.

Çàäà÷à R1. Òðåáóåòñÿ íàéòè ðåøåíèå èíòåãðàëüíîãî óðàâíå-
íèÿ (1) ïðè p < 0, p2=4 (b−a) q ïî ãðàíè÷íûì óñëîâèÿì

[p1 (φ)]x=a=A1, [p2 (φ)]x=a=A2, (1)

ãäå

p1 (φ)=

(
b−x

x−a

) |K1(a,a)|
2(b−a)

[
(b−a)+

|K1 (a, a)|
2

ln

(
x−a

b−x

)
φ (x)−ln

(
x−a

b−x

)
Dx

a,b (φ (x))

]
,

p2 (φ)=

(
b−x
x−a

) |K1(a,a)|
2(b−a)

[
Dx

a,b (φ (x))−|K1 (a, a)|
2

φ (x)

]
,
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A1, A2−çàäàííûå ïîñòîÿííûå.
Çàäà÷à R2. Òðåáóåòñÿ íàéòè ðåøåíèå èíòåãðàëüíîãî óðàâíå-

íèÿ (1) ïðè p < 0, p2<4 (b−a) q ïî ãðàíè÷íûì óñëîâèÿì

[p3 (φ)]x=a=A3, [p4 (φ)]x=a=A4, (3)

ãäå

p3 (φ)=

(
b−x

x−a

) |K1(a,a)|
2(b−a)

[
−Dx

a,b (φ (x)) sinω (x)+(
|K1 (a, a)|

2
sinω (x)+B (b−a) cosω (x) )

]
,

p4 (φ)=

(
b−x

x−a

) |K1(a,a)|
2(b−a) [

Dx
a,b (φ (x)) cosω (x)−

−(
|K1 (a, a)|

2
cosω (x)−B (b−a) sinω (x) )φ (x)

]
,

A3, A4−çàäàííûå ïîñòîÿííûå.
Ýòè çàäà÷è èññëåäóþòñÿ íà îñíîâå èñïîëüçîâàíèÿ èíòåãðàëüíûõ

ïðåäñòàâëåíèé ìíîãîîáðàçèÿ ðåøåíèé óðàâíåíèÿ (1) [5], êîãäà êîð-
íè ñîîòâåòñòâóþùåãî õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

λ2 (b−a)+pλ+q=0

ÿâëÿþòñÿ âåùåñòâåííûìè ðàâíûìè è êîìïëåêíî-ñîïðÿæåííûìè,
ñâîéñòâà ïîëó÷åííîãî ðåøåíèÿ [5].
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Ïóñòü îáëàñòü G ñîäåðæèò òî÷êó z = 0 è îêðóæíîñòü
L = {z : |z| = R} è îãðàíè÷åíà ïðîñòûì ëÿïóíîâñêèì êîíòóðîì
∂G, îðèåíòèðîâàííûì ïðîòèâ ÷àñîâîé ñòðåëêè. Óäîáíî ïîëîæèòü
G0 = G \ {0

∪
L} è Gε = G \ {g0ε

∪
g1ε} ñ ìàëûì ε > 0, ãäå g0ε = {z :

|z| < ε} è g1ε = {z : R− ε < |z| < R + ε}. Â îáëàñòè G0 ðàññìîòðèì
óðàâíåíèå

uz̄ − z(|z||R− |z||n)−1a(z)u+ |z|−mb(z)u = f(z), (1)

ãäå 2∂z = ∂x + i∂y, a, b ∈ C(G), f ∈ Lp(G), n > 1, 0 < m < 1 è
p > 2. ×åðåç T è Tε ñîîòâåòñòâåííî îáîçíà÷èì îïåðàòîð Âåêóà [1]
ïî îáëàñòÿì G è Gε.

Ëåììà 1. Â ïðåäïîëîæåíèè A0(z) = z(a(z) − a(R))(|z||R −
|z||n)−1 ∈ Lp(G) ñèíãóëÿðíûé èíòåãðàë Ω(z) = limε→0(TεA)(z),
z ̸= L, ñóùåñòâóåò è îïðåäåëÿåò ôóíêöèþ, êîòîðàÿ ïðåäñòàâè-
ìà â âèäå Ω(z) = a(R)ω(z) + h(z), ãäå h(z) ∈ H(G) îïðåäåëÿåòñÿ
ðàâåíñòâîì

h(z) = (TA0)(z) +
1

πi

a(R)

(n− 1)

∫
∂G

1

|R− ρ|n−1

dζ

ζ − z
.

Íà îñíîâå ýòîé ëåììû ïîñòðîåíî îáùåå ðåøåíèå óðàâíåíèÿ

uz̄ − Au = f, (2)

ãäå äëÿ êðàòêîñòè ïîëîæåíî A(z) = z(|z||R− |z||n)−1a(z), a(z) ∈
∈ C(G). Â äàííîì ñëó÷àå êîýôôèöåíò A îãðàíè÷åí â íà÷àëå êî-
îðäèíàò è èìååò ñèëüíóþ íåïîäâèæíóþ îñîáåííîñòü íà îêðóæíî-
ñòè L.

Â ñëó÷àå, êîãäà êîýôôèöèåíòû a(z) ̸= 0, b(z) ̸= 0 äëÿ ëþáî-
ãî z ∈ G, èñïîëüçóÿ îáùåå ðåøåíèå óðàâíåíèÿ (2), ïðèõîäèì ê
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èíòåãðàëüíîìó óðàâíåíèþ V + T (BV ) = ϕ + F, ãäå V = e−Ωu,
B = |z|−mb(z)e−2iImΩ, F = T (e−Ωf), çíà÷åíèå Ω óêàçàíî â ëåììå 1.

Â ñëó÷àå îòñóòñòâèÿ ñèíãóëÿðíîñòè êîýôôèöèåíòîâ ïîäîáíîå
óðàâíåíèå âîçíèêàëî ó È.Í. Âåêóà [1]; äëÿ åãî îáðàùåíèÿ îí ïðåä-
ëîæèë ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Îäíàêî, ýòîò ìåòîä
ïðèìåíèì ëèøü â ïðåäïîëîæåíèè, ÷òî êîýôôèöèåíò b ïî ìîäóëþ
äîñòàòî÷íî ìàë. Â îáùåì ñëó÷àå íåîáõîäèìî ïîñòðîèòü â ÿâíîì
âèäå ðåçîëüâåíòó ýòîãî óðàâíåíèÿ, ÷òî è ÿâëÿåòñÿ ïðåäìåòîì ðàñ-
ñìîòðåíèÿ íàñòîÿùåé ðàáîòû.

Ñ ýòîé öåëüþ ïðåäâàðèòåëüíî èçó÷èì äåéñòâèå â Lp(G) áîëåå
îáùåãî èíòåãðàëüíîãî îïåðàòîðà âèäà

(Kφ)(z) =

∫
G

φ(ζ)d2ζ

|ζ|α0 |ζ − z|α1
, z ∈ G,

ñ ïîëîæèòåëüíûìè αj.
Ëåììà 2. Ïóñòü 0 < α0 < 1 ≤ α1 < 2, α0 + 2α1 < 3, p >

> 2/(3− α0 − 2α1), òàê ÷òî 0 < µ0 = 3− α0 − 2α1 − 2/p < 1. Òîãäà
îïåðàòîð K: Lp(G) → Cµ(G) îãðàíè÷åí.

Íà îñíîâå ýòîé ëåììû ïîñòðîåíà ðåçîëüâåíòà èíòåãðàëüíîãî óðàâ-
íåíèÿ è íàéäåíî èíòåãðàëüíîå ïðåäñòàâëåíèå îáùåãî ðåøåíèÿ. Èñ-
ïîëüçóÿ ïîëó÷åííîå èíòåãðàëüíîå ïðåäñòàâëåíèÿ, èññëåäîâàíà

Çàäà÷à òèïà Ðèìàíà-Ãèëüáåðòà R. Òðåáóåòñÿ íàéòè ðåøå-
íèå U(z) ∈ C(G\{L∪0}) óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå êðàåâîìó
óñëîâèþ

Re [λU ]∂G = g(t),

ãäå ôóíêöèÿ λ(t) ∈ C(∂G), λ(t) ̸= 0, t ∈ ∂G.

Ëèòåðàòóðà

1. Âåêóà È.Í. Îáîáùåííûå àíàëèòè÷åñêèå ôóíêöèè. Ôèçìàòãèç. Ì. 1959.
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268



Â èçâåñòíîé ðàáîòå [1] M. Storm óñòàíîâèë, ÷òî â îáû÷íûõ ìå-
òàëëàõ íåêîòîðûå êîýôôèöèåíòû (a(u) - óäåëüíàÿ òåìïî¼ìêîñòü,
b(u) - êîýôôèöèåíò òåïëîïðîâîäíîñòè) íåëèíåéíîé òåïëîïðîâîäíî-
ñòè îáëàäàþò ñâîéñòâîì

d
du

√
a(u)
b(u)

a(u)
= λ = const > 0. (1)

Çàäà÷à Ñòåôàíà äëÿ òàêèõ óðàâíåíèé èññëåäîâàíû â ðàáîòàõ
[2, 3], ãäå ïîñòðîåíû àâòîìîäåëüíûå ðåøåíèÿ çàäà÷ è ïðîâåäåíû
íåêîòîðûå êà÷åñòâåííûå èññëåäîâàíèÿ.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à

a(u)ut = (b(u)ux)x + cux
2, t > 0, 0 < x < s(t), (2)

b(u(t, 0))ux(t, 0) =
q0√
t
, t > 0, (3)

u(t, s(t)) = P, t ≥ 0, (4)

b(P )ux(t, s(t)) =
P0√
t
. (5)

Çäåñü êîýôôèöèåíòû a(u), b(u) óäîâëåòâîðÿþò óñëîâèþ (1),
a(u) ≥ a0 > 0, b(u) ≥ b0 > 0, s(0) = 0, c = const.

Â ñëó÷àå c = 0 äëÿ óðàâíåíèÿ (2) çàäà÷à Ñòåôàíà èññëåäîâàíà
â ðàçëè÷íûõ ïîñòàíîâêàõ.

Ïîêà íå óäàåòñÿ ïîñòðîèòü îáùèå àíàëèòè÷åñêèå ðåøåíèÿ íåëè-
íåéíûõ ïðîáëåì òåïëîïåðåíîñà.

Äëÿ ðàññìàòðèâàåìîé çàäà÷è ïðè íàëè÷èè îñîáåííîñòåé ó èñêî-
ìûõ ôóíêöèé, è îáëàñòè âûðîæäåíèÿ â íà÷àëüíûé ìîìåíò âðåìåíè,
ïîñòðîåíû àâòîìîäåëüíûå ðåøåíèÿ.

Ëèòåðàòóðà
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2. Hill J.M., Hart V.G. The Stefan problem in nonlinear heat conduction// J.
Appl. Math. Phys., 1986. �37. P. 206�229.
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c⃝ Ðåõâèàøâèëè Ñ.Ø.1, Êóíèæåâ Õ.Ë.2

Ôåäåðàëüíîå ãîñóäàðñòâåííîå áþäæåòíîå íàó÷íîå ó÷ðåæäåíèå
"Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè" (Ðîññèÿ, Íàëü÷èê)

1e-mail: rsergo@mail.ru
2e-mail: kh.kunizhev@gmail.com

Ðàññìîòðèì ïðîöåññ ðàñïðîñòðàíåíèÿ òåïëà â êðèñòàëëè÷åñêîì
òâåðäîì òåëå ñ ó÷åòîì àíãàðìîíèçìà êîëåáàíèé àòîìîâ. Êîëè÷åñòâî
òåïëà, ïðîõîäÿùåå ÷åðåç ñå÷åíèå ∆S çà âðåìÿ ∆t, ðàâíî

α
∂T (z, t)

∂z
∆S∆t,

ãäå T = T (z, t) - òåìïåðàòóðà òåëà, α - êîýôôèöèåíò òåïëîïðîâîä-
íîñòè, z - êîîðäèíàòà. Êîëè÷åñòâî òåïëà ÷åðåç íåêîòîðûé ìàëûé
èíòåðâàë ðàññòîÿíèé ∆Z ñòàíîâèòñÿ ðàâíûì

α
∂T (z +∆z, t)

∂z
∆S∆t.

Ñëåäîâàòåëüíî, êîëè÷åñòâà òåïëà â ñëîå òîëùèíîé ∆Z åñòü

α
∂T (z +∆z, t)

∂z
∆S∆t− α

∂T (z, t)

∂z
∆S∆t ∼ α

∂2T (z, t)

∂z2
∆V∆t, (1)

ãäå ∆V = ∆z∆S - îáúåì íàãðåòîãî ñëîÿ. Äàëåå íåîáõîäèìî ó÷åñòü
àíãàðìîíèçì êîëåáàíèé àòîìîâ â îáëàñòè âûñîêèõ òåìïåðàòóð. Â
äàííîì ñëó÷àå èìååò ìåñòî ëèíåéíàÿ çàâèñèìîñòü èçîáàðíîé òåï-
ëîåìêîñòè îò òåìïåðàòóðû [1, 2]:

Cp = C0(1 + βT ), (2)

ãäå C0 è β - ïîëîæèòåëüíûå êîíñòàíòû. Ñ ó÷åòîì (2) òåïëîòà â
ðàññìàòðèâàåìîì ñëîå ðàâíà

ρ
∂Q

∂t
∆V∆t = ρ

[
∂

∂t

∫ T

0

Cp(T
′)dT ′

]
∆V∆t = C0(1 + βT )

∂T

∂t
∆V∆t,

(3)
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ãäå ρ - ïëîòíîñòü âåùåñòâà. Ïðèðàâíèâàÿ (1) è (3), íàõîäèì

(1 + βT )
∂T

∂t
= a2

∂2T

∂z2
, (4)

ãäå a - êîýôôèöèåíò òåìïåðàòóðîïðîâîäíîñòè. Äëÿ êîýôôèöèåíòîâ
â óðàâíåíèè (4) áåç íàðóøåíèÿ îáùíîñòè ìîæíî ïðèíÿòü β = a = 1.
Â ýòîì ñëó÷àå óðàâíåíèå (4) ïðèíèìàåò îáùèé âèä

(1 + T )
∂T

∂t
=
∂2T

∂z2
. (5)

Óðàâíåíèå (5) ïðåäñòàâëÿåò ñîáîé íåëèíåéíîå äèôôåðåíöèàëüíîå
óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïàðàáîëè÷åñêîãî òèïà. Â íàñòîÿ-
ùåé ðàáîòå äëÿ óðàâíåíèÿ (4) ðàçðàáàòûâàþòñÿ ÷èñëåííûå ìåòîäû
ðåøåíèÿ çàäà÷è Êîøè, ïåðâîé è âòîðîé êðàåâîé çàäà÷.

Ëèòåðàòóðà

1. Ðåõâèàøâèëè Ñ.Ø. Òåïëîåìêîñòü òâåðäûõ òåë ôðàêòàëüíîé ñòðóêòóðû
ñ ó÷åòîì àíãàðìîíèçìà êîëåáàíèé àòîìîâ // ÆÒÔ. Ãîä 2008. Ò. 78, �12,
Ñ. 54-58

2. Ðåõâèàøâèëè Ñ.Ø. Ðàçìåðíûå ÿâëåíèÿ â ôèçèêå êîíäåíñèðîâàííîãî ñî-
ñòîÿíèÿ è íàíîòåõíîëîãèÿõ. // Íàëü÷èê: ÊÁÍÖ ÐÀÍ. Ãîä 2014. Ñ. 250.

UDC 517.95

EXACT SOLUTIONS OF DIRICHLET TYPE PROBLEM
TO ELLIPTIC EQUATION, WHICH TYPE

DEGENERATES AT THE AXIS OF CYLINDER
c⃝ Rutkauskas S.

Vilnius University (Lithuania, Vilnius)
e-mail: stasys.rutkauskas@mii.vu.lt

The elliptic equation

uzz + r2α∆u− cu = 0, α > 0,

which type degenerates (either weakly or strongly) at the axis of 3-
dimmensional cylinder Q = {r < R, 0 < z < H} , is considered. (Here
r =

√
x2 + y2, ∆ is Laplace's operator.) The statement of a Dirichlet

type problem in the class of smooth functions is given and, subject
to the type of degeneracy, the exact classical solutions are obtained.
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There is shown that the smoothness of the solutions on the degeneracy
line depends on the type of degeneracy and also on the vicinity of the
boundary function near the points, in which the line r = 0 cross the
bases of the cylinder Q. Besides, there are indicated the cases when
some orthogonality conditions for boundary function are required. The
uniqueness of the solutions is proved.

ÓÄÊ 517.956.6
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ÊÎÝÔÔÈÖÈÅÍÒÎÌ Â ÍÅÎÃÐÀÍÈ×ÅÍÍÎÉ
ÎÁËÀÑÒÈ

c⃝ Ðóçèåâ Ì.Õ.
Èíñòèòóò ìàòåìàòèêè ïðè Íàöèîíàëüíîì óíèâåðñèòåòå Óçáåêèñòàíà

(Óçáåêèñòàí, Òàøêåíò)
e-mail: mruziev@mail.ru

Ïóñòü D = D+ ∪ D− ∪ I � îáëàñòü êîìïëåêñíîé ïëîñêîñòè
z = x + iy, ãäå D+-ïîëóïëîñêîñòü y > 0, D−- êîíå÷íàÿ îáëàñòü
ïîëóïëîñêîñòè y < 0, îãðàíè÷åííàÿ õàðàêòåðèñòèêàìè AC è BC
óðàâíåíèÿ

(signy)|y|muxx + uyy −
m

2y
uy = 0, (1)

èñõîäÿùèìè èç òî÷åê A(−1, 0), B(1, 0), è îòðåçêîì AB ïðÿ-
ìîé y = 0, I = {(x, y) : −1 < x < 1, y = 0}, m � ïîëîæèòåëüíîå
äåéñòâèòåëüíîå ÷èñëî.

Ïóñòü D+
R � êîíå÷íàÿ îáëàñòü, îòñåêàåìàÿ îò îáëàñòè D+ äóãîé

ARBR íîðìàëüíîé êðèâîé x2 + 4ym+2/(m+ 2)2 = R2, −R 6 x 6 R,

0 6 y 6
(

(m+2)R
2

)2/(m+2)

, AR(−R, 0),BR(R, 0).

Ââåäåì îáîçíà÷åíèÿ: Ī1 = {(x, y) : −∞ < x 6 −1, y = 0},
Ī2 = {(x, y) : 1 6 x < ∞}, C0(C1) � òî÷êè ïåðåñå÷åíèÿ õàðàêòå-
ðèñòèêè AC(BC) ñ õàðàêòåðèñòèêîé, èñõîäÿùåé èç òî÷êè E(c, 0),
ãäå c ∈ I � ïðîèçâîëüíîå ôèêñèðîâàííîå ÷èñëî, DR = D+

R ∪D−, DR

� ïîäîáëàñòü íåîãðàíè÷åííîé îáëàñòè D.
Ïóñòü p(x) ∈ C1[−1, c] � äèôôåîìîðôèçì ïåðåâîäÿùèé îòðå-

çîê [-1, c] â îòðåçîê [c, 1], ïðè÷åì p′(x) < 0, p(−1) = 1,p(c) = c.
Â êà÷åñòâå ïðèìåðà òàêîé ôóíêöèè ïðèâåäåì ëèíåéíóþ ôóíêöèþ
p(x) = δ − kx, ãäå k = (1− c)/(1 + c), δ = 2c/(1 + c).
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Çàäà÷à C. Òðåáóåòñÿ íàéòè â îáëàñòè D ôóíêöèþ u(x, y), êî-
òîðàÿ

1) íåïðåðûâíà â ëþáîé ïîäîáëàñòè D̄R íåîãðàíè÷åííîé îáëàñòè
D;

2) ïðèíàäëåæèò ïðîñòðàíñòâó C2(D+) è óäîâëåòâîðÿåò óðàâ-
íåíèþ (1) â ýòîé îáëàñòè;

3) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì êëàññà R1 (τ
′(x), ν(x) ∈ H)

â îáëàñòè D−;
4) âûïîëíÿþòñÿ ðàâåíñòâà

lim
R→∞

u(x, y) = 0, y > 0, R2 = x2 + 4(m+ 2)−2ym+2;

5) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

u(x, y)|y=0 = φi(x), x ∈ Ii, i = 1, 2,

u[θ0(x)] + µu[θ1(p(x))] = ψ(x),−1 6 x 6 c;

u(p(x), 0)− u(x, 0) = u(c, 0) + f(x), −1 6 x 6 c,

è óñëîâèþ ñîïðÿæåíèÿ

lim
y→+0

y−m/2uy = lim
y→−0

(−y)−m/2uy, x ∈ I/{c},

ïðè÷åì ýòè ïðåäåëû ïðè x = ±1, x = c ìîãóò èìåòü îñîáåííî-
ñòè ïîðÿäêà íèæå åäèíèöû à f(x), ψ(x), φi(x), i = 1, 2 - çàäàííûå
ôóíêöèè, ãäå f(x) ∈ C[−1, c] ∩ C1,δ1(−1, c), f(c) = 0, f(−1) = 0,
ψ(x) ∈ C[−1, c] ∩ C1,δ2(−1, c), ψ(−1) = 0, µ - ïîñòîÿííîå ïîëî-
æèòåëüíîå ÷èñëî, ôóíêöèè φi(x) ñîîòâåòñòâåííî â òî÷êàõ
x = −1, x = 1 îáðàùàþòñÿ â íóëü è äëÿ äîñòàòî÷íî áîëüøèõ
|x| óäîâëåòâîðÿþò íåðàâåíñòâó |φi(x)| 6 M |x|−δ, ãäå δ,M �
ïîëîæèòåëüíûå ïîñòîÿííûå, θ0(x0) è θ1(p(x0)) - ñîîòâåòñòâåííî
êîîðäèíàòû òî÷åê ïåðåñå÷åíèÿ õàðàêòåðèñòèê AC è BC ñ õàðàê-
òåðèñòèêàìè, èñõîäÿùèìè èç òî÷åê (x0, 0) è p(x0, 0), x0 ∈ I,

θ0(x0) =

(
x0 − 1

2
,−(

(m+ 2)(1 + x0)

4
)2/(m+2)

)
,

θ1(p(x0)) =

(
1 + p(x0)

2
,−(

(m+ 2)(1− p(x0))

4
)2/(m+2)

)
.
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Îòìåòèì, ÷òî äëÿ óðàâíåíèÿ (1) â êîíå÷íîé îáëàñòè íåêîòîðûå
çàäà÷è èçó÷åíû â ðàáîòàõ [1-2].

Òåîðåìà 1. Ïóñòü φi(x) ≡ 0, i = 1, 2, ψ(x) ≡ 0, f(x) ≡ 0,
µ ≥ 0. Òîãäà çàäà÷à C èìååò ëèøü òðèâèàëüíîå ðåøåíèå.

Òåîðåìà 2. Ïóñòü p(x) = δ−kx, ãäå k = (1− c)/(1+ c), δ =
2c/(1+c), 0 ≤ µ < k

1
4 (1− k

1
4 ). Òîãäà ðåøåíèå çàäà÷è C ñóùåñòâóåò.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîåêòà � Ô4-ÔÀ-Ô010.
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ÏÀÐÀÁÎËÎ-ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ ÒÈÏÀ
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c⃝ Ñàáèòîâ Ê.Á.
Èíñòèòóò ïðèêëàäíûõ èññëåäîâàíèé Ðåñïóáëèêè Áàøêîðòîñòàí

(Ðîññèÿ, Ñòåðëèòàìàê)
e-mail: sabitov_fmf@mail.ru

Ðàññìîòðèì óðàâíåíèå ñìåøàííîãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî
òèïà âûñîêîãî ïîðÿäêà

Smu(x, y) = g(x, y), m ∈ N, (1)

ãäå

S1v = Sv =

{
uxx − uy, y > 0,

−uxx + uyy, y < 0,
g(x, y) =

{
g1(x, y), y > 0,

g2(x, y), y < 0,

â îáëàñòè G, îãðàíè÷åííîé ïðè y > 0 îòðåçêàìè AA1, A1B1, B1B,
ãäå A = (0, 0), A1 = (0, d), B = (0, l), B1 = (l, d), l, d > 0, à
ïðè y < 0 õàðàêòåðèñòèêàìè AC (x + y = 0) è CB (x − y = l)
óðàâíåíèÿ (1).
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Çàäà÷à. Íàéòè â îáëàñòè G ôóíêöèþ u(x, y), óäîâëåòâîðÿþ-
ùóþ ñëåäóþùèì óñëîâèÿì:

u(x, y) ∈ C2m(G−)∩C2m,m
x,y (G+∪A1B1)∩C2m−1,m

x,y (G)∩C2m−2,m−1
x,y (G);

(2)

Smu(x, y) ≡ g(x, y), (x, y) ∈ G− ∪G+ ∪ A1B1; (3)

S ku(x, y) = 0 íà AA1 ∪BB1; (4)

S ku(x, y) = 0 íà AC, (5)

ãäå k = 0, 1, 2, . . . ,m− 1.
Îòìåòèì, ÷òî âàæíîñòü èçó÷åíèÿ êðàåâûõ çàäà÷ íà ñîïðÿæå-

íèå äëÿ óðàâíåíèé ñìåøàííîãî òèïà âûñøèõ ïîðÿäêîâ îòìå÷àëîñü
À.Â. Áèöàäçå [1, ñ. 117] â ïëàíå ïîñòðîåíèÿ îáùåé òåîðèè êðàåâûõ
çàäà÷. Â êà÷åñòâå ìîäåëüíîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà ñìå-
øàííîãî òèïà îí ïðåäëîæèë âòîðûå ñòåïåíè îïåðàòîðîâ Ëàâðåí-
òüåâà-Áèöàäçå è Òðèêîìè. Çàòåì êðàåâûå çàäà÷è äëÿ óðàâíåíèé
ñìåøàííîãî ýëëèïòèêî-ãèïåðáîëè÷åñêîãî è ïàðàáîëî-ãèïåðáîëè÷åñ-
êîãî òèïîâ âûñîêèõ ïîðÿäêîâ èçó÷àëèñü âî ìíîãèõ ðàáîòàõ [2 � 12].

Óðàâíåíèÿ ñìåøàííîãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà âîçíè-
êàþò ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè ðàçëè÷íûõ ïðîöåññîâ
åñòåñòâîçíàíèÿ, íàïðèìåð, ïðè èçó÷åíèè äâèæåíèÿ ãàçà èëè ìàëî-
ñæèìàåìîé æèäêîñòè â êàíàëå, îêðóæåííîì ïîðèñòîé ñðåäîé. Â
êàíàëå ãàçîäèíàìè÷åñêîå äàâëåíèå æèäêîñòè èëè ãàçà óäîâëåòâî-
ðÿåò âîëíîâîìó óðàâíåíèþ, à â ïîðèñòîé ñðåäå îïèñûâàåòñÿ óðàâ-
íåíèåì ôèëüòðàöèè, êîòîðîå â ýòîì ñëó÷àå ñîâïàäàåò ñ óðàâíåíèåì
äèôôóçèè. Ìàòåìàòè÷åñêîå èññëåäîâàíèå íàïðÿæåííîñòè ýëåêòðî-
ìàãíèòíîãî ïîëÿ â íåîäíîðîäíîé ñðåäå, ñîñòîÿùåé èç äèýëåêòðè-
êà è ïðîâîäÿùåé ñðåäû, ïðèâîäèò ê ñèñòåìå, ñîñòîÿùåé èç âîë-
íîâîãî óðàâíåíèÿ è óðàâíåíèÿ äèôôóçèè. Ìíîãèå çàäà÷è òåïëî-
îáìåíà â ñðåäàõ ñ ðàçëè÷íûì âðåìåíåì ðåëàêñàöèè è ìàññîîáìå-
íà â êàïèëëÿðíî-ïîðèñòûõ ñðåäàõ òàêæå ñâîäÿòñÿ ê çàäà÷àì äëÿ
ïàðàáîëî-ãèïåðáîëè÷åñêèõ óðàâíåíèé. Î ìàòåìàòè÷åñêèõ ìîäåëÿõ
åñòåñòâîçíàíèÿ, ïðèâîäÿùèõ ê èçó÷åíèþ êðàåâûõ çàäà÷ äëÿ óðàâ-
íåíèé ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà äîñòàòî÷íî ïîäðîáíî ïðè-
âåäåí îáçîð â ðàáîòå [13].

Â äàííîé ðàáîòå, ñëåäóÿ [12], ñòàâèòñÿ çàäà÷à êà÷åñòâåííîãî õà-
ðàêòåðà î òîì, ÷òî åñëè ïðàâàÿ ÷àñòü óðàâíåíèÿ (1) g(x, y) > 0
íà G+ ∪ G−, òî êàê âåäåò ñåáÿ ôóíêöèÿ u(x, y) â G, ò.å. òðåáóåòñÿ
äîêàçàòü, ÷òî u(x, y) ̸= 0 íà G+ ∪G−.
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Ïîñêîëüêó îïåðàòîð Smu â îáëàñòè G+ ñîâïàäàåò ñ îïåðàòîðîì
òåïëîïðîâîäíîñòè â ñòåïåíè, ò.å. ñ ïîëèêàëîðè÷åñêèì, òî åñòåñòâåí-
íî âîçíèêàåò âîïðîñ î çíàêîîïðåäåëåííîñòè ðåøåíèÿ íåîäíîðîäíî-
ãî ïîëèêàëîðè÷åñêîãî óðàâíåíèÿ â çàâèñèìîñòè îò çíàêà ïðàâîé
÷àñòè. Â ñâÿçè ñ ÷åì â äàííîé ðàáîòå èññëåäîâàí ýòîò âîïðîñ è äàí
ïîëíûé îòâåò íà ïîñòàâëåííóþ çàäà÷ó, ò.å. ïîêàçàíî, ÷òî åñëè â çà-
äà÷å (2) � (5) ôóíêöèÿ g1(x, y) ≥ 0 (≤ 0) è g1(x, y) ̸≡ 0 íà G+∪A1B1,
g2(x, y) > 0 (< 0) íà G−, òî u(x, y) > 0 (< 0) íà G−∪G+∪A1B1 êîãäà
m � ÷åòíîå íàòóðàëüíîå ÷èñëî; u(x, y) < 0 (> 0) íà G− ∪G+ ∪A1B1

êîãäà m � íå÷åòíîå íàòóðàëüíîå ÷èñëî.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé, ïðîåêò � 14-01-97003.
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ÐÓÑËÀÕ ÐÅÊ
c⃝ Ñàèåã Ò.Õ.
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e-mail: appinform@ncfu.ru

Â îáëàñòè Qt0 = G · (0, t0], G = {x = (x1, x2, ..., xp) : 0 < xα < lα,
α = 1, 2, ..., p} ðàññìîòðèì çàäà÷ó

∂u

∂t
= Lu+

t∫
0

k (x, t, τ)u (x, τ) dτ + f(x, t), x ∈ G, t ∈ (0, t0], (1)

u |Γ = 0, (2)

u (x, 0) = u0(x), (3)

ãäå Lu =
p∑

α=1

Lαu, Lαu = ∂2u
∂x2

α
, α = 1, 2, ..., p. Γ− ãðàíèöà îáëàñòè G.

Ïóñòü çàäà÷à (1)-(3) èìååò ðåãóëÿðíîå ðåøåíèå. Óìíîæèì óðàâ-
íåíèå (1) ñêàëÿðíî íà U :

(Ut, U)− (Uxx, U)− (

t∫
0

K(x, t, τ)U(x, τ)dτ, U). = (f, U) (4)

Îöåíèì âíóòðåííèé èíòåãðàë è ïðîèíòåãðèðóåì ïî τ îò 0 äî t,
ïîëó÷èì

t∫
0

∥U(x, τ)∥0 dτ
τ∫
0

∥U(x1, τ1)∥0 dτ1 ≤
t∫
0

∥U(x, τ)∥0 dτ
t∫
0

∥U(x, τ)∥0 dτ =

=

(
t∫
0

∥U(x, τ)∥0 dτ
)2

≤
t∫
0

dτ
t∫
0

∥U(x, τ)∥20 dτ = t ∥U∥22,Qt .
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Íàøëè àïðèîðíóþ îöåíêó

∥U∥20 + ∥Ux∥22,Qt ≤ 2M(t)
(
∥f∥22,Qt + ∥U0(x)∥20

)
(5)

Èç îöåíêè (5) ñëåäóåò åäèíñòâåííîñòü ðåøåíèÿ èñõîäíîé çàäà÷è
(1)-(3).

Çàäà÷å (1)-(3) ïîñòàâèì â ñõåìó è îöåíèì èíòåãðàë.
Ñ ó÷¼òîì íåðàâåíñòâà∥y∥20 ≤

1
2
∥yx∥20 , íàõîäèì

∥y∥20 −
∥∥⌣
y
∥∥2
0
+ υ ∥yx∥20 τ ≤M1 ∥y (x, t)∥0

j∑
j′=1

∥y (x, tj′)∥0τ +
τ

4ε
∥f∥20 ,

υ = 2− ε

2
> 0.

Îòêóäà

∥y∥20 + υ

j∑
j′=1

∥∥∥yj′x ∥∥∥2
0
τ ≤ 2M1tj

j∑
j′=1

∥y (x, tj′)∥20τ+

+
1

4ε

j∑
j′=1

∥∥∥f j′
∥∥∥2
0
τ + ∥u0 (x)∥20 . (6)

Ïðèìåíÿÿ îöåíêó (6) ê çàäà÷å äëÿ ïîãðåøíîñòè íàõîäèì

∥z∥20 + υ

j∑
j′=1

∥∥∥zj′x ∥∥∥2
0
τ ≤M

j∑
j′=1

∥∥∥ψj′
∥∥∥2
0
τ.

Îòêóäà ñëåäóåò ñõîäèìîñòü ñî ñêîðîñòüþ O(h).
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Íà êîìïëåêñíîé ïëîñêîñòè C ðàññìîòðèì íàãðóæåííîå èíòå-
ãðàëüíîå óðàâíåíèå âèäà

φ(z) + λTςφ(z) + a(z)φ(z0) = f(z), (1)

ãäå z = x+ iy, a(z), f(z)− çàäàííûå äâîÿêîïåðèîäè÷åñêèå ôóíêöèè
ñ îñíîâíûìè ïåðèîäàìè ω1, ω2, Im(ω2/ω1) ̸= 0, Tςφ− èíòåãðàëüíûé
îïåðàòîð âèäà

Tςφ = − 1

π

∫∫
Ω

φ(z)ζ(t− z)dtΩ,

ζ(z)− äçåòà-ôóíêöèÿ Âåéåðøòðàññà [1], ïîñòðîåííàÿ íà ïåðèîäàõ
ω1, ω2. Íàãðóæåííûå óðàâíåíèÿ è èõ ïðèëîæåíèÿ (äèôôåðåíöèàëü-
íûå è èíòåãðàëüíûå) èçó÷åíû â ìîíîãðàôèè [2].

Èíòåãðàëüíûé îïåðàòîð Tςφ îáëàäàåò ñâîéñòâàìè äèôôåðåíöè-
àëüíîãî è èíòåãðàëüíîãî îïåðàòîðà Âåêóà [3] è ÿâëÿåòñÿ êâàçèïå-
ðèîäè÷åñêîé ôóíêöèåé

Tςφ(z + ωj) = Tςφ(z) + ηjφ0, φ0 =
1

π

∫∫
Ω

φ(z)dΩ,

ãäå η1, η2− öèêëè÷åñêèå ïîñòîÿííûå, âìåñòå ñ ω1, ω2, ñâÿçàíû ñîîò-
íîøåíèåì Ëåæàíäðà [1], η1ω2,−η2ω1 = 2πi.

Â [4] èçó÷åíû âñå ñâîéñòâà èíòåãðàëüíîãî îïåðàòîðà Tςφ è ïîêà-
çàíî, ÷òî

Tς : {ρ; ρ ∈ L∗
p,

∫∫
Ω

ρ(z)dΩ = 0} → W ∗,1
p , p > 2,
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ãäå L∗
p,W

∗,1
p ñîîòâåòñòâåííî ïðîñòðàíñòâî äâîÿêîïåðèîäè÷åñêèõ ôóíê-

öèé êëàññîâ Lρ(Ω),W
1
p (Ω), p > 2.

Â çàìåòêå íàéäåíî óñëîâèå îäíîçíà÷íîé ðàçðåøèìîñòè èíòåãðàëü-
íîãî óðàâíåíèÿ (1) â ïðîñòðàíñòâå L∗

p ïðè óñëîâèè a(z), f(z) ∈ L∗
p,

ρ > 2.
Ââåäåì îáîçíà÷åíèå Ω0 = mesΩ = |ω1|2Im(ω2/ω1),

Γ1 =
π

Ω0

Γ =
π

Ω0

{m1ω1 +m2ω2,m1,m2 − öåëûå ÷èñëà}.

Òîãäà âîçìîæíû ñëó÷àÿ λ ∈ Γ1 èëè λ∈Γ1. Ñîáñòâåííûå çíà÷åíèÿ è
ñîáñòâåííûå ôóíêöèè èíòåãðàëüíîãî óðàâíåíèÿ (1) îïðåäåëÿòñÿ èç
îäíîðîäíîãî óðàâíåíèÿ

φ(z) + λTςφ(z) = 0. (2)

Êàê ñëåäóåò èç ðåçóëüòàòîâ ðàáîòû [4], ïðè λ∈Γ1 îïåðàòîð (I +
λTζ)− îáðàòèì â ïðîñòðàíñòâå L∗

p, p > 2 è åãî îáðàòíûé îïåðàòîð
èìååò âèä

(I + λTζ)
−1 = I + λTσ, I − åäèíè÷íûé îïåðàòîð,

ãäå Tσ− èíòåãðàëüíûé îïåðàòîð âèäà

Tσρ(z) = − 1

π

∫∫
Ω

ρ(t)eλ(t−z+d(λ−z)) σ(t− z −△)

σ(−△)σ(t− z)
dtΩ,

çäåñü ρ ∈ L∗
ρ, σ(z)− ñèãìà ôóíêöèÿ Âåéåðøòðàññà, ïîñòîÿííûå d,△

èìååò âèä

△ ≡ λΩ0

π
(modΓ), d =

λ

2πi
[ω1η2 − ω2η1](modΓ).

Ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà. Ïóñòü a, f ∈ L∗

p, p > 2, λ∈Γ1 è âûïîëíåíî óñëîâèå

A(z0) = 1 + a(z0)− λTσa(z0) ̸= 0. (3)

Òîãäà èíòåãðàëüíîå óðàâíåíèå (1) ïðè ëþáîé ïðàâîé ÷àñòè
f(z) ∈ L∗

p, p > 2 èìååò åäèíñòâåííîå ðåøåíèå âèäà

φ(z) = (I + λTζ)
−1f(z)− B(z0)

A(z0)
(I + λTζ)

−1a(z),
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ãäå B(z0) = f(z0) + λTσf(z0).
Â ñëó÷àå, êîãäà λ ∈ Γ1 ïîêàçûâàåòñÿ, ÷òî îäíîðîäíîå óðàâíå-

íèå (2) äîïóñêàåò ñîáñòâåííûå çíà÷åíèÿ, à äëÿ ðàçðåøèìîñòè èíòå-
ãðàëüíîãî óðàâíåíèÿ (1) íóæíû óñëîâèÿ îðòîãîíàëüíîñòè íà ïðà-
âîé ÷àñòè.
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Ðàññìîòðèì óðàâíåíèå ñìåøàííîãî òèïà

Su ≡ uxx + (sgny)uyy +
k

x
ux − c2u = 0 (1)

â ïðÿìîóãîëüíîé îáëàñòè D = {(x, y)| 0 < x < l,−α < y < β}, ãäå
k < 1, k ̸= 0, c > 0, α > 0, β > 0, l � çàäàííûå äåéñòâèòåëüíûå
÷èñëà.

Çàäà÷à Äèðèõëå. Íàéòè ôóíêöèþ u(x, y), óäîâëåòâîðÿþùóþ
óñëîâèÿì:

u(x, y) ∈ C(D) ∩ C1(D) ∩ C2(D+ ∪D−), (2)
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Su(x, y) ≡ 0, (x, y) ∈ D+ ∪D−, (3)

u(x, β) = φ(x), u(x,−α) = ψ(x), 0 ≤ x ≤ l, (4)

u(l, y) = 0, −α ≤ y ≤ β, (5)

u(0, y) = 0, −α ≤ y ≤ β, (6)

ãäå φ(x), ψ(x) � çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, óäîâëåòâî-
ðÿþùèå óñëîâèÿì φ(0) = φ(l) = ψ(0) = ψ(l) = 0, D+ = D∩{y > 0},
D− = D ∩ {y < 0}.

Â ðàáîòàõ [1, 2] äëÿ óðàâíåíèÿ (1) èçó÷åíà ïåðâàÿ ãðàíè÷íàÿ
çàäà÷à â ïðÿìîóãîëüíîé îáëàñòè D ïðè k ̸= 0 è c = 0.

Â äàííîé ðàáîòå, íà îñíîâàíèè ñòàòåé [3-6], ìåòîäîì ñïåêòðàëü-
íîãî àíàëèçà óñòàíîâëåí êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ çàäà-
÷è (2) � (6) ïðè âñåõ k < 1 è c > 0. Ðåøåíèå ïîñòðîåíî â âèäå
ñóììû ðÿäà Ôóðüå-Áåññåëÿ. Ïðè îáîñíîâàíèè ðàâíîìåðíîé ñõîäè-
ìîñòè ïîñòðîåííîãî ðÿäà âîçíèêàåò ïðîáëåìà ìàëûõ çíàìåíàòåëåé.
Â ñâÿçè ñ ÷åì âîçíèêàåò ñëîæíàÿ çàäà÷à ïî óñòàíîâëåíèþ îöåí-
êè îòäåëåííîñòè îò íóëÿ ìàëîãî çíàìåíàòåëÿ ñ ñîîòâåòñòâóþùåé
àñèìïòîòèêîé. Ïîëó÷åííàÿ îöåíêà ïîçâîëÿåò äîêàçàòü ðàâíîìåð-
íóþ ñõîäèìîñòü ðÿäà â êëàññå ðåãóëÿðíûõ ðåøåíèé (2).

Ëèòåðàòóðà

1. Ñàôèíà Ð.Ì. Çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ïóëüêèíà â ïðÿìîóãîëü-
íîé îáëàñòè// Âåñòíèê Ñàìàðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà. Åñòå-
ñòâåííîíàó÷í.ñåðèÿ. 2014. � 10. Ñ. 91�101.

2. Ñàôèíà Ð.Ì. Çàäà÷à Êåëäûøà äëÿ óðàâíåíèÿ Ïóëüêèíà â ïðÿìîóãîëü-
íîé îáëàñòè // Âåñòíèê Ñàìàðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà. Åñòå-
ñòâåííîíàó÷í.ñåðèÿ. 2015. � 3. Ñ. 53�64.

3. Ñàáèòîâ Ê.Á. Çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà â ïðÿìî-
óãîëüíîé îáëàñòè// ÄÀÍ. 2007. Ò. 413, � 1. Ñ. 23�26.

4. Ñàáèòîâ Ê.Á., Ñóëåéìàíîâà À.Õ. Çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ ñìå-
øàííîãî òèïà âòîðîãî ðîäà â ïðÿìîóãîëüíîé îáëàñòè// Èçâ. âóçîâ. Ìà-
òåìàòèêà. 2007. � 4. Ñ. 45�53.

5. Ñàáèòîâ Ê.Á., Ñóëåéìàíîâà À.Õ. Çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ ñìå-
øàííîãî òèïà ñ õàðàêòåðèñòè÷åñêèì âûðîæäåíèåì â ïðÿìîóãîëüíîé îá-
ëàñòè // Èçâ. âóçîâ. Ìàòåìàòèêà. 2009. � 11. Ñ. 43�52.

6. Ñàáèòîâ Ê.Á., Âàãàïîâà Ý.Â. Çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ ñìåøàííî-
ãî òèïà ñ äâóìÿ ëèíèÿìè âûðîæäåíèÿ â ïðÿìîóãîëüíîé îáëàñòè// Äèô-
ôåðåíöèàëüíûå óðàâíåíèÿ. 2013. Ò. 49, � 1. Ñ. 68�78.

282



ÓÄÊ 517.958:531.72

ÎÁ ÎÄÍÎÌ ÌÅÒÎÄÅ ÍÀÃÐÓÆÅÍÈÉ Â ÐÅØÅÍÈÈ
ÊÐÀÅÂÎÉ ÇÀÄÀ×È ÀÍÎÌÀËÜÍÎÉ ÔÈËÜÒÐÀÖÈÈ

c⃝ Ñåðáèíà Ë.È.
Ñòàâðîïîëüñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé èíñòèòóò

(Ðîññèÿ, Ñòàâðîïîëü)
e-mail: lserbina@mail.ru

Èññëåäîâàíèå íåóñòàíîâèâøåãîñÿ äâèæåíèÿ ãðóíòîâûõ âîä
â ðàìêàõ ìåòîäîâ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ñèñòåì ñ ðàñ-
ïðåäåëåííûìè ïàðàìåòðàìè, ñâîäèòñÿ ê ðåøåíèþ êðàåâûõ çàäà÷
äëÿ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé èëè ëèíåéíûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ñ íåëèíåéíûìè ãðàíè÷íûìè óñëîâèÿìè.
Òî÷íîå àíàëèòè÷åñêîå ðåøåíèå çàäà÷ â óêàçàííîé ïîñòàíîâêå, ó÷è-
òûâàþùèõ íåëèíåéíûå íåðàâíîâåñíûå ýôôåêòû, ñâÿçàíî â áîëü-
øèíñòâå ñëó÷àåâ ñ âåñüìà ñåðüåçíûìè ìàòåìàòè÷åñêèìè ñëîæíî-
ñòÿìè è ÷àñòî íåðàçðåøèìûìè. Â èññëåäîâàíèè ýòèõ çàäà÷ èìåþò-
ñÿ òîëüêî îòäåëüíûå ðåçóëüòàòû, ïîëó÷åííûå ñ ïîìîùüþ äîïîëíè-
òåëüíûõ ñóùåñòâåííûõ äîïóùåíèé. Îäíî èç ñîâðåìåííûõ íàïðàâëå-
íèé ðàçâèòèÿ òåîðèè íåëèíåéíûõ êðàåâûõ çàäà÷, ñóùåñòâåííî ðàñ-
øèðÿþùèõ âîçìîæíîñòè ìåòîäîâ ìîäåëèðîâàíèÿ íåëèíåéíûõ äè-
íàìè÷åñêèõ ïðîöåññîâ, ñâÿçàíî ñ ïîñòàíîâêîé è ïîèñêîì ìåòîäîâ
ðàçðåøèìîñòè êðàåâûõ çàäà÷ äëÿ íàãðóæåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé [1].

Â ðàáîòå, ðàçâèâàÿ îñíîâíûå ïîëîæåíèÿ ìåòîäîâ íàãðóæåííûõ
óðàâíåíèé è ïðîäîëæàÿ èññëåäîâàíèÿ ðàíåå íà÷àòûå â ýòîì íà-
ïðàâëåíèè, â ðàìêàõ ïîñòðîåíèÿ ýôôåêòèâíîãî àëãîðèòìà ïîèñ-
êà ïðèáëèæåííîãî ðåøåíèÿ êðàåâîé çàäà÷è äëÿ íåëèíåéíîãî äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè âòîðîãî ïî-
ðÿäêà ïàðàáîëè÷åñêîãî òèïà [2], ïðåäëîæåí è òåîðåòè÷åñêè îáîñ-
íîâàí ìåòîä íàãðóæåíèé. Â îñíîâå òàêîãî ïîäõîäà ëåæèò çàìåíà
èñõîäíîãî íåëèíåéíîãî óðàâíåíèÿ íåêîòîðûì ëèíåéíûì óðàâíåíè-
åì ñ íàãðóçêîé, ðåøåíèå êîòîðîãî óäàåòñÿ íàéòè. Ïðèíöèïèàëü-
íî âàæíîé ÷åðòîé ïðåäëîæåííîãî ìåòîäà íàãðóæåíèé ÿâëÿåòñÿ òî,
÷òî îí ïîçâîëÿåò çàäàíèåì äîïîëíèòåëüíûõ óñëîâèé, ïðåäñòàâëÿþ-
ùèõ ðåàëèçàöèþ ðàçëè÷íûõ íåëèíåéíûõ ôóíêöèîíàëüíûõ çàâèñè-
ìîñòåé ìåæäó ïàðàìåòðàìè ñèñòåìû è ãðàíè÷íûõ óñëîâèé, îáåñïå-
÷èòü íåîáõîäèìóþ òî÷íîñòü ïîëó÷àåìîãî ðåøåíèÿ. Âîïðîñ ðàçðà-
áîòêè ÷èñëåííî-àíàëèòè÷åñêèõ ìåòîäîâ îïðåäåëåíèÿ êîëè÷åñòâåí-
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íîé ýâîëþöèè ïàðàìåòðîâ ñèñòåìû â ïðîñòðàíñòâå ñîñòîÿíèé, ñâÿ-
çàííîé íåëèíåéíîé çàâèñèìîñòüþ îò èíòåíñèâíîñòè âîçìóùåíèÿ è
ïåðåñòðîéêîé ïðîñòðàíñòâåííî-âðåìåííîé ñòðóêòóðû ïîðîâîãî ïðî-
ñòðàíñòâà, ïðèâîäÿùèõ ê âîçíèêíîâåíèþ êðèòè÷åñêèõ ñîñòîÿíèé è
àíîìàëüíîìó ðåæèìó ñèñòåìû, ñâåäåí ê èññëåäîâàíèþ âîïðîñà ïî-
ñòàíîâêè è ðàçðåøèìîñòè íà÷àëüíî-êðàåâîé çàäà÷è äëÿ íàãðóæåí-
íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà.
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Ðàññìîòðèì óðàâíåíèå ñìåøàííîãî òèïà

Lu = F (x, t) =

{
tnuxx − ut − b2tnu = F1(x, t), t > 0,

uxx − utt − b2u = F2(x, t), t < 0,
(1)

â ïðÿìîóãîëüíîé îáëàñòè D = {(x, t)| 0 < x < l, −α < t < β}, ãäå
n ≥ 0, b ≥ 0, l > 0, α > 0, β > 0 � çàäàííûå äåéñòâèòåëüíûå ÷èñëà,
Fi(x, t), i = 1, 2, � èçâåñòíûå ôóíêöèè.

Çàäà÷à.Íàéòè ôóíêöèþ u(x, t), óäîâëåòâîðÿþùóþ ñëåäóþùèì
óñëîâèÿì:

u(x, t) ∈ C(D) ∩ C1(D) ∩ C1
x(D) ∩ C2

x(D+) ∩ C2(D−); (2)

Lu(x, t) = F (x, t), (x, t) ∈ D− ∪D+; (3)

u(0, t) = u(l, t) = 0, −α ≤ t ≤ β; (4)

u(x,−α) = 0, 0 ≤ x ≤ l, (5)
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ãäå F1(x, t), F2(x, t) � çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè,
D− = D ∩ {t < 0}, D+ = D ∩ {t > 0}.

Îòìåòèì, ÷òî çàäà÷à (2) � (5) äëÿ îäíîðîäíîãî óðàâíåíèÿ (1),
ò.å. êîãäà Fi(x, t) ≡ 0, i = 1, 2, áûëà èçó÷åíà â ðàáîòàõ [1 � 4] â
ïðÿìîóãîëüíîé îáëàñòè D ïðè l = 1, b ≥ 0, n ≥ 0 è m ≥ 0. Â
ðàáîòàõ [5 � 7] äëÿ îäíîðîäíîãî óðàâíåíèÿ (1) ïðè n > 0 è m > 0
èçó÷åíà íåëîêàëüíàÿ çàäà÷à â êîòîðîé âìåñòî óñëîâèÿ (5) çàäàíî
íåëîêàëüíîå óñëîâèå u(x,−α)− u(x, β) = ψ(x), 0 ≤ x ≤ 1.

Íåîáõîäèìîñòü èññëåäîâàíèÿ çàäà÷è (2) � (5) äëÿ íåîäíîðîä-
íîãî óðàâíåíèÿ (1) âîçíèêàåò â ñâÿçè ñ ðåøåíèåì ïðîáëåìû Ãåëü-
ôàíäà È.Ì., ò.å. ïîñòðîåíèåì â ÿâíîì âèäå ðåøåíèÿ çàäà÷è, è èçó-
÷åíèåì îáðàòíûõ çàäà÷ äëÿ óðàâíåíèÿ (1) ïî îòûñêàíèþ ñîìíîæè-
òåëåé ïðàâîé ÷àñòè Fi(x, t) = fi(x)gi(t), i = 1, 2, ëèáî çàâèñÿùèõ îò
x, ëèáî çàâèñÿùèõ îò t. Â ðàáîòàõ [8, 9] áûëè èçó÷åíû îáðàòíûå
çàäà÷è ïî îòûñêàíèþ ôóíêöèé u(x, t) è fi(x), êîãäà gi(t) ≡ 1.

Ðåøåíèå çàäà÷è (2) � (5) ïîñòðîåíî â âèäå ñóììû ðÿäà ïî ñîá-
ñòâåííûì ôóíêöèÿì ñîîòâåòñòâóþùåé îäíîìåðíîé ñïåêòðàëüíîé
çàäà÷è

u(x, t) =

√
2

l

∞∑
k=1

Tk(t) sinµkx, µk =
πk

l
, (6)

ãäå

Tk(t) =



wk

∆(k)
e−λ2

kt
n+1/(n+1)+

+

t∫
0

g1k(s)e
−λ2

k(tn+1/(n+1)−sn+1/(n+1)) ds, t > 0,

wk

∆(k)
cosλkt+

g1k(0 + 0)

λk
sinλkt−

− 1

λk

0∫
t

g2k(s) sin [λk(t− s)] ds, t < 0,

wk =
g1k(0 + 0)

λk
sinλkα− 1

λk

0∫
−α

g2k(s) sin [λk(s+ α)] ds,

λk =
√
b2 + µ2

k, gik(t) =

√
2

l

l∫
0

Fi(x, t) sinµkx dx, i = 1, 2,
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ïðè óñëîâèè, ÷òî ïðè ïðè âñåõ k ∈ N âûðàæåíèå∆(k) = cosλkα ̸= 0.
Óñòàíîâëåí ñëåäóþùèé êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ çàäà-

÷è.
Òåîðåìà 1. Åñëè ñóùåñòâóåò ðåøåíèå çàäà÷è (2) � (5), òî îíî

åäèíñòâåííî òîëüêî òîãäà, êîãäà ïðè âñåõ k ∈ N âûïîëíåíû óñëî-
âèÿ ∆(k) ̸= 0.

Ïðè îáîñíîâàíèè ñõîäèìîñòè ïîñòðîåííîãî ðÿäà âîçíèêàþò ìà-
ëûå çíàìåíàòåëè, çàòðóäíÿþùèå ñõîäèìîñòü ýòîãî ðÿäîâ. Â ñâÿçè ñ
ýòèì äëÿ äîêàçàòåëüñòâà ðàâíîìåðíîé ñõîäèìîñòè ðÿäà óñòàíîâëå-
íà îöåíêà îá îòäåëåííîñòè îò íóëÿ ìàëîãî çíàìåíàòåëÿ ñ ñîîòâåò-
ñòâóþùåé àñèìïòîòèêîé, êîòîðàÿ ïîçâîëèëà äîêàçàòü ñóùåñòâîâà-
íèå ðåãóëÿðíîãî ðåøåíèÿ, ò.å. â êëàññå ôóíêöèé (2) è (3).

Ëåììà. Åñëè b = 0 è α̃ = α/l ÿâëÿåòñÿ ïðîèçâîëüíûì íàòó-
ðàëüíûì ÷èñëîì, òî ñóùåñòâóåò ïîñòîÿííàÿ C0, òàêàÿ, ÷òî ïðè
âñåõ k ∈ N

|∆(k)| = C0 > 0.

Òåîðåìà 2. Ïóñòü F1(x, t) ∈ C(D+) ∩ C2,0
x,t (D+), F1(0, t) =

= F1(l, t) = 0, F ′′
1xx(0, t) = F ′′

1xx(l, t) = 0, 0 ≤ t ≤ β; F2(x, t) ∈
∈ C(D−) ∩ C2,0

x,t (D−), F2(0, t) = F2(l, t) = 0, F ′′
2xx(0, t) = F ′′

2xx(l, t) =
= 0, −α ≤ t ≤ 0 è âûïîëíåíû óñëîâèÿ ëåììû. Òîãäà ñóùåñòâó-
åò åäèíñòâåííîå ðåøåíèå çàäà÷è (2) � (5) è îíî îïðåäåëÿåòñÿ ðÿ-
äîì (6).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé, ïðîåêò � 14-01-97003.
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Ðàññìàòðèâàþòñÿ â îáëàñòè D êîìïëåêñíîé ïëîñêîñòè äâóìåð-
íûå ñèíãóëÿðíûå èíòåãðàëû âèäà

ψ(z) =

∫
D

Q2(t, t− z)φ2(t)d2t, z ∈ D,

è îáîáùåííûå èíòåãðàëû òèïà Êîøè

ϕ(z) =

∫
Γ

Q1(t, t− z)φ1(t)d1t, z ∈ D,

ãäå ÿäðî Qk(t, ξ) îäíîðîäíîé ñòåïåíè −k ïî ïåðåìåííîé ξ ∈ C è
êðèâàÿ Γ ⊆ C. Ïîäîáíûå èíòåãðàëû âîçíèêàþò ïðè èññëåäîâàíèè
ýëëèïòè÷åñêèõ êðàåâûõ çàäà÷.

Îáñóæäàþòñÿ óñëîâèÿ, îáåñïå÷èâàþùèå ïðèíàäëåæíîñòü ôóíê-
öèé ϕ è ψ êëàññó Ãåëüäåðà Cµ(D). Ðàññìîòðåí òàêæå ñëó÷àé èíòå-
ãðàëîâ ñ Lp ïëîòíîñòüþ. Äàíû ïðèëîæåíèÿ ê çàäà÷å Ðèìàíà- Ãèëü-
áåðòà äëÿ ýëëèïòè÷åñêîé ñèñòåìû ïåðâîãî ïîðÿäêà ñ íåïðåðûâíûìè
êîýôôèöèåíòàìè.
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âûñøåãî îáðàçîâàíèÿ "Àäûãåéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò"

(Ðîññèÿ, Ìàéêîï)
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Ëÿïóíîâñêèå õàðàêòåðèñòèêè êîëåáëåìîñòè ðåøåíèé êàê îäíî-
ðîäíûõ, òàê è íåîäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âïåð-
âûå áûëè ââåäåíû È.Í. Ñåðãååâûì â ðàáîòàõ [1�4]. Äëÿ ðåøåíèé
ëèíåéíûõ îäíîðîäíûõ àâòîíîìíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
èõ ïîëíûå è âåêòîðíûå ÷àñòîòû íóëåé ïîëíîñòüþ èçó÷åíû â ðà-
áîòàõ [4, 5], à ïîëíûå è âåêòîðíûå ÷àñòîòû ñòðîãèõ ñìåí çíàêîâ,
íåñòðîãèõ ñìåí çíàêîâ è êîðíåé � â [6-8].

Èç âñåõ õàðàêòåðèñòèê êîëåáëåìîñòè ðåøåíèé ëèíåéíîãî íåîä-
íîðîäíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè áûëè èçó÷å-
íû òîëüêî ïîëíûå ÷àñòîòû íóëåé [2]. Â íàñòîÿùåé çàìåòêå ïðèâî-
äÿòñÿ ñâîéñòâà îñòàëüíûõ ÷àñòîò ðåøåíèé íåîäíîðîäíîãî óðàâíå-
íèÿ.

Ðàññìîòðèì ìíîæåñòâî Q ôóíêöèé, ïðåäñòàâèìûõ â âèäå êîíå÷-
íîé ñóììû êâàçèìíîãî÷ëåíîâ:

l∑
j=1

eαjt(uj(t) cos βjt+ vj(t) sin βjt), αj ∈ R, 0 ≤ β1 ≤ · · · ≤ βl

(uj, vj - äåéñòâèòåëüíûå ìíîãî÷ëåíû) ñ ïîïàðíî ðàçëè÷íûìè ïîêà-
çàòåëÿìè δj = αj + iβj. Äàëåå, äëÿ çàäàííîãî n ∈ N ðàññìîòðèì
ïðîñòðàíñòâî Cn × Q ëèíåéíûõ íåîäíîðîäíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé n-ãî ïîðÿäêà

y(n) + a1y
(n−1) + · · ·+ an−1ẏ + any = f(t), t ∈ R+ ≡ [0; +∞),

îòîæäåñòâëÿåìûõ êàæäîå ñî ñâîåé ïàðîé (a, f), ãäå a ≡ (a1, . . . , an)
� ñòðîêà ïîñòîÿííûõ äåéñòâèòåëüíûõ êîýôôèöèåíòîâ, à f ∈ Q �
íåîäíîðîäíîñòü.

288



Îïðåäåëåíèå 1[1]. Ñêàæåì, ÷òî â òî÷êå t > 0 ïðîèñõîäèò
ñòðîãàÿ (íåñòðîãàÿ) ñìåíà çíàêà ôóíêöèè y : R+ → R, åñëè â ëþ-
áîé îêðåñòíîñòè ýòîé òî÷êè ôóíêöèÿ y ïðèíèìàåò êàê ïîëîæè-
òåëüíûå (íåîòðèöàòåëüíûå), òàê è îòðèöàòåëüíûå (íåïîëîæè-
òåëüíûå) çíà÷åíèÿ.

Äëÿ ìíîæåñòâà R∞
∗ âñåõ êîíå÷íûõ íåíóëåâûõ ïîñëåäîâàòåëü-

íîñòåé, êàæäîé ÷èñëîâîé ôóíêöèè y ∈ C∞(R+), ïîñëåäîâàòåëü-
íîñòè m ∈ Rk

∗ ⊂ R∞
∗ (k íå ôèêñèðîâàíî), âåêòîð-ôóíêöèè

ψy ≡
(
y, ẏ, . . . , y(k−1)

)
è ìîìåíòà âðåìåíè t > 0 ââåäåì îáîçíà÷å-

íèÿ:
ν−(y,m, t) � ÷èñëî òî÷åê ñòðîãîé ñìåíû çíàêà ñêàëÿðíîãî ïðî-

èçâåäåíèÿ ⟨ψy,m⟩ íà ïðîìåæóòêå (0, t];
ν∼(y,m, t) � ÷èñëî òî÷åê íåñòðîãîé ñìåíû çíàêà ôóíêöèè ⟨ψy,m⟩

íà ïðîìåæóòêå (0, t];
ν0(y,m, t) � ÷èñëî íóëåé ôóíêöèè ⟨ψy,m⟩ íà ïðîìåæóòêå (0, t];
ν+(y,m, t) � ÷èñëî êîðíåé ôóíêöèè ⟨ψy,m⟩ íà ïðîìåæóòêå (0, t],

ò.å. íóëåé ñ ó÷åòîì èõ êðàòíîñòè;
ν∗(y,m, t) � ÷èñëî ãèïåðêîðíåé ôóíêöèè ⟨ψy,m⟩ íà ïðîìåæóòêå

(0, t], ò.å. ïðè åãî ïîäñ÷åòå êàæäûé íåêðàòíûé êîðåíü áåðåòñÿ ðîâíî
îäèí ðàç, à êðàòíûé - ñðàçó áåñêîíå÷íî ìíîãî ðàç.

Îïðåäåëåíèå 2 [2, 3]. Âåðõíÿÿ (íèæíÿÿ) ïîëíàÿ è âåêòîð-
íàÿ ÷àñòîòû çíàêîâ, íóëåé, êîðíåé è ãèïåðêîðíåé ôóíêöèè y ∈
∈ C∞(R+) çàäàäèì ôîðìóëàìè

σ̂ϵ(y) ≡ inf
m∈R∞

∗
lim
t→∞

π

t
νϵ(y,m, t)

(
σ̌ϵ(y) ≡ inf

m∈R∞
∗
lim
t→∞

π

t
νϵ(y,m, t)

)
,

ζ̂ϵ(y) ≡ lim
t→∞

inf
m∈R∞

∗

π

t
νϵ(y,m, t)

(
ζ̌ϵ(y) ≡ lim

t→∞
inf

m∈R∞
∗

π

t
νϵ(y,m, t)

)
ïðè ϵ = −,∼, 0,+, ∗ ñîîòâåòñòâåííî. Â ñëó÷àå ñîâïàäåíèÿ ïîëíîé
èëè âåêòîðíîé âåðõíåé ÷àñòîòû ôóíêöèè y ñ îäíîèìåííîé íèæ-
íåé áóäåì íàçûâàòü åå òî÷íîé è îáîçíà÷àòü σϵ(y) èëè ζϵ(y).

Îïðåäåëåíèå 3 [2]. Äëÿ êàæäîãî ω = ζ̌ϵ, ζ̂ϵ, σ̌ϵ, σ̂ϵ íàçîâåì
j -ûì âåðõíèì ωj(a) è íèæíèì ωj(a) ðåãóëÿðèçîâàííûå ïî Ìèë-
ëèîíùèêîâó çíà÷åíèÿìè ñîîòâåòñòâóþùåé ÷àñòîòû óðàâíåíèÿ
(a, f) ∈ Cn ×Q âåëè÷èíû, çàäàâàåìûå ðàâåíñòâàìè

ωj(a, f) ≡ inf
L∈Aj(a)

sup
y∈L

ω(y), ωj(a, f) ≡ sup
L∈An−j(a)

inf
y∈L

ω(y),

ãäå j = 0, 1, 2, . . . , n, Aj(a) � ìíîæåñòâî j - ìåðíûõ ïîäïðîñòðàíñòâ
àôôèííîãî ïðîñòðàíñòâà S(a, f) âñåõ ðåøåíèé ýòîãî óðàâíåíèÿ.
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Îïðåäåëåíèå 4 . Ñïåêòðîì Spκ(a, f) ÷àñòîòû κ íåîäíîðîäíî-
ãî óðàâíåíèÿ (a, f) ∈ Cn × Q íàçîâåì ìíîæåñòâî âñåõ çíà÷åíèé
÷àñòîòû κ(y) åãî ðåøåíèé y ∈ S(a, f).

Òåîðåìà 1. Äëÿ ëþáîãî ðåøåíèÿ y ∈ S(a, f) ëþáîãî íåîäíîðîä-
íîãî óðàâíåíèÿ (a, f) ∈ Cn ×Q ñïðàâåäëèâû ðàâåíñòâà

σ−(y) = ζ−(y) = 0,

σ∼(y) = ζ∼(y) = σ0(y) = ζ0(y) = σ+(y) = ζ+(y) = σ∗(y) = ζ∗(y).

Èç âòîðîé öåïî÷êè ðàâåíñòâ ñ ó÷åòîì ðåçóëüòàòîâ ðàáîòû [2] èìååì
Ñëåäñòâèå. Äëÿ ëþáîãî íåîäíîðîäíîãî óðàâíåíèÿ (a, f) ∈ Cn×Q

ïðè ëþáîì
ω = ζ∼, ζ0, ζ+, ζ∗, σ∼, σ0, σ+, σ∗

âûïîëíåíû ðàâåíñòâà

ωj(a, f) = ωj(a, f) = min{|Imλj|, β1}, j = 0, 1, . . . , n,

ãäå |Imλ0| = +∞, à λ1, λ2, . . . , λn - êîðíè õàðàêòåðèñòè÷åñêîãî
ìíîãî÷ëåíà ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ (a, 0), óïî-
ðÿäî÷åííûå ïî íåñòðîãîìó âîçðàñòàíèþ ìîäóëåé èõ ìíèìûõ ÷à-
ñòåé.

Òåîðåìà 2. Ñïåêòðû ïîëíûõ è âåêòîðíûõ ÷àñòîò íåñòðîãèõ
çíàêîâ, íóëåé, êîðíåé è ãèïåðêðàòíûõ êîðíåé íåîäíîðîäíîãî óðàâ-
íåíèÿ (a, f) ñîñòîÿò èç íàáîðà ðåãóëÿðèçîâàííûõ ÷àñòîò.
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c⃝ Ñóááîòèí À.Â., Âèð÷åíêî Þ.Ï.
Áåëãîðîäñêèé ãîñóäàðñòâåííûé íàöèîíàëüíûé èññëåäîâàòåëüñêèé

óíèâåðñèòåò (Ðîññèÿ, Áåëãîðîä)
e-mail: virch@bsu.edu.ru

Àâòîíîìíàÿ äèíàìè÷åñêàÿ ñèñòåìà Ẋ = F(X) íà Rd, d ∈ N, ïî-
ðîæäàåìàÿ äèôôåðåíöèðóåìîé èíúåêöèåé F : Rd 7→ Rd, íàçûâàåòñÿ
îáðàòèìîé, åñëè ñóùåñòâóåò òàêîé äèôôåîìîðôèçì V : Rd 7→ Rd,
êîòîðûé ïðåäñòàâëÿåò ñîáîé èíâîëþöèþ ïðîñòðàíñòâà Rd, V2 = id,
÷òî çàìåíà âðåìåíè t ⇒ −t â äèôôåðåíöèàëüíîì óðàâíåíèè äëÿ
âåêòîð-ôóíêöèè X(t) ñî çíà÷åíèÿìè â Rd ýêâèâàëåíòíà çàìåíå ïå-
ðåìåííûõ X ⇒ V(X) â ýòîì óðàâíåíèè. Ýêâèâàëåíòíûì îáðàçîì
ýòî îçíà÷àåò, ÷òî îòîáðàæåíèå F äëÿ ëþáîãî X ∈ Rd óäîâëåòâîðÿåò
óðàâíåíèþ

−W(X)F(X) = F(V(X)) , (1)

ãäå ìàòðèöà-ôóíêöèÿ W : Rd 7→ Rd × Rd, îïðåäåëÿåìàÿ êàê

W(X) =
∂V(X)

∂X
, (2)

â êàæäîé òî÷êå X ∈ Rd îáëàäàåò ñâîéñòâîìW(X) ·W(V(X)) = 1 íà
Rd. Ñëåäîâàòåëüíî, â êàæäîé òî÷êåX ∈ Rd èìååòìåñòî detW(X) ̸= 0.
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Âàæíîé õàðàêòåðèñòèêîé ëþáîé àâòîíîìíîé ñèñòåìû è, â ÷àñò-
íîñòè, îáðàòèìîé ñèñòåìû ÿâëÿåòñÿ çíà÷åíèå ãåíåðàòîðà G(X) êà-
ñàòåëüíîé ïî îòíîøåíèþ ê íåé ñèñòåìû â òî÷êå X ∈ Rd. Çäåñü
ìàòðèöà-ôóíêöèÿ G : Rd 7→ Rd × Rd îïðåäåëÿåòñÿ ðàâåíñòâîì

G(X) =
∂F(X)

∂X
.

Èç (1) è (2) ñëåäóåò, ÷òî ãåíåðàòîð óäîâëåòâîðÿåò â êàæäîé òî÷êå
X ∈ Rd óðàâíåíèþ

∂Wij(X)

∂Xk

Fj(X) +Wij(X)Gjk(X) = −Gij(V(X))Wjk(V(X)) .

Àâòîíîìíóþ ñèñòåìó áóäåì íàçûâàòü àíàëèòè÷åñêîé, åñëè F �
àíàëèòè÷åñêîå îòîáðàæåíèå, òî åñòü â ëþáîé òî÷êå X ∈ Rd ýòî
îòîáðàæåíèå ïðåäñòàâëÿåòñÿ àáñîëþòíî ñõîäÿùèìñÿ ðÿäîì

Fi(X) =
∞∑
s=1

1

s!

(
∂Fi(X)

∂Xk1 ...∂Xks

)
X=0

Xk1 ...Xks .

Îáðàòèìóþ ñèñòåìó áóäåì íàçûâàòü àíàëèòè÷åñêîé, åñëè îòîá-
ðàæåíèå F àíàëèòè÷åñêîå, è ñâÿçàííàÿ ñ ñèñòåìîé èíâîëþöèÿ V òàê-
æå ÿâëÿåòñÿ àíàëèòè÷åñêîé. Äëÿ àíàëèòè÷åñêèõ èíâîëþöèé ïðî-
ñòðàíñòâà Rd èìååò ìåñòî

Òåîðåìà 1.Ëþáàÿ àíàëèòè÷åñêàÿ èíâîëþöèÿ ïðîñòðàíñòâà Rd

â ñåáÿ îïðåäåëÿåòñÿ ôîðìóëîé

V(X) = WX + A

äëÿ ëþáîãî X ∈ Rd, ãäå W � ôèêñèðîâàííàÿ d× d � ìàòðèöà, óäî-
âëåòâîðÿþùàÿ óñëîâèþ W2 = 1 è A � ôèêñèðîâàííûé âåêòîð èç
Rd.

Òîãäà äëÿ àíàëèòè÷åñêèõ îáðàòèìûõ ñèñòåì ôóíêöèîíàëüíîå
óðàâíåíèå (1) ïðåâðàùàåòñÿ â

WF(X) = −F(WX + A) , (3)

à óðàâíåíèå äëÿ ãåíåðàòîðà G(X), ñâÿçàííîãî ñ ýòîé ñèñòåìîé, � â
óðàâíåíèå

WG(X) + G(WX + A)W = 0 . (4)

Îòîáðàæåíèå F ïîñðåäñòâîì ñäâèãà êîîðäèíàò ìîæíî ïåðåîïðå-
äåëèòü òàê, ÷òîáû âåêòîð A îáðàòèòü â íóëü è ïðè ýòîì F(0) = 0.
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Â ýòîì ñëó÷àå óðàâíåíèÿ (3) è (8), ïåðåõîäÿò ñîîòâåòñòâåííî â
WF(X) = −F(WX), WG(X) + G(WX)W = 0. Ïðè ýòîì ìàòðèöà
W îïðåäåëåíà íå îäíîçíà÷íî.

Ìàòðèöà W îáëàäàåò ïîëíûì íàáîðîì ñîáñòâåííûõ âåêòîðîâ â
Rd è âñå åå ñîáñòâåííûå ÷èñëà ðàâíû ±1. Òîãäà äëÿ êàæäîé àíà-
ëèòè÷åñêîé îáðàòèìîé ñèñòåìû îïðåäåëåíî ïîíÿòèå ñèãíàòóðû �
ïàðû ÷èñåë ⟨n+, n−⟩, n± = dimE±, ãäå E± � ñîáñòâåííûå ïîäïðî-
ñòðàíñòâà ìàòðèöû W ñ ñîáñòâåííûìè ÷èñëàìè ±1 ñîîòâåòñòâåííî.
Òîãäà n+ + n− = d è ïðè ýòîì n− > 0. Àíàëèòè÷åñêèå îáðàòèìûå
ñèñòåìû êëàññèôèöèðóþòñÿ ñîãëàñíî èõ ñèãíàòóðå ñîãëàñíî ñëåäó-
þùåìó óòâåðæäåíèþ.

Òåîðåìà 2. Äëÿ ëþáîé àíàëèòè÷åñêîé îáðàòèìîé ñèñòåìû ñ
ñèãíàòóðîé ⟨n+, n−⟩ ñóùåñòâóåò ëèíåéíàÿ çàìåíà ïåðåìåííûõ ñ
ïîìîùüþ ìàòðèöû S, ïîñðåäñòâîì êîòîðîé ñèñòåìà ïåðåõîäèò â
îáðàòèìóþ ñèñòåìó, îïðåäåëÿåìóþ îòîáðàæåíèåì

F(X) = ⟨A(P,Q),B(P,Q)⟩ , X = ⟨P,Q⟩ , (5)

ãäå dimP = n−, dimQ = n+, W = diag{−1n− ,1n+}, îòîáðàæåíèÿ
A è B îáëàäàþò ñâîéñòâîì

A(−P,Q) = A(P,Q) , B(−P,Q) = −B(P,Q) .

Ïðåäñòàâëåíèå (5) íàçûâàåòñÿ êàíîíè÷åñêèì. Àâòîíîìíóþ ñè-
ñòåìó Ẋ = F(X) áóäåì íàçûâàòü íåâûðîæäåííîé, åñëè F ÿâëÿåòñÿ
áèåêöèåé, òî åñòü ñóùåñòâóåò îáðàòíîå îòîáðàæåíèå. Ýòî îçíà÷àåò,
÷òî âî âñåõ òî÷êàõ X ∈ Rd, çà èñêëþ÷åíèåì ìîæåò áûòü òî÷åê íå
îáùåãî ïîëîæåíèÿ â Rd (òî÷åê ñîñòàâëÿþùèõ äèôôåðåíöèðóåìîå
ìíîãîîáðàçèå, â êîòîðûõ ðàçìåðíîñòü ýòîãî ìíîãîîáðàçèÿ ìåíüøå
d), èìååò ìåñòî detG(X) ̸= 0. Íåâûðîæäåííûå àíàëèòè÷åñêèå äè-
íàìè÷åñêèå ñèñòåìû îáëàäàþò ñâîéñòâàìè.

Òåîðåìà 3. Äëÿ íåâûðîæäåííûõ àíàëèòè÷åñêèõ ñèñòåì ðàç-
ìåðíîñòü d = 2n ÷åòíàÿ. Åñëè ìàòðèöà G ≡ G(0) îáëàäàåò ïîë-
íûì íàáîðîì ñîáñòâåííûõ âåêòîðîâ Z(j), j = 1÷ 2n, òî îíà îáëà-
äàåò îáðàòèìûì ñïåêòðàëüíûì ðàçëîæåíèåì, òî åñòü èõ ñîâî-
êóïíîñòü ðàçáèâàåòñÿ íà ïàðû {Z(k), Z(k+n)} òàêèì îáðàçîì, ÷òî
ñîîòâåòñòâóþùèå èì ñîáñòâåííûå ÷èñëà {λj; j = 1÷ 2n} ñâÿçàíû
ñîîòíîøåíèåì λk = −λk+n.

293



ÓÄÊ 517.95

ÈÑÑËÅÄÎÂÀÍÈÅ ÑÕÎÄÈÌÎÑÒÈ ÐÅØÅÍÈß
ËÈÍÅÀÐÈÇÎÂÀÍÍÎÉ ÇÀÄÀ×È Ê ÐÅØÅÍÈÞ

ÍÅËÈÍÅÉÍÎÉ ÇÀÄÀ×È ÒÐÀÍÑÏÎÐÒÀ ÍÀÍÎÑÎÂ
c⃝ Ñóõèíîâ À.È.1, Ñèäîðÿêèíà Â.Â.2

1Äîíñêîé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò (ÄÃÒÓ)
(Ðîññèÿ, Ðîñòîâ-íà-Äîíó)
e-mail: sukhinov@gmail.com

2Òàãàíðîãñêèé èíñòèòóò èìåíè À.Ï. ×åõîâà (ôèëèàë), Ðîñòîâñêèé
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Â ðàáîòå îïðåäåëåíû óñëîâèÿ ñõîäèìîñòè ðåøåíèÿ ëèíåàðèçî-
âàííîé çàäà÷è ê ðåøåíèþ èñõîäíîé íåëèíåéíîé íà÷àëüíî-êðàåâîé
çàäà÷è òðàíñïîðòà íàíîñîâ â íîðìå ãèëüáåðòîâà ïðîñòðàíñòâà L1

ïðè ñòðåìëåíèè ïàðàìåòðà � øàãà âðåìåííîé ñåòêè, íà êîòîðîé
îñóùåñòâëÿëàñü ëèíåàðèçàöèÿ, ê íóëþ.

Ñëåäóÿ [1, 2], ðàññìàòðèâàåòñÿ óðàâíåíèå òðàíñïîðòà íàíîñîâ,
êîòîðîå â äèâåðãåíòíîì âèäå ìîæíî çàïèñàòü:

(1− ε) · ∂H
∂t

+ div(k · τ⃗b) = div

(
k · τbc

sinφ0

· gradH
)
, (1)

ãäå H = H(x, y, t) � ãëóáèíà âîäîåìà; ε � ïîðèñòîñòü äîííûõ ìàòå-
ðèàëîâ; τ⃗b � âåêòîð êàñàòåëüíîãî òàíãåíöèàëüíîãî íàïðÿæåíèÿ íà
äíå âîäîåìà; τbc � êðèòè÷åñêîå çíà÷åíèå òàíãåíöèàëüíîãî íàïðÿæå-
íèÿ; τbc = a sinφ0, φ0 � óãîë åñòåñòâåííîãî îòêîñà ãðóíòà â âîäîåìå;
k = k(H, x, y, t) � êîýôôèöèåíò, íåëèíåéíûì îáðàçîì çàâèñÿùèé îò
÷àñòíûõ ïðîèçâîäíûõ ïî ïðîñòðàíñòâåííûì ïåðåìåííûì ôóíêöèè
H = H(x, y, t) è îïðåäåëÿåìûé ñîîòíîøåíèåì:

k ≡ Aω̃d

((ρ1 − ρ0)gd)β

∣∣∣∣τ⃗b − τbc
sinφ0

· gradH
∣∣∣∣β−1

,

(ρ1, ρ0 � ïëîòíîñòè ÷àñòèö äîííîãî ìàòåðèàëà è âîäíîé ñðåäû ñî-
îòâåòñòâåííî; g � óñêîðåíèå ñèëû òÿæåñòè; ω̃ � ÷àñòîòà âîëíû; A
è β � áåçðàçìåðíûå ïîñòîÿííûå; d � õàðàêòåðíûå ðàçìåðû ÷àñòèö
ãðóíòà).

Óðàâíåíèå (1) äëÿ ïðîñòîòû áóäåò ðàññìàòðèâàòüñÿ â ïðÿìî-
óãîëüíîé îáëàñòè D(x, y) = {0 < x < Lx, 0 < y < Ly}.
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Ïóñòü

H(x, y, t) > c0, c0 = const > 0, (x, y) ∈ D̄, 0 6 t 6 T. (2)

Äîïîëíèì óðàâíåíèå (1) íà÷àëüíûì óñëîâèåì ïðåäïîëàãàÿ, ÷òî
ôóíêöèÿ íà÷àëüíûõ óñëîâèé ïðèíàäëåæèò ñîîòâåòñòâóþùåìó êëàñ-
ñó ãëàäêîñòè:

H(x, y, 0) = H0(x, y), H0(x, y) ∈ C2(D) ∩ C(D̄),

grad(x,y)H0 ∈ C(D̄), (x, y) ∈ D̄. (3)

Ñôîðìóëèðóåì ãðàíè÷íûå óñëîâèÿ, êîòîðûå çàäàþòñÿ, èñõîäÿ
èç ôèçè÷åñêèõ ñîîáðàæåíèé:

H(0, y, t) = H1(y, t), 0 6 y 6 Ly, (4)

H(Lx, y, t) = H2(y, t), 0 6 y 6 Ly. (5)

|τ⃗b|
∣∣
y=0

= 0, (6)

H(x, 0, t) = H3(x), 0 6 x 6 Lx. (7)

H(x, L′
y, t) = H4(x, t) > c0 ≡ const > 0, 0 6 x 6 Lx, L

′
y<Ly. (8)

Äîïîëíèòåëüíî ê ãðàíè÷íûì óñëîâèÿì ïðåäïîëàãàåì âûïîëíå-
íèå óñëîâèé èõ ãëàäêîñòè � grad(x,y)H ∈ C(ȪT ) ∩ C1(ÖT ).

Ñ÷èòàåì ñîãëàñîâàííûìè ãðàíè÷íûå è íà÷àëüíûå óñëîâèÿ, à òàê-
æå âûïîëíåííûì óñëîâèå íåâûðîæäåííîñòè îïåðàòîðà äèôôóçèè

k > k0 = const > 0, ∀(x, y) ∈ D̄, 0 < t 6 T. (9)

Îñóùåñòâèì ëèíåàðèçàöèþ íà÷àëüíî-êðàåâîé çàäà÷è (1)�(9), èñ-
ïîëüçóÿ ðàâíîìåðíóþ âðåìåííóþ ñåòêó ωτ = {tn = nτ, n = 0, 1,. . . ,
N , Nτ = T}. Ëèíåàðèçàöèþ ÷ëåíà div(k · τ⃗b) è êîýôôèöèåíòà k
âûïîëíèì ïóòåì âûáîðà èõ çíà÷åíèé â ìîìåíò âðåìåíè t = tn,
n = 0, 1, . . . , N è ðàññìîòðåíèÿ óðàâíåíèÿ (1) íà âðåìåííîì ïðîìå-
æóòêå tn−1 < t 6 tn, n = 1, 2, . . . , N . Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèÿ
H(n)(x, y, tn−1) = H(n−1)(x, y, tn−1) è åå ÷àñòíûå ïðîèçâîäíûå ïî ïðî-
ñòðàíñòâåííûì ïåðåìåííûì � èçâåñòíû. Â êà÷åñòâåH(1)(x, y, t0) äî-
ñòàòî÷íî âçÿòü ôóíêöèþ íà÷àëüíîãî óñëîâèÿ, ò.å. H(1)(x, y, t0) =
= H0(x, y).

Ïîñëå ëèíåàðèçàöèè óðàâíåíèå (1) çàïèøåì â âèäå:

(1− ε)
∂H(n)

∂t
= div

(
k(n−1) τbc

sinφ0

gradH(n)

)
− div(k(n−1)τ⃗b), (10)
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k(n−1) = (H(n−1), x, y, tn−1), tn−1 < t 6 tn, n = 1, 2, . . . , N.

Íà÷àëüíûå óñëîâèÿ ïðèìóò âèä:

H(1)(x, y, t0) = H0(x, y), H(n)(x, y, tn−1) = H(n−1)(x, y, tn−1), (11)

(x, y) ∈ D̄, n = 2, . . . , N.

Àâòîðàìè ðàíåå áûëî äîêàçàíî, ÷òî ðåøåíèå ïîñòðîåííîé ëèíåà-
ðèçîâàííîé çàäà÷è ñóùåñòâóåò, åäèíñòâåííî è ïðèíàäëåæèò êëàññó
ôóíêöèé C2(ÖT ) ∩ C(ȪT ).

Ïóñòü ôóíêöèÿ H̃(x, y, t) ÿâëÿåòñÿ ðåøåíèåì íåëèíåéíîé çàäà-

÷è (1)�(9), à ôóíêöèÿ
˜̃
H(x, y, t) ÿâëÿåòñÿ ðåøåíèåì ëèíåàðèçîâàí-

íîé çàäà÷è (10), (11), (2), (4)�(9). Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò è
íåïðåðûâíû ñìåøàííûå ÷àñòíûå ïðîèçâîäíûå äî òðåòüåãî ïîðÿäêà
âêëþ÷èòåëüíî ïî ïðîñòðàíñòâåííîé è âðåìåííîé ïåðåìåííîé t îò

ôóíêöèé H̃(x, y, t),
˜̃
H(x, y, t) äëÿ (x, y) ∈ D, 0 < t 6 T .

Áóäåì ñ÷èòàòü, ÷òî

H̃(x, y, t) > c0,
˜̃
H(x, y, t) > c0, c0 = const>0, (x, y) ∈ D̄, 0 6 t 6 T.

Óñòàíîâëåíî, ÷òî ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ îòíîñèòåëüíî

ðåøåíèé H̃(x, y, t) è
˜̃
H(x, y, t), èìååò ìåñòî îöåíêà:∥∥∥ ˜̃H(t)− H̃(t)
∥∥∥
L1(D)

6 1

2c0(1− τ)
τ · Lx · Ly · C · T,

ãäå C � ïîñòîÿííàÿ âåëè÷èíà, áîëüøàÿ íóëÿ, ò. å. ðåøåíèå ëèíåàðè-

çîâàííîé çàäà÷è
˜̃
H(x, y, t) ñòðåìèòñÿ ê ðåøåíèþ H̃(x, y, t) íåëèíåé-

íîé çàäà÷è â íîðìå ãèëüáåðòîâà ïðîñòðàíñòâà L1(D) [3] ïðè τ → 0,
0 < t 6 T , N · τ = T .

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêòû

15-01-08619 è 15-07-08626) è ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ïî ïðîåêòó

� 00-16-13 â ðàìêàõ Ïðîãðàììû ôóíäàìåíòàëüíûõ èññëåäîâàíèé Ïðåçèäèóìà
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3e-mail: andreysukhinov@gmail.com

Íà ïðîòÿæåíèè ïîñëåäíèõ äâàäöàòè ëåò êîëè÷åñòâî ðàáîò, ïî-
ñâÿùåííûõ ðàññìîòðåíèþ êðàåâûõ çàäà÷ äëÿ íåëèíåéíûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè, çàìåòíî âîç-
ðîñëî. Ïîÿâëÿþòñÿ íîâûå ìåòîäû èññëåäîâàíèÿ óêàçàííûõ çàäà÷.
Ýòî ñâÿçàíî, â ÷àñòíîñòè, ñ ïîÿâëåíèåì íîâûõ ïðèëîæåíèé â ãèä-
ðîôèçèêå.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ íåêîòîðûå àíàëèòè÷åñêèå
ìåòîäû èññëåäîâàíèÿ êà÷åñòâåííûõ ñâîéñòâ ðåøåíèé îïðåäåëåííî-
ãî êëàññà íåëèíåéíûõ êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñ ÷àñòíûìè
ïðîèçâîäíûìè íà îñíîâå ãèäðîäèíàìè÷åñêîé íåëèíåéíîé ïðîñòðàí-
ñòâåííî-äâóìåðíîé ìîäåëè òðàíñïîðòà íàíîñîâ ìåëêîâîäíûõ âîäî-
åìîâ. Íà ñòàäèè èçó÷åíèÿ óêàçàííîé ìîäåëè îñóùåñòâëåíà åå ëèíå-
àðèçàöèÿ. Ðàíåå àâòîðñêèì êîëëåêòèâîì äîêàçàíî ñóùåñòâîâàíèå
è åäèíñòâåííîñòü ðåøåíèÿ ëèíåàðèçîâàííîé 2D íà÷àëüíî-êðàåâîé
çàäà÷è òðàíñïîðòà íàíîñîâ. Â íàñòîÿùåé ðàáîòå ïîëó÷åíà àïðèîð-
íàÿ îöåíêà ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è â íîðìå ãèëüáåðòîâà
ïðîñòðàíñòâà L1.

Ñëåäóÿ [1, 2], ðàññìàòðèâàåòñÿ óðàâíåíèå òðàíñïîðòà íàíîñîâ:

(1− ε) · ∂H
∂t

+ div(k · τ⃗b) = div

(
k · τbc

sinφ0

· gradH
)
, (1)

ãäå H = H(x, y, t) � ãëóáèíà âîäîåìà; ε � ïîðèñòîñòü äîííûõ ìàòå-
ðèàëîâ; τ⃗b � âåêòîð êàñàòåëüíîãî òàíãåíöèàëüíîãî íàïðÿæåíèÿ íà
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äíå âîäîåìà; τbc � êðèòè÷åñêîå çíà÷åíèå òàíãåíöèàëüíîãî íàïðÿæå-
íèÿ; τbc = a sinφ0, φ0 � óãîë åñòåñòâåííîãî îòêîñà ãðóíòà â âîäîåìå;
k = k(H, x, y, t) � êîýôôèöèåíò, íåëèíåéíûì îáðàçîì çàâèñÿùèé îò
÷àñòíûõ ïðîèçâîäíûõ ïî ïðîñòðàíñòâåííûì ïåðåìåííûì ôóíêöèè
H = H(x, y, t) è îïðåäåëÿåìûé ñîîòíîøåíèåì:

k ≡ Aω̃d

((ρ1 − ρ0)gd)β

∣∣∣∣τ⃗b − τbc
sinφ0

· gradH
∣∣∣∣β−1

,

(ρ1, ρ0 � ïëîòíîñòè ÷àñòèö äîííîãî ìàòåðèàëà è âîäíîé ñðåäû ñî-
îòâåòñòâåííî; g � óñêîðåíèå ñèëû òÿæåñòè; ω̃ � ÷àñòîòà âîëíû; A
è β � áåçðàçìåðíûå ïîñòîÿííûå; d � õàðàêòåðíûå ðàçìåðû ÷àñòèö
ãðóíòà).

Óðàâíåíèå (1) äëÿ ïðîñòîòû ðàññìàòðèâàåòñÿ â ïðÿìîóãîëüíîé
îáëàñòè D(x, y) = {0 < x < Lx, 0 < y < Ly}, CD ñîâïàäàåò ñ áåðå-
ãîâîé ëèíèåé, AB � ãîðèçîíòàëüíàÿ ãðàíèöà îáëàñòè, ðàñïîëîæåí-
íàÿ â çîíå ãëóáîêîé âîäû, AD è BC � áîêîâûå ãðàíèöû, ABCD �
ïðÿìîóãîëüíèê.

Äîïîëíèì óðàâíåíèå (1) íà÷àëüíûì óñëîâèåì ïðåäïîëàãàÿ, ÷òî
ôóíêöèÿ íà÷àëüíûõ óñëîâèé ïðèíàäëåæèò ñîîòâåòñòâóþùåìó êëàñ-
ñó ãëàäêîñòè:

H(x, y, 0) = H0(x, y), H0(x, y) ∈ C2(D) ∩ C(D̄),

grad(x,y)H0 ∈ C(D̄), (x, y) ∈ D̄. (2)

Ãðàíè÷íûå óñëîâèÿ çàäàåì, èñõîäÿ èç ôèçè÷åñêèõ ñîîáðàæåíèé.
Íà ó÷àñòêå AB ãðàíèöû ðàñ÷åòíîé îáëàñòè D âáëèçè äíà âëèÿíèåì
âåòðîâîãî âîëíåíèÿ ìîæíî ïðåíåáðå÷ü, ïîýòîìó

|τ⃗b| = 0. (3)

Íà ó÷àñòêå ãðàíèöû CD ðàññìàòðèâàåì óñëîâèå, êîòîðîå çàäà-
åì, îòñòóïèâ îò áåðåãîâîé ëèíèè âãëóáü âîäîåìà, òàê, ÷òî

H(x, L′
y, t) = H1(x, t) > c0 = const > 0, 0 6 x 6 L, L′

y < Ly. (4)

Íà ãðàíè÷íûõ ëèíèÿõ AD è BC áóäåì ñ÷èòàòü ïðåíåáðåæèìî
ìàëûìè âåëè÷èíû óêëîíà äíà â íàïðàâëåíèè îñè OX

∂H

∂x

∣∣∣∣
x=0

=
∂H

∂x

∣∣∣∣
x=Lx

= 0, 0 6 y 6 Ly. (5)
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Íà ó÷àñòêå AB èìååì:

H(x, 0, t) = H2(x), 0 6 x 6 Lx. (6)

Äîïîëíèòåëüíî ê ãðàíè÷íûì óñëîâèÿì ïðåäïîëàãàåì âûïîëíå-
íèå óñëîâèé èõ ãëàäêîñòè � grad(x,y)H ∈ C(ȪT ) ∩ C1(ÖT ).

Ñ÷èòàåì ñîãëàñîâàííûìè ãðàíè÷íûå è íà÷àëüíûå óñëîâèÿ, à òàê-
æå âûïîëíåííûì óñëîâèå íåâûðîæäåííîñòè îïåðàòîðà äèôôóçèè

k > k0 = const > 0, ∀(x, y) ∈ D̄, 0 < t 6 T. (7)

Ìåòîäàìè, èçëîæåííûìè â ðàáîòå [3], ñîçäàäèì ëèíåàðèçîâàí-
íóþ ìîäåëü íà âðåìåííîì îòðåçêå 0 6 t 6 T , ïîñòðîèâ ðàâíîìåð-
íóþ ñåòêó ωτ ñ øàãîì τ , ò.å. ìíîæåñòâî òî÷åê ωτ = {tn = nτ, n =
0, 1, . . . , N, Nτ = T} è îñóùåñòâèì ëèíåàðèçàöèþ íà÷àëüíî-êðàåâîé
çàäà÷è (1)�(7).

Àâòîðàìè äîêàçàíî â ïðåäïîëîæåíèè ïîëîæèòåëüíîñòè ôóíê-
öèé ãðàíè÷íûõ è íà÷àëüíîãî óñëîâèÿ è ôóíêöèè ðåøåíèÿ â îá-
ëàñòè D äëÿ 0 < t 6 T , ÷òî, åñëè k(n−1) > k0 > 0, k0 = const,
k(n−1) ∈ C1(D), n = 1, 2, . . . , N , sinφ0 6 2τbc, òî èìååò ìåñòî îöåíêà∫∫
D

H(T )dxdy 6
∫∫
D

H(0)dxdy+
M

c0(1− ε)

(
1

2

T∫
0

(∫∫
D

(
τ 2bx+τ

2
by

)
dxdy

)
dt+

+

T∫
0

(∫
AB

H2dx+

∫
BC

H dy +

∫
AD

H dy +

∫
CD

H1dx

)
dt

)
,

ãäå M � íåêîòîðàÿ ïîñòîÿííàÿ ôóíêöèÿ.
Ïîëó÷åííàÿ îöåíêà ãàðàíòèðóåò íåïðåðûâíóþ çàâèñèìîñòü íîð-

ìû ðåøåíèÿ ëèíåàðèçîâàííîé çàäà÷è îò âõîäíûõ äàííûõ � ãðà-
íè÷íûõ óñëîâèé è ôóíêöèè ïðàâîé ÷àñòè â èíòåãðàëüíîì ñìûñëå,
à òàêæå îò íîðìû ôóíêöèè íà÷àëüíîãî óñëîâèÿ.

Îòìåòèì, ÷òî ýòà îöåíêà ñïðàâåäëèâà è äëÿ ðàññìàòðèâàåìîé
çàäà÷è, â êîòîðîé ãðàíè÷íûå óñëîâèÿ (5) çàìåíèòü óñëîâèÿìè:

H(0, y, t) = H1(y, t), H(Lx, y, t) = H2(y, t), 0 6 y 6 Ly.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêòû

15-01-08619 è 15-07-08626) è ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ïî ïðîåêòó

� 00-16-13 â ðàìêàõ Ïðîãðàììû ôóíäàìåíòàëüíûõ èññëåäîâàíèé Ïðåçèäèóìà

ÐÀÍ � I.33Ï.
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ÍÅÊÎÒÎÐÛÅ ÂÎÏÐÎÑÛ ÐÅØÅÍÈÉ ÍÅËÈÍÅÉÍÎÃÎ
ÏÀÐÀÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß ÄÈÔÔÓÇÈÈ

c⃝ Òåäååâ Àë.Ô.
Ñåâåðî-Îñåòèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ê.Ë. Õåòàãóðîâà

(Ðîññèÿ, Âëàäèêàâêàç)
e-mail: tedeev92@bk.ru

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Êîøè-Äèðèõëå
äëÿ íåëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ äèôôóçèè ∂u/∂t−
−div(a(|x|)D(um)) = 0 íà (0,∞) × RN

l , u(x, t) = 0, (x, t) ∈ (0,∞)×
×∂RN

l , u(x, 0) = u0(x), êîãäà m > 1, è RN
l � îêòàíòîîáðàçíàÿ îá-

ëàñòü. Â êà÷åñòâå îñíîâíîãî èíñòðóìåíòà ïðè âûâîäå îöåíîê äëÿ
òàêèõ ðåøåíèé ÿâëÿåòñÿ âåñîâîå íåðàâåíñòâî Ãàëüÿðäî-Íèðåíáåðãà,
êîòîðîå õàðàêòåðèçóåò ãåîìåòðè÷åñêîå ñâîéñòâî îáëàñòè RN

l . Íà
ýòîé îñíîâå èçó÷àåòñÿ ñâîéñòâî êîíå÷íîé ñêîðîñòè ðàñïðîñòðàíå-
íèÿ âîçìóùåíèé ðåøåíèÿ.

Ïóñòü x = (x1, . . . , xN) ∈ RN , N ≥ 1, RN
l = RN ∩{x1, . . . , xl > 0},

l ≤ N . Du = (ux1 , . . . , uxN
). Xl = x1 · . . . · xl, X0 = 1.

Ðàññìîòðèì â îáëàñòè Q = RN
l × {t > 0} íà÷àëüíî-êðàåâóþ

çàäà÷ó Äèðèõëå

∂u

∂t
= div (a(|x|)D(um)), m > 1, (1)

u = 0, (x, t) ∈ ∂RN
l × (t > 0), (2)

u(x, 0) = u0(x), x ∈ RN
l . (3)
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Çäåñü a(s) : R+ → R+ � íåîòðèöàòåëüíàÿ íåïðåðûâíî-äèôôåðåí-
öèðóåìàÿ ôóíêöèÿ ïðè s > 0, óäîâëåòâîðÿþùàÿ óñëîâèþ

a(s) ∼ sα, a′(s) ≤ 0, α ≤ 0,

çíàê ∼ èìååò ñìûñë äâóñòîðîííåé îöåíêè.
Íà÷àëüíàÿ ôóíêöèÿ óäîâëåòâîðÿåò óñëîâèÿì:

supportu0(x) ⊂ Bl
ρ0
, u0(x) ∈ L2

(
RN

l

)
, u0(x) ≥ 0,

ãäå Bl
ρ = Bρ ∩RN

l , Bρ � øàð ñ öåíòðîì â íà÷àëå êîîðäèíàò è ðàäè-
óñîì ρ.

Íåîòðèöàòåëüíóþ èçìåðèìóþ ôóíêöèþ u(x, t) íàçîâåì ñëàáûì
ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (1)�(3) â Q = ((0,∞) × RN

l ),
åñëè

u(x, τ) ∈ L∞ (0, t;L2
(
RN

l

))
,

um, u
m+1

2 ∈ L2
(
0, t;

◦
W

1
2,α,ω

(
RN

l

))
, ïðè ëþáîì t > 0,

è èìååò ìåñòî òîæäåñòâî

t∫
0

∫
RN

l

{−uξτ + a(|x|)D(um) ·Dξ} dx dτ = 0

äëÿ ëþáîé ôóíêöèè ξ(x, τ) ∈ C1
0

(
[0, t);C∞

0

(
RN

l

))
.

Çäåñü C∞
0 (RN

l ) � ïðîñòðàíñòâî áåñêîíå÷íî-äèôôåðåíöèðóåìûõ
ôèíèòíûõ â RN

l ôóíêöèè.
◦
W 1

2,α,ω(R
N
l ) � ïîïîëíåíèå ïðîñòðàíñòâà C∞

0 (RN
l ) ïî íîðìå

∥v∥ ◦
W 1

2,α,ω(R
N
l )

=

( ∫
RN

l

|x|α|Dv|2dx+ c20

∫
RN

l

ω(x) v2(x) dx

) 1
2

, α ≤ 0,

ãäå c20 � ïðîèçâîëüíî-ìàëàÿ êîíñòàíòà (êîòîðàÿ áóäåò ïîäáèðàòüñÿ
ïîçæå).

Âåñîâàÿ ôóíêöèÿ ω(x) îïðåäåëÿåòñÿ êàê

ω(x) =

{
2|x|α−2, ïðè |x| ≤ 1,

2|x|αm+1
m , ïðè |x| > 1.
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Ñîîòâåòñòâåííî ïðîñòðàíñòâî L2
(
0, t;

◦
W 1

2,α,ω

(
RN

l

) )
îïðåäåëÿåò-

ñÿ êàê ïîïîëíåíèå ïðîñòðàíñòâà C1
0

(
[0, t);C∞

0

(
RN

l

))
ïî íîðìå

∥u(t)∥
L2(0,t;

◦
W 1

2,α,ω(R
N
l ))

=

( t∫
0

∥u(x, τ)∥2◦
W 1

2,α,ω(R
N
l )
dτ

) 1
2

.

Îñíîâíûìè ðåçóëüòàòàìè íàñòîÿùåé ðàáîòû ÿâëÿþòñÿ ñëåäóþ-
ùèå óòâåðæäåíèÿ:

Òåîðåìà 1. Ïóñòü u(x, t) � ñèëüíîå ðåøåíèå çàäà÷è Äèðèõëå
(1)�(3), ãäå u0(x) è a(s) óäîâëåòâîðÿþò óñëîâèÿì a(s) ∼ sα, a′(s) ≤
≤ 0, α ≤ 0 è L2

(
RN

l

)
, u0(x) ≥ 0. Òîãäà ïðè âñåõ α ≤ 0 ôóíê-

öèÿ u(x, t) îáëàäàåò ñâîéñòâîì êîíå÷íîé ñêîðîñòè ðàñïðîñòðàíå-
íèÿ âîçìóùåíèé, è äëÿ ðàäèóñà íîñèòåëÿ ζ(t) ôóíêöèè u(x, t) èìå-
åò ìåñòî îöåíêà

ζ(t) ≤ C

ρ0 +( ∫
RN

l

Xlu0(x)dx

)m−1
βl−1

· t
1

βl−α

 ,

ãäå βl = (N + l)(m− 1) + 2 � ïîñòîÿííàÿ Áàðåíáëàòòà, ñîîòâåò-
ñòâóþùàÿ îáëàñòè RN

l , C = C(m,N, l).
Òåîðåìà 2. Åñëè u(x, t) � ñèëüíîå ðåøåíèå çàäà÷è Äèðèõëå (1)�

(3) äèôôåðåíöèàëüíîãî óðàâíåíèÿ îäíîðîäíîé äèôôóçèè (α = 0), è
êðîìå òîãî âûïîëíåíû óñëîâèÿ L2

(
RN

l

)
, u0(x) ≥ 0, òî èìååò

ìåñòî äâóñòîðîííÿÿ îöåíêà

sup
x∈RN

l

u(x, t) ∼ t
−N+l

βl

( ∫
RN

l

u0(x)dx

) 2
βl

.

Â äîêàçàòåëüñòâå òåîðåì 1 è 2 èñïîëüçóåòñÿ èòåðàòèâíûé ìå-
òîä, ïðèìåíåííûé â ðàáîòàõ [1] è [2], à òàêæå îáîáùàåòñÿ ðåçóëüòàò
ðàáîòû [3].
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Î ÍÎÂÎÉ ÍÅËÎÊÀËÜÍÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×Å ÄËß
ÓÐÀÂÍÅÍÈß ÑÌÅØÀÍÍÎÃÎ

ÏÀÐÀÁÎËÎ-ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ ÒÈÏÀ
c⃝ Òåíãàåâà À.À.1, Ñàäûáåêîâ Ì.À.2

1Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
(Êàçàõñòàí, Àëìàòû)

e-mail: tengaeva@math.kz
2Êàçàõñêèé íàöèîíàëüíûé àãðàðíûé óíèâåðñèòåò (Êàçàõñòàí, Àëìàòû)
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Â ãàçîâîé äèíàìèêå Ô.È. Ôðàíêëü [1, 2] äëÿ óðàâíåíèÿ ×àïëû-
ãèíà: k (y)uxx − uyy = 0, ãäå k (0) = 0, k′ (y) > 0, âïåðâûå ïîñòà-
âèë êðàåâóþ çàäà÷ó, â êîòîðîé íîñèòåëåì íåëîêàëüíîãî êðàåâîãî
óñëîâèÿ ("ñêà÷êà óïëîòíåíèÿ") u (0, y) − u (0,−y) = f (y) ÿâëÿåòñÿ
÷àñòü −a < y < a ãðàíèöû x = 0 îáëàñòè, ñîñòîÿùåé èç ÷àñòåé
ãðàíèö ïîäîáëàñòåé ýëëèïòè÷íîñòè è ãèïåðáîëè÷íîñòè óðàâíåíèÿ.
Ïîýòîìó íåëîêàëüíûå êðàåâûå óñëîâèÿ òàêîãî òèïà � ñâÿçûâàþùèå
çíà÷åíèÿ ôóíêöèé íà ãðàíèöàõ îáëàñòåé ðàçíîãî òèïà óðàâíåíèÿ,
íàçûâàþò óñëîâèÿìè òèïà Ôðàíêëÿ.

Ïóñòü Ω ⊂ R2 - êîíå÷íàÿ îáëàñòü, îãðàíè÷åííàÿ ïðè y > 0 îòðåç-
êàìè AA0, A0B0, B0B, A = (0, 1), B0 = (1, 1), B = (1, 0), à ïðè y < 0
- õàðàêòåðèñòèêàìè AC : x + y = 0 è BC : x − y = 1 óðàâíåíèÿ
ñìåøàííîãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà

Lu =

{
ux − uyy, y > 0
uxx − uyy, y < 0

}
= f(x, y). (1)

Â Ω ðàññìîòðèì íîâóþ íåëîêàëüíóþ êðàåâóþ çàäà÷ó, ÿâëÿþùó-
þñÿ îáîáùåíèåì àíàëîãà çàäà÷è Ôðàíêëÿ äëÿ ïàðàáîëî - ãèïåðáî-
ëè÷åñêîãî óðàâíåíèÿ (1).

3àäà÷à F. Íàéòè ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå
êëàññè÷åñêèì êðàåâûì óñëîâèÿì

u|AA0
= 0, uy|A0B0

= 0 (2)

è íåëîêàëüíîìó êðàåâîìó óñëîâèþ

u (θ (t)) = (1 + α)u (θ0 (t)) + (1− α)u (θ1 (t)) , 0 ≤ t ≤ 1, (3)
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ãäå θ (t) = (t, 1), θ0 (t) =
(
t
2
,− t

2

)
, θ1 (t) =

(
t+1
2
, t−1

2

)
, α � ïðîèçâîëüíîå

÷èñëî.

Ëåãêî âèäåòü, ÷òî θ (t) ∈ A0B0, θ0 (t) ∈ AC, θ1 (t) ∈ BC. Ïîýòîìó
íîâîå íåëîêàëüíîå êðàåâîå óñëîâèå (3) ñâÿçûâàåò ìåæäó ñîáîé çíà-
÷åíèÿ èñêîìîãî ðåøåíèÿ íà ïàðàáîëè÷åñêîé ÷àñòè ãðàíèöû A0B0 è
íà ãèïåðáîëè÷åñêèõ ÷àñòÿõ ãðàíèöû îáëàñòè � íà õàðàêòåðèñòèêàõ
AC è BC. Îáîçíà÷èì Ω1=Ω

∩
{y > 0}, Ω2=Ω

∩
{y < 0}.

Òåîðåìà. Äëÿ ëþáîé ôóíêöèè f ∈ L2 (Ω) ñóùåñòâóåò åäèí-
ñòâåííîå ñèëüíîå ðåøåíèå u(x, y) çàäà÷è F . Ýòî ðåøåíèå ïðèíàä-
ëåæèò êëàññó H1 (Ω) ∩H1,2

x,y (Ω
1
) ∩ C

(
Ω
)
, è óäîâëåòâîðÿåò íåðà-

âåíñòâó

∥u∥1 ≤ C ∥f∥0. (1)

Ïðè äîêàçàòåëüñòâå îñíîâíûõ ðåçóëüòàòîâ ðàáîòû áûëè èñïîëü-
çîâàíû èäåè èç ðàáîòû [3].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ

è íàóêè Ðåñïóáëèêè Êàçàõñòàí, ãðàíò 0825/ÃÔ4.
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1 Ñåâåðî-Êàâêàçñêèé ôåäåðàëüíûé óíèâåðñèòåò (Ðîññèÿ, Ñòàâðîïîëü)

2Äîíñêîé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò(Ðîññèÿ, Ðîñòîâ-íà-Äîíó)

e-mail: appinform@ncfu.ru, sukhinov@gmail.ru
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Â äàííîé ðàáîòå ïîñòàâëåíà è ÷èñëåííî ðåøåíà ìîäåëü äâóìåð-
íîé çàäà÷è äâèæåíèÿ è âûõîäà íà áåðåã âîëíû âÿçêîé íåñæèìà-
åìîé æèäêîñòè. Òàêîãî òèïà çàäà÷è âîçíèêàþò ïðè èññëåäîâàíèè
âîëíîâûõ ïðîöåññîâ â ïðèáðåæíûõ ðàéîíàõ âîäîåìîâ, ïðè ïðîåê-
òèðîâàíèè è ñòðîèòåëüñòâå ñîîðóæåíèé íà áåðåãîâîé ëèíèè. Â êà-
÷åñòâå îáúåêòà ìîäåëèðîâàíèÿ áûëè âûáðàíû ìåëêîâîäíûå âîäî-
åìû � Àçîâñêîå ìîðå è Òàãàíðîãñêèé çàëèâ. Äëÿ ïîâûøåíèÿ çà-
ïàñà óñòîé÷èâîñòè ÿâíûõ ñõåì Á.Í. ×åòâåðóøêèíûì ïðåäëîæåíî
èñïîëüçîâàòü ðåãóëÿðèçèðîâàííûå ñõåìû. Ìàòåìàòè÷åñêàÿ ìîäåëü
â ýòîì ñëó÷àå ñòðîèòñÿ íà îñíîâå ñèñòåìû óðàâíåíèé Íàâüå - Ñòîê-
ñà è îïèñûâàåò äâèæåíèÿ âîäíîé ñðåäû â ìåëêîâîäíûõ âîäîåìàõ,
ïðè ýòîì ó÷èòûâàåòñÿ ñëîæíûé ðåëüåô äíà è áåðåãîâîé ëèíèè, âåò-
ðîâîå íàïðÿæåíèå è òðåíèå î äíî, ìèêðîòóðáóëåíòíûé îáìåí, ñèëà
òÿæåñòè [1,2]:

� óðàâíåíèå Íàâüå - Ñòîêñà:

u′t + τ ∗u′′tt + uu′x + vu′y = −P
′
x

ρ
+ (µu′x)

′
x + (ηu′y)

′
y, (1)

v′t + τ ∗v′′tt + uv′x + vv′y = −
P ′
y

ρ
+ (µv′x)

′
x + (ηv′y)

′
y + g; (2)

� óðàâíåíèå íåðàçðûâíîñòè ñ ó÷åòîì ðåãóëÿðèçèðóþùèõ ñëàãà-
åìûõ ïðèìåò âèä [3]:

ρ′t + τ ∗ρ′′tt + (ρu)′x + (ρv)′y = (chxρ
′
x)

′
x +

(
chyρ

′
y

)′
y
. (3)

Óðàâíåíèÿ (1) � (3) ðàññìàòðèâàþòñÿ ïðè ñëåäóþùèõ ãðàíè÷íûõ
óñëîâèÿõ:

� íà äíå îáëàñòè:

Vn(x, y, t) = 0, ρηu′y(x, y, t) = −τx(t), ρµv′x(x, y, t) = −τy(t),
(4)

� íà ïîâåðõíîñòè æèäêîñòè:

u′n(x, y, t) = 0, v(x, y, t) =
P ′
t

gρ
, (5)

� íà áîêîâîé ãðàíèöå:

u′n(x, y, t) = 0, v′n(x, y, t) = 0, P ′
n(x, y, t) =

ρΠ/τL; (6)
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ãäå V = (u, v) � âåêòîð ñêîðîñòè äâèæåíèÿ âîäíîé ñðåäû; c � ñêî-
ðîñòü çâóêà; τ ∗ � âðåìÿ ñòîëêíîâåíèÿ ìåæäó ìîëåêóëàìè; P � äàâ-
ëåíèå; µ, η � êîýôôèöèåíòû òóðáóëåíòíîãî îáìåíà ïî ãîðèçîíòàëü-
íîìó è âåðòèêàëüíîìó íàïðàâëåíèÿì ñîîòâåòñòâåííî; g � óñêîðåíèå
ñâîáîäíîãî ïàäåíèÿ; ρ � ïëîòíîñòü æèäêîñòè; τx, τy � ñîñòàâëÿþùèå
òàíãåíöèàëüíîãî íàïðÿæåíèÿ íà äíå æèäêîñòè;

∏
� ïîòîê âåêòîðà

ñêîðîñòè ÷åðåç áîêîâóþ ïîâåðõíîñòü; L � ðàññòîÿíèå îò ïîâåðõíîñòè
æèäêîñòè äî äíà (ãëóáèíà æèäêîñòè ñ ó÷åòîì âîçâûøåíèÿ óðîâíÿ)
íà áîêîâîé ãðàíèöå. Ñèñòåìà êîîðäèíàò âûáðàíà òàêèì îáðàçîì,
÷òî îñü Ox ñîâìåùåíà ñ ïîâåðõíîñòüþ íåâîçìóùåííîé æèäêîñòè è
íàïðàâëåíà â ñòîðîíó áåðåãà, îñü Oy � âåðòèêàëüíî âíèç.

Òàíãåíöèàëüíîå íàïðÿæåíèå, âûçâàííîå äîííûì òðåíèåì, ñî-
ãëàñíî çàêîíó Âàí-Äîðíà, ðàññ÷èòûâàåòñÿ ïî ôîðìóëàì:

τx = ρCp (|V |)u |V | , τy = ρCp (|V |) v |V | , (7)

ãäå Cp (|V |) =
{

0.0088, |V | < 6, 6 ì / ñ,
0.0026, |V | ≥ 6, 6 ì / ñ

� áåçðàçìåðíûé êîýôôè-

öèåíò.
×èñëåííîå ðåøåíèå çàäà÷è îñíîâûâàåòñÿ íà ãðàäèåíòíîì ìåòî-

äå âàðèàöèîííîãî òèïà � ìåòîäå ìèíèìàëüíûõ ïîïðàâîê. Àïïðîê-
ñèìàöèÿ çàäà÷è äèôôóçèè-êîíâåêöèè âûïîëíÿëàñü íà îñíîâå ñõåì
ïîâûøåííîãî ïîðÿäêà òî÷íîñòè.

Ðàññìîòðåííûé ÷èñëåííûé àëãîðèòì áûë ðåàëèçîâàí â âèäå êîì-
ïëåêñà ïðîãðàìì �Waves�. Áûëî âûïîëíåíî òåñòèðîâàíèå ýòîãî êîì-
ïëåêñà, êîòîðîå ïîêàçàëî óäîâëåòâîðèòåëüíîå ñîâïàäåíèå ñ èìåþ-
ùèìèñÿ ÷èñëåííûìè è ýêñïåðèìåíòàëüíûìè ðåçóëüòàòàìè.

Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ ðàñ÷åòà äâèæåíèÿ âîäíîé
ñðåäû â ïðèáðåæíîé àêâàòîðèè ïðåäñòàâëÿþò èçìåíåíèå ïðîôèëÿ
âîëíû, íàáåãàþùåé íà áåðåã, â ðàçëè÷íûé ïåðèîä âðåìåíè, ïðè ýòîì
ïðîãðàììà îòîáðàæàåò âåêòîðû ïîëÿ ñêîðîñòè, ïàëèòðîé ïîêàçàíî
ïîëå äàâëåíèÿ, â òîì ÷èñëå â ñëó÷àå íàëè÷èÿ èñêóññòâåííîãî ïðå-
ïÿòñòâèÿ (âîëíîðåçà). Â ðåçóëüòàòå âèäíî, ÷òî â ïðèáðåæíîé àêâà-
òîðèè ïðè íàêàòå âîëíû íà áåðåã ïðîèñõîäèò åå îáðóøåíèå, îáðàçó-
åòñÿ çîíà çàïëåñêà. Ïåðâàÿ âîëíà ïðè îòêàòå íàçàä �âñòðå÷àåòñÿ� ñî
ñëåäóþùåé âîëíîé è �ñáèâàåò� åå. Ïîëó÷åííûå ÷èñëåííûå ðåçóëü-
òàòû ïðîöåññà íàêàòà âîëí íà áåðåã äàþò âîçìîæíîñòü ïðîâåñòè
îöåíêè ñèëîâîãî âîçäåéñòâèÿ âîëí íà áåðåãîâûå îáúåêòû ñ öåëüþ
ïðåäîïðåäåëåíèÿ ñòðîèòåëüñòâà ñîîðóæåíèé è èñïîëüçîâàíèÿ êîí-
êðåòíîãî ó÷àñòêà áåðåãîâîé ëèíèè.
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Äëÿ ïîâûøåíèÿ ñêîðîñòè ñ÷åòà áûëè ïîñòðîåíû ïàðàëëåëüíûå
âåðñèè àëãîðèòìîâ. ×òî ïîçâîëèëî ñîêðàòèòü âðåìÿ ñ÷åòà 48,6 ðàç
äëÿ çàäà÷è ðàçìåðíîñòüþ 400×400 ðàñ÷åòíûõ óçëîâ, ïðè ýòîì áûëè
èñïîëüçîâàíû 64 âû÷èñëèòåëüíûõ ÿäðà.

Ñëåäóåò îòìåòèòü, ÷òî ïàðàëëåëüíûå àëãîðèòìû ðåøåíèÿ çàäà÷
âû÷èñëèòåëüíîé ìàòåìàòèêè, èñïîëüçóþùèå ÿâíûå ñõåìû, èìåþò
áîëåå âûñîêèå çíà÷åíèÿ óñêîðåíèÿ è ýôôåêòèâíîñòè ïî ñðàâíåíèþ
ñ àëãîðèòìàìè, èñïîëüçóþùèìè íå ÿâíûå ñõåìû [4].
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Îäíîé èç áàçîâûõ ìàòåìàòè÷åñêèõ ìîäåëåé â íåéðîôèçèîëîãèè
ÿâëÿåòñÿ ìîäåëü ÔèòöÕüþ-Íàãóìî [1], êîòîðàÿ õîðîøî èçó÷åíà è
îñîáåííî ñ ïîìîùüþ êîìïüþòåðíîé ñèìóëÿöèè [2-4]. Îäíàêî ïî-
÷òè íåò ðàáîò, ïîñâÿùåííûõ äîñòàòî÷íî ñòðîãèì ìàòåìàòè÷åñêèì
îáîñíîâàíèÿì. Ïîýòîìó â ðàìêàõ êà÷åñòâåííîé òåîðèè äèôôåðåí-
öèàëüíûõ óðàâíåíèé ðàññìîòðèì óçëîâûå âîïðîñû ïîâåäåíèÿ ìî-
äåëè ÔèòöÕüþ-Íàãóìî.
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Ìîäåëü ÔèòöÕüþ-Íàãóìî ìîæíî ïðåäñòàâèòü ñëåäóþùåé ñèñòå-
ìîé äèôôåðåíöèàëüíûõ óðàâíåíèé

dv

dt
= Ja − av − ω + (a+ 1)v2 − v3 ≡ P (v, ω),

dω

dt
= bv − γω ≡ Q(v, ω),

(1)

ãäå Ja > 0, γ > 0, b > 0, 0 < a < 1.
Èçîêëèíà áåñêîíå÷íîñòè ñèñòåìû (1) èìååò âèä:

ω = −v3 + (a+ 1)v2 − av + Ja ≡ f(v).

Ôóíêöèÿ f(v) èìååò òî÷êè ýêñòðåìóìà

v =
a+ 1−

√
a2 − a+ 1

3
≡ α, v =

a+ 1 +
√
a2 − a+ 1

3
≡ β. (2)

Èç (2) ñëåäóåò, ÷òî

a(α) =
α(3α− 2)

2α− 1
, β(α) =

3α− 2

3(2α− 1)
. (3)

Òàê êàê 0 < a < 1, òî α ∈ (0; 1/3).
Íàðÿäó ñ (3) ñïðàâåäëèâû ñëåäóþùèå ñîîòíîøåíèÿ:

f(α) =
α2(α− 1)2

2α− 1
+ Ja, f(β) =

[(3α− 2)(3α− 1)]2

27(1− 2α)3
+ Ja. (4)

Èç (4) ñëåäóåò, ÷òî äëÿ âñåõ èç α ∈ (0; 1/3) âûïîëíÿþòñÿ íåðà-
âåíñòâà Ja − 4/27 < f(α) < Ja è Ja < f(β) < Ja + 4/27.

Â çàâèñèìîñòè îò íàêëîíà ïðÿìîé èçîêëèíû íóëÿ ω = bv/γ ñè-
ñòåìà (1) ìîæåò èìåòü â îãðàíè÷åííîé ÷àñòè ïëîñêîñòè ëèáî îäíî,
ëèáî äâà, ëèáî òðè ñîñòîÿíèÿ ðàâíîâåñèÿ.

Ïóñòü Ja = b/γ, a2−4b/γ. Òîãäà ñèñòåìà (1) èìååò òðè ñîñòîÿíèÿ
ðàâíîâåñèÿ A(v1; bv1/γ), B(v2; bv2/γ), C(1; b/γ), ãäå

v1 =
a−

√
a2 − 4b/γ

2
, v2 =

a+
√
a2 − 4b/γ

2
.

Õàðàêòåð óêàçàííûõ ñîñòîÿíèé ðàâíîâåñèÿ óñòàíàâëèâàåòñÿ ñëå-
äóþùåé òåîðåìîé.
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Òåîðåìà 1. Åñëè 0 < a < 2
√
γ, 0 < b < a2γ/4, γ > 0, Ja =

b/γ, òî ñèñòåìà (1) èìååò â îãðàíè÷åííîé ÷àñòè ôàçîâîé ïëîñêî-
ñòè òðè ïðîñòûõ ñîñòîÿíèÿ ðàâíîâåñèÿ, â òîì ÷èñëå: A(v1; bv1/γ),
C(1; b/γ) � óñòîé÷èâûå óçëû èëè ôîêóñû, B(v2; bv2/γ) � ñåäëî.

Äîêàçàòåëüñòâî òåîðåìû îñíîâàíî íà óòâåðæäåíèÿõ èç [5, 6].
Òàê êàê óçëû è ôîêóñû êóáè÷åñêîé ñèñòåìû ìîãóò áûòü îêðó-

æåíû ïðåäåëüíûìè öèêëàìè [7], òî åñòåñòâåííî âîçíèêàåò âîïðîñ
îá èõ ñóùåñòâîâàíèè.

Äèâåðãåíöèÿ âåêòîðíîãî ïîëÿ ñèñòåìû (1) çàäàåòñÿ ôîðìóëîé:

P ′
v(v;ω) +Q′

ω(v;ω) = −3v2 + 2(a+ 1)v − a− γ. (5)

Åñëè 0 < γ < 1/4, òî äèñêðèìèíàíò êâàäðàòíîãî òðåõ÷ëåíà (5)
ÿâëÿåòñÿ îòðèöàòåëüíûì. Ñëåäîâàòåëüíî, âûðàæåíèå (5) îòðèöà-
òåëüíî, è ïî ïðèçíàêó Áåíäèêñîíà [5] ñèñòåìà (1) íå èìååò íè çà-
ìêíóòûõ òðàåêòîðèé, íè çàìêíóòûõ êîíòóðîâ, îáðàçîâàííûõ ñîñòî-
ÿíèÿìè ðàâíîâåñèÿ è ñåïàðàòðèñàìè. Òàêèì îáðàçîì, ñïðàâåäëèâà

Òåîðåìà 2. Åñëè 0 < a < 2
√
γ, 0 < b < a2γ/4, 0 < γ < 1/4,

Ja = b/γ, òî ñèñòåìà (1) àöèêëè÷íà.
Óñòàíîâèòü êàðòèíó ïîâåäåíèÿ òðàåêòîðèé ñèñòåìû (1) íà âñåé

ôàçîâîé ïëîñêîñòè ìîæíî, âûÿñíèâ õàðàêòåð ðàñïîëîæåíèÿ òðà-
åêòîðèé â áåñêîíå÷íî óäàëåííûõ ÷àñòÿõ ôàçîâîé ïëîñêîñòè. Äëÿ
ýòîãî ïðèìåíèì ê ñèñòåìå (1) ïîñëåäîâàòåëüíî ïðåîáðàçîâàíèÿ Ïó-
àíêàðå [5], ñíà÷àëà v = 1/z, ω = u/z, à çàòåì v = µ/z, ω = 1/z.
Ïðè ïåðâîì ïðåîáðàçîâàíèè ïîëó÷èì ñèñòåìó, èìåþùóþ íà ýêâà-
òîðå ñôåðû Ïóàíêàðå z = 0 åäèíñòâåííîå ñîñòîÿíèå ðàâíîâåñèÿ
W1(0; 0) � ïðîñòîé íåóñòîé÷èâûé óçåë. Ïðè âòîðîì � èìååì ñè-
ñòåìó, ó êîòîðîé íà ýêâàòîðå ñôåðû Ïóàíêàðå z = 0 òàêæå áóäåò
åäèíñòâåííîå ñëîæíîå (êðàòíîå) ñîñòîÿíèå ðàâíîâåñèÿ W2(0; 0).

Äàëåå ïðèâåäåì áåç äîêàçàòåëüñòâà íåêîòîðûå ðåçóëüòàòû èñ-
ñëåäîâàíèÿ ñèñòåìû (1).

Òåîðåìà 3. Åñëè γ ≥ 1/3, γ/3 ≤ b ≤ γ2, òî ñèñòåìà (1) àöèê-
ëè÷íà, à åäèíñòâåííîå åå ñîñòîÿíèå ðàâíîâåñèÿ D(v0, f(v0)), ãäå
0 < v0 < α, ÿâëÿåòñÿ ïðîñòûì óñòîé÷èâûì óçëîì èëè ôîêóñîì.

Çàìåòèì, ÷òî â óñëîâèÿõ òåîðåìû 3 ñèñòåìà (1) àáñîëþòíî óñòîé-
÷èâà, òî åñòü ëþáàÿ òðàåêòîðèÿ ñèñòåìû (1) ïðè t→ +∞ íàêðó÷è-
âàåòñÿ íà ñîñòîÿíèå ðàâíîâåñèÿ D.

Òåîðåìà 4. Ïóñòü a = 1/2, Ja = b/(2γ), 0 < γ < 1/4, b =
(2γ2 + γ)/6. Òîãäà ñèñòåìà (1) èìååò â îãðàíè÷åííîé ÷àñòè ôàçî-
âîé ïëîñêîñòè òðè ñîñòîÿíèÿ ðàâíîâåñèÿ: W3(1/2; b/(2γ)) � ïðî-
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ñòîå ñåäëî, W4(m; (bm)/γ) è W5(n; (bn)/γ) � ñëîæíûå îäíîêðàò-
íûå íåóñòîé÷èâûå ôîêóñû.

Òåîðåìà 5. Ïóñòü a ∈ (1/2 − ε; 1/2), Ja = (ab)/γ, 0 < γ < 1/4,
b = (2γ2 + γ)/6, ãäå ε � ñêîëü óãîäíî ìàëîå ÷èñëî. Òîãäà ñèñòåìà
(1) èìååò â îãðàíè÷åííîé ÷àñòè ôàçîâîé ïëîñêîñòè òðè ñîñòî-
ÿíèÿ ðàâíîâåñèÿ: W6(a; (ab)/γ) � ïðîñòîå ñåäëî, W4(m; (bm)/γ) �
ïðîñòîé íåóñòîé÷èâûé ôîêóñ, W5(n; (bn)/γ) � ïðîñòîé óñòîé÷è-
âûé ôîêóñ, îêðóæåííûé íåóñòîé÷èâûì ïðåäåëüíûì öèêëîì.
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Àêòóàëüíûå ìàòåìàòè÷åñêèå ìîäåëè ðàçíîîáðàçíûõ ÿâëåíèé è
ïðîöåññîâ â ìåõàíèêå, ôèçèêå, áèîëîãèè, ýêîëîãèè, ñîöèîëîãèè è
äð. ïðîâîäÿò ê èçó÷åíèþ êâàçèëèíåéíûõ ïàðàáîëè÷åñêèõ óðàâíå-
íèé âòîðîãî ïîðÿäêà [3, 4].

Ðåøåíèþ êëàññè÷åñêîé çàäà÷è äëÿ êâàçèëèíåéíûõ ïàðàáîëè-
÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà ïîñâÿùåíî çíà÷èòåëüíîå êîëè-
÷åñòâî ðàáîò, â êîòîðûõ ðàçðàáîòàíû ìåòîäû ïîëó÷åíèÿ àïðèîð-
íûõ îöåíîê, èçó÷åíû ðàçðåøèìîñòü çàäà÷ è ïðîáëåìû, ñâÿçàííûå ñ
ãëàäêîñòüþ ðåøåíèé. Äëÿ êâàçèëèíåéíûõ ïàðàáîëè÷åñêèõ óðàâíå-
íèé ðàññìîòðåí ðÿä çàäà÷ ñî ñâîáîäíîé ãðàíèöåé ñ êëàññè÷åñêèìè
ãðàíè÷íûìè óñëîâèÿìè [3, 4].

Òðåáîâàíèÿ ñîâðåìåííîé íàóêè è òåõíèêè ïðèâîäÿò ê íåîáõîäè-
ìîñòè ðàññìàòðèâàòü íåêëàññè÷åñêèå çàäà÷è (óðàâíåíèå èëè ãðà-
íè÷íîå óñëîâèå äàåòñÿ â íåêëàññè÷åñêîé ôîðìå)[1, 2].

Íåêëàññè÷åñêèå çàäà÷è ïðåäñòàâëÿþò ñîáîé îäíî èç äèíàìè÷-
íî ðàçâèâàþùèõñÿ íàïðàâëåíèé ñîâðåìåííîé òåîðèè äèôôåðåíöè-
àëüíûõ óðàâíåíèé. Çàäà÷è ñ íåëîêàëüíûìè ãðàíè÷íûìè óñëîâèÿìè
(íåêëàññè÷åñêèìè) èñïîëüçóþòñÿ äëÿ ìàòåìàòè÷åñêîãî ìîäåëèðî-
âàíèÿ ïðîöåññîâ çàãðÿçíåíèÿ â ðåêàõ, ìîðÿõ, âûçûâàåìîãî ñòî÷íû-
ìè âîäàìè [4, 5].

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ íåêëàññè÷åñêàÿ çàäà÷à ñî ñâî-
áîäíîé ãðàíèöåé äëÿ êâàçèëèíåéíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé.

1. Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ íàéòè â íåêîòîðîì îòðåç-
êå 0 < t ≤ T íåïðåðûâíî äèôôåðåíöèðóåìóþ ôóíêöèþ s(t), òàêóþ,
÷òî s(0) = s0 > 0, 0 < ṡ(t) ≤ N , s(t)−óäîâëåòâîðÿåò óñëîâèþ
Ãåëüäåðà, à ôóíêöèÿ u(t, x) â îáëàñòè D = {(t, x) : 0 < t ≤ T, 0 <
x < s(t)} óäîâëåòâîðÿåò óðàâíåíèþ

ut = a(t, x, ux)uxx + b(t, x, ux), (t, x) ∈ D, (1)

è ñëåäóþùèì íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿì

u(0, x) = φ(x), 0 ≤ x ≤ s0, (2)

ux(t, 0) = F (t, u(t, 0)), 0 ≤ t ≤ T, (3)

αu(t, 0) = u(t, s(t)), 0 ≤ t ≤ T, (4)

ux(t, s(t)) = ψ(t), 0 ≤ t ≤ T. (5)

Óñëîâèå (5) îáåñïå÷èâàåò íàëè÷èå ïîòîêà ÷åðåç ïîäâèæíóþ ãðà-
íèöó, à íåëîêàëüíîå óñëîâèå (4) îáåñïå÷èâàåò ñîãëàñîâàííîñòü ãðà-
íè÷íîãî ðåæèìà.
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Âñþäó â ðàáîòå ïðåäïîëàãàåì, ÷òî äëÿ çàäàííûõ ôóíêöèé âû-
ïîëíåíû ñëåäóþùèå îñíîâíûå óñëîâèÿ:

1. Ôóíêöèè a è b îïðåäåëåíû äëÿ

(t, x) ∈ Ω = {(t, x) : 0 ≤ t ≤ T, 0 ≤ x <∞}, |ux| <∞.

2. Äëÿ (t, x) ∈ Ω è ëþáûõ p, a(t, x, p) ≥ a0 > 0,

|b(t, x, p)|
a(t, x, p)

≤ K(p2 + 1).

3. Äëÿ (t, x) ∈ Ω, |p| < ∞ ôóíêöèè a è b èìåþò íåïðåðûâíûå
è îãðàíè÷åííûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà ïî x è ïî p, à ïî t
óäîâëåòâîðÿþò óñëîâèþ Ãåëüäåðà, ïðè÷åì bxp òàêæå îãðàíè÷åíà.

4. F (t, ξ)− îïðåäåëåíà è íåïðåðûâíà ïðè t ≥ 0, |ξ| < ∞, îíà
îãðàíè÷åíà âìåñòå ñ ïðîèçâîäíûìè â çàìêíóòîì ìíîæåñòâå ñâîèõ
àðãóìåíòîâ.

5. Ôóíêöèè φ(x)−òðèæäû, ψ(t)−îäèí ðàç íåïðåðûâíî äèôôå-
ðåíöèðóåìû, φ′′′(x), ψ′(t)− óäîâëåòâîðÿþò óñëîâèþ Ãåëüäåðà, ïðè-
÷åì

φ′(0) = F (0, φ(0)), αφ(0) = φ(s0), φ
′(s0) = ψ(0).

Èññëåäîâàíèå ïðîâîäèòñÿ ïî ñëåäóþùåé ñõåìå. Ñíà÷àëà óñòà-
íàâëèâàþòñÿ íåêîòîðûå àïðèîðíûå îöåíêè. ×òîáû îöåíèòü ux(t, x),
à òàêæå èññëåäîâàòü õàðàêòåð è ãëàäêîñòü ñâîáîäíîé ãðàíèöû s(t),
ìû ïåðåéäåì ê çàäà÷å òèïà Ñòåôàíà. Äëÿ ýòîãî íóæíî áóäåò äèô-
ôåðåíöèðîâàòü óðàâíåíèå (1) ïî x â îáëàñòè D. Ïîýòîìó âñþäó
äàëüøå áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèè a(...) è b(...) è èõ ïðîèç-
âîäíûå ïî x è p îãðàíè÷åíû è óäîâëåòâîðÿþò óñëîâèþ Ãåëüäåðà íà
ëþáîì çàìêíóòîì ìíîæåñòâå ñâîèõ àðãóìåíòîâ.

Ïðîäèôôåðåíöèðîâàâ óðàâíåíèå (1) â D ïî x, äëÿ ux(t, x) =
v(t, x) ïîëó÷èì ñëåäóþùóþ çàäà÷ó

vt = avxx + A1vx + A2v
2
x + A3v + A4(t, x), (t, x) ∈ D, (6)

v(0, x) = φ′(x), 0 ≤ x ≤ s0, (7)

v(t, 0) = F (t, u(t, 0)), 0 ≤ t ≤ T, (8)

v(t, s(t)) = ψ(t), 0 ≤ t ≤ T, (9)

ψ(t) · ṡ(t) = αa(t, 0, v(t, 0))vx(t, 0)− a(t, s(t), ψ(t))vx(t, s(t))+

+αb(t, 0, v(t, 0))− b(t, s(t), ψ(t)), 0 ≤ t ≤ T. (10)
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ãäå

A1(t, x, v) = ax(t, x, v) + bp(t, x, v), A2(t, x, v) = ap(t, x, v),

A3(t, x, v) =

1∫
0

bxp(t, x, τv)dτ, A4(t, x) = bx(t, x, 0).

Äàëåå, äîêàçûâàåòñÿ ýêâèâàëåíòíîñòü çàäà÷ (1)-(5) è (6)-(10).
Äëÿ ðåøåíèÿ çàäà÷è òèïà Ñòåôàíà óñòàíàâëèâàþòñÿ àïðèîðíûå
îöåíêè ñòàðøèõ ïðîèçâîäíûõ. Íà îñíîâå óñòàíîâëåííûõ îöåíîê èñ-
ñëåäóåòñÿ ïîâåäåíèå ñâîáîäíîé ãðàíèöû â ðàññìàòðèâàåìîì ïðî-
ìåæóòêå âðåìåíè, äîêàçûâàåòñÿ åäèíñòâåííîñòü ðåøåíèÿ ïåðâîíà-
÷àëüíîé çàäà÷è. È â èòîãå äîêàçûâàåòñÿ ñóùåñòâîâàíèå ðåøåíèÿ
ïîëó÷åííîé è ïåðâîíà÷àëüíîé çàäà÷è [5, 6].
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Ïóñòü aj ̸= 0, j = 1, ..., n, Ω =
{
x ∈ Rn : a−2

1 x21 + ...+ a−2
n x2n < 1

}
−

ýëëèïñîèä, ∂Ω− ãðàíèöà îáëàñòè. Îáîçíà÷èì x̃ = (x2, ..., xn), x =
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(x1, x̃) ∈ Rn. Ëþáîé òî÷êå x = (x1, x̃) ∈ Ω ñîïîñòàâèì "ïðîòèâî-
ïîëîæíóþ" åé òî÷êó x∗ = (−x1, αx̃) ∈ Ω, ãäå α = (α2, ..., αn), è
αj, j = 2, ..., n ïðèíèìàþò îäíî èç çíà÷åíèé ±1.

Ââåäåì îáîçíà÷åíèÿ ∂Ω+ = ∂Ω ∩ {x ∈ Rn : x1 ≥ 0},∂Ω− =
∂Ω ∩ {x ∈ Rn : x1 ≤ 0}, I = ∂Ω ∩ {x ∈ Rn : x1 = 0}. Ðàññìîòðèì â
îáëàñòè Ω ñëåäóþùóþ çàäà÷ó

−∆u(x) = f(x), x ∈ Ω, (1)

u(x)− (−1)ku(x∗) = g1(x), x ∈ ∂Ω+, (2)

Γb[u](x) + (−1)kΓb[u](x∗) = g2(x), x ∈ ∂Ω+, (3)

ãäå Γb[u](x) = ∂u(x)
∂ν

+ bu(x), b ≥ 0, ν− âåêòîð íîðìàëè ê ãðàíèöå
îáëàñòè Ω.

Ðåøåíèåì çàäà÷è (1)-(3) íàçîâåì ôóíêöèþ u(x) ∈ C2(Ω)∩C1(Ω̄),
óäîâëåòâîðÿþùóþ óñëîâèÿì (1)-(3) â êëàññè÷åñêîì ñìûñëå. Î÷å-
âèäíî, ÷òî íåîáõîäèìûì óñëîâèåì ñóùåñòâîâàíèÿ ðåøåíèÿ èç êëàñ-
ñà C1(Ω̄) ÿâëÿåòñÿ âûïîëíåíèå óñëîâèé ñîãëàñîâàíèÿ:

g1(0, x̃) + (−1)kg1(0, αx̃) = 0, (0, x̃) ∈ I, (4)

∂g1(0, x̃)

∂xj
+ (−1)k

∂g1(0, αx̃)

∂xj
= 0, j = 1, 2, ..., n, (0, x̃) ∈ I, (5)

è

g2(0, x̃)− (−1)kg2(0, αx̃) = 0, (0, x̃) ∈ I. (6)

Îòìåòèì, ÷òî çàäà÷à (1)-(3), êîãäà Ω− øàð, b = 0 èññëåäîâàíà
â ðàáîòàõ [1,2].

Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.
Òåîðåìà 1. Ïóñòü k = 1, 0 < λ < 1, f(x) ∈ Cλ(Ω̄), g1(x) ∈

C2+λ(∂Ω+), g2(x) ∈ C1+λ(∂Ω+), è âûïîëíåíû óñëîâèÿ (4)-(6). Òîãäà
äëÿ ëþáîãî b ≥ 0 ðåøåíèå çàäà÷è (1)-(3) ñóùåñòâóåò, åäèíñòâåííî
è ïðèíàäëåæèò êëàññó C2+λ(Ω̄).

Òåîðåìà 2. Ïóñòü k = 2, 0 < λ < 1, f(x) ∈ Cλ(Ω̄), g1(x) ∈
C2+λ(∂Ω+), g2(x) ∈ C1+λ(∂Ω+) è âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ
(4)-(6). Òîãäà

1) åñëè b > 0, òî ðåøåíèå çàäà÷è (1)-(3) ñóùåñòâóåò åäèí-
ñòâåííî è ïðèíàäëåæèò êëàññó C2+λ(Ω̄).
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2) åñëè b = 0, òî äëÿ ðàçðåøèìîñòè çàäà÷è (1)-(3) íåîáõîäèìî
è äîñòàòî÷íî âûïîëíåíèå óñëîâèÿ∫

Ω

f(y)dsy =

∫
∂Ω+

g2(y)dsy.

Åñëè ðåøåíèå ñóùåñòâóåò, òî îíî åäèíñòâåííî ñ òî÷íîñòüþ äî
ïîñòîÿííîãî ñëàãàåìîãî è ïðèíàäëåæèò êëàññó C2+λ(Ω̄).

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ôèíàíñèðîâàíèÿ íàó÷íî-

òåõíè÷åñêèõ ïðîãðàìì è ïðîåêòîâ Êîìèòåòîì íàóêè ÌÎÍ ÐÊ (ïðîåêò

0819/ÃÔ4).
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Â 1992 ãîäó T. Iwaniec è C. Sbordone [1] ââåëè ãðàíä-ïðîñòðàíñòâà
Ëåáåãà Lp)(Ω) ïî îãðàíè÷åííîìó ìíîæåñòâó Ω ⊂ Rn, îïðåäåëÿåìûå
íîðìîé

∥f∥Lp)(Ω) := sup
0<ε<p−1

ε
1

p−ε∥f∥Lp−ε(Ω), 1 < p <∞.

Íà (íå îãðàíè÷åííîì) ìíîæåñòâå Ω ⊆ Rn òàêèå ïðîñòðàíñòâà
ââåäåííû è èçó÷åííû â ðàáîòàõ [2, 3]:

∥f∥
L
p)
a (Ω)

:= sup
0<ε<p−1

{
ε

∫
Ω

|f(x)|p−ε[a(x)]
ε
pdx

} 1
p−ε

, 1 < p <∞.

ãäå a � íåêîòîðàÿ âåñîâàÿ ôóíêöèÿ, íàçûâàåìàÿ ãðàíäèçàòîðîì.
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Ãðàíä-ïðîñòðàíñòâî L
p)
a (Ω) ÿâëÿåòñÿ ðàñøèðåíèåì êëàññè÷åñêî-

ãî ïðîñòðàíñòâà Ëåáåãà Lp(Ω) òîãäà è òîëüêî òîãäà, êîãäà a ∈ L1(Ω).
Ðàññìàòðèâàþòñÿ îïåðàòîðû Õàðäè:

Hαf(x) := xα−1

x∫
0

f(t)

tα
dt,

Hβf(x) := xβ
∞∫
x

f(t)

t1+β
dt, x ∈ R+.

Ââåäåì îáîçíà÷åíèÿ

cp,α(a) := sup
0<ε<p−1

∞∫
1

t
α− 1

p′−1
[ta∗ (t)]

ε
p(p−ε) dt,

dp,β(a) := sup
0<ε<p−1

1∫
0

tβ+
1
p
−1 [ta∗ (t)]

ε
p(p−ε) dt,

ãäå a∗ � ðàñòÿæåíèå ôóíêöèè a:

a∗(t) = sup
x>0

a(xt)

a(x)
.

Òåîðåìà. Ïóñòü 1 < p < ∞ è a � âåñ íà R+. Óñëîâèÿ cp,α(a) <
< ∞ è dp,β(a) < ∞ äîñòàòî÷íû äëÿ îãðàíè÷åííîñòè îïåðàòîðîâ

Hα è Hβ ñîîòâåòñòâåííî â ãðàíä-ïðîñòðàíñòâå L
p)
a (R+). Åñëè a ∈

Ls(0, δ) äëÿ íåêîòîðûõ s > 1 è δ > 0, â ñëó÷àå îïåðàòîðà Hα, è a ∈
Ls(N,∞) äëÿ íåêîòîðûõ s > 1 è N > 0, â ñëó÷àå îïåðàòîðà Hβ, òî
óñëîâèÿ α < 1

p′
è β > −1

p
íåîáõîäèìû äëÿ òàêîé îãðàíè÷åííîñòè.

Ïðè óêàçàííûõ óñëîâèÿõ

1
1
p′
− α

≤ ∥Hα∥ ≤ cp,α(a),

1
1
p
+ β

≤ ∥Hβ∥ ≤ dp,β(a).
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Åñëè, êðîìå òîãî, xγa(x) óáûâàåò â ñëó÷àå îïåðàòîðà Hα è xλa(x)
âîçðàñòàåò â ñëó÷àå îïåðàòîðà Hβ ïðè íåêîòîðûõ γ > αp′ è λ <
< (β + 1)p′, òî

1
1
p′
− α

≤ ∥Hα∥ ≤ 1
min{γ,1}

p′
− α

,

1
1
p
+ β

≤ ∥Hβ∥ ≤ 1

β + 1− max{λ,1}
p′

.

Â ÷àñòíîñòè,

∥Hα∥ =
1

1
p′
− α

, ∥Hβ∥ =
1

1
p
+ β

,

â ñëó÷àå γ ≥ 1 è λ ≤ 1.
Àíàëîãè÷íûå óòâåæäåíèÿ ïîëó÷åíû è äëÿ ìíîãîìåðíûõ îïåðà-

òîðîâ Õàðäè (n ≥ 2):

Hα
nf(x) := |x|α−n

∫
|y|<|x|

f(y)

|y|α
dy,

Hβ
nf(x) := |x|β

∫
|y|>|x|

f(y)

|y|n+β
dy, x ∈ Rn.
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Â ðàáîòå [1], îòòàëêèâàÿñü îò ñòðóêòóðíûõ ìåõàíè÷åñêèõ ìîäå-
ëåé âÿçêîóïðóãîãî òåëà è ãèïîòåçû Â.Âîëüòåððû î íàñëåäñòâåííîé
óïðóãîñòè áûëè ðàññìîòðåíû íåêîòîðûå ÷àñòíûå ñëó÷àè îäíîìåð-
íîé îáîáù¼ííîé äðîáíîé ðåîëîãè÷åñêîé ìîäåëè [2], à èìåííî, ìî-
äåëü Ñêîòò Áëýðà è äðîáíûå àíàëîãè ìîäåëåé Ôîéõòà, Ìàêñâåë-
ëà, Êåëüâèíà è Çåíåðà. Áûëî óêàçàíî, ÷òî åñëè â îïðåäåëÿþùåì
ñîîòíîøåíèè Â.Âîëüòåððû, ñâÿçûâàþùèì íàïðÿæåíèå è äåôîðìà-
öèþ òåëà, ïðèñóòñòâóåò èíòåãðàëüíûé îïåðàòîð ñ íà÷àëîì â íóëå
è àáåëåâûì ÿäðîì, òî âûøå ïåðå÷èñëåííûå ðåîëîãè÷åñêèå ìîäå-
ëè áóäóò ñîäåðæàòü äðîáíûå ïðîèçâîäíûå Ðèìàíà�Ëèóâèëëÿ íà
îòðåçêå âðåìåííîé îñè. Ïîêàçàíà êîððåêòíîñòü êëàññè÷åñêîé îäíî-
ðîäíîé çàäà÷è Êîøè îòíîñèòåëüíî îïðåäåë¼ííûõ ëèíåéíûõ êîìáè-
íàöèé ôóíêöèé íàïðÿæåíèÿ è äåôîðìàöèè â çàäà÷å î ïîëçó÷åñòè.
Íàéäåíû è èññëåäîâàíû ÿâíûå ðåøåíèÿ äàííîé çàäà÷è â ñòàäèÿõ
íàãðóæåíèÿ è ðàçãðóçêè äëÿ âñåõ ïåðå÷èñëåííûõ äðîáíûõ ìàòå-
ìàòè÷åñêèõ ìîäåëåé. Îíè áûëè èñïîëüçîâàíû äëÿ ðåøåíèÿ çàäà÷è
èäåíòèôèêàöèè ïàðàìåòðîâ ïðè àïïðîêñèìàöèè ðåçóëüòàòîâ ýêñïå-
ðèìåíòàëüíûõ äàííûõ ïî ðàñòÿæåíèþ ïîëèâèíèëõëîðèäíîãî ïëà-
ñòèêàòà.

Îäíèì èç ïóòåé äîñòèæåíèÿ áîëåå òî÷íîé àïïðîêñèìàöèè ÿâëÿ-
åòñÿ óñëîæíåíèå ñòðóêòóðíûõ ìîäåëåé, ÷òî ïðèâåä¼ò ê ïîÿâëåíèþ
äîïîëíèòåëüíûõ ñâîáîäíûõ ïàðàìåòðîâ â ìàòåìàòè÷åñêèõ ìîäåëÿõ.

Îòòàëêèâàÿñü îò ñòðóêòóðíûõ ìîäåëåé âÿçêîóïðóãîãî òåëà, ìîæ-
íî óêàçàòü âñåãî äâå íåòðèâèàëüíûå òð¼õýëåìåíòíûå ìîäåëè. Ïåð-
âàÿ ïðåäñòàâëÿåò ñîáîé ïîñëåäîâàòåëüíîå ñîåäèíåíèå äðîáíîãî àíà-
ëîãà ìîäåëè Ôîéõòà ñ ýëåìåíòîì Ñêîòò Áëýðà. Îïðåäåëÿþùåå ñî-
îòíîøåíèå äëÿ ýòîé ìîäåëè â äèôôåðåíöèàëüíîé ôîðìå èìååò âèä

η1η2D
α1
0t D

α2
0t ε+ η2E1D

α2
0t ε = E1σ + (η1D

α1
0t + η2D

α2
0t )σ. (1)

Âòîðàÿ,� ñóòü ïàðàëëåëüíîå ñîåäèíåíèå äðîáíîãî àíàëîãà ìî-
äåëè Ìàêñâåëëà ñ ýëåìåíòîì Ñêîòò Áëýðà. Îïðåäåëÿþùåå ñîîòíî-
øåíèå äëÿ ýòîé ìîäåëè çàïèñûâàåòñÿ â âèäå

η1η2D
α1
0t D

α2
0t ε+ E1(η1D

α1
0t + η2D

α2
0t )ε = E1σ + η1D

α1
0t σ. (2)

Â ðàâåíñòâàõ (1) è (2) ε = ε(t) � äåôîðìàöèÿ, σ = σ(t) � íà-
ïðÿæåíèå; E1, η1, η2 � íåêîòîðûå íåîòðèöàòåëüíûå ïîñòîÿííûå âå-
ëè÷èíû; Dα

0t � îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ Ðèìàíà�
Ëèóâèëëÿ ñ íà÷àëîì â íóëå [3], α1, α2 ∈ (0, 1).
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Â ðàáîòå îáîñíîâàíà êîððåêòíîñòü ïîñòàíîâêè çàäà÷è Êîøè äëÿ
óðàâíåíèÿ (1) ñ óñëîâèÿìè ε(0) = 0, ε̇(0+) = σ0/η2, ãäå σ0 = σ(0+) =
= lim

t→0+
σ(t). Ðåøåíèÿ çàäà÷è î ïîëçó÷åñòè â ñòàäèè íàãðóæåíèÿ ïî

çàêîíó σ(t) = σ0H(t), ãäåH(t) � ôóíêöèÿ Õåâèñàéäà, ñîîòâåòñòâåí-
íî çàïèñûâàþòñÿ â âèäå

ε(t) =
σ0
E1

(β0t
α2 + (1− Exp(α1, 1;−β1; t))), (3)

ãäå β0 = E1/η2, β1 = E1/η1. Ðåøåíèå çàäà÷è î ïîëçó÷åñòè äëÿ ìî-
äåëè (2) óäàåòñÿ íàéòè ïðè äîïîëíèòåëüíîì ïðåäïîëîæåíèè, ÷òî
α1 = α2 = α. Îíî èìååò âèä

ε(t) =
σ0

η1 + η2

(
η21

E1(η1 + η2)
(1− Exp(α, 1;−β0; t)) +

tα

Γ(α + 1)

)
,

ãäå β0 = E1/η0, η0 = η1η2/(η1+η2). Â îáîèõ ðåøåíèÿõExp(α, µ;λ; t) =
= tµ−1Eα(λt

α;µ) � îáîáù¼ííàÿ (äâóïàðàìåòðè÷åñêàÿ) äðîáíàÿ ýêñ-
ïîíåíöèàëüíàÿ ôóíêöèÿ [1], Eα(z;µ) � ôóíêöèÿ òèïà Ìèòòàã�
Ëåôôëåðà [3].

Óæå ñåé÷àñ ìîæíî ñêàçàòü, ÷òî ëþáûå âîçìîæíûå êîìáèíàöèè
èäåàëüíûõ óïðóãèõ ýëåìåíòîâ ñ äâóìÿ ýëåìåíòàìè Ñêîòò Áëýðà áó-
äóò ïðèâîäèòü ê îïðåäåëÿþùèì ñîîòíîøåíèÿì â äèôôåðåíöèàëü-
íîé ôîðìå, ïîðÿäîê êîòîðûõ íå áîëüøå äâóõ. Â íàñòîÿùåé ðàáîòå
ðàññìîòðåíû åù¼ ÷åòûðå ìàòåìàòè÷åñêèå ìîäåëè, ñòðóêòóðíî îá-
ðàçîâàííûå èç äâóõ ïîñëåäîâàòåëüíûõ äðîáíûõ àíàëîãîâ ìîäåëåé
Ôîéõòà, äâóõ ïàðàëëåëüíûõ äðîáíûõ àíàëîãîâ ìîäåëåé Ìàêñâåëëà
è èõ ïîñëåäîâàòåëüíîé è ïàðàëëåëüíîé êîìáèíàöèé,� ñóòü äðîá-
íûå àíàëîãè ìîäåëè Áþðãåðñà è ìîäåëè Áðàíêîâà. Äëÿ âñåõ ïåðå-
÷èñëåííûõ ìîäåëåé âûïèñàíû îïðåäåëÿþùèå ñîîòíîøåíèÿ â ôîðìå
äðîáíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ïîñòàâëåíû è ðåøåíû çà-
äà÷è Êîøè îòíîñèòåëüíî èñêîìîé äåôîðìàöèè, äîêàçàíû òåîðåìû
î êîððåêòíîñòè ýòèõ ïîñòàíîâîê, òåîðåìû î íåïðåðûâíîé çàâèñèìî-
ñòè ðåøåíèé îò ïàðàìåòðîâ ìîäåëåé, èçó÷åíà àñèìïòîòèêà ðåøåíèé
â ñòàäèè íàãðóæåíèÿ.

Îñîáåííîñòè ðåøåíèÿ çàäà÷è ïàðàìåòðè÷åñêîé èäåíòèôèêàöèè
îáñóäèì íà ïðèìåðå ðåøåíèÿ çàäà÷è î ïîëçó÷åñòè ïðè ïîñòîÿííîé
íàãðóçêå ñ èñïîëüçîâàíèåì ìîäåëüíîãî ðåøåíèÿ (3).

Ïóñòü ε̃i � ýêñïåðèìåíòàëüíûå çíà÷åíèÿ äåôîðìàöèè â ìîìåíòû
âðåìåíè ti, i = 1, . . . , n, t0 = 0. Â ñîîòâåòñòâèè ñ (3) èäåíòèôèêàöèè
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ïîäëåæàò ïÿòü ïàðàìåòðîâ: α1, α2, E1, η1, η2. Â ïåðâîì ïðèáëèæå-
íèè çàäà÷à óñïåøíî ðåøàåòñÿ â ïðåäïîëîæåíèè, ÷òî α1 = α2 = α è
η1 = η2 = η, ìåòîäîì íàèìåíüøèõ êâàäðàòîâ. Äëÿ ýòîãî ðàçëîæèì
â ðÿä ôóíêöèþ

Exp(α, 1;−β1; t) =
∞∑
k=0

(−β1)ktkα

Γ(k + 1α)
= 1 +

−β1tα

Γ(α + 1)
+

β2
1t

2α

Γ(2α + 1)
+ . . .

è îãðàíè÷èìñÿ ïåðâûìè äâóìÿ ÷ëåíàìè. Òîãäà

ε̃i = ε(ti) =
σ0
η

(
1 +

1

Γ(α + 1)

)
tαi .

Îáîçíà÷àÿ ui = ln ε̃i−lnσ0, τi = ln ti, c = ln (1 + 1/Γ(α + 1))−ln η,
íàéä¼ì, ÷òî ui = ατi + c. Ïàðàìåòðû α è c ëåãêî îïðåäåëÿþòñÿ èç
óñëîâèÿ ìèíèìèçàöèè ôóíêöèîíàëà

∑n
i=1(ui−ατi− c)2. Íàéäåííûå

òàêèì îáðàçîì çíà÷åíèÿ ïàðàìåòðîâ α, E1 ïî ïåðâîé ýêñïåðèìåí-
òàëüíîé òî÷êå è η = e−c(1 + 1/Γ(α + 1)) çàòåì èñïîëüçóþòñÿ â êà-
÷åñòâå ïåðâîãî ïðèáëèæåíèÿ äëÿ äàëüíåéøåãî óòî÷íåíèÿ èñõîäíûõ
ïÿòè ïàðàìåòðîâ α1, α2, E1, η1, η2 ìåòîäîì ïîêîîðäèíàòíîãî ñïóñêà.
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Â äîêëàäå â îáëàñòè Q =
2∪

j=0

Qj ðàññìàòðèâàåòñÿ ñëåäóþùåå

óðàâíåíèå(
∂2u/∂x2

)
−
(
∂2−H(x)u/∂t2−H(x)

)
+ (k/x) (∂u/∂x)− λ2u = 0, (1)

ãäå H (x) - ôóíêöèÿ Õåâèñàéäà, Q0 = {(x, t) : x = 0, 0 < t < T},
Q1 = {(x, t) : x > 0, 0 < t ≤ T}, Q2 = {(x, t) : x < t < T + x,
x ∈ (−T/2, 0)}; k, λ, T ∈ R, ïðè÷åì k ∈ (0, 1), T > 0, è èññëåäóåòñÿ
ñëåäóþùàÿ íåëîêàëüíàÿ

Çàäà÷à.Íàéòè ôóíêöèþ u (x, t) ∈
2∩

j=1

[
C
(
Q̄j

)
∩ C2,j

x,t (Qj)
]
, óäîâ-

ëåòâîðÿþùóþ óðàâíåíèþ (1) â Q1 ∪Q2, óñëîâèÿì ñêëåèâàíèÿ

u (−0, t) = u (+0, t) , lim
x→−0

(−x)kux (x, t) = lim
x→+0

xkux (x, t)

íà îòðåçêå Q0 è ñëåäóþùèì êðàåâûì óñëîâèÿì

u (x, 0) = φ (x) , x ∈ [0,+∞) ; lim
x→+∞

u (x, t) = 0, t ∈ [0, T ] ;

(T − t)1−k/2A1,λ
T tD

k/2
tT

[
(T − t)k−1u

(
t− T

2
,
t+ T

2

)]
+ cu (0, t) = δ (t) ,

t ∈ (0, T ) , ãäå φ (x), δ (t)� çàäàííûå ôóíêöèè, c � çàäàííîå ÷èñëî;

D
k/2
tT [f (t)] ≡ − 1

Γ (1− k/2)

d

dt

T∫
t

(z − t)−k/2f (z) dz,

A1,λ
T t [g (t)] ≡ g (t) +

T∫
t

g (z)
T − z

T − t

∂

∂z
J0

[
λ
√

(T − t) (z − t)
]
dz,

J0 (z) � ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà, Γ (z) � ãàììà-ôóíêöèÿ.
Îòìåòèì ÷òî, îïðåäåëåíèå íåëîêàëüíûõ çàäà÷ äëÿ óðàâíåíèé ñ

÷àñòíûìè ïðîèçâîäíûìè ïðèâåäåí â [1].
Ëèòåðàòóðà

1. Íàõóøåâ À.Ì. Óðàâíåíèÿ ìàòåìàòè÷åñêîé áèîëîãèè. Ì.: Âûñøàÿ øêîëà,
1995. 301 c.
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Âî ìíîãèõ çàäà÷àõ ìåõàíèêè è ìàòåìàòè÷åñêîé ôèçèêè ïðèõî-
äèòñÿ èìåòü äåëî ñ âû÷èñëåíèåì ñèíãóëÿðíûõ èíòåãðàëîâ. Çà ïî-
ñëåäíèå ãîäû ìåòîäû ïðèáëèæåííîãî âû÷èñëåíèÿ ñèíãóëÿðíûõ èí-
òåãðàëîâ, èìåþùèå âàæíîå ïðèêëàäíîå çíà÷åíèå, ñòàëè èíòåíñèâíî
ðàçâèâàòüñÿ. Ýòî, â ïåðâóþ î÷åðåäü, îòíîñèòñÿ ê ðàçðàáîòêå êâàä-
ðàòóðíûõ ôîðìóë äëÿ ñèíãóëÿðíûõ èíòåãðàëîâ.

I. Èòàê, ðàññìîòðèì ñèíãóëÿðíûé èíòåãðàë âèäà:

ϕ(x) = ϕ(φ; x) =
1

π

1∫
−1

φ(τ)dτ

τ − t
, t ∈ (−1, 1) (1)

ïîíèìàåìûé â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè, ãäå ïëîòíîñòü

φ(t) îïðåäåëåííàÿ íà [−1, 1], ïðèíàäëåæèò êëàññó Ãåëüäåðà H
(r)
α ,

òî åñòü

φ(t) ∈ H(r)
α , 0 < α ≤ 1, r ≥ 0.

Â ýòîé çàìåòêå ïðåäëàãàåòñÿ èíòåðïîëÿöèîííàÿ êâàäðàòóðíàÿ
ôîðìóëà äëÿ ñèíãóëÿðíîãî èíòåãðàëà (1). Àïïðîêñèìèðóÿ ïëîò-
íîñòü φ(t) èíòåðïîëÿöèîííûìè ñïëàéíàìè Ýðìèòà, ñîâïàäàþùèå
ñ ôóíêöèåé φ(t) è åå ïðîèçâîäíûìè φ(ν)(t) äî ïîðÿäêà r âêëþ÷è-
òåëüíî íà çàäàííîé ñèñòåìå óçëîâ tk = 2 k

n
− 1, k = 0, n, âçÿòûõ èç

îòðåçêà [−1, 1]. Èíòåðïîëèðóþùóþ ôóíêöèþ Sn(t) ñòðîèì èñõîäÿ
èç óñëîâèÿ

S(ν)
n (tk) = φ(ν)(tk), ν = 0, r, k = 0, n, φ(t) ∈ Hr

α.

Â êà÷åñòâå Sn(t) ìîæíî âçÿòü ôóíêöèþ Sn(t) = (t − tk)
r+1×

×
r∑

ν=0

φν(tk)
(t−tk)

ν

ν!
.

Äàþòñÿ îöåíêè |φ(t)−Sn(t)| = O
(

1
nr+α

)
, |φr(t)−S(r)

n (t)| = O
(

1
nα

)
.
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II. Ðàññìîòðèì ñèíãóëÿðíûé èíòåãðàë âèäà:

I(f) = I(f, x) =

b∫
a

ρ(t)
f(t)

t− x
dt, x ∈ (a, b), (2)

ãäå f(x) � äàííàÿ ïëîòíîñòü, ρ(x) � íåêîòîðàÿ ôóíêöèÿ íà (a, b),
ïðè÷åì èíòåãðàë (2) ïîíèìàåòñÿ â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî
Êîøè [3].

Îáîçíà÷àåì ÷åðåç H2n−1f = H2n−1(f ;x) ïîëèíîì ñòåïåíè 2n− 1,
óäîâëåòâîðÿþùèé óñëîâèÿì:

H
(ν)
2n−1(xk) = f(xk), H ′

2n−1 = f ′(xk), xk ∈ [−1, 1], k = 1, n.

Èçâåñòíî, ÷òî íà îòðåçêå [1, 2], ïîëèíîì H2n−1(f ; x) ñóùåñòâóåò,
åäèíñòâåíåí è åãî ìîæíî çàïèñàòü â âèäå

H2n−1(f ;x) =
n∑

k=1

Ak(x)f(xk) +
n∑

k=1

Bk(x)f
′(xk), (3)

ãäå

Ak(x) =

{
1− ω′′

n(xk)(x− xk)

ω′
n(xk)

}
l2k(x), Bk(x) = (x− xk)l

2
k(x) (4)

lk(x) =
ωn(x)

(x− xk)ω′
n(xk)

, ωn(x) =
n∏

k=1

(x− xk).

Ïóñòü â (2)-(4) ωn(x) îçíà÷àåò îðòîãîíàëüíóþ íà [a, b] ñèñòåìó
ìíîãî÷ëåíîâ ïî âåñó ρ(x). Ïîäñòàâëÿÿ âìåñòî ïëîòíîñòè f(x) ïîëè-
íîì H2n−1(f ; x), ïîëó÷èì ñëåäóþùóþ èíòåðïîëÿöèîííóþ êâàäðà-
òóðíóþ ôîðìóëó äëÿ ñèíãóëÿðíîãî èíòåãðàëà (2):

I(f) ≈
n∑

k=1

A∗
k(x)f(xk) +

n∑
k=1

B∗
k(x)f

′(xk). (5)

Äàåòñÿ ñïîñîá âû÷èñëåíèÿ êîýôôèöèåíòîâ A∗
k(x) è B

∗
k(x).

Â ÷àñòíîñòè, åñëè φ
(µ,ν)
n (t) , b = 1, òî ïîäðîáíî ðàññìàòðèâàåòñÿ

ñèíãóëÿðíûé èíòåãðàë

I(f) = I(f ; x) =

1∫
−1

ρ(t)
f(t)

t− x
dt,
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ñî ñïåöèàëüíûì âåñîì ρ(t) = |t|µ(1− t2)ν , µ > −1, ν > −1.
Äàåòñÿ ïîñòðîåíèå è èññëåäîâàíèå ñõîäèìîñòè êâàäðàòóð-

íûõ ôîðìóë äëÿ ñèíãóëÿðíîãî èíòåãðàëà (6), êîãäà óçëàìè ÿâëÿ-

þòñÿ íóëè ìíîãî÷ëåíîâ φ
(µ,ν)
n (t), îðòîãîíàëüíûõ íà îòðåçêå [−1, 1]

îòíîñèòåëüíî âåñà óêàçàííîãî âûøå [ñì.4].
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ìè óçëàìè äëÿ ñèíãóëÿðíûõ èíòåãðàëîâ// Èçâ. âóçîâ ìàò. 1977. � 9.

4. Õàçèðèøè Ý.Î. Î íåêîòîðûõ îðòîãîíàëüíûõ ñèñòåìàõ ôóíêöèè// Èçâ.
Âóç. ìàò. 1981. � 6.

ÓÄÊ 517.95 + 51-7

ÎÁ ÎÄÍÎÉ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÌÎÄÅËÈ
ÓÐÀÂÍÅÍÈß ÀËËÅÐÀ

c⃝ Õóáèåâ Ê.Ó.
Ôåäåðàëüíîå ãîñóäàðñòâåííîå áþäæåòíîå íàó÷íîå ó÷ðåæäåíèå

"Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè"(Ðîññèÿ, Íàëü÷èê)
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Óðàâíåíèå Àëëåðà

ut = (aux + buxt)x, (1)

ÿâëÿåòñÿ óðàâíåíèåì ãèïåðáîëè÷åñêîãî òèïà, õîòÿ åãî ïðèíÿòî íà-
çûâàòü óðàâíåíèåì ïñåâäîïàðàáîëè÷åñêîãî òèïà. Óðàâíåíèå (1) íà-
õîäèò ìíîãî÷èñëåííûå ïðèìåíåíèÿ ïðè ìàòåìàòè÷åñêîì ìîäåëèðî-
âàíèè ðàçëè÷íûõ ôèçè÷åñêèõ è áèîëîãè÷åñêèõ ïðîöåññîâ [1, ñ. 261].

Â ðàáîòå [2] À.Ì. Íàõóøåâ ïðåäëîæèë ìåòîä ïðèáëèæåííîãî
ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, îñíî-
âàííûé íà ðåäóêöèè ê íàãðóæåííûì óðàâíåíèÿì (ñì. [3]).

Â óðàâíåíèè (1) âûðàæåíèå Π(x, t) = aux + buxt, êàê ïðàâèëî,
èíòåðïðåòèðóåòñÿ êàê ïîòîê ïðîöåññà, ïðîòåêàþùåãî â îäíîìåðíîé
ñðåäå 0 ≤ x ≤ l âî âñå ìîìåíòû âðåìåíè t îò íà÷àëüíîãî t = 0
äî ðàñ÷åòíîãî t = T . Åñëè èçâåñòåí ïîòîê Π(0, t) = f(t) â òî÷êå
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x = 0 äëÿ ëþáîãî ìîìåíòà âðåìåíè t ∈ [0, T ], òî óðàâíåíèå (1)
ïðåäñòàâèìî â âèäå [1, ñ. 262]:

buxt + aux =
∂

∂t

x∫
0

u(ξ, t)dξ + f(t). (2)

Ëîêàëüíûå è íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ óðàâíåíèé âèäà
(2) áûëè ðàññìîòðåíû â ðàáîòàõ [4-6].

Â ðàáîòàõ [7,8] ðàññìîòðåíû ìàòåìàòè÷åñêèå ìîäåëè íàãðóæåí-
íîãî óðàâíåíèÿ ñìåøàííîãî ãèïåðáîëî-ïàðàáîëè÷åñêîãî òèïà êàê ñ
õàðàêòåðèñòè÷åñêèì, òàê è ñ íåõàðàêòåðèñòè÷åñêèì èçìåíåíèåì òè-
ïà, èññëåäîâàíà ñìåøàííàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ïëîñêîé
âîëíû â ïðÿìîóãîëüíîé ïëîñêîñòè. Äëÿ ïðåäëîæåííûõ â êà÷åñòâå
ìîäåëåé óðàâíåíèé ñìåøàííîãî áûëè èññëåäîâàíû êðàåâûå çàäà÷è,
âûïèñàíû ðåøåíèÿ çàäà÷ â ÿâíîì âèäå.

Â äàííîé ðàáîòå äëÿ óðàâíåíèÿ (2), âçÿòîãî â êà÷åñòâå ìàòåìà-
òè÷åñêîé ìîäåëè óðàâíåíèÿ Àëëåðà, èññëåäóåòñÿ êðàåâàÿ çàäà÷à.
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Â îáëàñòè Ω = {(x, y) : −∞ < x < ∞, 0 < y < T} ðàññìîòðèì
óðàâíåíèå

Bxu(x, y)−D α
0yu(x, y) = 0, (1)

ãäå Bx = ∂2

∂x2 + b
x

∂
∂x

� îïåðàòîð Áåññåëÿ, |b| < 1; D α
0y � îïåðàòîð

äðîáíîãî äèôôåðåíöèðîâàíèÿ â ñìûñëå Ðèìàíà-Ëèóâèëëÿ ïîðÿäêà
0 < α 6 1 [1, c. 9], [2, ñ. 14].

Ïóñòü Ω+ = Ω ∩ {x > 0}, Ω− = Ω ∩ {x < 0}, Ω̄ � çàìûêàíèå
îáëàñòè Ω.

Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â îáëàñòè Ω áóäåì íàçû-
âàòü ôóíêöèþ u = u(x, y), óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) â îá-
ëàñòè Ω+ ∪ Ω−, è òàêóþ, ÷òî y 1−αu ∈ C(Ω̄), |x|bux ∈ C(Ω), uxx,
D α

0yu ∈ C(Ω+ ∪ Ω−).
Çàäà÷à 1. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå óðàâíåíèÿ

(1), óäîâëåòâîðÿþùåå óñëîâèþ

lim
y→0

D α−1
0y u(x, y) = φ(x), −∞ < x <∞,

ãäå φ(x) � çàäàííàÿ ôóíêöèÿ.
Îáîçíà÷èì ÷åðåç β = (1− b)/2,

Γα, β(x, ξ, y) = Aα
y g(x, ξ, y),

g(x, ξ, y) =
xβξ β

4y
e−

x2+ξ2

4y

[
Iβ

(
xξ

2y

)
+ I−β

(
xξ

2y

)]
,
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ãäå Aα
y � èíòåãðàëüíîå ïðåîáðàçîâàíèå ñ ôóíêöèåé Ðàéòà â ÿäðå,

äåéñòâóþùåå ïî ïåðåìåííîé y [2, ñ. 72], Iν(z) � ìîäèôèöèðîâàííàÿ
ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà ïîðÿäêà ν [3, ñ. 122].

Èìåþò ìåñòî ñëåäóþùèå òåîðåìû.
Òåîðåìà 1. Ïóñòü φ(x) ∈ C(−∞,∞) è âûïîëíÿåòñÿ óñëîâèå

lim
|x|→∞

φ(x) exp
(
−ρ |x|

2
2−α

)
= 0, ρ < (2− α) 2− 2

2−α (α /T )
α

2−α .

Òîãäà ôóíêöèÿ

u(x, y) =

∞∫
−∞

|ξ| 1−2β Γα, β(x, ξ, y)φ(ξ) dξ

ÿâëÿåòñÿ ðåãóëÿðíûì ðåøåíèåì çàäà÷è 1.
Òåîðåìà 2. Ðåøåíèå çàäà÷è 1 åäèíñòâåííî â êëàññå ôóíêöèé,

óäîâëåòâîðÿþùèõ ïðè íåêîòîðîì ïîëîæèòåëüíîì k óñëîâèþ

lim
|x|→∞

y 1−α u(x, y) exp
(
− k |x|

2
2−α

)
= 0, (2)

ïðè÷åì ñõîäèìîñòü â (2) ÿâëÿåòñÿ ðàâíîìåðíîé íà ìíîæåñòâå
{y ∈ (0, T )}.
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Ïóñòü êîíå÷íàÿ îáëàñòü D íà ïëîñêîñòè C îãðàíè÷åíà ñîñòàâ-
íûì ãëàäêèì êîíòóðîì Γ = Γ1∪. . .∪Γm. Â ýòîé îáëàñòè ðàññìîòðèì
ýëëèïòè÷åñêóþ ñèñòåìó

A1
∂U

∂x
+ A2

∂U

∂y
+ A0U = F, (1)

ãäå ìàòðèöû A1, A2 ∈ R2l×2l îáðàòèìû è êîðíè õàðàêòåðèñòè÷åñêî-
ãî óðàâíåíèÿ det(A1+zA2) íå ëåæàò íà âåùåñòâåííîé îñè. Ìàòðèöà
A0 è âåêòîð F = (F1, . . . , F2l) â ïðàâîé ÷àñòè ïðèíàäëåæàò êëàññó
Cµ(D), 0 < µ < 1, à ðåøåíèå U èùåòñÿ â êëàññå C1,µ(D). Èç óñëîâèÿ
ýëëèïòè÷íîñòè ñëåäóåò ñóùåñòâîâàíèå òàêèõ ïðÿìîóãîëüíîé ìàò-
ðèöû B ∈ C2l×l è îáðàòèìîé ìàòðèöû J ∈ C l×l, ÷òî A1B+A2BJ = 0
è ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû J ñîâïàäàþò ñ êîðíÿìè õàðàêòå-
ðèñòè÷åñêîãî óðàâíåíèÿ â âåðõíåé ïîëóïëîñêîñòè.

Äëÿ ñèñòåìû (1) ðàññìîòðèì êðàåâóþ çàäà÷ó

GU
∣∣
Γ
= f, (2)

ãäå ïðÿìîóãîëüíàÿ (l× 2l)− ìàòðèöà G ïðèíàäëåæèò C1,ν(Γ), µ <
< ν < 1, è âåêòîð f = (f1, . . . , fl) ∈ C1,µ(Γ).

Â äàííîé ðàáîòå ïîêàçàíî, ÷òî â ïðåäïîëîæåíèè îáðàòèìîñòè
l× l− ìàòðèöû GB çàäà÷à (1), (2) ôðåäãîëüìîâà è åå èíäåêñ äàåòñÿ
ôîðìóëîé æ = −2Ind(GB) + l(2 − m), ãäå m åñòü ÷èñëî ñâÿçíûõ
êîìïîíåíò êîíòóðà Γ è èíäåêñ Êîøè Ind îïðåäåëÿåòñÿ ïî îòíîøå-
íèþ ê îðèåíòàöèè ýòîãî êîíòóðà, îñòàâëÿþùåé îáëàñòü D ñëåâà.
Ôðåäãîëüìîâîñòü è èíäåêñ çàäà÷è ïîíèìàþòñÿ ïî îòíîøåíèþ ê ñî-
îòâåòñòâóþùåìó îïåðàòîðó C1,µ(D) → Cµ(D)× C1,µ(Γ).
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Ïîä àêòèâíîé áàçîé äàííûõ ïîíèìàþò ñîâîêóïíîñòü õðàíèìûõ
â íåé äàííûõ è ïðàâèë, çàäàþùèõ âû÷èñëåíèÿ íàä ýòèìè äàííûìè.
Ñàìè âû÷èñëåíèÿ àêòèâèðóþòñÿ ñèñòåìîé óïðàâëåíèÿ áàçàìè äàí-
íûõ, èñïîëüçóþùåé äëÿ ýòîãî õðàíèìûå ïðàâèëà. Îñíîâíàÿ ïðî-
áëåìà ñèñòåìû óïðàâëåíèÿ àêòèâíûìè áàçàìè äàííûõ � ïîñòðîå-
íèå ýôôåêòèâíîãî ìåõàíèçìà ðåàêöèè íà âîçíèêàþùèå â ñèñòåìå
ñîáûòèÿ. Â äîêëàäå áóäåò ïðåäñòàâëåíû ìåòîäîëîãè÷åñêèå îñíîâû
ïîäõîäà ê ïîñòðîåíèþ ñèñòåìû îðãàíèçàöèè è ôóíêöèîíèðîâàíèÿ
àêòèâíûõ áàç äàííûõ, áàçèðóþùèõñÿ íà îäíîé èåðàðõè÷åñêîé ìî-
äåëè [1].

Ôîðìàëüíîå îïèñàíèå áàçèðóåì íà ÿçûêå òåîðèè êàòåãîðèé. Äëÿ
ýòîãî îïðåäåëÿåì êàòåãîðèþ ïóòåé CP, ñîäåðæàùóþ: êëàññ îáú-
åêòîâ O = {v1, v2, . . . , vi, . . . }; ìíîæåñòâî ìîðôèçìîâ M(vi, vj) =
⟨vi, vi1 , . . . vj⟩ äëÿ ëþáûõ vi, vj ∈ O ñî ñâîéñòâîì |M(vi, vj)| = 1;
êîìïîçèöèþ ìîðôèçìîâ (◦), îïðåäåëÿåìóþ ïðàâèëîì êîíêàòåíàöèè
ïîñëåäîâàòåëüíîñòåé; åäèíè÷íûå ìîðôèçìû 1v = ⟨v⟩ äëÿ v ∈ O.

Â [1] ïîêàçàíî, ÷òî õàðàêòåðèçóþùèå ìîðôèçìû χvt =M(vR, vt)
(òåðìèíàëüíûå ïóòè), ãäå vR � ôèêñèðîâàííûé îáúåêò, à vt � òåð-
ìèíàëüíûé îáúåêò, ÿâëÿþòñÿ îáðàçóþùèìè äëÿ êàòåãîðèè CP. Ïî-
íÿòèå âû÷èñëèìîñòè â CP áóäåì áàçèðîâàòü íà èñïîëüçîâàíèè äå-
êàðòîâî çàìêíóòîé êàòåãîðèè.

Ñëåäóÿ [2], äåêàðòîâî çàìêíóòîé êàòåãîðèåé ÿâëÿåòñÿ êàòåãî-
ðèÿ, â êîòîðîé äëÿ ëþáûõ îáúåêòîâ a è b ñóùåñòâóåò îáúåêò ba, íà-
çûâàåìûé ýêñïîíåíöèàëîì, è ìîðôèçì çíà÷åíèÿ ev : ba×a→ b, íà-
çûâàåìûé ïðèìåíåíèåì, òàêèå, ÷òî ëþáîãî îáúåêòà c è ëþáîãî ìîð-
ôèçìà g : c × a → b ñóùåñòâóåò åäèíñòâåííûé ìîðôèçì ĝ : c → ba,
íàçûâàåìûé êàððèíãîì g, äëÿ êîòîðîãî ev ◦ (ĝ × 1a) = g (ïðîèç-
âåäåíèå îáúåêòîâ è ìîðôèçìîâ êàòåãîðèè îïðåäåëÿåòñÿ èçâåñòíûì
îáðàçîì).

Âàæíûì ñâîéñòâîì äåêàðòîâî çàìêíóòûõ êàòåãîðèé ÿâëÿåòñÿ
âîçìîæíîñòü èõ îïèñàíèÿ òîëüêî â âèäå ðàâåíñòâ, ÷òî, â ñâîþ î÷å-
ðåäü, ïîçâîëÿåò èñïîëüçîâàòü èõ äëÿ îïðåäåëåíèÿ ïðàâèë ïåðåïè-
ñûâàíèÿ äëÿ ðåäóêöèè âûðàæåíèé â òåðìèíàõ êàòåãîðèéíîé êîì-
áèíàòîðíîé ëîãèêè ïî àíàëîãèè ñ êëàññè÷åñêîé ëîãèêîé.

Óòâåðæäåíèå. Êàòåãîðèÿ CP ÿâëÿåòñÿ äåêàðòîâî çàìêíó-
òîé.

Ïðè ýòîì â CP ýêñïîíåíöèàëîì ÿâëÿåòñÿ ôèêñèðîâàííûé îáúåêò
vR, ïðèìåíåíèå ev : vR × a→ b ñîâïàäàåò ñ õàðàêòåðèçóþùèì ìîð-
ôèçìîì χb = M(vR, b), ò.ê. vR × a = vR äëÿ ëþáûõ a, è ñëåäóþùàÿ
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äèàãðàììà ÿâëÿåòñÿ êîììóòàòèâíîé:

vR

χb
��?

??
??

??
? c× a

ĝ×1aoo_ _ _ _ _ _

g
}}zz
zz
zz
zz
z

b

Ìîäåëü àêòèâíîé áàçû äàííûõ áóäåì áàçèðîâàòü íà ïîíÿòèÿõ
äåêðòîâî çàìêíóòîé êàòåãîðèè è àáñòðàêòíûõ òèïîâ äàííûõ.

Àáñòðàêòíûé òèï äàííûõ (ÀÒÄ) � ýòî òðîéêà

A = ⟨N,Σ, E⟩ ,

ãäå N � èìÿ àáñòðàêòíîãî òèïà äàííûõ, Σ = ⟨S,O⟩ � ñèãíàòóðà
òèïà (ìíîæåñòâà èìåí òèïîâ è èìåí îïåðàöèé), E = {e1, . . . , em} �-
ìíîæåñòâî ðàâåíñòâ (îïðåäåëÿþùèõ ñîîòíîøåíèé) ei âèäà Li = Ri

äëÿ i = 1, . . . ,m.
Ðåàëèçàöèÿ I (A) àáñòðàêòíîãî òèïà äàííûõ A íàçûâàåòñÿ èíè-

öèàëüíîé, åñëè äëÿ ëþáîé äðóãîé åãî ðåàëèçàöèè A ñóùåñòâóåò
åäèíñòâåííûé ãîìîìîðôèçì j : I (A) → A. Ýëåìåíòû èíèöèàëüíîé
ðåàëèçàöèè � àëãåáðû � ïðåäñòàâëÿþò ñîáîé êëàññû ýêâèâàëåíòíûõ
òåðìîâ, ðàâåíñòâî êîòîðûõ ñëåäóåò èç ñèñòåìû îïðåäåëÿþùèõ ñî-
îòíîøåíèé. Âû÷èñëåíèå çíà÷åíèÿ òåðìà â èíèöèàëüíîé ìîäåëè �
íàõîæäåíèå êàíîíè÷åñêîãî òåðìà, ýêâèâàëåíòíîãî èñõîäíîìó òåð-
ìó. Òåîðåòè÷åñêóþ îñíîâó èíèöèàëüíîé ðåàëèçàöèè ÀÒÄ ñîñòàâëÿ-
þò àëãåáðàè÷åñêèå òèïû äàíííûõ [3].

Àëãåáðàè÷åñêèé òèï äàííûõ åñòü ðàçìå÷åííîå îáúåäèíåíèå äå-
êàðòîâûõ ïðîèçâåäåíèé ìíîæåñòâ (èëè ðàçìå÷åííàÿ ñóììà ïðÿìûõ
ïðîèçâåäåíèé ìíîæåñòâ):

⊔
i∈I

Ai = {(x, i) | x ∈ Ai} , ãäå Ai = Ai1 × Ai2 × · · · × Ain

Äåêàðòîâî ïðîèçâåäåíèå, ðàçìå÷åííîå îáúåäèíåíèå è ïîíÿòèÿ
òåîðèè òèïîâ � îñíîâà ñèíòàêñè÷åñêè-îðèåíòèðîâàííîãî ïðîåêòè-
ðîâàíèÿ òèïîâ [4], âêëþ÷àþùåå ýëåìåíòû: êîíñòðóêòîðû (construc-
tors) � ôóíêöèè, ñîçäàþùèå äåêàðòîâû ïðîèçâåäåíèÿ èç ñîñòàâà
ÀÒÄ; ñåëåêòîðû (selectors) � ôóíêöèè äëÿ ïîëó÷åíèÿ çíà÷åíèé èç
äåêàðòîâûõ ïðîèçâåäåíèé; ÷àñòè (parts) � îòäåëüíûå ìíîæåñòâà
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ðàçìå÷åííîãî îáúåäèíåíèÿ; ïðåäèêàòû (predicates) � ôóíêöèè, ïîç-
âîëÿþùèå èäåíòèôèöèðîâàòü ïðèíàäëåæíîñòü çàäàííîãî çíà÷åíèÿ
êîíêðåòíîìó ìíîæåñòâó èç ñîñòàâà ðàçìå÷åííîãî îáúåäèíåíèÿ.

Ðàñøèðÿÿ ìåòîä ñèíòàêñè÷åñêè îðèåíòèðîâàííîãî ïðîåêòèðîâà-
íèÿ ñïåöèôèêàöèåé âû÷èñëåíèé � ðàâåíñòâ (model), îñíîâàííûõ íà
ïîíÿòèÿõ äåêàðòîâî çàìêíóòûõ êàòåãîðèé, ïðèõîäèì ê ñëåäóþùìó
èíôîðìàöèîííîìó ïðåäñòàâëåíèþ ìîäåëè àêòèâíîé áàçû äàííûõ
èåðàðõè÷åñêîé ñòðóêòóðû:

ÀÒÄ A

predicateA∗
1

sss
sss

sss

sss
sss

sss
predicateA∗

i predicateA∗
N

LLL
LLL

LLL

LLL
LLL

LLL

model SYSTEM

part A∗
1 · · · part A∗

i

selector Y1
��
��
��
�

��
��
��
� selector Ym

::
::

::
:

::
::

::
:

· · · part A∗
N

y1 · · · ym

ãäå A∗
i = {(x, i) | x ∈ Ai}, i = 1, . . . , N .
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Â ðàáîòàõ [1, 2] ðàññìîòðåíà çàäà÷à èäåíòèôèêàöèè èíòåíñèâíî-
ñòè èñòî÷íèêà çàãðÿçíåíèÿ àòìîñôåðû g(t) ïðè èçâåñòíûõ êîýôôè-
öèåíòàõ ÷óâñòâèòåëüíîñòè è çàìåðàõ êîíöåíòðàöèè cji, j = 1, . . . , J ,
i = 1, . . . , N . Çàäà÷à èäåíòèôèêàöèè ñ ïîìîùüþ òåîðåìû Äþàìåëÿ
ñâîäèëàñü ê ðåøåíèþ ïðèáëèæåííîé ÑËÀÓ

Ah · g = fδ, ||Ah − A|| ≤ h, ||fδ − f || ≤ δ, (1)

ãäå Ah ∈ RN ·J×N � ìàòðèöà èìïóëüñíûõ êîýôôèöèåíòîâ ÷óâñòâè-
òåëüíîñòè, fδ ∈ RN ·J � âåêòîð, çàâèñÿùèé îò çàìåðîâ êîíöåíòðà-
öèè, g ∈ RN � âåêòîð èíòåíñèâíîñòåé, J � ÷èñëî äàò÷èêîâ, N �
÷èñëî øàãîâ ïî âðåìåíè, h è δ � ïîãðåøíîñòè ìàòðèöû è ïðàâîé
÷àñòè.

Ïîãðåøíîñòè èñõîäíûõ äàííûõ h, δ ïðèâîäÿò ê ïðàêòè÷åñêîé
íåñîâìåñòíîñòè ñèñòåìû (1). Ðåøåíèå ñèñòåìû áóäåì íàõîäèòü â
îáîáùåííîì ñìûñëå � â âèäå ïñåâäîðåøåíèÿ.

Çàäà÷à (1) íåêîððåêòíà ïî Àäàìàðó (ðåøåíèå íåóñòîé÷èâî ê ïî-
ãðåøíîñòÿì èñõîäíûõ äàííûõ), ÷òî ïðèâîäèò ê íåîáõîäèìîñòè èñ-
ïîëüçîâàòü ìåòîä ðåãóëÿðèçàöèè [3]. Ðåøåíèå ñèñòåìû (1) áóäåì
èñêàòü â âèäå ðåãóëÿðèçèðîâàííîãî ïî À.Í. Òèõîíîâó ïñåâäîðåøå-
íèÿ (

AT
h · Ah + α · E

)
· g(α) = Ah · fδ, (2)

ãäå g(α) � ðåãóëÿðèçèðîâàííîå ðåøåíèå, E � åäèíè÷íàÿ ìàòðèöà.
Èñïîëüçîâàíèå ðàñøèðåííûõ ñèñòåì (ÐÍÑ) [4,5] ïîçâîëÿåò ñîâ-

ìåñòíî ñ ðåøåíèåì íàõîäèòü íåâÿçêó. Çàïèøåì ñèñòåìó (1) â âèäå

Ah · g + r = fδ, (3)
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ãäå r = fδ − Ah · g � âåêòîð íåâÿçêè.
Åñëè ðåøåíèå g è íåâÿçêà r èùóòñÿ îäíîâðåìåííî, òî ñèñòåìà (3)

áóäåò íåäîîïðåäåëåííîé. Äëÿ åäèíñòâåííîñòè ðåøåíèÿ ñèñòåìà (3)
äîïîëíÿåòñÿ íîðìàëüíîé ñèñòåìîé

AT
h · Ah · g = AT

h · fδ. (4)

Ñèñòåìû (3) è (4) îáðàçóþò ðàñøèðåííóþ íîðìàëüíóþ ñèñòåìó

Rω · x = b, Rω =

(
ω · E Ah

AT
h O

)
, x =

(
ω−1 · r̂
ĝ

)
, d =

(
fδ
0

)
, (5)

ãäå r̂ � îöåíêà âåêòîðà íåâÿçêè, ĝ � îöåíêà ðåøåíèÿ g ñèñòåìû (1),
ω � ñêàëÿðíûé ìàñøòàáèðóþùèé ïàðàìåòð, O � íóëåâàÿ ìàòðèöà.

Âûïîëíèì ðåãóëÿðèçàöèþ ðàñøèðåííîé íîðìàëüíîé ñèñòåìû (5).
Äëÿ ýòîãî ïðèìåíèì ìåòîä ðåãóëÿðèçàöèè À.Í. Òèõîíîâà

Tω,α · x(α) = Rω · d, Tω,α =
(
R2

ω + α · E
)
, E ∈ R(m+N)×(m+N). (6)

Ãàóññîâà ñèììåòðèçàöèÿ ïðèâîäèò ê óõóäøåíèþ ÷èñëà îáóñëîâ-
ëåííîñòè cond(Tω,α) = cond2(Rω). Ó÷èòûâàÿ ñèììåòðè÷íîñòü ìàò-
ðèöû Rω, ïðèìåíèì ê (5) ìåòîä ìíèìîãî ñäâèãà ñïåêòðà Ôàäååâîé

Fω,α ·
(
x(α)
y

)
=

(
d
0

)
, Fω,α =

(
Rω −

√
α · E√

α · E Rω

)
. (7)

Ñóùåñòâóåò äâà ïóòè âûáîðà ðåãóëÿðèçèðóþùåãî ïàðàìåòðà α:
àïðèîðíûé è àïîñòåðèîðíûé [6]. Àïðèîðíûé âûáîð ãàðàíòèðóåò
ëèøü àññèìïòîòè÷åñêóþ ñõîäèìîñòü ê òî÷íîìó ðåøåíèþ g(α) →

h,δ→0
g∗.

Â ñëó÷àå êîíå÷íûõ ôèêñèðîâàííûõ ïîãðåøíîñòåé h è δ, ïàðàìåòð
α âûáèðàåòñÿ àïîñòåðèîðíî ïî ïðèíöèïó îáîáùåííîé íåâÿçêè:

αapost − êîðåíü óðàâíåíèÿ φω(α)− ψω(α) = 0,

ãäå (äëÿ ÐÍÑ) φω(α) =
√

∥f − A · g(α)− r∥2 + ∥ω−1 · AT · r∥2,

ψω(α) = δ +
√
2 · h ·

√
∥g(α)∥2 + ∥ω−1 · r∥2.

Äëÿ îöåíêè êà÷åñòâà âûáîðà α êîíêðåòíûì ìåòîäîì èñïîëüçóåì
êîýôôèöèåíò ýôôåêòèâíîñòè ηeff (αmeth) ∈ [0; 1]

ηeff (αmeth) = ∥g(αbest)− ḡ∥ / ∥g(αmeth)− ḡ∥ ,
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ãäå αbest = argmin
α

∥g(α)− ḡ∥ � ëó÷øåå α, ḡ � òî÷íîå ðåøåíèå.

Àïîñòåðèîðíûé âûáîð α íîñèò èòåðàöèîííûé õàðàêòåð: íóæ-
íî ìíîãîêðàòíî ðåøàòü ðåãóëÿðèçèðîâàííóþ ÐÍÑ. Ðåøåíèå çàäà÷è
ìîæíî óñêîðèòü, åñëè âûïîëíèòü ñèíãóëÿðíîå ðàçëîæåíèå (SVD) [7]

A = U · S · V T ,

ãäå U, V � óíèòàðíûå ìàòðèöû, S = diag(σ1, σ2, . . . , σN) � äèàãî-
íàëüíàÿ ìàòðèöà ñèíãóëÿðíûõ ÷èñåë σ1 ≥ σ2 ≥ . . . ≥ σN ≥ 0.

Õîòÿ, ïðîöåäóðà ñèíãóëÿðíîãî ðàçëîæåíèÿ ÿâëÿåòñÿ òðóäîåìêîé
çàäà÷åé, îíî âûïîëíÿåòñÿ îäèí ðàç. Ïðèìåíÿÿ SVD ðàçëîæåíèå,
ïîëó÷èì ñèñòåìû (5) è (6),(7), èìåþùèå 3 è 5 íåíóëåâûõ äèàãîíàëåé
è ðàñïàäàþùèåñÿ íà íåçàâèñèìûå ïîäñèñòåìû ïîðÿäêà 2 è 5, ÷òî
äåëàåò èõ ðåøåíèå ýëåìåíòàðíûì.

Ïðîâåäåí ðÿä âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ. Ïîëó÷åíû óñòîé-
÷èâûå ðåøåíèÿ (îöåíêè èíòåíñèâíîñòè) ïðè íàëè÷èè ïîãðåøíîñòåé
â îïåðàòîðå (ìàòðèöå ñèñòåìû). Ïðîèçâåäåí àíàëèç ðåøåíèé, ïîëó-
÷åííûõ ìåòîäîì ðåãóëÿðèçàöèè íà îñíîâå ÐÍÑ ñ èñïîëüçîâàíèåì
SVD ðàçëîæåíèÿ. Ïðîèçâåäåíî ñðàâíåíèå àïðèîðíîãî è àïîñòåðèîð-
íîãî ñïîñîáîâ âûáîðà ïàðàìåòðà ðåãóëÿðèçàöèè. Äëÿ àïðèîðíîãî
âûáîðà α êîýôôèöèåíò ηeff ≤ 0, 5, äëÿ àïîñòåðèîðíîãî � ηeff ≤ 0, 8.
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D-ÀÍÀËÈÇÅ
c⃝ ×óðèêîâ Â.À.
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Ðàññìîòðèì óðàâíåíèå òåïëîïðîâîäíîñòè ñ äðîáíûìè ïðîèçâîä-
íûìè ðàöèîíàëüíîãî ïîðÿäêà â ïðîñòðàíñòâå äðîáíîé ðàçìåðíîñòè
p/q ïî êîîðäèíàòå x

∂

∂t
f(t, x) = Kτp/q

∂p/q

∂xp/q
∂p/q

∂xp/q
f(t, x). (1)

Çäåñü ∂
∂t

è ∂p/q

∂xp/q
∂p/q

∂xp/q � îïåðàòîðû äèôôåðåíöèðîâàíèÿ ïî âðåìå-
íè t ïåðâîãî ïîðÿäêà è ïî ïðîñòðàíñòâåííîé êîîðäèíàòå x ñòåïåíè
2 ïîðÿäêà p/q (p, q ∈ N); äðîáü p/q íåñîêðàòèìà è p>1; îïåðà-
òîð ïîíèìàåòñÿ êàê d -îïåðàòîð � îïåðàòîð äðîáíîãî èíòåãðîäèô-
ôåðåíöèðîâàíèÿ [1]; K � êîýôôèöèåíò òåïëîïðîâîäíîñòè âåùåñòâà
â ïðîñòðàíñòâå ðàçìåðíîñòè p/q (K=const); τp/q(x) � òîïîëîãè÷å-
ñêèé êîýôôèöèåíò (0 6 τp/q 6 1) â ïðîñòðàíñòâå äðîáíîé ðàçìåðíî-
ñòè p/q îïðåäåëÿåìûé òîïîëîãè÷åñêèìè ñâîéñòâàìè ïðîñòðàíñòâà
è ïðîõîäÿùåãî â í�eì ôèçè÷åñêîãî ïðîöåññà. Äàëåå ïðåäïîëàãàåì,
÷òî τp/q = const.

Ðåøàÿ óðàâíåíèå c ðàçäåëåíèåì ïåðåìåííûõ, ïðåäñòàâèì
f(t, x) = T (t)X(x). Òîãäà óðàâíåíèå ëåãêî ïðåîáðàçîâàòü

1

Kτp/q

1

T (t)

∂

∂t
T (t) =

1

X(x)

∂p/q

∂xp/q
∂p/q

∂xp/q
X(x) = −λ.

Çäåñü λ � íåèçâåñòíàÿ êîíñòàíòà, íå èìåþùàÿ ôèçè÷åñêîé ðàç-
ìåðíîñòè.

Ïîëó÷èì óðàâíåíèå äëÿ T (t): ∂
∂t
T (t) = −λKτp/qT (t).

Ðåøåíèå äëÿ T (t) áóäåò: T (t) = T0 exp(−λKτp/qt),
ãäå T0 = const � íà÷àëüíàÿ òåìïåðàòóðà.
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Óðàâíåíèå äëÿ X (t) áóäåò: ∂p/q

∂xp/q
∂p/q

∂xp/qX(x) − λX(x) = 0, êîòîðîå
èìååò íåñêîëüêî îáùèõ ðåøåíèé, êîòîðûå ðàçëè÷àþòñÿ èíäåêñàìè
k1, k2, l1, l2

X l1l2
p/q:k1k2

(x) = C̃1 expp/q(r1: p/q{k1}α
{l1}
p/q x)+

+C̃2 expp/q(r2: p/q{k2}α
{l2}
p/q x),

ãäå èíäåêñû ïðîáåãàþò çíà÷åíèÿ k1, k2, l1, l2 = 0, 1, 2, ..., p− 1; C̃1, C̃2

� êîíñòàíòû èíòåãðèðîâàíèÿ; êîíñòàíòû r1: p/q{k1} è r2: p/q{k2} ÿâëÿ-

þòñÿ ðåøåíèÿìè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (rp/q)2 − λ = 0 è

ðàâíû: r1: p/q{k1} =
√
λp/q è r2: p/q{k2} = −

√
λp/q; α

{l}
p/q � êîðíè èíâà-

ðèàíòíîñòè ïîðÿäêà p/q, óäîâëåòâîðÿþò óðàâíåíèþ èíâàðèàíò-

íîñòè: (α
{l}
p/q)

p/q = 1, ðåøåíèÿ êîòîðîãî α
{l}
p/q = 1q/p = exp(i2πlq/p);

exp
{l}
p/q(rx) � ýêñïîíåíòû ðàöèîíàëüíûõ ïîðÿäêîâ p/q, êîòîðûõ áóäåò

1 < p <∞ (ýêñïîíåíöèàëüíîå âûðîæäåíèå).

exp
{l}
p/q(rx) =

∞∑
n=1

(α
{l}
p/qrx)

−1+np/q

Γ(np/q)
; r ∈ C; r = const .

Çäåñü Γ(·) � ãàììà-ôóíêöèÿ Ýéëåðà.
Îáùèå ðåøåíèÿ óðàâíåíèÿ (1) f l1l2

p/q:k1k2
(t, x) çàïèøåì, îáîçíà÷èâ

êîíñòàíòû C1 = T0C̃1, C2 = T0C̃2

f l1l2
p/q:k1k2

(t, x) = T0 exp(−λKτp/qt)X l1l2
p/q:k1k2

(x) =

= exp(−λKτp/qt)[C1 expp/q(r1: p/q{k1}α
{l1}
p/q x)+ (2)

+C2 expp/q(r2: p/q{k2}α
{l2}
p/q x)].

Âñåãî îáùèõ ðåøåíèé áóäåò p4, ïî ÷èñëó âîçìîæíûõ ñî÷åòàíèé
êîíñòàíò è ýêñïîíåíò â äâóõ ñëàãàåìûõ. Ñðåäè îáùèõ ðåøåíèé ìîæ-
íî âûäåëèòü ðàçíûå òèïû ðåøåíèé.

Ãëàâíîå îáùåå ðåøåíèå, êîãäà âñå èíäåêñû ðàâíû íóëþ l1 = l2 =
= k1 = k2 = 0, êîòîðîå ÿâëÿåòñÿ âåùåñòâåííûì.

Äèàãîíàëüíûå îáùèå ðåøåíèÿ, ýòî ðåøåíèÿ ó êîòîðûõ âñå èí-
äåêñû ðàâíû ìåæäó ñîáîé l1 = l2 = k1 = k2 = 0, 1, 2, ..., p− 1. Âñåãî
áóäåò p äèàãîíàëüíûõ îáùèõ ðåøåíèé, ïåðâîå èç êîòîðûõ áóäåò
ãëàâíûì îáùèì ðåøåíèåì.
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Íåäèàãîíàëüíûå îáùèå ðåøåíèÿ, ýòî ðåøåíèÿ, êîòîðûå íå ÿâëÿ-
þòñÿ äèàãîíàëüíûìè, êîòîðûõ áóäåò p4 − p.

Äëÿ îáùèõ ðåøåíèé ñïðàâåäëèâû óòâåðæäåíèÿ, êîòîðîå ëåãêî
äîêàçûâàþòñÿ.

Òåîðåìà. Ëþáàÿ ëèíåéíàÿ ñóïåðïîçèöèÿ îáùèõ ðåøåíèé (2)
óðàâíåíèÿ (1) òîæå ÿâëÿåòñÿ îáùèì ðåøåíèåì óðàâíåíèÿ (1).

Òåîðåìà. Ìíîæåñòâî îáùèõ ðåøåíèé (2) îòíîñèòåëüíî îïå-
ðàöèé ñëîæåíèÿ è óìíîæåíèÿ íà ÷èñëî îáðàçóåò ëèíåéíîå ïðî-
ñòðàíñòâî, ðàçìåðíîñòü êîòîðîãî íå áîëüøå ìîùíîñòè ìíîæå-
ñòâà ðåøåíèé.

Ïåðå÷èñëåííûå ðåøåíèÿ âñåãäà îáðàùàþòñÿ â íîëü â òî÷êå x=0,
òàê êàê ýêñïîíåíòû äðîáíûõ ïîðÿäêîâ â äàííîé òî÷êå ðàâíû íóëþ,
åñëè äðîáü p/q (p, q ∈ N) íåñîêðàòèìà è p>1.

Êàêèå èç îáùèõ ðåøåíèé (2), èëè èõ ñóïåðïîçèöèé, îïèñûâàþò
ðåàëüíûå ôèçè÷åñêèå ïðîöåññû, ò. å. ÿâëÿþòñÿ ôèçè÷åñêèìè? Óâå-
ðåííî ìîæíî ñêàçàòü, ÷òî ôèçè÷åñêèìè ÿâëÿþòñÿ ÷àñòíûå ðåøåíèÿ
ïîëó÷åííûå èç ãëàâíîãî îáùåãî ðåøåíèÿ.
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c⃝ Øàãðîâà Ã.Â., Äðîçäîâà Â.È., Ðîìàíåíêî Ì.Ã.,
Ëîéòîðåíêî Å.Í.

Ñåâåðî-Êàâêàçñêèé ôåäåðàëüíûé óíèâåðñèòåò (Ðîññèÿ, Ñòàâðîïîëü)
e-mail: appinform@ncfu.ru

Ìàòåìàòè÷åñêîå è èìèòàöèîííîå ìîäåëèðîâàíèå ñòàëî ýôôåê-
òèâíûì èíñòðóìåíòîì èññëåäîâàíèÿ ñëîæíûõ ìíîãîêîìïîíåíòíûõ
äèñïåðñíûõ ñèñòåì íå òîëüêî áëàãîäàðÿ ðàçâèòèþ àïïàðàòíûõ
ñðåäñòâ âû÷èñëèòåëüíîé òåõíèêè, íî òàêæå áëàãîäàðÿ ðàçðàáîòêå
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íîâûõ àëãîðèòìîâ è ïàêåòîâ ïðèêëàäíûõ ïðîãðàìì, â ÷àñòíîñòè,
êîìïüþòåðíîé ìàòåìàòèêè.

Ìîäåëèðîâàíèå ñòàòè÷åñêèõ è äèíàìè÷åñêèõ ñâîéñòâ äåôîðìè-
ðîâàííûõ êàïåëü îïèðàåòñÿ íà äâà ïîäõîäà. Â îäíîì èç íèõ ôîðìà
êàïåëü, äåôîðìèðîâàííûõ ïîä äåéñòâèåì âíåøíèõ ïîëåé èëè òå÷å-
íèé, ñ÷èòàåòñÿ çàðàíåå íåèçâåñòíîé è îïðåäåëÿåòñÿ â ïðîöåññå ðå-
øåíèÿ çàäà÷è ÷èñëåííûìè ìåòîäàìè [1,2]. Äðóãîé ïîäõîä îñíîâàí
íà ïðåäïîëîæåíèè î òîì, ÷òî â ëþáîé ìîìåíò âðåìåíè ôîðìà äå-
ôîðìèðóåìûõ êàïåëü èçâåñòíà è ìîæåò áûòü ïðåäñòàâëåíà âûòÿíó-
òûì âäîëü ïîëÿ ýëëèïñîèäîì âðàùåíèÿ. Äëÿ âçâåøåííûõ êàïåëü è
ìèêðîêàïåëü ìàãíèòíûõ æèäêîñòåé òàêîå ïðåäïîëîæåíèå îïèðàåò-
ñÿ íà áîëüøîå êîëè÷åñòâî ýêñïåðèìåíòàëüíûõ äàííûõ è ïîçâîëÿåò
äåëàòü óñïåøíûå ïðîãíîçû êàê äëÿ ñòàòè÷åñêèõ, òàê è äëÿ äèíà-
ìè÷åñêèõ çàäà÷. Ïðè èñïîëüçîâàíèè òàêîãî ïîäõîäà ñóùåñòâåííî
óïðîùàþòñÿ ðàñ÷åòû, ÷òî î÷åíü âàæíî ïðè ðåøåíèè ïðàêòè÷åñêèõ
çàäà÷ óïðàâëåíèÿ ìàãíèòîæèäêèìè íàíîñèñòåìàìè â ðåæèìå ðå-
àëüíîãî âðåìåíè. Ìàãíèòíûå æèäêîñòè, ñîäåðæàùèå ìèêðîêàïåëü-
íûå àãðåãàòû [3-4], ïðåäñòàâëÿþò ñîáîé ãåòåðîãåííûå ñèñòåìû, â
êîòîðûõ äèñïåðñíàÿ ôàçà ÿâëÿåòñÿ ìàãíèòíîé æèäêîñòüþ âûñîêîé
êîíöåíòðàöèè, à äèñïåðñèîííàÿ ñðåäà � ñëàáîêîíöåíòðèðîâàííîé
ìàãíèòíîé æèäêîñòüþ.

Â äàííîé ðàáîòå èññëåäîâàíà âîçìîæíîñòü ìîäåëèðîâàíèÿ êîëå-
áàíèé íàìàãíè÷èâàþùèõñÿ ìèêðîêàïåëü ñ ó÷åòîì èõ òåïëîôèçè÷å-
ñêèõ õàðàêòåðèñòèê â ñëàáîì ìàãíèòíîì ïîëå íà îñíîâå ïðåäïîëî-
æåíèé î ëèíåéíîì õàðàêòåðå íàìàãíè÷èâàíèÿ è ýëëèïñîèäàëüíîñòè
ôîðìû ìèêðîêàïåëü.



d2q(t)
dt2 − 2

3 · q(t)2+2
q(t)·(2q(t)2+1)

(
dq(t)
dt

)2
+

+ 45·σ·
4R3(ρ1+

ρ2
2 )

· q(t)3

(2q(t)2+1)·(q(t)2−1)

(
q(t)2−4√
q(t)2−1

arcsin

(√
q(t)2−1

q(t)

)
+ 2

q(t)2
+ 1

)
−

− 45µ0(µi−µe)
2H(t)2(q(t)2−1)

2

2R2(ρ1+
ρ2
2 )(q(t)

−8/3+2q(t)−2/3)
×

×
[(

ln
(
2q(t)2+2q(t)

√
q(t)2−1−1

)
−2

√
1−q(t)−2

)
·(2q(t)2+1)(q(t)2−1)

−3/2−2q(t)−1
]

(
q(t)(µi/µe−1)

(
ln
(
2q(t)2+2q(t)

√
q(t)2−1−1

)
−2

√
1−q(t)−2

)
+2(q(t)2−1)

3/2
)2 +

+ 60·η
(ρ1+

ρ2
2 )·R2

· q(t)2/3

(2q(t)2+1)
· dq(t)

dt = 0.

η(T ) = 4, 841 · exp−0,113(T−273) +0, 063;
σ(T ) = (0, 563 · exp−0,028(T−273) +0, 117) · 10−6;

H(t) = H0 +Ha · sin(2π · f · t+ φ).
(1)
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

dq(t)
dt = Vq(t);

dVq(t)
dt = 2

3 · q(t)2+2

q(t)·(q(t)2+1)
(Vq (t))

2 − 60·η
(ρ1+

ρ2
2 )·R2

· q(t)2/3

(2q(t)2+1)
· Vq (t) -

− 45·σ
4R3(ρ1+

ρ2
2 )

· q(t)3

(2q(t)2+1)·(q(t)2−1)
×

×
(

q(t)2−4√
q(t)2−1

arcsin

(√
q(t)2−1

q(t)

)
+ 2

λq(t)2
+ 1

)
-

− 45µ0(µi−µe)
2H(t)2(q(t)2−1)

2

2R2(ρ1+
ρ2
2 )(q(t)

−8/3+2q(t)−2/3)
×[(

ln
(
2q(t)2+2q(t)

√
q(t)2−1−1

)
−2

√
1−q(t)−2

)
·(2q(t)2+1)(q(t)2−1)

−3/2−2q(t)−1
]

(
q(t)(µi/µe−1)

(
ln
(
2q(t)2+2q(t)

√
q(t)2−1−1

)
−2

√
1−q(t)−2

)
+2(q(t)2−1)

3/2
)2

(2)

Ïåðâîå óðàâíåíèå â ñèñòåìå (1), ïîëó÷åííîå â [5], ñîîòâåòñòâóåò
ðàâíîâåñíîé ôîðìå ìèêðîêàïëè. Îòíîøåíèå ïîëóîñåé ýëëèïñîèäà
âðàùåíèÿ q(t) = a/ba > b õàðàêòåðèçóåò ôîðìóìèêðîêàïëè â ïåðå-
ìåííîì ìàãíèòíîì ïîëå (t). Âíå ïîëÿ ôîðìà ìèêðîêàïåëü ñôåðè-
÷åñêàÿ, ðàäèóñ R. Ìàãíèòíàÿ ïðîíèöàåìîñòü êàïåëü µi, ïëîòíîñòü
ρ1, ïëîòíîñòü îêðóæàþùåé ñðåäû ρ2, ïîâåðõíîñòíîå íàòÿæåíèå íà
ãðàíèöå ðàçäåëà σ, âÿçêîñòü ìèêðîêàïëè η, òåìïåðàòóðà T . Âòîðîå
è òðåòüå óðàâíåíèÿ ñèñòåìû (1) ïîëó÷åíû íà îñíîâå àïïðîêñèìàöèè
ýêñïåðèìåíòàëüíûõ äàííûõ [5].

Äëÿ ÷èñëåííîãî ðåøåíèÿ ñèñòåìû (1) ðàçðàáîòàíà ñèñòåìà êîì-
ïüþòåðíîãî ìîäåëèðîâàíèÿ â ñðåäå Matlab. Äëÿ ýòîãî âûïîëíåíî
ïðåîáðàçîâàíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñèñòåìû (1) ê âè-
äó (2). Ñòðóêòóðíàÿ ñõåìà ðàçðàáîòàííîé ñèñòåìû êîìïüþòåðíîãî
ìîäåëèðîâàíèÿ ïðåäñòàâëåíà íà ðèñóíêå 1. Ñèñòåìà êîìïüþòåðíîãî
ìîäåëèðîâàíèÿ êîëåáàíèé íàìàãíè÷èâàþùèõñÿ êàïåëü ðåàëèçîâàíà
ñðåäñòâàìè ïàêåòà Simulink, îáåñïå÷èâàþùèìè èìèòàöèîííîå áëî÷-
íîå ìîäåëèðîâàíèå ðàçëè÷íûõ ñèñòåì è óñòðîéñòâ ñ ïðèìåíåíè-
åì ñîâðåìåííîé òåõíîëîãèè âèçóàëüíî-îðèåíòèðîâàííîãî ïðîãðàì-
ìèðîâàíèÿ. Îíà ñîäåðæèò òðè ïîäñèñòåìû: Âÿçêîñòü, Ïîâåðõíîñò-
íîå íàòÿæåíèå è Subsystem. Ïîäñèñòåìà ¾Subsystem¿ ïîçâîëÿåò
îïðåäåëÿòü âëèÿíèå ñèë ðàçëè÷íîé ïðèðîäû (èíåðöèîííûõ, âÿçêèõ,
ïîâåðõíîñòíûõ è ìàãíèòíûõ) íà õàðàêòåð êîëåáàíèé.Ïîäñèñòåìû
¾Âÿçêîñòü¿ è ¾Ïîâåðõíîñòíîå íàòÿæåíèå¿ ïî çàâèñèìîñòÿì η (T )
è σ (T ) ïîçâîëÿþò îïðåäåëÿòü çíà÷åíèÿ η è σ ïðè îïðåäåëåííîé
òåìïåðàòóðå.
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Ðèñ. 1. Ñõåìà ñèñòåìû êîìïüþòåðíîãî ìîäåëèðîâàíèÿ.
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c⃝ Øàìñóäèíîâ Ô.Ì.
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e-mail: faizullo100@yahoo.com

Ïóñòü D ïðÿìîóãîëüíèê D = {(x, y) : 0 < x < δ1, 0 < y < δ2}.
Äàëåå îáîçíà÷èì

Γ1 = {y = 0, 0 < x < δ1}, Γ2 = {x = 0, 0 < y < δ2}.

Â îáëàñòè D ðàññìîòðèì ñèñòåìó ñëåäóþùåãî âèäà

rα+β ∂2u

∂x∂y
+ rβa1(x, y)

∂u

∂x
+ rαb1(x, y)

∂u

∂y
+ c1(x, y)u = f1(x, y),

rγ
∂u

∂x
+ a2(x, y)u = f2(x, y),

rδ
∂u

∂y
+ b2(x, y)u = f3(x, y),

(1)
ãäå r2 = x2+y2, aj(x, y), bj(x, y), c1(x, y), fk(x, y), j = 1, 2, k = 1, 3�
çàäàííûå ôóíêöèè îáëàñòè D, α = β = γ = δ = 2.

Ïðîáëåìå èññëåäîâàíèÿ âûðîæäàþùèõñÿ óðàâíåíèé è ïåðåîïðå-
äåëåííûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ñèíãóëÿðíûìè è
ñâåðõñèíãóëÿðíûìè êîýôôèöèåíòàìè ïîñâÿùåíû ðàáîòû [1]�[7].

Ïî ñïîñîáó ðàçðàáîòàííîé â [3] è [4] äëÿ ïåðåîïðåäåëåííîé ñèñòå-
ìû óðàâíåíèé (1) ïîëó÷åíû ïðåäñòàâëåíèÿ ìíîãîîáðàçèÿ ðåøåíèé
ïðè ïîìîùè îäíîé ïðîèçâîëüíîé ïîñòîÿííîé.

Â äàëüíåéøåì îáîçíà÷èì C2(D) � êëàññ ôóíêöèé, êîòîðûå èìå-
þò íåïðåðûâíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà â D è òàêèå, ÷òî
Uxy ∈ C(D).

Ïóñòü âòîðîå óðàâíåíèå ñèñòåìû (1) ÿâëÿåòñÿ èñõîäíûì. Â ýòîì
ñëó÷àå ïîëó÷èì ñëåäóþùåå óòâåðæäåíèå
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Òåîðåìà 1. Ïóñòü â ñèñòåìå óðàâíåíèé (1) êîýôôèöèåíòû è
ïðàâûå ÷àñòè óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

1) a1(x, y), b2(x, y) ∈ C1
x(D), a2(x, y), f2(x, y), f3(x, y ∈ C1

y (D),

b1(x, y), c1(x, y), f1(x, y) ∈ C(D);

2) c2(x, y) = −c1(x, y) + r4 ∂
∂x

(
a1(x,y)

r2

)
+ a1(x, y)b1(x, y);

3) |a2(x, y)− a2(0, 0)| ≤ H1r
δ1 , H1 = const, δ1 > 1,

|a2(0, y)− a2(0, 0)| ≤ H2y
γ1 , H2 = const, γ1 > 1;

4) a2(0, 0) < 0, b2(0, 0) > 0;

5) a) ∂
∂y

(
a2(x,y)

r2

)
= ∂

∂x

(
a1(x,y)

r2

)
= ∂

∂x

(
b2(x,y)

r2

)
â D,

b) a1(x, y)f2(x, y) + r4 ∂
∂y

(
f2(x,y)

r2

)
= f1(x, y) + c1(x, y)u(x.y),

ïðè a2(x, y) = b1(x, y) â D,

c) a2(x, y)f3(x, y) + r4 ∂
∂y

(
f3(x,y)

r2

)
= b2(x, y)f2(x, y)+

+r4 ∂
∂y

(
f2(x,y)

r2

)
â D;

6) f2(x, y) = o(rδ2), δ2 > 1, f2(0, y) = o(yδ3), δ3 > 1.
Òîãäà ëþáîå ðåøåíèå ñèñòåìû óðàâíåíèé (1) èç êëàññà C2(D)

ïðåäñòàâèìî â âèäå

u(x, y) = exp

[
−ω2

a2
(x, y)− a2(0, 0)

y
arctg

x

y

]
×

×
(
ψ1(y) +

∫ x

0

f2(t, y)

t2 + y2
exp

[
ω2
a2
(t, y) +

a2(0, 0)

y
arctg

t

y

]
dt

)
≡

≡ T1(ψ1(y), f2(x, y)), (2)

ãäå
ψ1(y) = exp[−ω2

b2(0, y) + b2(0, 0)w1(y)](
c1 +

∫ y

0

f3(0, s)

s2
exp[ω2

b2(0, s)− b2(0, 0)w1(s)]ds

)
≡ N1(c1, f3(0, y)), (3)

ω2
a2
(x, y) =

∫ x

0

a2(t, y)− a2(0, 0)

t2 + y2
dt, ω2

b2(0, y) =

∫ y

0

b2(0, s)− b2(0, 0)

s2
ds,

w1(y) =
1
y
, c1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Ïðè ýòîì

lim
y→0

{lim
x→0

u(x, y)} = O(exp[b2(0, 0)w1(y)]),

lim
y→0

{exp[−b2(0, 0)w1(y)] lim
x→0

u(x, y)} = c1,
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u(x, y) = O

(
exp[−a2(0, 0)

y
arctg

x

y
]

)
ïðè y → 0 è x ̸= 0.

Çàìå÷àíèå 1. Óòâåðæäåíèå òåîðåìû 1 îñòàåòñÿ â ñèëå ïðè
âûïîëíåíèè óñëîâèé

1) a2(0, 0) > 0, b2(0, 0) < 0;

2) f2(x, y) = o(exp[−a2(0,0)
y

arctg x
y
]rµ1), µ1 > 1,

f3(0, y) = o(exp[b2(0, 0)ω1(y)]y
µ2), µ2 > 1.

Çàìå÷àíèå 2. Ðåøåíèå âèäà (1), (2) ïðè âûïîëíåíèè óñëîâèé
çàìå÷àíèé (1) èìååò ïîâåäåíèå

lim
y→0

{lim
x→0

u(x, y)} = 0,

u(x, y) = 0 ïðè y → 0 è x ̸= 0.

Çàäà÷à A1. Òðåáóåòñÿ íàéòè ðåøåíèå ñèñòåìû óðàâíåíèé (1)
èç êëàññà C2(D) ïî íà÷àëüíîìó óñëîâèþ

lim
y→0

{exp[−b2(0, 0)w1(y)] lim
x→0

u(x, y)} = m1,

ãäå m1 � çàäàííàÿ èçâåñòíàÿ ïîñòîÿííàÿ.
Î ðàçðåøèìîñòè çàäà÷è A1 ïîëó÷åíî ñëåäóþùåå óòâåðæäåíèå
Òåîðåìà 2. Ïóñòü âûïîëíåíû âñå óñëîâèÿ òåîðåìû 1. Òîãäà

åäèíñòâåííîå ðåøåíèå çàäà÷è A1 äàåòñÿ ôîðìóëàìè (2),(3) ïðè
c1 = m1.
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e-mail: shogenovae@inbox.ru

Â îáëàñòè D = {(x, y) : 1 < x < l, 1 < y < r} ðàññìîòðèì
ñòàöèîíàðíîå óðàâíåíèå Áåéëè [1, c. 128]:

(y2 − xy)uxy + ρ(1− y)uy = 0. (1)

Èññëåäóåòñÿ ñëåäóþùàÿ
Çàäà÷à A. Íàéòè ðåøåíèå u = u(x, y) â îáëàñòè D̄\{(x, y) :

y−x = 0} óðàâíåíèÿ (1) èç êëàññà C2(D), óäîâëåòâîðÿþùåå ñëåäó-
þùèì óñëîâèÿì

u(1, y) + β

α∫
1

u(x, y)dx = φ1(y), 1 < y ≤ r,

u(x, 1) = φ2(x), 1 ≤ x ≤ l,

ãäå φ1(y) ∈ C1[1, r], φ2(x) ∈ C[1, l] � çàäàííûå ôóíêöèè, β - const,
1 < α < l.

Îòíîñèòåëüíî îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è A äëÿ óðàâíå-
íèÿ (1) äîêàçàíà ñëåäóþùàÿ
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Òåîðåìà. Ïóñòü

β ̸= (y − 1)ρ
1−y
y (y − ρ(1− y))

y
[
(y − 1)ρ

1−y
y

+1 − (y − α)|y − α|ρ
1−y
y

] ,
òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è A, ïðåäñòàâèìîå
â âèäå

u(x, y) = φ2(x)+

+

y∫
1

φ′
1(t)|t− x|ρ 1−t

t (ρ(1− t) + t)

(ρ(1− t) + t) (t− 1)ρ
1−t
t + βt

[
(t− 1)ρ

1−t
t +1 − (t− α)|t− α|ρ 1−t

t

]dt.
Íåëîêàëüíûì çàäà÷àì ñ èíåãðàëüíûìè óñëîâèÿìè ïîñâÿùåíû

ðàáîòû [2]-[4].
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ÿâëÿåòñÿ àêòóàëüíîé äëÿ áîëüøèíñòâà ñòðàí ìèðà, è Êàáàðäèíî�
Áàëêàðñêàÿ ðåñïóáëèêà íå èñêëþ÷åíèå. Ñåâåðíûé Êàâêàç ïî ñâî-
èì ïðèðîäíûì îñîáåííîñòÿì ÿâëÿåòñÿ çîíîé ðàñïðîñòðàíåíèÿ ýí-
äåìè÷íûõ çàáîëåâàíèé ùèòîâèäíîé æåëåçû.

Ïî äàííûì ìèíèñòåðñòâà çäðàâîîõðàíåíèÿ Êàáàðäèíî�Áàëêàð-
ñêîé ðåñïóáëèêè àíàëèç äèíàìèêè îáùåé çàáîëåâàåìîñòè âçðîñëîãî
íàñåëåíèÿ ÊÁÐ âûÿâèë òåíäåíöèþ ê ðîñòó ïîêàçàòåëåé ñ òåìïîì
ïðèðîñòà â 2010 ã. â 7,7 %. Íàèáîëåå çàìåòíûé ðîñò ïîêàçàòåëåé
ïðîèçîøåë â êëàññå áîëåçíåé ýíäîêðèííîé ñèñòåìû (íà 33,5 %), íî-
âîîáðàçîâàíèé (íà 33,6 %).

�Êëàññè÷åñêèì� çàáîëåâàíèåì ýíäîêðèííîé ñèñòåìû ÿâëÿþòñÿ
çàáîëåâàíèÿ ùèòîâèäíîé æåëåçû. Çà ïîñëåäíèå 5�10 ëåò êîëè÷åñòâî
çàáîëåâàíèé ùèòîâèäíîé æåëåçû â ÊÁÐ ðåçêî óâåëè÷èëîñü, äàæå
íå ñìîòðÿ íà óñïåõè ñîâðåìåííîé ìåäèöèíû.

Ãèïîòèðåîç � íàèáîëåå ðàñïðîñòðàíåííàÿ ôîðìà ôóíêöèîíàëü-
íûõ íàðóøåíèé ùèòîâèäíîé æåëåçû [1]. Ðàñïðîñòðàíåííîñòü ãèïî-
òèðåîçà ñîñòàâëÿåò îêîëî 1%, ñðåäè æåíùèí ðåïðîäóêòèâíîãî âîç-
ðàñòà � 2%, â ïîæèëîì âîçðàñòå âîçðàñòàåò äî 10%.

Íà÷àëî ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ ïîëîæèë Òîìàñ Ðî-
áåðò Ìàëüòóñ åùå â 1798 ãîäó, ðàññìîòðåâ ïðîñòåéøóþ ïîïóëÿöèþ,
îäíîðîäíóþ ïî âñåì ïðèçíàêàì, è ïîëîæèâ ñêîðîñòü åå ðîñòà ïðî-
ïîðöèîíàëüíîé åå òåêóùåé ÷èñëåííîñòè [2]. Ñîãëàñíî ýòîìó ÷èñëåí-
íîñòü òàêîé ïîïóëÿöèè áóäåò íåîãðàíè÷åííî ðàñòè ïî ýêñïîíåíöè-
àëüíîìó çàêîíó:

dN

dt
= rN ⇒ N(t) = N0 exp(rt). (1)

Êà÷åñòâåííûé ïåðåõîä ê ìàòåìàòè÷åñêîìó îïèñàíèþ ïîïóëÿöèè,
ðàñïðåäåëåííûõ ïî êàêîìó � òî áèîëîãè÷åñêîìó ïàðàìåòðó, áûë
ñäåëàí Ï. Ëåñëè, êîòîðûé ñ ïîçèöèè ìàòðè÷íîé àëãåáðû ðàññìîò-
ðåë âîçðàñòíîå ðàñïðåäåëåíèå îñîáåé [3].

Ìîäåëü äèíàìèêè ïîïóëÿöèè, ðàçäåë¼ííîé íà n âîçðàñòíûõ êëàñ-
ñîâ, ñëóæèò ëèíåéíîå ðàçíîñòíîå óðàâíåíèå:

x(t+ 1) = Lx(t), t = 0, 1, 2, ..., (2)

ãäå âåêòîð � ñòîëáåö x(t) = [x1(t), x2(t), ..., xn(t)]
T îïèñûâàåò ñòðóê-

òóðó ïîïóëÿöèè (xj(t) � ÷èñëåííîñòü j-ãî âîçðàñòíîãî êëàññà,
j = 1, . . . , n,> n2), à (n×n) - ìàòðèöà L èìååò âèä:
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L =


b1 b2 · · · bn−1 bn
s1 0

s2
. . . 0
. . .

0 sn−1 0

 (3)

ñ íåîòðèöàòåëüíîé ïåðâîé ñòðîêîé èç êîýôôèöèåíòîâ ðîæäàåìîñòè
bj > 0(j = 1, ..., n) è ïîëîæèòåëüíûìè êîýôôèöèåíòàìè äîæèòèÿ íà
ïåðâîé ïî äèàãîíàëè 0 < si 6 1(i = 1, ..., n− 1).

Óðàâíåíèå (2) ïðîåöèðóåò çàäàííîå íà÷àëüíîå ñîñòîÿíèå ïîïó-
ëÿöèè x(0) â áóäóùåå:

x(t) = Ltx(0), t = 1, 2, ..., (4)

è ïîòîìó ìàòðèöà L íàçûâàåòñÿ ïðîåêöèîííîé ìàòðèöåé [3].
Òàê êàê âåðîÿòíîñòü âîçíèêíîâåíèÿ çàáîëåâàíèÿ ùèòîâèäíîé

æåëåçû â îòäåëüíûõ âîçðàñòíûõ ãðóïïàõ ðàçíàÿ äëÿ ìóæ÷èí è
äëÿ æåíùèí, òî íåîáõîäèìî ó÷èòûâàòü ïîëîâîçðàñòíóþ ñòðóêòóðó
íàñåëåíèÿ, â ýòîì ñëó÷àå àäåêâàòíîé ìîäåëüþ ñëóæèò ìàòðè÷íîå
îïèñàíèå (ìîäåëè Ëåñëè) [4,5].

Ïî âîçðàñòàì äèíàìèêà âåêòîðà âîçðàñòíîé ñòðóêòóðû íàñåëå-
íèÿ îïèñûâàåòñÿ ñ ïîìîùüþ ñëåäóþùåãî ìàòðè÷íîãî ñîîòíîøåíèÿ:

n(t+ 1) = ln(t). (5)

Çäåñü n(t) � âåêòîð, êîìïîíåíòû êîòîðîãî åñòü ÷èñëåííîñòü îò-
äåëüíûõ âîçðàñòíûõ ãðóïï, à L � ìàòðèöà �ïåðåäâèæêè ïî âîçðàñ-
òàì� (ìàòðèöà Ëåñëè):

n(t) =


n0(t)
n1(t)
· · ·
· · ·
nX(t)

 ;L =


F0 F1 · · · FX−1 FX

P0 0 0 0
0 P1 0 0

· · ·
0 0 PX−1 0

 , (6)

ãäå nx(t) - ÷èñëåííîñòü x-é âîçðàñòíîé ãðóïïû (îáû÷íî � âîçðàñòà
îò x äî x + 1 ëåò) â ìîìåíò âðåìåíè t; èíäåêñ ′′0′′ ñîîòâåòñòâóåò
ìëàäøåé, à ′′X ′′ - ñòàðøåé âîçðàñòíûì ãðóïïàì; Px, x = 0, X �
êîýôôèöèåíòû ïåðåäâèæêè [6], ðàâíûå âåðîÿòíîñòè ïåðåõîäà (äî-
æèòèÿ) èç x-é âîçðàñòíîé ãðóïïû â x + 1-þ ãðóïïó ê ñëåäóþùåìó
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ìîìåíòó âðåìåíè (t+1); Fx, x = 0, X � âîçðàñòíûå êîýôôèöèåíòû
ðîæäàåìîñòè, ñêîððåêòèðîâàííûå ñ ó÷åòîì ìëàäåí÷åñêîé ñìåðòíî-
ñòè.

Ïîëó÷åíèå ìàòåìàòè÷åñêîé ìîäåëè äèíàìèêè ðèñêà ýíäîêðèí-
íûõ çàáîëåâàíèé èìååò íåîñïîðèìîå ïðåèìóùåñòâî ïî ñðàâíåíèþ ñ
äàííûìè ÷èñëåííûõ ðàñ÷åòîâ. Çàòðóäíåí îáùèé àíàëèç ïîëó÷åí-
íûõ äàííûõ âû÷èñëèòåëüíîãî ýêñïåðèìåíòà, âåëèêà çàâèñèìîñòü
êîíå÷íîãî ðåçóëüòàòà îò âåëè÷èíû øàãà ðàñ÷åòîâ, ñëîæåí ïðîöåññ
âûÿâëåíèÿ âëèÿíèÿ îòäåëüíûõ ôàêòîðîâ íà çàáîëåâàåìîñòü. Âìå-
ñòå ñ ýòèì äëÿ ïîñòðîåíèÿ ìàòåìàòè÷åñêîé ìîäåëè è îïðåäåëåíèÿ
ïàðàìåòðîâ íåîáõîäèìà ñòàòèñòè÷åñêàÿ èíôîðìàöèÿ î çàáîëåâàå-
ìîñòè [7].

Ëèòåðàòóðà

1. Áàëàáîëêèí Ì.È., Ãàâðèëþê Ë.È. Äèàãíîñòè÷åñêèé ñïðàâî÷íèê ýíäîêðè-
íîëîãà. Êèøèíåâ: Êàðòÿ ìîëäàâåíÿñêà, 1984. 204 c.

2. Ðîìàíîâñêèé Þ.Ì., Ñòåïàíîâà Í.Â. Ìàòåìàòè÷åñêàÿ áèîôèçèêà. Ì.:
Íàóêà, 1988. 304 ñ.

3. Leslie P.H. On the use of matrices in certain population mathematics //
Biometrika. 1945. XXXV. P. 183�212.

4. Ïîëóýêòîâ Ð.À. Äèíàìè÷åñêàÿ òåîðèÿ áèîëîãè÷åñêèõ ïîïóëÿöèé. Èçä-âî:
"Íàóêà". Ãëàâíàÿ ðåäàêöèÿ Ôèçèêî-ìàòåìàòè÷åñêîé ëèòåðàòóðû, Ìîñêâà
1974. 452 ñ.

5. Ðèçíè÷åíêî Ã. Þ. Ëåêöèè ïî ìàòåìàòè÷åñêèì ìîäåëÿì â áèîëîãèè Èçä-
âî ÐÕÄ, Ì�Èæåâñê, 2011. 33 ñ.

6. Êâàøè À.ß., Èîíöåâà Â.À. Ñîâðåìåííàÿ äåìîãðàôèÿ. Ì., 1995.
C. 159�163.

7. Ïàñòàðíàê Â.Í., Àôàøîêîâà Ê.Ì., Ìàðåìêóëîâ È.À. è äð. Êàáàðäèíî-
Áàëêàðèÿ â öèôðàõ 2010, Ê12 Ñòàò.ñá. Íàëü÷èê: Êàáàðäèíî-Áàëêàðèÿñòàò,
2010. 270 ñ.

ÓÄÊ 519.7

ÀËÃÎÐÈÒÌ ÑÒÎÕÀÑÒÈ×ÅÑÊÈ ÓÑÐÅÄÍÅÍÍÎÃÎ
ÃÐÀÄÈÅÍÒÀ ÍÀ ÁÀÇÅ ÀÃÐÅÃÈÐÓÞÙÅÉ ÔÓÍÊÖÈÈ

c⃝ Øèáçóõîâ Ç.Ì.1, Êàçàêîâ Ì.À.2

Ôåäåðàëüíîå ãîñóäàðñòâåííîå áþäæåòíîå íàó÷íîå ó÷ðåæäåíèå
"Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè" (Ðîññèÿ, Íàëü÷èê)

1e-mail: szport@gmail.ru
2e-mail: f wolfgang@mail.ru

348



Ìåòîä ìèíèìèçàöèè ýìïèðè÷åñêîãî ðèñêà [1] ÿâëÿåòñÿ ïðèçíàí-
íûì ìåòîäîì ðåøåíèÿ çàäà÷ ïàðàìåòðè÷åñêîé ðåãðåññèè. Ýòî ïîç-
âîëÿåò ïðè íàñòðîéêå ïàðàìåòðîâ ïðè ïîìîùè ìåäèàíû íå òåðÿòü
ïîëåçíóþ ÷àñòü ðàñïðåäåëåíèÿ ïîòåðü, êîòîðàÿ ðàñïîëîæåíà âûøå
çíà÷åíèÿ ìåäèàíû, ðàçäåëÿþùåé óïîðÿäî÷åííûé ïî âîçðàñòàíèþ
íàáîð ïîòåðü íà äâå ðàâíûå ÷àñòè.

Ïîñêîëüêó ãðàäèåíò

gradMp{ℓ1(w), . . . , ℓN(w)} =

N∑
k=1

−p′′uz
(
z̄, ℓk(w)

)
gradℓk(w)

N∑
k=1

p′′uu(z̄, ℓk(w)
) ,

ãäå z̄ = Mp

{
ℓ1(w), . . . , ℓN(w)} ÿâëÿåòñÿ âçâåøåííîé ñóììîé ãðàäè-

åíòîâ îò ñîîòâåòñòâóþùèõ ïîòåðü, òî ìîæíî ïðèìåíèòü ìåòîä, êî-
òîðûé ëåæèò â îñíîâå àëãîðèòìà SAG (Stochastic Average Gradient)
[2,3]. Ïîñòðîèì íà îñíîâå ýòîãî ìåòîäà àëãîðèòì PBSAG � Penalty
Based Stochastic Average Gradient � ñòîõàñòè÷åñêè óñðåäíåííîãî ãðà-
äèåíòà íà áàçå óñðåäíÿþùåé âåðíîé àãðåãèðóþùåé ôóíêöèè. Ñõåìà
àäàïòàöèè ïàðàìåòðîâ w è u èìååò âèä:

wt+1 = wt − htgt,

ut+1= ut − τtqt,

ãäå

gt =

N∑
k=1

gk,t

N∑
k=1

gk,t

.

Çíà÷åíèå qt äëÿ ïîèñêà çíà÷åíèÿ óñðåäíÿþùåé àãðåãèðóþùåé ôóíê-
öèè ìîæåò îáíîâëÿòüñÿ â ñîîòâåòñòâèè ñ îäíèì èç ñëåäóþùèõ ïðà-

âèë qt = 1
N

N∑
k=1

qk,t èëè qt =

N∑
k=1

qk,t

N∑
k=1

gk,t

â çàâèñèìîñòè îò òîãî èñïîëü-

çóåòñÿ ìåòîä ãðàäèåíòíîãî ñïóñêà èëè ìåòîä Íüþòîíà äëÿ ïîèñêà
ìèíèìàëüíîãî çíà÷åíèÿ óñðåäíÿþùåé àãðåãèðóþùåé ôóíêöèè Mp.
Âåêòîðû èç íàáîðà {gk,t : k = 1, N} îáíîâëÿþòñÿ ïî ñëåäóþùåìó
ïðàâèëó:
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gk,t+1 =

{
−p′′uz

(
ut, ℓk(wt)

)
gradℓk(wt), åñëè k = k(t)

gk,t, èíà÷å.

Çíà÷åíèÿ èç íàáîðîâ {gk,t : k = 1, N} è {qk,t : k = 1, N} îáíîâëÿþòñÿ
ïî ñëåäóþùèì ïðàâèëàì:

gk,t+1 =

{
p′′uu
(
ut, ℓk(wt)

)
, åñëè k = k(t)

gk,t, èíà÷å,

qk,t+1 =

{
p′u
(
ut, ℓk(wt)

)
, åñëè k = k(t)

qk,t, èíà÷å.

Àëãîðèòìó PBSAG íà êàæäîì øàãå íåîáõîäèìî õðàíèòü ïî îäíî-
ìó ãðàäèåíòíîìó âåêòîðó è äâà çíà÷åíèÿ íà êàæäûé ïðèìåð èç îáó-
÷àþùåãî íàáîðà äàííûõ, ò.å. N(m+2) âåùåñòâåííûõ ÷èñåë, ãäå m �
ðàíã âåêòîðà ïàðàìåòðîâ w. Ïîýòîìó åãî ñëåäóåò ïðèìåíÿòü, åñëè
åñòü ïàìÿòü äëÿ õðàíåíèÿ òàêîãî îáúåìà äàííûõ.

Íåòðóäíî çàìåòèòü, ÷òî åñëè p(u, z) = (u− z)2/2, òî ñõåìà àëãî-
ðèòìà PBSAG ðåäóöèðóåòñÿ ê ñõåìå àëãîðèòìà SAG:

wt+1 = wt − htgt,

ãäå

gt =
1

N

N∑
k=1

gk,t,

gk,t+1 =

{
gradℓk(wt), åñëè k = k(t)

gk,t, èíà÷å.

Òàêèì îáðàçîì ñõåìà àëãîðèòìà PBSAG ÿâëÿåòñÿ åñòåñòâåííûì
îáîáùåíèåì ñõåìû àëãîðèòìà SAG [2,3], êîãäà äëÿ âû÷èñëåíèÿ ñðåä-
íèõ ïîòåðü èñïîëüçóåòñÿ óñðåäíÿþùàÿ àãðåãèðóþùàÿ ôóíêöèÿ, îñ-
íîâàííàÿ íà øòðàôíîé, âìåñòî ñðåäíåãî àðèôìåòè÷åñêîãî.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé, ïðîåêò � 15-01-03381 è ãðàíòà ÎÍÈÒ ÐÀÍ.

Ëèòåðàòóðà

1. Vapnik V. The Nature of Statistical Learning Theory. Information Science
and Statistics. 2000. Springer-Verlag.

350



2. Le Roux N., Schmidt M., Bach F. A Stochastic Gradient Method with
an Exponential Convergence Rate for Finite Training Sets. nips.org, 2012.
http://arxiv.org/abs/1202.6258

3. Schmidt M., Le Roux N., Bach F.Minimizing Finite Sums with the Stochastic
Average Gradient. arXiv.org, 2013. http://arxiv.org/abs/1309.2388

UDC 519.21

ON THE CONSTRUCTION OF LYAPUNOV FUNCTIONS
FOR THE SECOND ORDER LINEAR STOCHASTIC

SYSTEMS AND STABILITY CONDITIONS
c⃝ Shumafov M.M.1, Tlyachev V.B.2

Adyge State University (Russia, Maykop)
1e-mail: magomet_shumaf@mail.ru

2e-mail: tlyachev@adygnet.ru

Introduction. In 1982 A.M. Lyapunov published his famous docto-
ral dissertation [1], where he introduced what he called his direct (or
second) method, which later became known as method of Lyaponovs
functions, as a method of investigation stability of solutions of ordinary
deterministic di�erential equations.

The method of Lyaponov functions has been developed to deal with
stability of stochastic systems by many authors. The �rst suggestion of
Lyapunov-like theory appeared in the papers by Bertran and Sarachik
[2], and Kats and Krasovskii [3]. After that the stability of stochastic
di�erential systems was widely investigated with the help of Lyapunov
functions method in a sequence of papers by Kushner and Khasminskii.
Their results can be found in books [4] and [5] which are the �rst
monographs in world literature, where stability of stochastic dynamical
systems is studied by using stochastic Lyapunov functions. In [6] the
stochastic Lyapunov functions are constructed for some second order
special linear and nonlinear (nonlinearities of exponential function type)
stationary stochastic systems. In several sections of monographs [4] and
[5] a sequence of stochastic functions constructed for some one- and
two- dimensional stochastic systems are presented. In [7] the results of
note [6] were generalized and stochastic functions were constructed for
second order nonlinear autonomous stochastic di�erential equations.

The object of this article is to present stochastic functions and
on these base to obtain the stochastic stability conditions for second
order linear stationary stochastic systems. These results can be used
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when constructing stochastic functions for nonlinear two-dimensional
stochastic systems, and also under linear stability analysis of nonlinear
stochastic systems in the neighborhood of the origin.

Main results. Consider a second order linear stochastic system{
dx(t) = (ax(t) + by(t))dt+ (px(t) + qy(t))dξ(t),
dy(t) = (cx(t) + dy(t))dt+ (rx(t) + sy(t))dξ(t),

(1)

where x(t) = x(t, ω), y(t) = y(t, ω) are scalar stochastic processes
on t ≥ 0, ξ(t) = ξ(t, ω) is a Wiener process, dx(t), dy(t) and dξ(t) are
stochastic di�erentials in the sense of Ito , respectively; a, b, c, d; p, q,
r, s are real constants.

The system (1) can be interpreted as a deterministic linear system,
the coe�cients of which a, b, c and d are perturbed by Gaussian ¾white¿
noise ξ̇(t) with intensity p2, q2, r2 and s2, respectively.

For the system (1) we construct stochastic Lyapunov functions in the
quadratic forms in x and y, and on the basis of functions constructed we
give necessary and su�cient conditions of the mean square exponential
stability (from this it follows asymptotic stability on the whole). In the
case of lack of ¾�uctuation¿ members (p = q = r = s = 0) in (1) these
conditions reduced to well-known Routh-Hurwitz stability conditions.

Below one of our results is presented. We formulate theorem on
stochastic stability of trivial solution (x(t) ≡ 0), y(t) ≡ 0) of the system
(1). For simplicity we assume that only one of the coe�cients p, q, r, s
is di�erent from zero.

Theorem. Let in system (1) p ̸= 0, q = r = s = 0. Then for mean
square exponential stability of trivial solution (x(t) ≡ 0), y(t) ≡ 0) of
the system (1) it is necessary and su�cient that

1) a+ d < 0, ad− bc > 0,

2a) p2 < min
{

2(a+d)(bc−ad)
d2+(ad−bc)

, u+
√
u2+c2v
c2

}
,

if c ̸= 0, where
u = (a+ d)(c2 + d2 + ad− bc)− 2c(ac+ bd),
v = 4(ad− bc)[(a+ d)2 + (b− c)2];
2b) p2 < −2a, if c = 0 (a < 0).

In addition, for every solution (x(t), y(t)) of the system (1) the following
relation holds:

x(t) → 0, y(t) → 0 as t→ +∞
with probability 1.
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The theorem is proved by construction the stochastic Lyapunov
function

V (x, y) = (c2 + d2 + ad− bc)x2 + 2(ac+ bd+ cp2/2)xy+

+(a2 + b2 + ad− bc+ p2(a+ d)/2)y2.

Example. Consider the equation of damped harmonic oscillator,
perturbed by ¾white¿ noise

ẍ(t) + (k + σ2ξ̇(t))ẋ(t) + (ω2 + σ1ξ̇(t))x(t) = 0, (2)

where ξ̇(t) is Gaussian white noise.
The equation (2) is regarded as Ito's stochastic system of di�erential

equations of the form (1).
Proposition.The trivial solution (x(t) ≡ 0), y(t) ≡ 0) (y(t) = ẋ(t))

of the stochastic system, corresponding to equation (2), is mean square
exponentially stable if and only if the following inequalities is true:

a)σ2
1 < 2kω2 in the case σ1 ̸= 0, σ2 = 0;

b)σ2
2 < 2k in the case σ1 = 0, σ2 ̸= 0;

c)σ2(ω2 + 1) < 2kω2 in the case σ1 = σ2 = σ.

The Proposition is established by construction of corresponding stochas-
tic Lyapunov functions.
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Óðàâíåíèå òðåòüåãî ïîðÿäêà ñ êðàòíûìè õàðàêòåðèñòèêàìè ñî-
äåðæàùåå ïðîèçâîäíóþ ïåðâîãî ïîðÿäêà ïî âðåìåíè

uy = uxxx + f (x, y) ,

âïåðâûå áûëî ðàññìîòðåíî â ðàáîòàõ [1-3]. Ïîëó÷åííûå â íèõ ðå-
çóëüòàòû áûëè îáîáùåíû äëÿ óðàâíåíèÿ (2n− 1) �ãî ïîðÿäêà â ðà-
áîòå [4]. Â [5] ïîñòðîåíû ôóíäàìåíòàëüíûå ðåøåíèÿ ñ ïðèìåíåíèåì
ïðåîáðàçîâàíèÿ Ëàïëàñà, òåîðèè ïîòåíöèàëîâ è ïîëó÷åíû îöåíêè
ýòèõ ðåøåíèé.

Äëÿ óðàâíåíèÿ

uy = uxxx + a1 (x, y)ux + a2 (x, y)u+ f (x, y) ,

â ðàáîòå [6, ñ. 154] äîêàçàíà åäèíñòâåííîñòü ðåøåíèÿ è ïîñòðîåíà
ôóíêöèÿ Ãðèíà êðàåâîé çàäà÷è Êàòòàáðèãà.

Â íàñòîÿùåé ðàáîòå ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ ïîëó-
÷åíà àïðèîðíàÿ îöåíêà ðåøåíèÿ êðàåâîé çàäà÷è Êàòòàáðèãà äëÿ
óðàâíåíèÿ ñ êðàòíûìè õàðàêòåðèñòèêàìè ñ äðîáíîé ïðîèçâîäíîé
Êàïóòî ïî âðåìåíè.

Çàäà÷à Êàòòàáðèãà.
Â ïðÿìîóãîëüíîé îáëàñòè D= {(x, y) : 0 < x < r, 0 < y < h} ðàñ-

ñìîòðèì óðàâíåíèå

∂α0yu = λ1uxxx + λ2ux + λ3u+ f (x, y) , (1)
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ñ ãðàíè÷íûìè óñëîâèÿìè

u (0, y) = 0, u (r, y) = 0, ux (0, y) = 0, 0 < y < h, (2)

è íà÷àëüíûì óñëîâèåì

u (x, 0) = τ (x) , 0 < x < r, (3)

ãäå

∂α0yu (x, y) =
1

Γ (1− α)

y

∫
0

uτ (x, τ)

(y − τ)α
dτ

� äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî ïîðÿäêà α, 0 < α < 1 [7] .
Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü ñóùåñòâîâàíèå ðåøå-

íèÿ u (x, y) ∈ C3,1 (D) çàäà÷è (1)�(3), ãäå C3,1 (D) � êëàññ ôóíêöèé,
íåïðåðûâíûõ âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè òðåòüåãî
ïîðÿäêà ïî x è ïåðâîãî ïîðÿäêà ïî y íà D.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:∥∥u(x, y)∥∥2
0
=

r

∫
0
u2 (x, y) dx, D−α

0y u (x, y) =
1

Γ (α)

y

∫
0

u (x, τ)

(y − τ)1−αdτ

� äðîáíûé èíòåãðàë Ðèìàíà-Ëèóâèëëÿ ïîðÿäêà α [7].
Ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà. Åñëè λ1 > 0 è f (x, y) ∈ C (D), òî äëÿ ðåøåíèÿ

u (x, y) çàäà÷è (1)�(3) ñïðàâåäëèâà àïðèîðíàÿ îöåíêà∥∥u(x, y)∥∥2
0
+D−α

0y

∥∥ux(x, y)∥∥20 ≤M
(
D−α

0y

∥∥f(x, y)∥∥2
0
+
∥∥τ (x)

∥∥2
0

)
, (4)

ãäå M = max
{
1, 1

4ε

}
/min

{
− (ε+λ3)r2

2
, 1
}
.

Èç àïðèîðíîé îöåíêè (4) ñëåäóåò åäèíñòâåííîñòü è íåïðåðûâíàÿ
çàâèñèìîñòü ðåøåíèÿ çàäà÷è (1)�(3) îò âõîäíûõ äàííûõ.

Ëèòåðàòóðà

1. Block H. Sur les equations lineaires aux derivees partielles a carateristiques
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7. Àëèõàíîâ À.À. Àïðèîðíûå îöåíêè ðåøåíèé êðàåâûõ çàäà÷ äëÿ óðàâíåíèé
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ÓÄÊ 517.927

ÎÖÅÍÊÀ ÏÅÐÂÎÃÎ ÑÎÁÑÒÂÅÍÍÎÃÎ ÇÍÀ×ÅÍÈß
ÊÐÀÅÂÎÉ ÇÀÄÀ×È ÄËß ÓÐÀÂÍÅÍÈß ÄÐÎÁÍÎÃÎ

ÏÎÐßÄÊÀ Ñ ÐÀÇËÈ×ÍÛÌÈ ÍÀ×ÀËÀÌÈ
c⃝ Ýíååâà Ë.Ì.

Ôåäåðàëüíîå ãîñóäàðñòâåííîå áþäæåòíîå íàó÷íîå ó÷ðåæäåíèå
"Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè" (Ðîññèÿ, Íàëü÷èê)

e-mail: eneeva72@list.ru

Ðàññìîòðèì ñïåêòðàëüíóþ çàäà÷ó

Dα
0x∂

α
1xu(x)− λu(x) = 0, u(0) = u(1) = 0,

ãäå Dα
0x è ∂

α
1x � îïåðàòîðû äðîáíîãî äèôôåðåíöèðîâàíèÿ Ðèìàíà-

Ëèóâèëëÿ è Êàïóòî ïîðÿäêà α (0 < α < 1) ñ íà÷àëàìè â òî÷êå x = 0
è x = 1, ñîîòâåòñòâåííî; λ � ñïåêòðàëüíûé ïàðàìåòð; x ∈]0, 1[.

Ðàíåå, â ðàáîòå [1] ïîêàçàíî, ÷òî ðàññìàòðèâàåìàÿ çàäà÷à èìååò
áåñêîíå÷íîå ÷èñëî ñîáñòâåííûõ çíà÷åíèé (âåùåñòâåííûõ è ïîëîæè-
òåëüíûõ) è ñîáñòâåííûõ ôóíêöèé, îáðàçóþùèõ ïîëíóþ îðòîãîíàëü-
íóþ ñèñòåìó â L2(0, 1). Â íàñòîÿùåé ðàáîòå íàéäåíà íèæíÿÿ îöåíêà
äëÿ ïåðâîãî ñîáñòâåííîãî çíà÷åíèÿ.

Ëèòåðàòóðà

1. Ýíååâà Ë.Ì. Êðàåâàÿ çàäà÷à äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïðî-
èçâîäíûìè äðîáíîãî ïîðÿäêà ñ ðàçëè÷íûìè íà÷àëàìè. // Âåñòíèê ÊÐÀ-
ÓÍÖ. Ôèç.-ìàò. íàóêè, 2015. Ò. 3, � 2(11). C. 39�44.

356



ÓÄÊ 517.925.4

ÔÎÐÌÓËÀ ËÀÃÐÀÍÆÀ ÄËß ÎÁÛÊÍÎÂÅÍÍÛÕ
ÍÅÏÐÅÐÛÂÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ

ÓÐÀÂÍÅÍÈÉ ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ
c⃝ Ýôåíäèåâ Á.È.

Ôåäåðàëüíîå ãîñóäàðñòâåííîå áþäæåòíîå íàó÷íîå ó÷ðåæäåíèå
"Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè" (Ðîññèÿ, Íàëü÷èê)

e-mail: beslan_efendiev@mail.ru

Â èíòåðâàëå 0 < x < l ðàññìîòðèì äâà óðàâíåíèÿ

L1u[x] ≡ u′′(x)+aD
[α,β]
0x u(x)+bu′(x)+cD

[γ,δ]
0x u(x)+du(x) = f(x), (1)

L2v[x] ≡ v′′(x) + a∂
[α,β]
0x v(x) + bv′(x) + c∂

[γ,δ]
0x v(x) + dv(x) = g(x), (2)

ãäå (ñì. [1; 2, c. 33]),

D
[α,β]
0x u(x) =

β∫
α

Ds
0xu(x)ds, ∂

[α,β]
0x u(x) =

β∫
α

∂s0xu(x)ds

� îïåðàòîð èíòåãðîäèôôåðåíöèðîâàíèÿ ñåãìåíòíîãî ïîðÿäêà [α, β]
è ðåãóëÿðèçîâàííûé îïåðàòîð äèôôåðåíöèðîâàíèÿ ñåãìåíòíîãî ïî-
ðÿäêà [α, β] ñîîòâåòñòâåííî,

Ds
0xu(x) =


1

Γ(−s)

∫ x

0
u(t)dt

(x−t)s+1 , s < 0,

u(x), s = 0,
dn

dxnD
s−n
0x u(x), n− 1 < s ≤ n, n ∈ N

� îïåðàòîð äðîáíîãî èíòåãðîäèôôåðåíöèðîâàíèÿ Ðèìàíà-Ëèóâèëëÿ
ïîðÿäêà s [1; 2, c. 9], Γ(s) � ãàììà-ôóíêöèÿ Ýéëåðà,

∂s0xu(x) = Ds−n
0x u(n)(x), n− 1 < s ≤ n, n ∈ N

� ðåãóëÿðèçîâàííûé îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ ïî-
ðÿäêà s [2, c. 11], 1 < α < β < 2, 0 < γ < δ < 1, a, b, c, d � const.

Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â îáëàñòè ]0, l[ íàçîâåì
ôóíêöèþ u = u(x), ïðèíàäëåæàùóþ êëàññó L[0, l] ∩ C2]0, l[ è óäî-
âëåòâîðÿþùóþ óðàâíåíèþ (1) â îáëàñòè ]0, l[.

Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (2) â îáëàñòè ]0, l[ íàçîâåì
ôóíêöèþ v = v(x), èìåþùóþ àáñîëþòíî íåïðåðûâíóþ íà [0, l] ïðî-
èçâîäíóþ ïåðâîãî ïîðÿäêà è óäîâëåòâîðÿþùóþ óðàâíåíèþ (2) â
îáëàñòè ]0, l[.
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Îáîçíà÷èì ÷åðåç (h1 ∗ h2)(x) =
∫ x

0
h1(x − t)h2(t)dt ñâåðòêó Ëà-

ïëàñà ôóíêöèé h1(x) è h2(x).
Òåîðåìà.Ïóñòü u(x), v(x) � ðåãóëÿðíûå ðåøåíèÿ óðàâíåíèé (1),

(2) è L1u ∈ L[0, l]. Òîãäà, ñïðàâåäëèâà ôîðìóëà

(v ∗ L1u)(x) = (u ∗ L2v)(x) + F (x), (3)

ãäå

F (x) = v(0)
[
u′(x) + aD

[α−1,β−1]
0x u(x) + bu(x) + cD

[γ−1,δ−1]
0x u(x)

]
+

+v′(0)
[
u(x) + aD

[α−2,β−2]
0x u(x)

]
− u(0)

[
v′(x) + bv(x)

]
−

− lim
ε→0

[
u′(ε) + aD

[α−1,β−1]
0ε u(ε)

]
v(x).

Ñîîòíîøåíèå (3) åñòü ôîðìóëà Ëàãðàíæà äëÿ äèôôåðåíöèàëü-
íûõ îïåðàòîðîâ L1 è L2.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäà-

ìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò �16-01-00462-à).
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1. Íàõóøåâ À. Ì. Î ïîëîæèòåëüíîñòè îïåðàòîðîâ íåïðåðûâíîãî è äèñêðåò-
íîãî äèôôåðåíöèðîâàíèÿ è èíòåãðèðîâàíèÿ âåñüìà âàæíûõ â äðîáíîì
èñ÷èñëåíèè è â òåîðèè óðàâíåíèé ñìåøàííîãî òèïà // Äèôôåðåíö. óðàâ-
íåíèÿ. 1998. Ò. 34, � 1. Ñ. 101-109.
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2003. 272 c.
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ÊÐÀÅÂÀß ÇÀÄÀ×À ÄËß ÎÄÍÎÃÎ
ÊÂÀÇÈËÈÍÅÉÍÎÃÎ ÓÐÀÂÍÅÍÈß ×ÅÒÍÎÃÎ

ÏÎÐßÄÊÀ
c⃝ Þëäàøåâà À.Â.

Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà (Óçáåêèñòàí, Òàøêåíò)
e-mail: yuasv86@mail/ru

Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó

∂2u

∂t2
− a2

∂2ku

∂x2k
= f(t, x, u, ut), (t, x) ∈ D{0 < t < T, 0 < x < π}, k ∈ N,
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u(0, x) = φ(x), ut(T, x) = ψ(x), 0 ≤ x ≤ π,

∂iu

∂xi
|x=0=

∂iu

∂xi
|x=π, i = 0, 1, ..., 2k − 1, 0 ≤ t ≤ T,

çäåñü φ(x), ψ(x) è f(t, x, u, ut) � çàäàííûå ôóíêöèè, îïðåäåëåííûå
íà [0, π] è D ×R2 ñîîòâåòñòâåííî è u(t, x) � ðåøåíèå çàäà÷è.

Îïðåäåëåíèå 1. Ôóíêöèþ v(t, x) ∈ C(D) áóäåì íàçûâàòü test
function (òåñò ôóíêöèåé), åñëè îíà èìååò íåïðåðûâíûå ïðîèçâîä-
íûå ó÷àñòâóþùèå â óðàâíåíèè, à òàêæå óäîâëåòâîðÿåò êðàåâûì
è ñëåäóþùèì óñëîâèÿì

v(0, x) = vt(T, x) = 0.

Îïðåäåëåíèå 2. Ôóíêöèþ u(t, x) ∈ C(D), óäîâëåòâîðÿþùàÿ
èíòåãðàëüíîìó ðàâåíñòâó∫ T

0

∫ π

0

{u[∂
2v

∂t2
− a2

∂2kv

∂x2k
]− f(t, x, u, ut)v}dxdt+

+

∫ π

0

ψ(x)v(T, x)dx+

∫ π

0

φ(x)vt(0, x)dx = 0

äëÿ ïðîèçâîëüíîé ôóíêöèè v(t, x) íàçîâåì ñëàáûì îáîáùåííûì ðå-
øåíèåì ðàññìàòðèâàåìîé çàäà÷è.

Â ðàáîòå äîêàçûâàåòñÿ åäèíñòâåííîñòü, ñóùåñòâîâàíèå, à òàê æå
íåïðåðûâíàÿ çàâèñèìîñòü ñëàáîãî îáîáùåííîãî ðåøåíèÿ îò äàííûõ.
Ñíà÷àëà íàõîäèòñÿ òåñò ôóíêöèÿ äëÿ ïîñòàâëåííîé çàäà÷è, à ïîòîì
îáîáùåííîå ðåøåíèå îïðåäåëÿåòñÿ ñ ïîìîùüþ ýòîé ôóíêöèè. Ñëà-
áîå ðåøåíèå èùåòñÿ â âèäå ðÿäà Ôóðüå ñ íåèçâåñòíûìè êîýôôèöè-
åíòàì, êîòîðûå îïðåäåëÿþòñÿ êàê ðåøåíèå ñèñòåìû èíòåãðàëüíûõ
óðàâíåíèé. Ðåøåíèå íàéäåíî â áàíàõîâîì ïðîñòðàíñòâå BT .

Ëèòåðàòóðà

1. Chandrov H.I.Onmixed problem for a class of quasilinear hyperbolic equation,
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2. Halilov H. On mixed problem for a class of quasilinear pseudo-parabolic
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ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÌÈ ÓÐÀÂÍÅÍÈßÌÈ
c⃝ ßêóáîâ Ð.À.

Äàãåñòàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Ðîññèÿ, Ìàõà÷êàëà)
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Íåñìîòðÿ íà òî, ÷òî êà÷åñòâåííàÿ òåîðèÿ äèôôåðåíöèàëüíûõ
óðàâíåíèé îêàçàëàñü àäåêâàòíûì ìàòåìàòè÷åñêèì àïïàðàòîì äëÿ
ìîäåëèðîâàíèÿ âëåíèé â öåëîì ðÿäå îáëàñòåé, è, íåñìîòðÿ íà çíà-
÷èòåëüíûå óñèëèÿ ïî ðàçâèòèþ òåîðèè íåëèíåéíûõ êîëåáàòåëüíûõ
ïðîöåññîâ, íàøè çíàíèÿ â ýòîé îáëàñòè äàëåêè îò ñâîåé ïîëíîòû è
íåîáõîäèìî ðàçâèòèå ïðèíöèïèàëüíî íîâûõ ïîäõîäîâ. Ìàòåìàòè÷å-
ñêèé àïïàðàò äèôôåðåíöèàëüíûõ óðàâíåíèé â ïðîèçâîäíûõ äðîá-
íîãî ïîðÿäêà ìîæåò ñòàòü îñíîâîé äëÿ òàêîãî ïîäõîäà, ÷òî ïîçâî-
ëÿåò ó÷èòûâàòü ýôôåêòû ïàìÿòè ïðè èññëåäîâàíèè êîëåáàòåëüíûõ
ïðîöåññîâ â äèíàìè÷åñêèõ ñèñòåìàõ.

Â ðàáîòàõ [1,2] âîïðîñû, ñâÿçàííûå ñ ñèíõðîíèçàöèåé èìïóëüñîâ
â ñèñòåìå ñ òðåõìåðíûì ôàçîâûì ïðîñòðàíñòâîì íà ïðèìåðå ñè-
ñòåìû Ðåññëåðà. Â äàííîé ðàáîòå èññëåäîâàíà ôàçîâàÿ ïëîñêîñòü
äèíàìè÷åñêîé ñèñòåìû, îïèñûâàåìîé ñèñòåìîé äèôôåðåíöèàëüíûõ
óðàâíåíèé Ðåññëåðà ñ ïðîèçâîäíûìè äðîáíîãî ïîðÿäêà.

Ðàññìîòðèì àâòîíîìíóþ ñèñòåìó Ðåññëåðà, îïèñûâàåìóþ ñèñòå-
ìîé äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïðîèçâîäíûìè äðîáíîãî ïî-
ðÿäêà:

∂α0tx = −y − z,
∂α0ty = x+ py,
∂α0tz = q + z(x− r),

(1)

ãäå ∂α0tx = 1
Γ(1−α)

∫ t

0
x/(s)
(t−s)α

ds � äðîáíàÿ ïðîèçâîäíàÿ Caputo, p, q, r,
0 < α ≤ 1 � ïàðàìåòðû ñèñòåìû, x, y, z � äèíàìè÷åñêèå ïåðåìåííûå.

Ñèñòåìà (1) � àâòîêîëåáàòåëüíàÿ ñèñòåìà ñ òðåõìåðíûì ôàçî-
âûì ïðîñòðàíñòâîì.

Áóäåì ïîëàãàòü, ÷òî r2 − 4pq ≥ 0. Â ýòîì ñëó÷àå ñîñòîÿíèÿìè

ðàâíîâåñèÿ ñèñòåìû áóäóò òî÷êè x± =
r±
√

r2−4pq

2
, y± = − r±

√
r2−4pq

2p
,

z± =
r ±

√
r2 − 4pq

2p
.
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Ñèñòåìà (1) èññëåäîâàíà ÷èñëåííûì ìåòîäîì. Äëÿ ÷èñëåííîãî
ðåøåíèÿ çàäà÷è (1) ââåäåì ïî ïåðåìåííîé t ðàâíîìåðíóþ ñåòêó ñ
øàãîì τ > 0 :

ωτ = {tn = nτ, n = 0, 1, 2, ...}.

Ïîëüçóÿñü àïïðîêñèìàöèåé äðîáíîé ïðîèçâîäíîé [3] ïîëó÷èì
ñëåäóþùèå ðàñ÷åòíûå ôîðìóëû

1
Γ(2−α)τ

∑n
k=0(xk+1 − xk)(t

1−α
n−k+1 − t1−α

n−k) = −yn − zn,
1

Γ(2−α)τ

∑n
k=0(yk+1 − yk)(t

1−α
n−k+1 − t1−α

n−k) = xn + pyn,
1

Γ(2−α)τ

∑n
k=0(zk+1 − zk)(t

1−α
n−k+1 − t1−α

n−k) = q + zn(xn − r),

x0 = a, y0 = b, z0 = c.

(2)

Óñòàíîâëåíî, ÷òî ïðè ïåðåõîäå ê äðîáíûì ïðîèçâîäíûì â ôàçî-
âîé ïëîñêîñòè ïðîèñõîäÿò òîïîëîãè÷åñêèå èçìåíåíèÿ. Ïðè ýòîì â
ñèñòåìå ïðîèñõîäèò áèôóðêàöèÿ ðîæäåíèÿ óñòîé÷èâîé è íåóñòîé-
÷èâîé ïîëîæåíèé ðàâíîâåñèÿ âîêðóã îñîáûõ òî÷åê. Äàëåå èç óñòîé-
÷èâîãî ïîëîæåíèÿ â ðåçóëüòàòå áèôóðêàöèè Àíäðîíîâà�Õîïôà ïå-
ðåõîäèò â óñòîé÷èâûé ïðåäåëüíûé öèêë ñ êàñêàäîì áèôóðêàöèé.

Ëèòåðàòóðà

1. Êóçíåöîâ À.Ï., Ñòàíêåâè÷ Í.Â., Òþðþêèíà Ë.Â. Îñîáåííîñòè ñèíõðî-
íèçàöèè èìïóëüñàìè â ñèñòåìå ñ òðåõìåðíûì ôàçîâûì ïðîñòðàíñòâîì íà
ïðèìåðå ñèñòåìû Ðåññëåðà// Èçâ. âóçîâ. ÏÍÄ. 2006. Ò. 14, �6. Ñ. 43�52.

2. Êóçíåöîâ À.Ï., Ñòàíêåâè÷ Í.Â., Òþðþêèíà Ë.Â. Ñòàáèëèçàöè âíåøíè-
ìè èì ïóëüñàìè ñèñòåìû Ðåññëåðà â ðåæèìå "óáåãàþùåé òðàåêòîðèè"//
Ïèñüìà â ÆÒÔ. 2008. Ò. 34, âûï. 14. Ñ. 68-79.

3. Áåéáàëàåâ Â.Ä., Àáäóëëàåâ È. À., Íàâðóçîâà Ê.À., Ãàäæèåâà Ò.Þ. Î
ðàçíîñòíûõ ìåòîäàõ ðåøåíèÿ çàäà÷è Êîøè äëÿ ÎÄÓ ñ îïåðàòîðîì äðîá-
íîãî äèôôåðåíöèðîâàíèÿ// Âåñòíèê ÄÃÓ, 2014. Âûï. 6. Ñ. 53�61.

ÓÄÊ 519.1
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Äàãåñòàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Ðîññèÿ, Ìàõà÷êàëà)

e-mail: yakubovaz@mail.ru

Ïóñòü M � ìàòðèöà k×m, êàæäûé ñòîëáåö êîòîðîé ñîäåðæèò
k − n íóëåé è ïåðåñòàíîâêó ÷èñåë 1, 2, . . . , n. Ðàññìàòðèâàþòñÿ
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óñëîâèÿ ñóùåñòâîâàíèÿ ìàòðèöû M* k×m òàêîé ÷òî: à) â êàæäîé
ñòðîêå M* âñå íåíóëåâûå ÷èñëà ðàñïîëîæåíû ïîñëåäîâàòåëüíî è íå
ïîâòîðÿþòñÿ; á) ìíîæåñòâî ýëåìåíòîâ â êàæäîé ëèíèè (ñòðîêå è
ñòîëáöå) M* - òàêîå æå, ÷òî â ñîîòâåòñòâóþùåé ëèíèè ìàòðèöû M.
Òàêóþ ìàòðèöó áóäåì íàçûâàòü äåôðàãìåíòèðîâàííîé.

Â ñòàòüå ïðèâîäèòñÿ ðåøåíèå äëÿ ñëó÷àÿ m=7, êîãäà êîëè÷åñòâî
íåíóëåâûõ ýëåìåíòîâ â ñòðîêå M ïðèíàäëåæèò ìíîæåñòâó {1,6,7}.

Äëÿ ðåøåíèÿ çàäà÷è ïî ìàòðèöå M ñòðîèì òðàíñïîðòíóþ ñåòü
Ò(Ì), ãäå îãðàíè÷åíèÿ ïîòîêîâ ïî äóãàì áóäóò ñëåäóþùèìè: îò èñ-
òî÷íèêà s ê êàæäîé èç âåðøèí xp ïðîâåäåíà äóãà ñ ïîòîêîâûìè
îãðàíè÷åíèÿìè [5, 5], îò âåðøèíû xp ê âåðøèíå yt äóãà ïðîâåäåíà
òîãäà è òîëüêî òîãäà, êîãäà ñòðîêà ìíîæåñòâà M (6) èëè M (7) ñîîò-
âåòñòâóþùàÿ âåðøèíå yt ñîäåðæèò ÷èñëî p, p = 1, 2, ..., n, ïðè÷åì
òàêàÿ äóãà èìååò ïîòîêîâûå îãðàíè÷åíèÿ [0, 1]; îñòàëüíûå äóãè èìå-
þò ïîòîêîâûå îãðàíè÷åíèÿ [0, ∞]. M q � ìíîæåñòâî ñòðîê ìàòðèöû
M , ñîäåðæàùèõ â òî÷íîñòè q íåíóëåâûõ ýëåìåíòîâ.

Òåîðåìà. Äëÿ äåôðàãìåíòàöèè ìàòðèöû M íåîáõîäèìî è äî-
ñòàòî÷íî ñóùåñòâîâàíèå äîïóñòèìîãî ïîòîêà â òðàíñïîðòíîé
ñåòè T (M).

Íåîáõîäèìîñòü. Ïóñòü ñóùåñòâóåò ìàòðèöà Ì*, íåîáõîäèìî äî-
êàçàòü ñóùåñòâîâàíèå äîïóñòèìîãî ïîòîêà â òðàíñïîðòíîé ñåòèÒ(Ì).
Â ìàòðèöå Ì* íà÷èíàÿ ñî 2-ãî ïî 6-îé ñòîëáöàõ íàõîäÿòñÿ íåíóëå-
âûå ýëåìåíòû ñòðîê ìíîæåñòâ M (6) è M (7). Òîãäà âûáåðåì q-óþ
ñòðîêó, âõîäÿùóþ ëèáî âî ìíîæåñòâî M (6), ëèáî â M (7), äåôðàã-
ìåíòèðîâàííîãî âàðèàíòà Ì* ìàòðèöû Ì, ÷åðåç m2, m3, m4, m5 è
m6 îáîçíà÷èì ñîîòâåòñòâåííî íåíóëåâûå ïðåäñòàâèòåëè 2-åãî, 3-ãî,
4-ãî, 5-ãî è 6-ãî ñòîëáöà äàííîé ñòðîêè. Ïóñòü äàííîé ñòðîêå ñî-
îòâåòñòâóåò âåðøèíà yt òðàíñïîðòíîé ñåòè Ò(Ì). Òîãäà ïîëîæèì
ïîòîê ïî äóãàì (xm2, yt), (õm3, yt), (xm4, yt) , (õm5, yt), (xm6, yt) ðàâ-
íûì åäèíèöå. Ïî çàâåðøåíèè ïîäîáíûõ îïåðàöèé äëÿ âñåõ ñòðîê,
ïðèíàäëåæàùèõ ìíîæåñòâó Ì(6) èëè Ì(7) ìàòðèöû Ì*, ïîëîæèì
ïîòîê ïî êàæäîé äóãå, âûõîäÿùåé èç èñòî÷íèêà, ðàâíûé 5, è ïðî-
äîëæèì ïî âñåì äóãàì, èíöèäåíòíûì âåðøèíàì yt ïî íåïðåðûâíî-
ñòè. Ïîëó÷èëè äîïóñòèìûé ïîòîê â òðàíñïîðòíîé ñåòè Ò(Ì).

Äîñòàòî÷íîñòü. Ïóñòü òåïåðü â òðàíñïîðòíîé ñåòè Ò(Ì) ñóùå-
ñòâóåò äîïóñòèìûé ïîòîê. Òîãäà, êàæäàÿ âåðøèíà õp äâóäîëüíî-
ãî ãðàôà G(Õ

∪
Ó, Å), îáðàçîâàííîãî âåðøèíàìè õp, è ót è äóãàìè

(õp, ót), âäîëü êîòîðûõ ïîòîê ðàâåí 1, èìååò ñòåïåíü 5. Èçâåñòíî,
÷òî îäíîðîäíûé äâóäîëüíûé ãðàô ñòåïåíè n ÿâëÿåòñÿ ïðÿìîé ñóì-
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ìîé ïî ðåáðàì n ñîâåðøåííûõ ïàðîñî÷åòàíèé [3]. Îáîçíà÷èì ÷åðåç
N (2),N (3),N (4),N (5) èN (6) ìíîæåñòâà, îáðàçîâàííûå êîíöàìè ðåáåð,
ïðèíàäëåæàùèõ ìíîæåñòâó X èç ñîîòâåòñòâóþùèõ ïàðîñî÷åòàíèé.

Îáíóëèì ìàòðèöó Ì*. Ïîìåñòèì ìíîæåñòâàN (2),N (3),N (4),N (5)

è N (6) â 2-îé, 3-èé, 4-ûé, 5-ûé è 6-îé ñòîëáöû ìàòðèöû Ì* ñîîòâåò-
ñòâåííî, ñëåäÿ çà òåì, ÷òîáû ÷èñëî ð èç N (d) ðàñïîëàãàëîñü â ñòðîêå
ñ òåì æå íîìåðîì, ÷òî è ó ñòðîêè èç Ì, îòêóäà âûáðàíî ÷èñëî ð. È
óäàëèì ìíîæåñòâà N (d) èç ñîîòâåòñòâóþùèõ ñòðîê ìàòðèöû Ì.

Ðàñïîëîæåíèå ýëåìåíòîâ â êðàéíèõ ÿ÷åéêàõ ìàòðèöû M*, òàêèì
îáðàçîì, ÷òîáû âñå íåíóëåâûå ýëåìåíòû êàê â 1-îì ñòîëáöå, òàê è â
7 ñòîëáöå áûëè ïîïàðíî ðàçëè÷íû, íå ïðåäñòàâëÿåò òðóäà. Òåîðåìà
äîêàçàíà.
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