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Î íåêîòîðûõ êðàåâûõ çàäà÷àõ äëÿ ìíîãîìåðíîãî

àíàëîãà ñèñòåìû À.Â. Áèöàäçå

Àáäðàõìàíîâ À.Ì., Àáäðàõìàíîâà �.Ï.

Ó�ÀÒÓ, Ó�à, �îññèÿ; abdrai�mail.ru

Äëÿ ìíîãîìåðíîãî àíàëîãà ñèñòåìû À.Â. Áèöàäçå äîêàçûâàåòñÿ ðàç-

ðåøèìîñòü çàäà÷è Äèðèõëå è âèäîèçìåíåííîé çàäà÷è Äèðèõëå. �àññìîò-

ðåíû òàêæå ñèñòåìû ñ ïåðåìåííûìè êîý��èöèåíòàìè è äîêàçàíû ðàçðå-

øèìîñòü çàäà÷è Äèðèõëå è íåêîòîðûõ âèäîèçìåíåííûõ êðàåâûõ çàäà÷.
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Îá îäíîé çàäà÷å óïðàâëåíèÿ, ïðèâîäÿùåé ê

íàãðóæåííûì óðàâíåíèÿì ñ çàïàçäûâàíèåì

Àáäóëëàåâ Â.Ì.

ÈÑÓ ÍÀÍÀ, À�ÓÍÏ, Áàêó, Àçåðáàéäæàí; vaqif_ab�rambler.ru

Â ðàáîòå íà ïðèìåðå çàäà÷è óïðàâëåíèÿ ñ îáðàòíîé ñâÿçüþ íàãðåâîì

ñòåðæíÿ â ïå÷è ïðåäëàãàåòñÿ ïîäõîä ê ñèíòåçó óïðàâëÿþùèõ âîçäåé-

ñòâèé, èñïîëüçóþùèé ðåçóëüòàòû çàìåðà ñîñòîÿíèÿ ïðîöåññà â çàäàííûõ

òî÷êàõ êîíòðîëÿ íå òîëüêî â òåêóùèé ìîìåíò âðåìåíè t, íî è â ìîìåíò

t − τ , ãäå τ � íåêîòîðûé çàäàííûé ïàðàìåòð. Ïðåäëîæåíà �îðìóëà ëè-

íåéíîé çàâèñèìîñòè òåêóùåãî çíà÷åíèÿ óïðàâëÿþùåãî âîçäåéñòâèÿ îò

çàìåðåííûõ çíà÷åíèé â òî÷êàõ çàìåðà, âêëþ÷àþùàÿ íåèçâåñòíûå ïîñòî-

ÿííûå ïàðàìåòðû îáðàòíîé ñâÿçè. Â ðåçóëüòàòå çàäà÷à ñèíòåçà óïðàâ-

ëåíèÿ ðåäóöèðóåòñÿ â çàäà÷ó ïàðàìåòðè÷åñêîãî îïòèìàëüíîãî óïðàâëå-

íèÿ íàãðóæåííîé ñèñòåìîé ñ çàïàçäûâàþùèì àðãóìåíòîì ïî îïðåäåëå-

íèþ îïòèìàëüíûõ çíà÷åíèé ïàðàìåòðîâ îáðàòíîé ñâÿçè, ó÷àñòâóþùèõ

â �îðìóëå çàâèñèìîñòè çíà÷åíèé óïðàâëåíèé îò çàìåðåííûõ çíà÷åíèé

ñîñòîÿíèÿ â òåêóùèé è ïðåäûäóùèé ìîìåíòû âðåìåíè [1-4℄.

Â êà÷åñòâå �îðìóëû ïðåäëàãàåòñÿ èñïîëüçîâàòü ëèíåéíóþ çàâèñè-

ìîñòü óïðàâëÿþùèõ âîçäåéñòâèé îò çíà÷åíèé ñîñòîÿíèÿ â òî÷êàõ çàìåðà

êàê â òåêóùèé, òàê è â ïðåäûäóùèé ìîìåíòû âðåìåíè. Íåèçâåñòíûå êî-

ý��èöèåíòû, ó÷àñòâóþùèå â ýòîé �îðìóëå, ÿâëÿþòñÿ ïàðàìåòðàìè îá-

ðàòíîé ñâÿçè. Îíè îïðåäåëÿþòñÿ ìèíèìèçàöèåé öåëåâîãî �óíêöèîíàëà ñ

èñïîëüçîâàíèåì ÷èñëåííûõ ìåòîäîâ îïòèìèçàöèè ïåðâîãî ïîðÿäêà. Äëÿ

ýòîãî ïîëó÷åíû �îðìóëû ãðàäèåíòà öåëåâîãî �óíêöèîíàëà ïî ïàðàìåò-

ðàì îáðàòíîé ñâÿçè. Ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ.

Ëèòåðàòóðà

1. Íàõóøåâ À.Ì. Íàãðóæåííûå óðàâíåíèÿ è èõ ïðèìåíåíèå. Ì.: Íàóêà,

2012. 232 
.

2. Ray W.H. Advan
ed Pro
ess Control. M
Graw-Hill Book Company. 1981,

376 p.

3. Àéäà-çàäå Ê.�., Àáäóëëàåâ Â.Ì. Îá îäíîì ïîäõîäå ê ñèíòåçó óïðàâëåíèÿ

ïðîöåññàìè ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè // ÀèÒ. 2012. � 9. Ñ. 3�19.

4. Àéäà-çàäå Ê.�., Àáäóëëàåâ Â.Ì. Ñèíòåç óïðàâëåíèÿ ïðîöåññîì ïîääåð-

æàíèÿ òåìïåðàòóðû â îäíîé çàäà÷å òåïëîñíàáæåíèÿ // Êèáåðíåòèêà è

ñèñòåìíûé àíàëèç. 2020. Ò. 56, � 3. Ñ. 47�59.
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Î çàäà÷å ñ èíòåãðàëüíûì óñëîâèåì ñêëåèâàíèÿ äëÿ

îäíîãî êëàññà óðàâíåíèé òðåòüåãî ïîðÿäêà

Àáäóëëàåâ Î.Õ.

1,a
, Ìàò÷àíîâà À.À.

2,b

1
ÈÌ ÀÍ �Óç,

2
ÒÓÈÒ, Òàøêåíò, Óçáåêèñòàí;

a
obidjon.mth�gmail.
om,

b
oygul87-87�mail.ru

Ïóñòü Ω � îäíîñâÿçíàÿ îáëàñòü, îãðàíè÷åííàÿ îòðåçêàìè BB0, B0A0,
A0A ïðÿìûõ x = 1, y = h, x = 0 è õàðàêòåðèñòèêàìè AC : x + y = 0,
BC : x− y = 1 óðàâíåíèÿ êîëåáàíèÿ ñòðóíû, ïåðåñåêàþùèìèñÿ â òî÷êå

C
(
1
2 ,−1

2

)
. Ââåäåì îáîçíà÷åíèå Ω1 = Ω ∩ {y > 0} , Ω2 = Ω ∩ {y < 0} .

�àññìîòðèì â îáëàñòè Ω óðàâíåíèå

(
a
∂

∂x
+ b

∂

∂y
+ c

)
Lu = 0 (1)

ãäå

Lu ≡ uxx −
1 − sign y

2
uyy −

1 + sign y

2
cD

α
0yu

è cD
α
ay � èçâåñòíûé îïåðàòîð Êàïóòî ïîðÿäêà α (0 < α < 1) (ñì [1℄); a, b

è c � çàäàííûå ïîñòîÿííûå ÷èñëà, ïðè÷åì a 6= 0, 0 < b
a ≤ 1.

Îïðåäåëåíèå. Ôóíêöèÿ u(x, y) íàçûâàåòñÿ ðåãóëÿðíûì ðåøåíèåì

óðàâíåíèÿ (1), åñëè îíà èìååò íåïðåðûâíûå ïðîèçâîäíûå âõîäÿùèå â

îïåðàòîð Lu, òàêæå Lu ∈ C1(Ω).
Çàäà÷à. Íàéòè â îáëàñòè Ω ðåãóëÿðíîå ðåøåíèå u(x, y) óðàâíåíèÿ

(1) ñî ñëåäóþùèìè ñâîéñòâàìè: 1) u(x, y) ∈ C(Ω), ux ∈ C(Ω1 \ A0B0),
uxx ∈ C(Ω1 ∪AA0); 2) óäîâëåòâîðÿåò ãðóïïå ãðàíè÷íûõ óñëîâèé

α1u(0, y) + α2ux(0, y) = ϕ1(y), β1u(1, y) + β2ux(1, y) = ϕ2(y), 0 6 y < h;

uxx(0, y) = ϕ3(y), 0 6 y < h;

u |AC = ψ1(x), 0 6 x 6
1

2
;
∂u

∂n
|AC = ψ2(x), 0 < x <

1

2
;

3) íà èíòåðâàëå AB âûïîëíÿåòñÿ óñëîâèå ñêëåèâàíèÿ:

lim
y→+0

cD
α
0yu(x, y) = λ1(x)uy(x,−0) + λ2(x)ux(x,−0)+

+λ3(x)u(x, 0) + λ4(x)

∫ y

0
r(t)u(t,−0)dt + λ5(x), x ∈ [0, 1],

çäåñü n � âíóòðåííÿÿ íîðìàëü è ϕi(y), ψ1(x), ψ2(x) λk(x) � çàäàííûå

�óíêöèè αj , βj (i = 1, 3, j = 1, 2, k = 1, 5) � çàäàííûå êîíñòàíòû.
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Ïðè îïðåäåëåííûõ óñëîâèÿõ íà çàäàííûå �óíêöèè äîêàçûâàåòñÿ îä-

íîçíà÷íàÿ ðàçðåøèìîñòü ïîñòàâëåííîé çàäà÷è.

Ëèòåðàòóðà

1. Kilbas A.A., Srivastava H.M., Trujillo J.J. Theory and appli
ations of fra
-

tional di�erential equations. In: North-Holland Mathemati
s Studies, vol. 204,

Elsevier S
ien
e B.V., Amsterdam. 2006.
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Èñïîëüçîâàíèå èí�îðìàöèîííûõ òåõíîëîãèé â

îáðàçîâàíèè

Àáäóðàõìàíîâ À.�.

×�ÏÈÒÎ, ×èð÷èê, Óçáåêèñòàí; abdushukur1969�mail.ru

Ýêîíîìè÷åñêèå, íàó÷íûå, òåõíè÷åñêèå è êóëüòóðíûå èçìåíåíèÿ, ïðî-

èñõîäÿùèå â íàøåé íåçàâèñèìîé ðåñïóáëèêå, òàêæå îòðàæàþòñÿ â ñèñòå-

ìå íàðîäíîãî îáðàçîâàíèÿ. Óëó÷øåíèå ñèñòåìû íåïðåðûâíîãî îáðàçîâà-

íèÿ â Óçáåêèñòàíå íà îñíîâå äîâåäåíèÿ êà÷åñòâà îáðàçîâàíèÿ äî óðîâíÿ

ìèðîâûõ ñòàíäàðòîâ ÿâëÿåòñÿ âàæíåéøåé çàäà÷åé ñèñòåìû îáðàçîâàíèÿ.

Ýòî òàêæå òðåáóåò ïîâûøåíèÿ êà÷åñòâà îáó÷åíèÿ ïî âñåì ñïåöèàëüíî-

ñòÿì. Äëÿ óñïåøíîãî îáó÷åíèÿ ìàòåìàòèêå íåîáõîäèìû ìíîãî�óíêöèî-

íàëüíûå ñðåäñòâà îáó÷åíèÿ, ïîçâîëÿþùèå ðåøàòü îñíîâíûå çàäà÷è ïðî-

�èëüíîãî êóðñà îáó÷åíèÿ, ðåàëèçîâûâàòü ìåæïðåäìåòíûå ñâÿçè è ïðè

ýòîì îáëàäàþùèå õîðîøèìè äåìîíñòðàöèîííûìè âîçìîæíîñòÿìè. Òàêè-

ìè ìíîãî�óíêöèîíàëüíûìè ñðåäñòâàìè îáó÷åíèÿ, îäíîâðåìåííî ÿâëÿþ-

ùèìèñÿ ñðåäîé ïðîãðàììèðîâàíèÿ è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, à

òàêæå ñðåäñòâîì îðãàíèçàöèè èí�îðìàöèîííîé ñðåäû, ñîçäàíèÿ è îáðà-

áîòêè èí�îðìàöèîííûõ îáúåêòîâ, ìîãóò ñëóæèòü êîìïüþòåðíûå ìàòå-

ìàòè÷åñêèå ïàêåòû. Ê òàêèì ïàêåòàì îòíîñÿòñÿ: MathCAD, MATLAB,

Mathemati
a, Maple è äð. Îäíèì èç ëèäåðîâ ñèñòåìû êîìïüþòåðíîé ìà-

òåìàòèêè (ÑÊÌ) ÿâëÿåòñÿ Maple.

Ñ ïîìîùüþ äàííîé ñèñòåìû ìîæíî ñîâåðøàòü ðàçëè÷íûå äåéñòâèÿ ñ

àëãåáðàè÷åñêèìè âûðàæåíèÿìè, ðåøàòü óðàâíåíèÿ, âûïîëíÿòü äè��å-

ðåíöèðîâàíèå è èíòåãðèðîâàíèå è ò. ä.; ñòðîèòü ãðà�èêè �óíêöèé îäíîé

è äâóõ ïåðåìåííûõ, ñòðîèòü èçîáðàæåíèÿ êðèâûõ è ïîâåðõíîñòåé; ãðà-

�è÷åñêè ïðåäñòàâëÿòü ðåçóëüòàòû ýêñïåðèìåíòîâ; ïðîãðàììèðîâàòü. Îò-

ìå÷àþòñÿ óíèêàëüíûå âîçìîæíîñòè ñèñòåìû Maple â íàó÷íî ìåòîäè÷å-

ñêîì îáåñïå÷åíèè îáðàçîâàòåëüíîãî ïðîöåññà è â íàó÷íûõ èññëåäîâàíèÿõ

[1℄. Â ïîñëåäíåå âðåìÿ î÷åíü ìíîãî ñòàòåé ïîñâÿùåííûõ èñïîëüçîâàíèþ

êîìïüþòåðíûõ ìàòåìàòè÷åñêèõ ïàêåòîâ â îáðàçîâàòåëüíîì ïðîöåññå. Â

÷àñòíîñòè, â ñòàòüå [2℄ áûëî ïîêàçàíî ðåøåíèå íåñòàíäàðòíûõ, à â ñòàòüå

[3℄, ïðèëîæåíèå îïðåäåëåííûõ èíòåãðàëîâ ñ ïîìîùüþ ïðîãðàììû Maple.

Èñïîëüçîâàíèå â ó÷åáíîé äåÿòåëüíîñòè ðàçëè÷íûõ êîìïüþòåðíûõ ïà-

êåòîâ ïîçâîëÿåò èíäèâèäóàëèçèðîâàòü ó÷åáíóþ äåÿòåëüíîñòü ñòóäåíòîâ,

ñ ïåðâîãî êóðñà ïî÷óâñòâîâàòü îïûò íàó÷íîé ðàáîòû è òâîð÷åñêèõ èçûñ-

êàíèé ïðè ðåøåíèè çàäà÷ ïî âûñøåé ìàòåìàòèêå ðàçëè÷íûìè ñïîñîáàìè.

×òî íåìàëîâàæíî â óñëîâèÿõ, êîãäà áîëüøîé îáúåì ÷àñîâ îòâîäèòñÿ ñà-

ìîñòîÿòåëüíûì çàíÿòèÿì. Ìíîãîîáðàçèå âîçìîæíîñòåé äîñòèæåíèÿ öå-

ëè �îðìèðóåò áîëåå öåëîñòíîå âèäåíèå ïîñòàíîâêè ó÷åáíîé ïðîáëåìû, à
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òàêæå �îðìèðóåò âîçìîæíîñòü øèðîêîãî ñïåêòðà ñàìîñòîÿòåëüíîé äåÿ-

òåëüíîñòè ñòóäåíòà â íàó÷íîé ñ�åðå. Âíåäðåíèå ÑÊÌ â ó÷åáíûé ïðîöåññ

äàëî ïîëîæèòåëüíóþ äèíàìèêó â èçó÷åíèè ñòóäåíòàìè ìíîãèõ íàïðàâëå-

íèé ìàòåìàòèêè. Âîçìîæíîñòè äàííûõ ìàòåìàòè÷åñêèõ ïðîãðàìì ìîæ-

íî èñïîëüçîâàòü è ïðè èçó÷åíèè äðóãèõ ïðåäìåòîâ, òàêèõ êàê �èçèêà,

õèìèÿ è äð.
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Îáðàòíàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ÷åòâåðòîãî

ïîðÿäêà ñ ñèíãóëÿðíûì êîý��èöèåíòîì

Àçèçîâ Ì.Ñ.

Ôåð�Ó, Ôåðãàíà, Óçáåêèñòàí; muza�ar.azizov.1988�mail.ru

Â îáëàñòè Ω = {(x, t) : 0 < x < p, 0 < t < T} ðàññìîòðèì óðàâíåíèå

Lu ≡ utt + uxxxx +
2γ

t
ut = f (x) , (1)

ãäå p, T , γ ∈ R, ïðè÷åì p > 0, T > 0, −1/2 < γ < 1/2 , u = u (x, t) è f (x)
íåèçâåñòíûå �óíêöèè. Èññëåäóåì ñëåäóþùóþ çàäà÷ó:

Îáðàòíàÿ çàäà÷à. Â îáëàñòè Ω̄ íàéòè �óíêöèè u(x, t) è f(x), êî-
òîðûå

1) u(x, t) ∈ C3,0
x,t (Ω̄) ∩ C4,2

x,t (Ω), f(x) ∈ C(0, p) ∩ L(0, p);
2) u (x, t) è f (x) óäîâëåòâîðÿþò óðàâíåíèþ (1) â îáëàñòè Ω;
3) u (x, t) óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì

u (x, 0) = ϕ1 (x) , lim
t→0

t2γut (x, t) = ϕ2 (x) , 0 ≤ x ≤ p

è êðàåâûì óñëîâèÿì

u (0, t) = 0, u (p, t) = 0, uxx (0, t) = 0, uxx (p, t) = 0, 0 ≤ t ≤ T,

u (x, T ) = ϕ3(x), 0 ≤ x ≤ p,

ãäå ϕ1(x), ϕ2(x) è ϕ3(x) � çàäàííûå íåïðåðûâíûå �óíêöèè.

Òåîðåìà. Åñëè ϕj (x) ∈ C4 [0, p] ∩ C5 (0, p), ϕj
(5) (x) ∈ L (0, p),

ϕ
(2i)
j (0) = ϕ

(2i)
j (p) = 0, j = 0, 3, i = 0, 2, òî ðåøåíèå îáðàòíîé çàäà÷è

ñóùåñòâóåò.
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Îïòèìèçàöèÿ ìåñò ðàçìåùåíèÿ è çíà÷åíèé èñòî÷íèêîâ

â ñèñòåìå ÎÄÓ è êðàåâûõ óñëîâèÿõ

Àéäà-çàäå Ê.�.

1,a
, Àøðà�îâà Å.�.

1,2,b

1
ÈÑÓ ÍÀÍÀ,

2
Á�Ó, Áàêó, Àçåðáàéäæàí;
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b
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om

Èññëåäóåìàÿ çàäà÷à îïòèìèçàöèè îïèñûâàåòñÿ áîëüøîé ñèñòåìîé

äè��åðåíöèàëüíûõ óðàâíåíèé. Ñèñòåìà óðàâíåíèé èìååò áëî÷íóþ ñòðóê-

òóðó, ñàìè áëîêè ñâÿçàíû ìåæäó ñîáîé â ïðîèçâîëüíîì ïîðÿäêå ëèøü

íåðàçäåëåííûìè íà÷àëüíûìè è/èëè êîíå÷íûìè çíà÷åíèÿìè �àçîâûõ ïå-

ðåìåííûõ. Íà îòäåëüíûå òî÷êè ïîäñèñòåì (áëîêîâ) è íà òî÷êè ñîåäèíå-

íèÿ áëîêîâ âîçäåéñòâóþò èñòî÷íèêè, âëèÿþùèå íà �óíêöèîíèðîâàíèå

êàê îòäåëüíûõ áëîêîâ, òàê è âñåé ñèñòåìû â öåëîì. Òî÷êè âîçäåéñòâèÿ

èñòî÷íèêîâ è èõ ïàðàìåòðû òðåáóåòñÿ îïòèìèçèðîâàòü, èñõîäÿ èç çàäàí-

íîãî öåëåâîãî �óíêöèîíàëà çàäà÷è.

Èññëåäîâàíû âûïóêëîñòü �óíêöèîíàëà, åãî äè��åðåíöèðóåìîñòü, ïî-

ëó÷åíû íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè êàê ïî ïàðàìåòðàì, òàê è

ìåñòàì ñîñðåäîòî÷åíèÿ èñòî÷íèêîâ â êàæäîì áëîêå. Ïðåäëîæåíà äâóõ-

óðîâíåâàÿ ñõåìà ÷èñëåííîãî ðåøåíèÿ çàäà÷è. Íà âåðõíåì óðîâíå èñïîëü-

çóþòñÿ ìåòîäû îïòèìèçàöèè [1℄ ïåðâîãî ïîðÿäêà ñ ïðèìåíåíèåì ïîëó÷åí-

íûõ �îðìóë äëÿ ãðàäèåíòà öåëåâîãî �óíêöèîíàëà ïî îïòèìèçèðóåìûì

ìåñòàì âîçäåéñòâèÿ è ïàðàìåòðàì èñòî÷íèêîâ. Íà íèæíåì óðîâíå ðå-

øàþòñÿ ïðÿìàÿ è ñîïðÿæåííàÿ ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé

áîëüøîé ðàçìåðíîñòè áëî÷íîé ñòðóêòóðû ñ êðàåâûìè óñëîâèÿìè, âêëþ-

÷àþùèìè íåðàçäåëåííûå íà÷àëüíûå è êîíå÷íûå çíà÷åíèÿ �àçîâûõ ïåðå-

ìåííûõ ñìåæíûõ áëîêîâ, è çíà÷åíèÿ ïàðàìåòðîâ âíåøíèõ èñòî÷íèêîâ.

Äëÿ ðåøåíèÿ ýòèõ êðàåâûõ çàäà÷ ïðèìåíÿåòñÿ ïðåäëîæåííûé â [2℄ ïîä-

õîä, ïîçâîëÿþùèé ïðîâîäèòü ïðîöåäóðó ïðîãîíêè äëÿ êàæäîãî óñëîâèÿ

êàæäîãî áëîêà îòäåëüíî, ò.å. ðàñïàðàëëåëèòü ýòàïû ðåøåíèÿ ïðÿìîé è

ñîïðÿæåííîé êðàåâûõ çàäà÷, ê êîòîðîìó ïðèõîäèòñÿ ìíîãîêðàòíî îáðà-

ùàòüñÿ â ïðîöåññå ðåøåíèÿ îñíîâíîé çàäà÷è îïòèìèçàöèè.
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Çàäà÷à óïðàâëåíèÿ äâèæóùèìèñÿ èñòî÷íèêàìè è åå

ñâÿçü ñ íàãðóæåííûìè ñèñòåìàìè

Àéäà-çàäå Ê.�.

a
, �àøèìîâ Â.À.

b
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a
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b
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�àññìàòðèâàåòñÿ çàäà÷à ñèíòåçà óïðàâëåíèÿ íàãðåâîì ñòåðæíÿ, îïè-

ñûâàåìàÿ óðàâíåíèåì

ut(x, t) = a2uxx(x, t) − λ [u(x, t) − θ] +

N1∑

i=1

qi(t)δ(x − zi(t)) (1)

ñ ìíîæåñòâîì âîçìîæíûõ íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèé

u (x, 0) = b ∈ B, ux (0, t) = ux (l, t) = 0, x ∈ [0, l] , t ∈ (0, T ] .

Çäåñü: a, λ − çàäàííûå ïàðàìåòðû; θ ∈ Θ − òåìïåðàòóðà âíåøíåé ñðåäû;

äîïóñòèìûå ìíîæåñòâà çíà÷åíèé B, Θ − çàäàíû. Óïðàâëåíèÿìè ÿâëÿ-

þòñÿ qi(t) − ìîùíîñòü èñòî÷íèêà è �óíêöèÿ ϑi(t), âîçäåéñòâóþùàÿ íà

äâèæåíèå ïî ñòåðæíþ i-ãî èñòî÷íèêà, îïðåäåëÿåìîå óðàâíåíèåì:

z̈i(t) = aiżi(t) + bizi(t) + ϑi(t), zi(0) = z0i , żi(0) = 0, t ∈ [0, T ], (2)

i = 1, N1. Â çàäàííûõ òî÷êàõ ξj ∈ [0, l], j = 1, N2, âåäóòñÿ çàìåðû òåìïå-

ðàòóðû u(ξj , t), êîòîðûå èñïîëüçóþòñÿ äëÿ íàçíà÷åíèÿ òåêóùèõ çíà÷åíèé
óïðàâëåíèé:

qi(t) =

N2∑

j=1

αj
i

[
u(ξj , t) − γji

]
, ϑi(t) =

N2∑

j=1

βj
i

[
u(ξj , t) − γji

]
, i = 1, N1. (3)

Ïîäñòàâëÿÿ (3) â (1) è (2), ïîëó÷èì ñëåäóþùèå íàãðóæåííûå óðàâíåíèÿ:

ut(x, t) = a2uxx(x, t)−λ0 [u(x, t) − θ] +

N1∑

i=1

N2∑

j=1

αj
i

[
u(ξj , t) − γji

]
δ(x− zi(t)),

z̈i(t) = aiżi(t) + bizi(t) +

N2∑

j=1

βj
i

[
u(ξj , t) − γji

]
.

Çàäà÷à ñèíòåçà óïðàâëåíèÿ ïðîöåññîì íàãðåâà ïðèâîäèòñÿ ê ïàðà-

ìåòðè÷åñêîé çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ ñ íåêîòîðûì çàäàííûì

öåëåâûì �óíêöèîíàëîì îòíîñèòåëüíî îïòèìèçèðóåìûõ ïàðàìåòðîâ αj
i ,

βj
i , γ

j
i , ξj , i = 1, N1, j = 1, N2. Äëÿ ðåøåíèÿ çàäà÷è ïðèìåíåíû ÷èñëåííûå

ìåòîäû îïòèìèçàöèè ïåðâîãî ïîðÿäêà.
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Ïîäõîä ê ðåøåíèþ îäíîé êîý��èöèåíòíîé îáðàòíîé

çàäà÷è ñ èíòåãðàëüíûì óñëîâèåì ïåðåîïðåäåëåíèÿ äëÿ

ïàðàáîëè÷åñêîãî óðàâíåíèÿ
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b
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b
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Â äîêëàäå ïðåäëàãàåòñÿ ïîäõîä ê ÷èñëåííîìó ðåøåíèþ ñëåäóþùåé

îáðàòíîé çàäà÷è îòíîñèòåëüíî ëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ:

∂v (x, t)

∂t
= a0 (x)

∂2v (x, t)

∂x2
+ a1 (x)

∂v (x, t)

∂x
+ a2 (x) v (x, t) +

+ f (x, t) +B0 (x, t)C0 (x) , (1)

(x, t) ∈ Ω = {(x, t) : 0 ≤ x ≤ l, 0 ≤ t ≤ T} ,
ïðè ñëåäóþùèõ óñëîâèÿõ:

k1v (x, 0) +

T∫

0

ekτv (x, τ ) dτ = φ0 (x) , x ∈ [0, l] , (2)

v (0, t) = ψ0 (t) , v (l, t) = ψ1 (t) , t ∈ [0, T ] , (3)

v (x, T ) = φT (x) , x ∈ [0, l] . (4)

Çäåñü çàäàííûå �óíêöèè è ïàðàìåòðû óäîâëåòâîðÿþò óñëîâèÿì: a0(x) ∈
C1 ([0, l]), a0(x) > 0; �óíêöèè a1 (x), a2 (x) ≤ 0 è φ0 (x) , φT (x) ∈ C2 ([0, l]),
φT (x) > 0, f (x, t) , B0 (x, t), ψ0 (t) , ψ1 (t) íåïðåðûâíû ïî x è t; k, k1 6= 0;

B0 (x, t) äè��åðåíöèðóåìà ïî t, B0 (x, t) ≥ 0, ∂B0(x,t)
∂t ≥ 0 è

∣∣∣∣∣∣
k1B0 (x, 0) +

T∫

0

ekτB0 (x, τ ) dτ

∣∣∣∣∣∣
≥ δ > 0, x ∈ [0, l] .

Çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè íåèçâåñòíîé íåïðåðûâíîé �óíêöèè

C0 (x) , x ∈ (0, l) è ñîîòâåòñòâóþùåãî ðåøåíèÿ êðàåâîé çàäà÷è v (x, t) ∈
C2,1 (Ω) ∩ C1,0

(
Ω̄
)
, óäîâëåòâîðÿþùèõ óñëîâèÿì (1)�(4).

Âàæíî îòìåòèòü, ÷òî ïðåäëàãàåìûé ÷èñëåííûé ìåòîä ðåøåíèÿ çàäà-

÷è (1)�(4) íå ÿâëÿåòñÿ èòåðàöèîííûì è îñíîâàí íà èñïîëüçîâàíèè ìåòîäà

ïðÿìûõ. Çàäà÷à ïðèâîäèòñÿ ê ñèñòåìå îáûêíîâåííûõ äè��åðåíöèàëü-

íûõ óðàâíåíèé ñ íåèçâåñòíûìè ïàðàìåòðàìè, äëÿ ðåøåíèÿ êîòîðîé èñ-

ïîëüçóåòñÿ ñïåöèàëüíûé âèä ïðåäñòàâëåíèÿ äëÿ ðåøåíèÿ, ïðåäëîæåííûé

ðàíåå àâòîðàìè. Ïðèâîäÿòñÿ ðåçóëüòàòû ïðîâåäåííûõ ÷èñëåííûõ ýêñïå-

ðèìåíòîâ, ïîäòâåðæäàþùèå ý��åêòèâíîñòü ïðåäëàãàåìîãî ïîäõîäà.
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Î ïðèìåíåíèè àïïàðàòà äðîáíîãî äè��åðåíöèðîâàíèÿ

ê çàäà÷å �èëüòðàöèè

Àëèâåðäèåâ À.À.

1,2,a
, Ìåéëàíîâ �.�.

1,2
, Áåéáàëàåâ Â.Ä.

1,2,3,b
,

ßêóáîâ À.Ç.

2

1
ÈÏ�ÂÝ ÎÈÂÒ �ÀÍ,

2
Ä�Ó,

3
Ä�ÓÍÕ, Ìàõà÷êàëà, �îññèÿ;

a
aliverdi�mail.ru,

b
kaspij_03�mail.ru

Ìàòåìàòè÷åñêîå îïèñàíèå ÿâëåíèé òåïëî- è ìàññîïåðåíîñà â ìíîãî-

�àçíûõ ïîðèñòûõ ñòðóêòóðàõ îáû÷íî çàòðóäíåíî èç-çà íåëîêàëüíûõ ý�-

�åêòîâ ïàìÿòè, ñèëüíûõ ïðîñòðàíñòâåííûõ êîððåëÿöèé è ñàìîîðãàíèçà-

öèè. Äðîáíîå èñ÷èñëåíèå îòêðûâàåò íîâîå íàïðàâëåíèå â òåîðèè íåëî-

êàëüíûõ äè��åðåíöèàëüíûõ óðàâíåíèé è äàåò âîçìîæíîñòü ïðèíöèïè-

àëüíî èíîé èíòåðïðåòàöèè ýêñïåðèìåíòàëüíûõ äàííûõ. Èñïîëüçîâàíèå

ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðîâ ïîêàçàòåëåé äðîáíîãî ïîðÿäêà ïðèâî-

äèò ê ïîÿâëåíèþ ìíîæåñòâà ðåøåíèé, èç êîòîðûõ ìîæíî âûáðàòü òî÷íî

ñîîòâåòñòâóþùåå ðåàëüíûì ïðîöåññàì �èëüòðàöèè.

Íàìè áûëà ðàçðàáîòàíà ðàçíîñòíàÿ ñõåìà äëÿ ÷èñëåííîãî ðåøåíèÿ

êðàåâîé çàäà÷è äëÿ ñèñòåìû óðàâíåíèé íåèçîòåðìè÷åñêîé �èëüòðàöèè

ñ ïðîèçâîäíîé äðîáíîãî ïîðÿäêà Caputo ïî âðåìåíè. Äîêàçàíà óñòîé-

÷èâîñòü ðàçíîñòíîé ñõåìû. Ïðîâåäåí âû÷èñëèòåëüíûé ýêñïåðèìåíò ïî

àíàëèçó ïîëó÷åííûõ ðåøåíèé. Âû÷èñëåíû çíà÷åíèÿ äàâëåíèÿ è òåìïå-

ðàòóðû â çàâèñèìîñòè îò êîîðäèíàòû ðàäèóñà ïëàñòà è âðåìåíè è ïîñòðî-

åíû ãðà�èêè äèíàìèêè èçìåíåíèÿ äàâëåíèÿ è òåìïåðàòóðû ïî ðàäèóñó

ïëàñòà è â çàâèñèìîñòè îò âðåìåíè. Óñòàíîâëåíî çàìåäëåíèå ïðîöåññîâ

ñî âðåìåíåì â ðåøåíèÿõ ñ äðîáíûìè ïðîèçâîäíûìè [1℄.

Ëèòåðàòóðà
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Îá îïðåäåëåíèè äëèíû äóãè ëåìíèñêàòû Áåðíóëëè

Àíàõàåâ Ê.Í.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; anaha13�mail.ru

Ëåìíèñêàòà Áåðíóëëè (¾âîñüì¼ðêà¿) � ñèììåòðè÷íàÿ àëãåáðàè÷åñêàÿ

êðèâàÿ 4 ïîðÿäêà, â êîòîðîé ïðîèçâåäåíèå ðàäèóñ-âåêòîðîâ îò äâóõ �î-

êóñîâ äî êðèâîé ðàâíî ïîñòîÿííîé âåëè÷èíå � êâàäðàòó �îêóñíîãî ðàñ-

ñòîÿíèÿ ¾a2¿, è îïèñûâàåòñÿ óðàâíåíèÿìè:

� â äåêàðòîâûõ êîîðäèíàòàõ xOy :
(
x2 + y2

)2 − 2a2
(
x2 − y2

)
= 0;

� â ïîëÿðíûõ êîîðäèíàòàõ: r = a
√

2cos(2θ),
ãäå a � �îêóñíîå ðàññòîÿíèå; r � ðàäèóñ-âåêòîð ïðè ïîëÿðíîì óãëå θ.

Êðèâàÿ ðàññìàòðèâàåìîé ëåìíèñêàòû ìîæåò áûòü èñïîëüçîâàíà â

ïðèêëàäíûõ èññëåäîâàíèÿõ î÷åðòàíèé ñêîëüæåíèÿ è �îðì ãåî�èçè÷å-

ñêèõ ìàññèâîâ è ïðèðîäíûõ îáúåêòîâ.

Ïðè ýòîì ëåìíèñêàòà Áåðíóëëè õàðàêòåðèçóåòñÿ ñëåäóþùèìè ñâîé-

ñòâàìè: � ðàäèóñ îïèñàííîé îêðóæíîñòè

√
2a; � ðàäèóñ êðèâèçíû â çàäàí-

íîé òî÷êå 2a2/ (3r) ; � ïëîùàäü ïîëÿðíîãî ñåêòîðà S (θ) = sin(2θ)a2/2;
� ïëîùàäü êàæäîé ïåòëè S = a2. Ëåìíèñêàòà èìååò äâå âçàèìíî ïåð-

ïåíäèêóëÿðíûå êàñàòåëüíûå: x + y = 0 è x − y = 0, ïåðåñåêàþùèåñÿ â

óçëîâîé òî÷êå O.
Äëèíû ¾ïîëóïåòëè¿ ëåìíèñêàòû L (π/4) è äóãè ëåìíèñêàòû L (θ)

îò îñè Ox â I êâàäðàíòå, ñîîòâåòñòâåííî, ðàâíû [1℄: L (π/4) = aK (λ)
è L (θ) = aF (ϕ, λ) , â êîòîðûõ K (λ) è F (ϕ, λ) � ïîëíûé è íåïîëíûé

ýëëèïòè÷åñêèå èíòåãðàëû 1 ðîäà ïðè ìîäóëå λ = 1/
√

2 è àìïëèòóäå

ϕ = arcsin
(√

2sinθ
)
, ïðè÷¼ì âåëè÷èíà K (λ) = K

(
1/

√
2
)

= 1.854.
Â òîæå âðåìÿ, â ñâÿçè ñî ñëîæíîñòüþ îïåðèðîâàíèÿ ïðè àíàëèòè÷å-

ñêèõ ïðåîáðàçîâàíèÿõ è ðåøåíèÿõ ïðàêòè÷åñêèõ ïðèêëàäíûõ çàäà÷ çíà-

÷åíèåì (íåáåðóùåãîñÿ) íåïîëíîãî ýëëèïòè÷åñêîãî èíòåãðàëà F

(
ϕ, 1/

√
2
)

íèæå ïðåäëàãàåòñÿ óïðîù¼ííàÿ ðàñ÷¼òíàÿ çàâèñèìîñòü äëÿ ïðÿìîãî íà-

õîæäåíèÿ åãî çíà÷åíèé (ñ ïîãðåøíîñòüþ < 1 − 2 %) â âèäå

F
(
ϕ, 1/

√
2
)

= 0.31πϕ (1 + 0.125ϕ) .

Òîãäà, äëèíà äóãè ëåìíèñêàòû ðàâíà: L (θ) = 0.31πaϕ (1 + 0.125ϕ) , à
äëèíà ¾ïîëóïåòëè¿ � L (π/4) = 1.854a.

Äëèíà äóãè ìåæäó äâóìÿ ïðîèçâîëüíî ðàñïîëîæåííûìè òî÷êàìè ëåì-

íèñêàòû íàõîäèòñÿ êàê ðàçíîñòü ìåæäó çíà÷åíèÿìè äëèí äóã äëÿ êàæ-

äîé èç ýòèõ òî÷åê â îòäåëüíîñòè.

Ëèòåðàòóðà
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Ê çàäà÷å íåëèíåéíîãî èçãèáà êîíñîëè

Àíàõàåâ Ê.Í., Êóìûêîâ Ò.Ñ.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; anaha13�mail.ru

Â ñâÿçè ñî ñëîæíîñòüþ àíàëèòè÷åñêîãî ðåøåíèÿ ïðèêëàäíîé çàäà÷è

íåëèíåéíîãî èçãèáà êîíñîëè òîíêîãî óïðóãîãî ãîðèçîíòàëüíîãî ñòåðæíÿ

äëèíîé L âåðòèêàëüíîé ñèëîé P [1, 2℄, ïðåäñòàâëåííîãî ýëëèïòè÷åñêèìè

�óíêöèÿìè è èíòåãðàëàìè ïðè ìîäóëå

√
2
2 ≤ λ < 1 è àìïëèòóäå φ =

arcsin
(√

2
2λ

)
, ïðèâîäÿòñÿ ðàñ÷¼òíûå �îðìóëû â ýëåìåíòàðíûõ �óíêöè-

ÿõ [3℄ ïî ïðÿìîìó îïðåäåëåíèþ òàêèõ îñíîâíûõ õàðàêòåðèñòèê ñòåðæíÿ,

êàê êîîðäèíàòû èçãèáàåìîé êîíñîëè, èçãèáàåìûå óãëû, èçãèáàþùèå ìî-

ìåíòû ñèë è äð. Ïðè ýòîì èñïîëüçóåòñÿ íèæåñëåäóþùàÿ àíàëèòè÷åñêàÿ

âçàèìîñâÿçü ( < 1%) ìåæäó ñèëîâûì êîý��èöèåíòîì ïîäîáèÿ β è ìîäó-

ëåì λ = f(α0), ñîîòâåòñòâåííî, äëÿ çíà÷åíèé ìîäóëÿðíîãî óãëà α0, ðàâ-

íîãî 450 < α0 ≤ 600 è 600 ≤ α0 < 900, â âèäå λ = 0.015πβ (1 + 2β)+0.704;

λ = sin
{

1 + 0.01 (β − 1)3 + 0.425 (β − 1) [1 − 0.266 (β − 1)]
}
, ãäå êîý��è-

öèåíò β íàõîäèòñÿ â çàâèñèìîñòè îò íàãðóçêè P ïî �îðìóëå β =
√

PL2

EJ ,

E � ìîäóëü óïðóãîñòè (ìîäóëü Þíãà) ìàòåðèàëà ñòåðæíÿ; J � ìîìåíò

èíåðöèè ïîïåðå÷íîãî ñå÷åíèÿ ñòåðæíÿ; EJ � èçãèáíàÿ æåñòêîñòü ñòåðæ-

íÿ.

Ñðàâíåíèå çíà÷åíèé ïðåäëîæåííûõ ðàñ÷åòíûõ çàâèñèìîñòåé ñ ãðà-

�è÷åñêèìè è òàáëè÷íûìè äàííûìè èçâåñòíûõ ÷èñëåííûõ (òî÷íûõ) ðå-

øåíèé [1, 2℄ äàëî äîñòàòî÷íî áëèçêîå ñîâïàäåíèå ðåçóëüòàòîâ (<1 � 2 %),
ïðèâåäåíû ïðèìåðû ðàñ÷åòà.Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü èñïîëü-

çîâàíû òàêæå äëÿ îïðåäåëåíèÿ(îáðàòíûì ìåòîäîì) æåñòêîñòèñòåðæíåé

ïðîèçâîëüíîãî ñå÷åíèÿ, ëèáî ìîäóëÿ óïðóãîñòè ìàòåðèàëà ñòåðæíÿ ïðè

èçâåñòíûõ ñå÷åíèÿõ, â òîì ÷èñëå � â çàùèòíûõ ñîîðóæåíèÿõ îò îïàñíûõ

ãåî�èçè÷åñêèõ ïðîöåññîâ è äð.
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�åøåíèå çàäà÷è Êîøè è åå àíàëîãîâ äëÿ ñèñòåìû

óðàâíåíèé Ýéëåðà � Ïóàññîíà � Äàðáó

Àíäðååâ À.À.

a
, Ìàêñèìîâà Å.À.

b

ÌÒÓÑÈ, Ìîñêâà, �îññèÿ;

a
andre01071948�yandex.ru,

b
ekamaks�bk.ru

�àññìîòðåíà ñèñòåìà n äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðî-
èçâîäíûõ â ìàòðè÷íîé çàïèñè (ñèñòåìà óðàâíåíèé Ýéëåðà � Ïóàññîíà �

Äàðáó)

∂2U

∂ξ∂η
+

G

η − ξ

∂U

∂ξ
− G

η − ξ

∂U

∂η
= 0, (1)

ãäå U = (u1, ..., un)T , uk ∈ C2(D),D = {(ξ, η)|0 < ξ < η < 1}, G �

äåéñòâèòåëüíàÿ n× n ìàòðèöà.

Ïîñòàíîâêà çàäà÷è Êîøè è âèä ðåøåíèé ñóùåñòâåííî çàâèñÿò îò ñïåê-

òðà ìàòðèöûG. �åøåíèå çàäà÷è Êîøè äëÿ äåéñòâèòåëüíûõ è êîìïëåêñíî-
ñîïðÿæåííûõ ñîáñòâåííûõ çíà÷åíèé λk ìàòðèöû G ñ äåéñòâèòåëüíîé ÷à-

ñòüþ èç èíòåðâàëà (−1
2 ; 1

2) îïóáëèêîâàíû àâòîðàìè ðàíåå [1℄, [2℄.

Â ðàáîòå èññëåäîâàíû ïîñòàíîâêà è ðåøåíèå çàäà÷è Êîøè äëÿ ñëó÷àÿ

ñîáñòâåííûõ çíà÷åíèé Re(λk) > 1
2 . Ìàòðèöà-êîý��èöèåíò ïðèâåäåíà ê

æîðäàíîâîé �îðìå, ÷òî ïîçâîëèëî ðàçäåëèòü ñèñòåìó íà r íåçàâèñèìûõ
ñèñòåì óðàâíåíèé, ïî îäíîé äëÿ êàæäîãî ñîáñòâåííîãî çíà÷åíèÿ.

Â ïîëó÷åííûõ ñèñòåìàõ ìàòðè÷íûé êîý��èöèåíò èìååò îäíî ñîá-

ñòâåííîå çíà÷åíèå èç ðàññìàòðèâàåìîãî èíòåðâàëà, à êîý��èöèåíò ïðåä-

ñòàâëÿåò ñîáîé æîðäàíîâó êëåòêó. Äëÿ âñåõ r ñèñòåì óðàâíåíèé â ÷àñò-

íûõ ïðîèçâîäíûõ ñ�îðìóëèðîâàíà çàäà÷à Êîøè è ìåòîäîì �èìàíà ïî-

ñòðîåíî åå ðåøåíèå. �åøåíèå çàäà÷è Êîøè äëÿ ñèñòåìû (1) çàïèñàíî â

âèäå ïðÿìîé ñóììû ðåøåíèé ñèñòåì äëÿ æîðäàíîâûõ êëåòîê. Ñ�îðìó-

ëèðîâàíà òåîðåìà êîððåêòíîñòè ïîëó÷åííûõ êëàññè÷åñêèõ ðåøåíèé.

Ïðè n = 1 íàéäåííûå ðåøåíèÿ ñîãëàñóþòñÿ ñ ðåçóëüòàòàìè, ïîëó÷åí-
íûìè ìåòîäîì îáùèõ ðåøåíèé [3℄.
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Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà ñ

êðàòíûìè õàðàêòåðèñòèêàìè

Àïàêîâ Þ.Ï.,

1,2,a
Ìàìàæîíîâ Ñ.Ì.

1,b

1
ÈÌ ÀÍ �Óç, Òàøêåíò,

2
ÍàìÈÑÈ, Íàìàíãàí, Óçáåêèñòàí;

a
yusupjonapakov�gmail.
om,

b
sanjarbekmamajonov�gmail.
om

Â îáëàñòè Ω = {(x, y) : 0 < x < p, 0 < y < q} ðàññìîòðèì óðàâíåíèå

L [u] ≡ uxxxx + a1uxx + a2ux + a3u− uyy = f (x, y) , (1)

çäåñü a1, a2, a3 ∈ R è f (x, y) � çàäàííàÿ äîñòàòî÷íà ãëàäêàÿ �óíêöèÿ.

Çàäà÷à A3. Íàéòè �óíêöèþ u (x, y) èç êëàññà C4,2
x,y(Ω) ∩ C3,1

x,y

(
Ω̄
)
,

óäîâëåòâîðÿþùóþ â îáëàñòè Ω óðàâíåíèþ (1) è ñëåäóþùèì êðàåâûì

óñëîâèÿì:

uy (x, 0) = 0, uy (x, q) = 0,

u (0, y) = ψ1 (y) , u (p, y) = ψ2 (y) , uxx (0, y) = ψ3 (y) , uxx (p, y) = ψ4 (y),

ãäå ψi (y) ∈ C3 [0, q] , i = 1, 4, � çàäàííûå �óíêöèè, ïðè÷åì

ψi (0) = ψi (q) = ψi
′′ (0) = ψi

′′ (q) = 0, i = 1, 4, f (x, 0) = f (x, q) = 0.

Â ñòàòüå [1℄ ðàññìîòðåí ñëó÷àé a1 = a2 = 0, a3 = −c (x, t), à â ðà-

áîòàõ [2, 3℄ a1 = a2 = a3 = 0. Â [1�3℄ ðàññìîòðåí ñëó÷àé ψi (x) = 0 è ñ

íà÷àëüíûì óñëîâèåì îòëè÷íûì îò íóëÿ.

Òåîðåìà åäèíñòâåííîñòè. Åñëè çàäà÷à A3 èìååò ðåøåíèå, òî ïðè

âûïîëíåíèè óñëîâèé a1 ≤ 0 è a3 ≥ 0, îíî åäèíñòâåííî.

Òåîðåìà ñóùåñòâîâàíèÿ. Åñëè âûïîëíÿåòñÿ íåðàâåíñòâî

p

(
π
√

2q + q
√
π

(
1 + e

−4
√

π
2q

p
)

+ q
√

2q

)
C <

π
√
π

2

(
1 − e

−2
√

π
2q

p
)2

,

òî ðåøåíèå çàäà÷è A3 ñóùåñòâóåò. Çäåñü C = max
{
|ai| , i = 1, 3

}
.

Åäèíñòâåííîñòü ðåøåíèÿ ïîñòàâëåííîé çàäà÷è äîêàçàíà ìåòîäîì èíòå-

ãðàëîâ ýíåðãèè. �åøåíèå âûïèñàíî ÷åðåç ïîñòðîåííóþ �óíêöèþ �ðèíà.
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ãîñ. òåõí. óí-òà. Ñåð. Ôèç.-ìàò. íàóêè. 2015. Ò. 19, � 2. C. 311�324.

3. Urinov A.K., Azizov M.S. Boundary value problems for a fourth order
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hevskii Journal of

Mathemati
s. 2021, vol. 42, no. 3, pp. 632�640.
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Íîâûé ïîäõîä ê àíàëèçó óðàâíåíèÿ äðîáíîé äè��óçèè

ñ îáðàòíûì íàïðàâëåíèåì âðåìåíè

Àðòþøèí À.Í.

ÈÌ ÑÎ �ÀÍ, Íîâîñèáèðñê, �îññèÿ; alexsp3�yandex.ru

Ïóñòü 0 < ν < 1, T > 0, Ω ⊂ Rm
� îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé

ãðàíèöåé, S = ∂Ω × (0, T ), QT = Ω × (0, T ). Â öèëèíäðå QT ðàññìàòðè-

âàåòñÿ çàäà÷à (ñ äðîáíîé ïðîèçâîäíîé �åðàñèìîâà � Êàïóòî)

∂νt u(x, t) − ∆u(x, t) = 0, (1)

u(x, t)|S = 0, (2)

u(x, T ) = u1(x) ∈W 2
2 (Ω). (3)

Ñ ïîìîùüþ ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ ìîæíî ïîêàçàòü êîððåêò-

íîñòü òàêîé çàäà÷è (ñì [1℄). Îäíàêî â ñëó÷àå ïåðåìåííûõ êîý��èöèåíòîâ

òàêîé ïîäõîä ñòàëêèâàåòñÿ ñ òðóäíîñòÿìè. Â íàñòîÿùåì äîêëàäå îáñóæ-

äàåòñÿ íîâûé ïîäõîä äëÿ ñëó÷àÿ ν = 1/2, íå èñïîëüçóþùèé ðàçäåëåíèå

ïåðåìåííûõ.

Ïóñòü ν = 1/2. �àññìîòðèì çàäà÷ó (1)�(3) ñ íåèçâåñòíîé �óíêöèåé

u0(x) = u(x, 0). Ìîæíî ïîêàçàòü, ÷òî ïðè t > 0

ut(x, t) − ∆2u(x, t) = A
∆u0(x)

t1/2
. (4)

Òîãäà çàäà÷ó (2)�(4) ìîæíî òðàêòîâàòü êàê îáðàòíóþ çàäà÷ó îïðåäåëå-

íèÿ èñòî÷íèêà (ïðè t > T ). Äëÿ íåå ìîæíî ïîëó÷èòü îöåíêó äëÿ u0 ÷åðåç
ïîäõîäÿùóþ íîðìó u1.
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Îá îäíîé êðàåâîé çàäà÷å äëÿ íàãðóæåííûõ

ãèïåðáîëè÷åñêèõ óðàâíåíèé

Àñàíîâà À.Ò.

1,a
, Æîëàìàíêûçû À.

1,2

1
ÈÌÌÌ,

2
ÊàçÍÓ èì. àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí;

a
assanova�math.kz

Â îáëàñòè Ω = [0, T ] × [0, ω] ðàññìàòðèâàåòñÿ ñèñòåìà íàãðóæåííûõ

ãèïåðáîëè÷åñêèõ óðàâíåíèé

uxt(t, x) = A(t, x)ux(t, x) +B(t, x)ut(t, x) + C(t, x)u(t, x)+

+A0(t, x)ux(t, x0) +B0(t, x)ut(t, x0) + C0(t, x)u(t, x0) + f(t, x), (1)

ñ ãðàíè÷íûìè óñëîâèÿìè

P2(x)ux(0, x) + P1(x)ut(0, x) + P0(x)u(0, x) + S2(x)ux(T, x)+

+S1(x)ut(T, x) + S0(x)u(T, x) = ϕ(x), x ∈ [0, ω], (2)

u(t, 0) = ψ(t), t ∈ [0, T ], (3)

ãäå u(t, x) =: (u1(t, x), ..., un(t, x)) � èñêîìàÿ âåêòîð-�óíêöèÿ, (n × n) �
ìàòðèöû A(t, x), B(t, x), C(t, x), A0(t, x), B0(t, x), C0(t, x), Pi(x), Si(x),
i = 0, 1, 2, n-âåêòîð-�óíêöèè f(t, x), ϕ(x) íåïðåðûâíû íà Ω, [0, ω], ñîîò-
âåòñòâåííî, 0 < x0 < ω, n-âåêòîð-�óíêöèÿ ψ(t) íåïðåðûâíî äè��åðåí-

öèðóåìà íà [0, T ].
Íàãðóæåííûå ãèïåðáîëè÷åñêèå óðàâíåíèÿ íàõîäÿò øèðîêîå ïðèìåíå-

íèå â çàäà÷àõ ïðèëîæåíèÿ è èññëåäîâàëèñü ìíîãèìè àâòîðàìè [1-3℄.

Â íàñòîÿùåì ñîîáùåíèè ïðåäëàãàåòñÿ ìåòîä èññëåäîâàíèÿ è ðåøåíèÿ

íà îñíîâå ââåäåíèÿ íîâûõ �óíêöèé [4℄ è óñòàíîâëåíû óñëîâèÿ îäíîçíà÷-

íîé ðàçðåøèìîñòè çàäà÷è (1)�(3).

Ëèòåðàòóðà

1. Íàõóøåâ À.Ì. Çàäà÷è ñî ñìåùåíèåì äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-

íûõ. Ì.: Íàóêà, 2006. 287 
.

2. Íàõóøåâ À.Ì. Íàãðóæåííûå óðàâíåíèÿ è èõ ïðèëîæåíèÿ. Ì.: Íàóêà,

2012. 231 
.

3. Äæåíàëèåâ Ì.Ò., �àìàçàíîâ Ì.È. Íàãðóæåííûå óðàâíåíèÿ êàê âîçìó-

ùåíèÿ äè��åðåíöèàëüíûõ óðàâíåíèé. Àëìàòû: �ûëûì, 2010. 324 ñ.
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äëÿ íàãðóæåííîé ñèñòåìû ãèïåðáîëè÷åñêèõ óðàâíåíèé // Âåñòíèê Óä-
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�àáîòà âûïîëíåíà ïðè ïîääåðæêå Êîìèòåòà íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è
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Îá îäíîì íåëèíåéíîì èíòåãðî-äè��åðåíöèàëüíîì

óðàâíåíèè âòîðîãî ïîðÿäêà ñ ðàçíîñòíûìè ÿäðàìè

Àñõàáîâ Ñ.Í.

×�ÏÓ, ×�Ó èìåíè À.À. Êàäûðîâà, �ðîçíûé, �îññèÿ; askhabov�yandex.ru

Â êëàññå Q2
0 =

{
u : u ∈ C[0,∞)∩C2(0,∞), u(0) = u′(0) = 0 è u(x) > 0

ïðè x > 0
}
èçó÷àåòñÿ óðàâíåíèå

uα(x) =

x∫

0

h(x− t)u′(t) dt+

x∫

0

k(x− t)u′′(t) dt, x > 0, α > 1, (1)

â ïðåäïîëîæåíèè, ÷òî âûïîëíåíû óñëîâèÿ:

h ∈ C2[0,∞), h′′(x) íå óáûâàåò íà [0,∞), h(0) = h′(0) = 0 è h′′(0) ≥ 0,
(2)

k ∈ C3[0,∞), k′′′(x) íå óáûâàåò íà [0,∞),

k(0) = k′(0) = k′′(0) = 0 è k′′′(0) > 0. (3)

Ïðè óñëîâèÿõ (2) è (3) ïîëó÷åíû äâóñòîðîííèå àïðèîðíûå îöåíêè äëÿ

ëþáîãî ðåøåíèÿ óðàâíåíèÿ (1) èç êëàññà Q2
0. Èñïîëüçóÿ ýòè îöåíêè, ïî-

ñòðîåí êîíóñíûé îòðåçîê, èíâàðèàíòíûé îòíîñèòåëüíî íåëèíåéíîãî èí-

òåãðàëüíîãî îïåðàòîðà ñâåðòêè, ïîðîæäåííîãî óðàâíåíèåì (1), ÷òî ïîç-

âîëèëî ïðè äîïîëíèòåëüíîì óñëîâèè íà �óíêöèþ K(x) = h′(x) + k′′(x)
ìåòîäîì âåñîâûõ ìåòðèê (ñì., íàïðèìåð, [1, ãëàâà IV℄) äîêàçàòü ãëîáàëü-

íóþ òåîðåìó î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ óðàâíåíèÿ (1)

âî âñ¼ì êëàññå Q2
0. Èçó÷åí òàêæå âîïðîñ î ïðèáëèæåííîì ðåøåíèè óðàâ-

íåíèÿ (1). Ïîêàçàíî, ÷òî â ñëó÷àå îòðåçêà [0, b], ãäå b > 0 åñòü ëþáîå

÷èñëî, ðåøåíèå óðàâíåíèÿ (1) ìîæåò áûòü íàéäåíî ìåòîäîì ïîñëåäîâà-

òåëüíûõ ïðèáëèæåíèé ïèêàðîâñêîãî òèïà è óñòàíîâëåíà îöåíêà ñêîðî-

ñòè èõ ñõîäèìîñòè ê òî÷íîìó ðåøåíèþ ïî ìåòðèêå íåêîòîðîãî ïîëíîãî

âåñîâîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà. Â ÷àñòíîì ñëó÷àå, ïðè h(x) ≡ 0,
àíàëîãè÷íûå ðåçóëüòàòû áûëè ïîëó÷åíû â [2℄.
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Çàäà÷à ãðàíè÷íîãî óïðàâëåíèÿ äëÿ íàãðóæåííîãî

âäîëü îäíîé èç ñâîèõ õàðàêòåðèñòèê ãèïåðáîëè÷åñêîãî

óðàâíåíèÿ

Àòòàåâ À.Õ.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; attaev.anatoly�yandex.ru

Äëÿ óðàâíåíèÿ

uxx − utt = λu

(
x+ t

2
,
x+ t

2

)
(1)

ñî ñëåäóþùèìè íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè

u(x, 0) = ϕ0(x), ut(x, 0) = ψ0(x), 0 ≤ x ≤ l, (2)

u(0, t) = µ(t), u(l, t) = ν(t), 0 ≤ t ≤ T, (3)

ãäå λ � ïðîèçâîëüíîå äåéñòâèòåëüíîå ÷èñëî, èññëåäîâàíà çàäà÷à îòûñêà-
íèÿ òàêèõ ãðàíè÷íûõ óïðàâëåíèé µ(t) è ν(t), êîòîðûå çà ìèíèìàëüíûé
ïðîìåæóòîê âðåìåíè ïðèâîäÿò êîëåáàòåëüíóþ ñèñòåìó èç íà÷àëüíîãî ñî-

ñòîÿíèÿ (2) â íàïåðåä çàäàííîå �èíàëüíîå ñîñòîÿíèå

u(x, T ) = ϕ1(x), ut(x, T ) = ψ1(x), 0 ≤ x ≤ l. (4)

Â ðàáîòå:

1. Óñòàíîâëåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íà �óíêöèè ϕ0(x),
ψ0(x), ϕ1(x), ψ1(x), îáåñïå÷èâàþùèå ñóùåñòâîâàíèå èñêîìûõ ãðàíè÷íûõ
óïðàâëåíèé.

2. Ïðè âûïîëíåíèè ýòèõ óñëîâèé íàéäåí ÿâíûé àíàëèòè÷åñêèé âèä

èñêîìûõ ãðàíè÷íûõ óïðàâëåíèé.

3. Óñòàíîâëåíî, ÷òî ìèíèìàëüíîå âðåìÿ, â òå÷åíèè êîòîðîãî çàäà÷à

ãðàíè÷íîãî óïðàâëåíèÿ (1)�(4) äëÿ óðàâíåíèÿ (1) èìååò åäèíñòâåííîå

ðåøåíèå, ðàâíî l.
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ìàòåìàòè÷åñêîé áèîëîãèè, èí�îðìàòèêè è �èçèêè¿, Íàëü÷èê, 5-9 äåêàáðÿ 2021ã.

Ëîêàëüíî-îäíîìåðíàÿ ñõåìà äëÿ ïàðàáîëè÷åñêîãî

óðàâíåíèÿ îáùåãî âèäà, îïèñûâàþùåãî

ìèêðî�èçè÷åñêèå ïðîöåññû â êîíâåêòèâíûõ îáëàêàõ

Àøàáîêîâ Á.À.

1
, Õèáèåâ À.Õ.

2,a
, Øõàíóêîâ-Ëà�èøåâ Ì.Õ.

2

1
ÈÈÏ�Ó ÊÁÍÖ �ÀÍ,

2
ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ;

a
akkhibiev�gmail.
om

Â öèëèíäðå QT = G × [0 < t ≤ T ], îñíîâàíèåì êîòîðîãî ñëóæèò

ïðÿìîóãîëüíûé ïàðàëëåëåïèïåä G = {x = (x1, x2, ..., xp) : 0 < xα < lα,
α = 1, 2, ..., p} ñ ãðàíèöåé Γ ðàññìàòðèâàåòñÿ çàäà÷à

∂u

∂t
= Lu+ f(x,m, t), (x, t) ∈ QT , (1)

u |Γ= 0, u(x,m, 0) = u0(x,m), (2)

ãäå

Lu =

p∑

α=1

Lαu, Lαu =
∂

∂xα
(kα(x, t)

∂u

∂xα
)+ rα

∂u

∂xα
− 1

p
q(x,m, t)u(x,m, t)+

+
1

p

m1∫

0

Q(m,m′)P (m′)u(x,m′, t)dm′−1

p
u(x,m, t)

m1∫

0

β1(m,m
′)u(x,m′, t)dm′+

+
1

p

m1∫

0

u(x,m −m′, t)β1(m,m−m′)u(x,m′, t)dm′, (3)

ãäå β1(m,m
′) = π(r(m) + r(m′))2 · |V1(m)−V1(m

′)|E(m,m′), r(m), r(m′) �
ðàäèóñû ñòàëêèâàþùèõñÿ ÷àñòèö; V1(m), V1(m′) � èõ ñêîðîñòè ïàäåíèÿ;

E(m,m′) � êîý��èöèåíò çàõâàòà äëÿ êàïåëü, π(r) � áåçðàçìåðíîå äàâëå-
íèå, q(x,m, t) = P (m) +R(x,m), P (m) � âåðîÿòíîñòü ðàñïàäà â åäèíèöó
âðåìåíè êàïëè ìàññîé m, R(x,m) � âåðîÿòíîñòü çàìåðçàíèÿ â åäèíè-

öó âðåìåíè êàïëè ìàññîé m, Q(m,m′) � âåðîÿòíîñòü îáðàçîâàíèÿ êàïëè

ìàññîé m ïðè ðàñïàäå êàïëè ìàññîé m′
, Tm(m) � ìåäèàííàÿ òåìïåðàòóðà

çàìåðçàíèÿ êàïåëü ìàññîé m, Tb(x) � òåìïåðàòóðà âîçäóõà â óêàçàííîé

òî÷êå, rα(x, t), α = 1, 2, . . . , p � êîìïîíåíòû âåêòîðà ñêîðîñòè âîçäóøíûõ

ïîòîêîâ, m1 � ìàêñèìàëüíàÿ ìàññà (0.13 ã.) êàïåëü â îáëàêå.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäî-

âàíèé, ïðîåêò � 19-31-90094.

37



VI Ìåæäóíàðîäíàÿ íàó÷íàÿ êîí�åðåíöèÿ ¾Íåëîêàëüíûå êðàåâûå çàäà÷è è ðîäñòâåííûå ïðîáëåìû

ìàòåìàòè÷åñêîé áèîëîãèè, èí�îðìàòèêè è �èçèêè¿, Íàëü÷èê, 5-9 äåêàáðÿ 2021ã.

Î ðàçðåøèìîñòè íåêîòîðûõ êëàññîâ ïåðåîïðåäåëåííûõ

ñèñòåì óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè â

íåîãðàíè÷åííûõ îáëàñòÿõ

Áàéçàåâ Ñ.

a
, Äæóìàåâ Á.Ì.

b

Ò�ÓÏÁÏ, Õ�Ó, Õóäæàíä, Òàäæèêèñòàí;

a
sattor_bayzoev�rambler.ru,

b
buston.jumaev.94�mail.ru

�àññìîòðèì ïåðåîïðåäåë�åííóþ ñèñòåìó âèäà

wzj + ajw = 0, j = 1, n, (1)

z = (z1, . . . , zn), 
 êîý��èöèåíòàìè èç C2π− ïðîñòðàíñòâî íåïðåðûâíûõ

äâîÿêîïåðèîäè÷åñêèõ �óíêöèé ïî êàæäîé ïåðåìåííîé ñ îñíîâíûìè ïå-

ðèîäàìè 2π è 2πi. Åñëè aj ∈ C1, òî íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì

ïîëíîé ðàçðåøèìîñòè (ñì. [1℄, ñòð. 86) ñèñòåìû (1) áóäóò ðàâåíñòâà:

∂zkaj = ∂zjak, j 6= k. (2)

Ââåäåì îïåðàòîðû, îïðåäåë�åííûå â C2π : Sjf = −2i
∑
k 6=0

k−1f jke
i(k, zj),

ãäå k = k1 + ik2 ∈ Z2− öåëî÷èñëåííàÿ ðåøåòêà â C1, (k, zj) = k1xj +k2yj ,

f jk− êîý��èöèåíòû Ôóðüå �óíêöèè f ïî ïåðåìåííîé zj . Äëÿ ak ∈ C2π

îïðåäåëèì ñëåäóþùèå ñðåäíèå çíà÷åíèÿ: ak,j = (2π)−2j
∫
Kj ak(z)dωj , ãäå

dωj = dz1 · · · dzj,K− îñíîâíîé êâàäðàò ïåðèîäîâ. Ïîëîæèì ak,0 = ak(z).
Òåîðåìà. Ïóñòü êîý��èöèåíòû ñèñòåìû (1) ïðèíàäëåæàò C2π è

âûïîëíåíû óñëîâèÿ (2). Òîãäà îáùåå ðåøåíèå ýòîé ñèñòåìû ïðåäñòàâ-

ëÿåòñÿ â âèäå

w(z) = e−Ω(z)ϕ(z),

ãäå Ω(z) =
n∑

j=1
(Sjaj,j−1 + f j0zj), ϕ(z)− ïðîèçâîëüíàÿ àíàëèòè÷åñêàÿ ïî z

�óíêöèÿ.

Ëèòåðàòóðà

1. Ìèõàéëîâ Ë.�. Íåêîòîðûå ïåðåîïðåäåëåííûå ñèñòåìû óðàâíåíèé â ÷àñò-

íûõ ïðîèçâîäíûõ ñ äâóìÿ íåèçâåñòíûìè �óíêöèÿìè. Äóøàíáå: Äîíèø,

1986. 116 ñ.
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Âíóòðåííå-êðàåâàÿ çàäà÷à ñî ñìåùåíèåì äëÿ äâóõ

ñîïðÿãàþùèõñÿ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà

Áàëêèçîâ Æ.À.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; Giraslan�yandex.ru

Â îáëàñòè Ω = Ω1 ∪ Ω2 ∪ I åâêëèäîâîé ïëîñêîñòè òî÷åê (x, y), ãäå
Ω1 =

{
(x, y) : 2(−y)(m+2)/2 < (m+ 2)x < (m+ 2)r − 2(−y)(m+2)/2

,

− [r(m+ 2)/4]2/(m+2) < y < 0
}
, Ω2 = {(x, y) :y < x < r − y, 0 < y < r/2},

I = {(x, 0) : 0 < x < r}, ðàññìîòðèì óðàâíåíèå

0 =

{
(−y)muxx − uyy + λ(−y)

m−2
2 ux, y < 0,

uxx − uyy + f(x, y), y > 0,
(1)

ãäåm, λ � çàäàííûå ÷èñëà, ïðè÷åìm > 0, |λ| ≤ m
2 , f = f (x, y) � çàäàííàÿ

�óíêöèÿ, u = u (x, y) � èñêîìàÿ �óíêöèÿ.

�åãóëÿðíûì â îáëàñòè Ω ðåøåíèåì óðàâíåíèÿ (1) íàçîâåì �óíêöèþ

u = u (x, y) èç êëàññà u (x, y) ∈ C
(
Ω̄
)
∩ C1 (Ω) ∩ C2 (Ω1 ∪ Ω2), ïðè ïîä-

ñòàíîâêå êîòîðîé óðàâíåíèå (1) îáðàùàåòñÿ â òîæäåñòâî.

Â ðàìêàõ äàííîé ðàáîòû èññëåäîâàíà îäíà âíóòðåííå-êðàåâàÿ çàäà÷à

ñî ñìåùåíèåì [1℄ äëÿ óðàâíåíèÿ âèäà (1). Íàéäåíû äîñòàòî÷íûå óñëîâèÿ

íà çàäàííûå �óíêöèè, ïðè êîòîðîì ñóùåñòâóåò åäèíñòâåííîå ðåãóëÿðíîå

â îáëàñòè Ω ðåøåíèå èññëåäóåìîé çàäà÷è.

Ëèòåðàòóðà

1. Íàõóøåâ À.Ì. Çàäà÷è ñî ñìåùåíèåì äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-

íûõ. Ì.: Íàóêà, 2006. 287 
.
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×àñòè÷íî èíòåãðàëüíûå îïåðàòîðû â ïðîñòðàíñòâàõ

Ñîáîëåâà

Áàðûøåâà È.Â.

Ë�ÏÓ èìåíè Ï.Ï. Ñåìåíîâà-Òÿí-Øàíñêîãî, Ëèïåöê, �îññèÿ;

barysheva_iv�mail.ru

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ îïåðàòîð ñ ÷àñòíûìè èíòåãðàëàìè

(K1u)(x1, x2) =

b1∫

a1

k1(x1, x2, t1)u(t1, x2) dt1,

ãäå �óíêöèÿ u(x1, x2) îïðåäåëåíà íà êîíå÷íîì ïðÿìîóãîëüíèêå D =
[a1, b1] × [a2, b2] ∈ R2, à èíòåãðàëû ïîíèìàþòñÿ â ñìûñëå Ëåáåãà.

×åðåçW l
p(D) îáîçíà÷àåòñÿ ïðîñòðàíñòâî Ñîáîëåâà, ñîñòîÿùåå èç �óíê-

öèé u(x1, x2) ∈ Lp(D), èìåþùèõ îáîáù¼ííûå ïðîèçâîäíûå çàäàííîãî ïî-
ðÿäêà l èç Lp(D). Ïðè 1 ≤ p ≤ ∞ ïðîñòðàíñòâà W l

p(D) ÿâëÿþòñÿ áàíà-

õîâûìè ïðîñòðàíñòâàìè, à ïðè p = 2 � ãèëüáåðòîâûìè ïðîñòðàíñòâàìè

è îáîçíà÷àþòñÿ H l(D) = W l
2(D). Íîðìà â ïðîñòðàíñòâå W l

p(D) ïîðÿäêà
l ââîäèòñÿ ïî ñëåäóþùåé �îðìóëå:

‖u‖W l
p(D) =


∑

|α|≤l

∫

D

|Dαu|pdx




1/p

.

Òåîðåìà. Ïóñòü ÿäðî k1 ∈ W l
4(D × [a1, b1]), à �óíêöèÿ u ∈ W l

4(D).
Òîãäà âûïîëíÿåòñÿ íåðàâåíñòâî

||(K1u)||Hl(D) ≤ C1 · ‖u‖W l
4(D), ãäå C1 − êîíñòàíòà.

Ëèòåðàòóðà

1. Appell J.M., Kalitvin A.S., Zabrejko P.P. Partial integral operators and in-

tegro-di�erential equations. New York-Basel: Mar
el Dekker, 2000. 560 p.

2. Áàðûøåâà È.Â. Îá îáðàòèìîñòè óðàâíåíèé ñ ÷àñòíûìè èíòåãðàëàìè â

ïðîñòðàíñòâå ÷àñòè÷íî äè��åðåíöèðóåìûõ �óíêöèé // Íàó÷íûå âåäî-

ìîñòè Áåë�Ó. Ôèçèêà. Ìàòåìàòèêà. 2011. Âûï. 24, � 17(112). Ñ. 46�59.
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×èñëåííîå ðåøåíèå êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ

òåïëîïðîâîäíîñòè ñ äðîáíîé ïðîèçâîäíîé �èññà ïî

ïðîñòðàíñòâåííîé êîîðäèíàòå

Áåéáàëàåâ Â.Ä.

1,2,3,a
, Àëèâåðäèåâ À.À.

1,2,b

1
ÈÏ�ÂÝ ÎÈÂÒ �ÀÍ,

2
Ä�Ó,

3
Ä�ÓHX, Ìàõà÷êàëà, �îññèÿ;

a
kaspij_03�mail.ru,

b
aliverdi�mail.ru

Â îáëàñòè D={(x, t): −∞<x<+∞, 0<t≤T} èññëåäîâàíà íà÷àëüíî-

êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ ïðîèçâîäíûìè äðîá-

íîãî ïîðÿäêà �èññà.

Çàäà÷à. Íàéòè ðåøåíèå u(x, t) ∈ C2(D) óðàâíåíèÿ:

ut(x, t) = C(x, t)RDβu(x, t) + f(x, t), (1)

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ u(x, 0) = φ(x) è ãðàíè÷íûì óñëî-

âèÿì u(−L, t) = µ1(t) è u(L, t) = µ2(t).

Çäåñü

RDβu(x, t) = 1

2Γ(β) cos(βπ

2 )
∂2

∂x2

∫ +∞
−∞

u(s,t)
|s−x|1−β ds � ÷àñòíàÿ äðîáíàÿ

ïðîèçâîäíàÿ �èññà [1℄, 1 < β ≤ 2, C(x, t) ≥ 0. Èñïîëüçóÿ âûðàæåíèå

RDβu(x, t) =
1

2Γ(β) cos
(
βπ
2

)
(
RLDβ

0−u(x, t) +RL Dβ
0+u(x, t)

)
, (2)

óðàâíåíèå (1) ïðèìåò âèä:

∂u(x,t)
∂t = C(x,t)

2Γ(β) cos( βπ

2 )

(
RLDβ

0+u(x, t) +RL Dβ
0−u(x, t)

)
+ f(x, t).

Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è (1) ïîñòðîåíà íåÿâíàÿ ðàçíîñòíàÿ

ñõåìà ñ îïåðåæåíèåì íà øàáëîíå [2℄:

un+1
i − uni
τ

=
Cn+1
i

2Γ(β) cos
(
βπ
2

)
hβ

[
i+1∑

k=0

qku
n+1
i−k+1+

K−i+1∑

k=0

qku
n+1
i+k−1

]
+ fn+1

i , (3)

u0i = φ(xi), u
n
0 = µ1(tn), unK = µ2(tn). Äîêàçàíà òåîðåìà.

Òåîðåìà. �àçíîñòíàÿ ñõåìà (3) áåçóñëîâíî óñòîé÷èâà.
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Ëåììû Âàí äåð Êîðïóòà ñ �óíêöèÿìè Áåññåëÿ

Áåéñåíáàé À.À.

ÈÌÌÌ, Àëìàòû, Êàçàõñòàí; beisenbay�math.kz

Îäíîé èç íàèáîëåå âàæíûõ îöåíîê â ãàðìîíè÷åñêîì àíàëèçå ÿâëÿåò-

ñÿ ëåììà Âàí äåð Êîðïóòà, êîòîðàÿ ïðåäñòàâëÿåò ñîáîé îöåíêó îñöèë-

ëèðóþùèõ èíòåãðàëîâ. �àáîòà ïîñâÿùåíà èçó÷åíèþ àíàëîãîâ ëåìì Âàí

äåð Êîðïóòà [1℄, ñîäåðæàùèõ �óíêöèè Áåññåëÿ. Îáîáùåíèå ñîñòîèò â

òîì, ÷òî ìû çàìåíÿåì ýêñïîíåíöèàëüíóþ �óíêöèþ �óíêöèÿìè Áåññåëÿ

äëÿ èçó÷åíèÿ îñöèëëèðóþùèõ èíòåãðàëîâ, ïîÿâëÿþùèõñÿ ïðè àíàëèçå

[1℄ âîëíîâîãî óðàâíåíèÿ ñ ñèíãóëÿðíûì çàòóõàíèåì. Â ÷àñòíîñòè, ìû

èçó÷àåì èíòåãðàë âèäà

J(λ) =

∫

Ω

J1(λφ(x))ψ(x)dx,

ãäå J1(λφ(x)) � �óíêöèÿ Áåññåëÿ [2℄

J1(λφ(x)) =

∞∑

m=0

(−1)m

m!(m+ 1)!

(
λ

2

)2m+1

φ2m+1(x).
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�àçðåøèìîñòü êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ ÷åòâåðòîãî

ïîðÿäêà

Áåêèåâ À.Á., Øûõûåâ �.Ì.

Ê�Ó, Íóêóñ, Óçáåêèñòàí; ashir1976�mail.ru

Ìíîãèå íàó÷íî-ïðàêòè÷åñêèå èññëåäîâàíèÿ ïðèâîäÿò ê êðàåâûì çàäà÷àì

äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ÷åòâåðòîãî ïîðÿäêà. Êðàåâûå çàäà÷è

äëÿ óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà ðàññìàòðèâàëèñü â ðàáîòàõ [1-5℄.

Â îáëàñòè Ω = {(x, t) : 0 < x < p, −α < t < β} ðàññìîòðèì óðàâíåíèå

Lu ≡ uxxxx (x, t) + b2u (x, t) + sgnt · [ut (x, t) − utt (x, t)] = 0. (1)

Çàäà÷à.Íàéòè �óíêöèþ u (x, t), óäîâëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì:

u (x, t) ∈ C2, 0
x, t

(
Ω̄
)
∩ C4,2

x,t (Ω+ ∪ Ω−) , Lu (x, t) ≡ 0, (x, t) ∈ Ω+ ∪ Ω−, (2)

u (0, t) = 0, u (p, t) = 0, uxx (0, t) = 0, uxx (p, t) = 0, −α ≤ t ≤ β, (3)

u (x, β) = ϕ (x) , u (x, −α) = ψ (x) , 0 ≤ x ≤ p, (4)

ãäå Ω+ = Ω ∩ {t > 0} , Ω− = Ω ∩ {t < 0} è ϕ (x) , ψ (x) � çàäàííûå äîñòàòî÷íî
ãëàäêèå �óíêöèè, ïðè÷åì ϕ(2i) (0) = ϕ(2i) (p) = 0, ψ(2i) (0) = ψ(2i) (p) = 0, i =
0, 1;α, β > 0, p > 0.

×àñòíûå ðåøåíèÿ çàäà÷è (1)�(4) ìîæíî íàéòè ìåòîäîì ðàçäåëåíèÿ ïåðåìåí-

íûõ. Äîêàçàíî ñóùåñòâîâàíèå, åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ çàäà÷è

(1)�(4).

Ëèòåðàòóðà

1. Àìàíîâ Ä. �àçðåøèìîñòü è ñïåêòðàëüíûå ñâîéñòâà êðàåâûõ çàäà÷ äëÿ

óðàâíåíèé ÷åòíîãî ïîðÿäêà. Àâòîðå�. äèñ. . . . äîêò. �èç.-ìàò. íàóê. Òàø-

êåíò: ÀÍ �Óç, 2019. 64 
.

2. Äæóðàåâ Ò.Ä., Ñîïóåâ À. Ê òåîðèè äè��åðåíöèàëüíûõ óðàâíåíèé â

÷àñòíûõ ïðîèçâîäíûõ ÷åòâåðòîãî ïîðÿäêà. Òàøêåíò: Ôàí, 2000. 144 
.

3. Ìåãðàëèåâ ß. Îáðàòíàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ èçãèáà òîíêèõ

ïëàñòèíîê ñ äîïîëíèòåëüíûì èíòåãðàëüíûì óñëîâèåì // Äàëüíåâîñòî÷-

íûé ìàòåìàòè÷åñêèé æóðíàë. 2013. Ò. 13, � 1. Ñ. 83�101.

4. Smirnov M.M. Mixed type model equation of the fourth order. Leningrad:

Publishing house of Leningrad State University, 1972. 123 p. (Russian).
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�àçíîñòíûå ìåòîäû ðåøåíèÿ íåëîêàëüíûõ êðàåâûõ çàäà÷

äëÿ äè��åðåíöèàëüíûõ óðàâíåíèé êîíâåêöèè-äè��óçèè

äðîáíîãî ïîðÿäêà ñ ý��åêòîì ïàìÿòè

Áåøòîêîâ Ì.Õ.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; beshtokov-murat�yandex.ru

Â ïðÿìîóãîëüíîé îáëàñòè èçó÷àþòñÿ íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ îä-

íîìåðíûõ ïî ïðîñòðàíñòâó äè��åðåíöèàëüíûõ óðàâíåíèé êîíâåêöèè-äè��óçèè

äðîáíîãî ïîðÿäêà 
 ý��åêòîì ïàìÿòè, â êîòîðûõ íåèçâåñòíàÿ �óíêöèÿ âõî-

äèò â äè��åðåíöèàëüíîå âûðàæåíèå è âìåñòå ñ òåì �èãóðèðóåò ïîä çíàêîì

èíòåãðàëà. Âîçíèêíîâåíèå èíòåãðàëüíîãî ñëàãàåìîãî â óðàâíåíèè ñâÿçàíî ñ

íåîáõîäèìîñòüþ ó÷èòûâàòü çàâèñèìîñòü ìãíîâåííûõ çíà÷åíèé õàðàêòåðèñòèê

îïèñûâàåìîãî îáúåêòà îò èõ ïðåäûäóùèõ çíà÷åíèé, ò. å. âëèÿíèå íà òåêóùåå

ñîñòîÿíèå ñèñòåìû åå ïðåäûñòîðèè.

Äëÿ ÷èñëåííîãî ðåøåíèÿ íåëîêàëüíûõ êðàåâûõ çàäà÷ ïîñòðîåíû äâóõñëîé-

íûå ìîíîòîííûå ðàçíîñòíûå ñõåìû, àïïðîêñèìèðóþùèå ýòè çàäà÷è íà ðàâíî-

ìåðíîé ñåòêå. Ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ âûâåäåíû îöåíêè ðåøåíèé

çàäà÷ â äè��åðåíöèàëüíîé è ðàçíîñòíîé òðàêòîâêàõ. Èç ïîëó÷åííûõ àïðè-

îðíûõ îöåíîê ñëåäóþò åäèíñòâåííîñòü, à òàêæå íåïðåðûâíàÿ è ðàâíîìåðíàÿ

çàâèñèìîñòü ðåøåíèÿ îò âõîäíûõ äàííûõ ðàññìàòðèâàåìûõ çàäà÷ è â ñèëó ëè-

íåéíîñòè ðàññìàòðèâàåìîé çàäà÷è ñõîäèìîñòü ðåøåíèÿ ðàçíîñòíîé çàäà÷è ê

ðåøåíèþ ñîîòâåòñòâóþùåé äè��åðåíöèàëüíîé çàäà÷è ñî ñêîðîñòüþ ñõîäèìî-

ñòè O(h2 + τ2).
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Ïåðâàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ íàãðóæåííîãî

ìíîãîìåðíîãî óðàâíåíèÿ êîíâåêöèè-äè��óçèè

Áåøòîêîâà Ç.Â.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; zarabaeva�yandex.ru

Ïîñòàíîâêà çàäà÷è. Â öèëèíäðå QT = G × [0, T ], îñíîâàíèåì êîòîðîãî

ÿâëÿåòñÿ p -ìåðíûé ïðÿìîóãîëüíûé ïàðàëëåëåïèïåä G = {x = (x1, x2, ..., xp) :
0 ≤ xα ≤ lα, α = 1, 2, ..., p} ñ ãðàíèöåé Γ, G = G ∪ Γ, ðàññìàòðèâàåòñÿ çàäà÷à

∂u

∂t
= Lu+ f(x, t), (x, t) ∈ QT ,

u
∣∣∣
Γ

= 0, 0 ≤ t ≤ T,

u(x, 0) = u0(x), x ∈ G,

ãäå

Lu =
p∑

α=1
Lαu, Lαu =

∂

∂xα

(
kα(x, t)

∂u

∂xα

)
+ rα(x, t)

∂u

∂xα
(x0, t) − qα(x, t)u,

0 < c0 ≤ kα(x, t) ≤ c1, |kxα
(x, t)|, |rα(x, t)|, |rxα

(x, t)|, |qα(x, t)| ≤ c2,

kα(x, t) ∈ C3,1 (QT ) , rα(x, t), qα(x, t) ∈ C2,1 (QT ) , α = 1, 2, ..., p,

x0 = (x1, x2, ..., xα−1, x
0
α, xα+1, .., xp),

x0α � �èêñèðîâàííàÿ òî÷êà èíòåðâàëà (0, lα),
QT = G× (0 < t ≤ T ], c0, c1, c2 � ïîëîæèòåëüíûå ïîñòîÿííûå.

�àññìàòðèâàåòñÿ ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ íàãðóæåííîãî ìíîãîìåðíîãî

óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà îáùåãî âèäà. Äëÿ ïðèáëèæåííîãî ðåøåíèÿ ïî-

ñòàâëåííîé çàäà÷è ñòðîèòñÿ ëîêàëüíî-îäíîìåðíàÿ ðàçíîñòíàÿ ñõåìà. Ìåòîäîì

ýíåðãåòè÷åñêèõ íåðàâåíñòâ ïîëó÷åíà àïðèîðíàÿ îöåíêà äëÿ ðåøåíèÿ ëîêàëüíî-

îäíîìåðíîé ðàçíîñòíîé ñõåìû, îòêóäà ñëåäóþò åå óñòîé÷èâîñòü è ñõîäèìîñòü.

Äëÿ äâóìåðíîé çàäà÷è ïîñòðîåí àëãîðèòì ïðèáëèæåííîãî ðåøåíèÿ. Ïðîâåäåíû

÷èñëåííûå ðàñ÷åòû òåñòîâûõ ïðèìåðîâ, èëëþñòðèðóþùèå ïîëó÷åííûå â ðàáîòå

òåîðåòè÷åñêèå âûêëàäêè.
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Î ðàçðåøèìîñòè êðàåâûõ çàäà÷ äëÿ ýëëèïòè÷åñêèõ

óðàâíåíèé âòîðîãî ïîðÿäêà ñ èíâîëþòèâíûì îòêëîíåíèåì

â öèëèíäðè÷åñêîé îáëàñòè

Áæåóìèõîâà Î.È.

ÊÁ�Ó, Íàëü÷èê, �îññèÿ; bzhoksana�gmail.
om

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ðàçðåøèìîñòè êðàåâûõ çàäà÷

äëÿ ëèíåéíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ ñ èíâîëþöèåé ïî âðåìåííîé ïåðåìåí-

íîé â ìëàäøèõ ÷ëåíàõ â öèëèíäðè÷åñêîé îáëàñòè.

Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü èç ïðîñòðàíñòâà Rn ïåðåìåííûõ x1, x2, ..., xn
ñ ãëàäêîé ãðàíèöåé Γ. Â öèëèíäðè÷åñêîé îáëàñòè Q = Ω × (0, T ), 0 < T < +∞,

ðàññìîòðèì äè��åðåíöèàëüíîå óðàâíåíèå

utt(x, t) + ∆u(x, t) + a(x, t)u(x, t) + b(x, t)u(x, ϕ(t)) = f(x, t), (1)

ãäå a(x, t), b(x, t) è f(x, t) � çàäàííûå �óíêöèè, îïðåäåëåííûå ïðè x ∈ Ω,
t ∈ [0, T ], ϕ(t) � çàäàííàÿ íà îòðåçêå [0, T ] èíâîëþöèÿ, ∆ � îïåðàòîð Ëàïëà-

ñà, äåéñòâóþùèé ïî ïåðåìåííûì x1, x2, ..., xn.
Çàäà÷à 1. Íàéòè ðåøåíèå u(x, t) óðàâíåíèÿ (1) â îáëàñòè Q óäîâëåòâî-

ðÿþùåå ñëåäóþùèì óñëîâèÿì:

u(x, t) |S = 0, (2)

u(x, 0) = 0, u(x, T ) = 0, x ∈ Ω,

ãäå S = Γ × (0, T ).
Çàäà÷à 2. Íàéòè ðåøåíèå u(x, t) óðàâíåíèÿ (1) â îáëàñòè Q óäîâëåòâî-

ðÿþùåå (2), à òàêæå ñëåäóþùèì óñëîâèÿì:

ut(x, 0) = 0, ut(x, T ) = 0, x ∈ Ω.

Â äàííîé ðàáîòå ìåòîäîì ïðîäîëæåíèÿ ïî ïàðàìåòðó è àïðèîðíûõ îöåíîê

[1, 2℄ äîêàçûâàþòñÿ òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåãóëÿðíûõ ðå-

øåíèé èññëåäóåìûõ çàäà÷. Òàêæå â ñëó÷àå a(x, t) = a0, b(x, t) = b0 èçó÷àþòñÿ
ñâîéñòâà ñîáñòâåííûõ �óíêöèé è ñîáñòâåííûõ ÷èñåë êðàåâûõ çàäà÷ äëÿ óðàâ-

íåíèÿ (1).
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Íåëîêàëüíûé ïîäõîä ê èññëåäîâàíèþ ïðîäîëüíûõ

êîëåáàíèé ñòåðæíÿ

Áîãàòîâ À.Â.

a
, Ïóëüêèíà Ë.Ñ.

Ñàìàðñêèé óíèâåðñèòåò, Ñàìàðà, �îññèÿ;

a
andrebogato�mail.ru

Òåîðåòè÷åñêèå èññëåäîâàíèÿ ïðîäîëüíûõ êîëåáàíèé îòíîñèòåëüíî òîëñòîãî

è êîðîòêîãî ñòåðæíÿ áàçèðóþòñÿ íà ìàòåìàòè÷åñêîé ìîäåëè, ñîäåðæàùåé óðàâ-

íåíèå ÷åòâåðòîãî ïîðÿäêà. Ïðèñóòñòâèå â óðàâíåíèè ñìåøàííîé ïðîèçâîäíîé

÷åòâåðòîãî ïîðÿäêà, êàê óñòàíîâëåíî åùå �ýëååì, îòðàæàåò ý��åêòû äå�îð-

ìàöèè ñòåðæíÿ â ïîïåðå÷íîì íàïðàâëåíèè.

Â òîì ñëó÷àå, êîãäà èçó÷àþòñÿ êîëåáàíèÿ òîëñòîãî êîðîòêîãî ñòåðæíÿ, ñëå-

äóåò ïðåäïîëîæèòü, è íå áåç îñíîâàíèé [1, 2℄, ÷òî êðàåâûå óñëîâèÿ, çàäàííûå

íà ðàçíûõ ó÷àñòêàõ ãðàíèöû, ìîãóò îêàçàòüñÿ ñâÿçàííûìè ìåæäó ñîáîé íåêî-

òîðûì ñîîòíîøåíèåì. Â òàêîì ñëó÷àå ãîâîðÿò, ÷òî óñëîâèÿ íåëîêàëüíû. Ê íà-

ñòîÿùåìó âðåìåíè ðàçðàáîòàíû íåêîòîðûå ìåòîäû ìåòîäû äîêàçàòåëüñòâà ðàç-

ðåøèìîñòè íåëîêàëüíûõ çàäà÷ äëÿ óðàâíåíèé ÷åòâåðòîãî ïîðÿäêà [3℄.

Â äîêëàäå ðàññìàòðèâàåòñÿ çàäà÷à ñ íåëîêàëüíûìè óñëîâèÿìè äëÿ óðàâíå-

íèÿ ÷åòâåðòîãî ïîðÿäêà

σ(x)utt − (a(x)ux)x − (b(x)uttx)x = f(x, t), (1)

u(x, 0) = 0, ut(x, 0) = 0, (2)

ux(0, t) = 0, u(0, t) +

l∫

0

K(x)u(x, t)dx = 0. (3)

Óäàëîñü íàéòè óñëîâèÿ íà âõîäíûå äàííûå, îáåñïå÷èâàþùèå ñóùåñòâîâàíèå

åäèíñòâåííîãî îáîáùåííîãî ðåøåíèÿ ïîñòàâëåííîé çàäà÷è.
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Î ðàçðåøèìîñòè óðàâíåíèÿ äðîáíîé äè��óçèè ñ

îïåðàòîðàìè Äæðáàøÿíà � Íåðñåñÿíà

Áîãàòûðåâà Ô.Ò.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; fatima_bogatyreva�bk.ru

Â îáëàñòè D = {(x, y) : x ∈ R, 0 < y < T} ðàññìîòðèì óðàâíåíèå

aD
{α,β}
0y u(x, y) + bD

{γ,δ}
0y u(x, y) − uxx(x, y) = f(x, y), (1)

ãäå D
{α,β}
0y , D

{γ,δ}
0y � îïåðàòîðû äðîáíîãî äè��åðåíöèðîâàíèÿ Äæðáàøÿíà �

Íåðñåñÿíà ïîðÿäêîâ µ = α+β− 1 > 0, ν = γ+ δ− 1 > 0, ñîîòâåòñòâåííî, µ > ν,
α, β, γ, δ ∈]0, 1], a, b � 
onst, f(x, y) � çàäàííàÿ äåéñòâèòåëüíàÿ �óíêöèÿ.

Îïåðàòîð äðîáíîãî äè��åðåíöèðîâàíèÿ Äæðáàøÿíà � Íåðñåñÿíà (ñåêâåí-

öèàëüíàÿ äðîáíàÿ ïðîèçâîäíàÿ) àññîöèèðîâàííûé ñ óïîðÿäî÷åííîé ïàðîé {ξ, η},
ïîðÿäêà σ = ξ + η − 1, îïðåäåëÿåòñÿ ñîîòíîøåíèåì [1℄

D
{ξ,η}
0y = Dη−1

0y Dξ
0y, (2)

ãäåDη−1
0y èDξ

0y � äðîáíûé èíòåãðàë è äðîáíàÿ ïðîèçâîäíàÿ �èìàíà � Ëèóâèëëÿ,

ñîîòâåòñòâåííî [2℄.

Â ðàáîòå èññëåäîâàí âîïðîñ ðàçðåøèìîñòè íà÷àëüíûõ çàäà÷ äëÿ óðàâíåíèÿ

(1) â çàâèñèìîñòè îò ðàñïðåäåëåíèÿ ïàðàìåòðîâ α, β, γ, δ.
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�åøåíèå ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ ðàöèîíàëüíîé

ñòåïåíüþ íåëèíåéíîñòè â èíòåãðàëüíîé íàãðóçêå

Áîçèåâ Î.Ë.

ÈÈÏ�Ó ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; boziev�yandex.ru

�àññìàòðèâàåòñÿ çàäà÷à

ut − uxx −
a

l

∫

Ω

updx = f(x, t), (1)

u(x, 0) = φ(x), 0 ≤ x ≤ l, (2)

u(0, t) = 0, u(l, t) = ψ(t), 0 ≤ t ≤ T, (3)

ãäå ðàöèîíàëüíîå p ∈ (0, 1), f(x, t) ∈ L2(Q), ϕ(x) ∈ C1[0, l], ψ(t) ∈ C1[0, T ].
Èíòåãðàëüíûé ÷ëåí â (1) áóäåì íàçûâàòü èíòåãðàëüíîé íàãðóçêîé.

Äëÿ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è (1)�(3) èñïîëüçóåòñÿ ïðèáëèæåííî-

àíàëèòè÷åñêèé ìåòîä, ðàíåå ïðèìåíÿâøèéñÿ äëÿ ðåøåíèÿ íàãðóæåííûõ óðàâ-

íåíèé ñ íàòóðàëüíîé ñòåïåíüþ â èíòåãðàëüíîé íàãðóçêå [1℄.

Ïðè óñëîâèè, ÷òî �óíêöèÿ u ∈ H1(Ω), �óíêöèè ψt(t) ∈ L1[0, T ], φ(x),
φx(x) ∈ L2(Ω), f(x, t) ∈ L2(Q) íå óáûâàþò, 3

√
l > a, óñòàíîâëåíà àïðèîðíàÿ

îöåíêà (∫

Ω

|u|p dx
) 1

p

≤ K(t). (4)

Ñîîòâåòñòâóþùèé ïîäáîð K(t) ïðèâîäèò ê ðàâåíñòâó â (4), ÷òî ïîçâîëÿåò

èñïîëüçîâàòü ýòó �óíêöèþ äëÿ ëèíåàðèçàöèè (1), ò.å. äëÿ ïåðåõîäà ê óðàâíå-

íèþ

ut − uxx =
a

l
K(t) + f(x, t).

Åãî èíòåãðèðîâàíèå ïðè óñëîâèÿõ (2), (3) äàåò �óíêöèþ u(0), ïðèíèìàå-
ìóþ çà íà÷àëüíîå ïðèáëèæåíèå â ïîñëåäîâàòåëüíîé àïïðîêñèìàöèè òî÷íîãî

ðåøåíèÿ óðàâíåíèÿ (1) ðåøåíèÿìè óðàâíåíèé âèäà

u
(k)
t − u(k)xx − a

l

∫

Ω

(
u(k−1)

)p
dx = f(x, t),

ïðè ñîîòâåòñòâóþùèõ óñëîâèÿõ âèäà (2), (3).

Èñïîëüçóåìûé ïðèáëèæåííî-àíàëèòè÷åñêèé ìåòîä ìîæåò áûòü ïðèìåíåí ê

óðàâíåíèÿì ðàçëè÷íîãî òèïà è ïîðÿäêà ñ ðàöèîíàëüíîé ñòåïåíüþ â èíòåãðàëü-

íîé íàãðóçêå.
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Ëèíåéíîå óðàâíåíèå ñ âûðîæäåííûì îïåðàòîðîì ïðè

ñòàðøåé ïðîèçâîäíîé �åðàñèìîâà � Êàïóòî

Áîéêî Ê.Â.

×åë�Ó, ×åëÿáèíñê, �îññèÿ; kvboyko�mail.ru

�àññìîòðèì ëèíåéíîå íåîäíîðîäíîå óðàâíåíèå äðîáíîãî ïîðÿäêà

Dα
t Lx(t) =

n∑

k=1

Dαk

t Mkx(t) + g(t) (1)

â ñëó÷àå kerL 6= {0}, ãäå L,Mk ∈ L(X ;Y) (ëèíåéíûå îãðàíè÷åííûå îïåðàòîðû),
k = 1, 2, . . . , n − 1, Mn ∈ Cl(X ;Y) (ëèíåéíûé çàìêíóòûé îïåðàòîð), 0 ≤ α1 <
α2 < ... < αn < α, m = ⌈α⌉, mk = ⌈αk⌉, k = 1, 2, . . . , n, g ∈ ([0, T ];Y).

Åñëè Mn (L, 0) � îãðàíè÷åí, ñóùåñòâóþò ïðîåêòîðû

P =
1

2πi

∫

|µ|=R

(µL−Mn)−1Ldµ ∈ L(X ),

Q =
1

2πi

∫

|µ|=R

L(µL−Mn)−1dµ ∈ L(Y),

ïðè òàêîì R > 0, ÷òî σL(Mn) ⊂ {µ ∈ C : |µ| ≤ R} [1℄. �åøåíèåì çàäà÷è

x(l)(0) = xl, l = 0, 1, . . . , mn − 1, (Px)(l)(0) = xl, l = mn, mn + 1, . . . , m− 1, (2)

äëÿ óðàâíåíèÿ (1) áóäåì íàçûâàòü �óíêöèþ x : [0, T ] → X , äëÿ êîòîðîé

x ∈ Cmn−1([0, T ];X ), Dα
t Lx,D

αk

t Mkx ∈ C([0, T ];Y), k = 1, 2 . . . , n, âûïîëíÿþòñÿ
ðàâåíñòâà (1) ïðè âñåõ t ∈ [0, T ] è (2).

Òåîðåìà [2℄. Ïóñòü L,Mk ∈ L(X ;Y), k = 1, 2, . . . , n − 1, Mn ∈ Cl(X ;Y)
(L, 0) � îãðàíè÷åí, MkP = QMk, k = 1, 2, . . . , n − 1, g ∈ C([0, T ];Y), xl ∈ X
ïðè l = 0, 1, . . . , mn − 1, xl ∈ X 1

, l = mn, mn + 1, . . . , m− 1. Òîãäà ñóùåñòâóåò
åäèíñòâåííîå ðåøåíèå çàäà÷è (1), (2).
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Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå áèñëîéíîãî ãðà�åíà,

çàïîëíåííîãî ìîëåêóëàìè �óëëåðåíà C60

Áóõóðîâà Ì.Ì.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; mareta.bukhurova�mail.ru

Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ àíàëèòè÷åñêèé ìåòîä ðàñ÷åòà ñýíäâè÷-

ñòðóêòóðû íà îñíîâå áèñëîéíîãî ãðà�åíà è ìîëåêóë �óëëåðåíà C60. Ìåòîä
îñíîâàí íà êîíòèíóàëüíîì ïðèáëèæåíèè äëÿ ïîòåíöèàëîâ ìåæàòîìíîãî âçàè-

ìîäåéñòâèÿ. Ñóòü çàêëþ÷àåòñÿ â óñðåäíåíèè ïàðíîãî ìåæàòîìíîãî ïîòåíöèàëà

ïî ïîâåðõíîñòÿì è îáúåìàì âçàèìîäåéñòâóþùèõ êîìïîíåíòîâ. Òàêîå óñðåäíå-

íèå ïðåäñòàâëÿåòñÿ âïîëíå îïðàâäàííûì, ò.ê. ìîëåêóëû C60 â ìåæïëîñêîñòíîì

ïðîñòðàíñòâå ìîãóò áûòü îðèåíòèðîâàíû ñëó÷àéíûì îáðàçîì ïî âðàùàòåëü-

íûì ñòåïåíÿì ñâîáîäû (ñì. [1℄). Äàííûé ìåòîä èñïîëüçîâàëñÿ â ðàáîòàõ [2, 3℄

äëÿ ðàñ÷åòà ñèñòåì, ñîäåðæàùèõ óãëåðîäíûå íàíîòðóáêè, �óëëåðåíû è íàíî-

ëóêîâèöû.

�àññ÷èòàíû òîëùèíà è óäåëüíàÿ ýíåðãèÿ êîãåçèè ñýíäâè÷-ñòðóêòóðû â âè-

äå áèñëîéíîãî ãðà�åíà ñ ïëîòíîóïàêîâàííûìè ìîëåêóëàìè C60 âíóòðè. Ïîëó-

÷åííûå çíà÷åíèÿ ïàðàìåòðîâ (1.32nm è 0.358J/m2) ñîãëàñóþòñÿ ñ èçâåñòíûìè
ýêñïåðèìåíòàëüíûìè äàííûìè ïî ãèáðèäíûì óãëåðîäíûì íàíîñòðóêòóðàì è

ãðà�èòó.
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omposite materials of alternately sta
ked monolayer and

graphene // Journal of Nanomaterials. 2010, vol. 2010, 891514.

2. �åõâèàøâèëè Ñ.Ø., Áóõóðîâà Ì.Ì. �àâíîâåñíûå ïàðàìåòðû âçàèìîäåé-

ñòâèÿ ìîëåêóëû �óëëåðåíà C60 ñ îäíîñëîéíîé óãëåðîäíîé íàíîòðóáêîé

// Ïèñüìà â æóðíàë òåõíè÷åñêîé �èçèêè. 2018. T. 44, � 23. C. 24�29.

3. �åõâèàøâèëè Ñ.Ø., Áóõóðîâà Ì.Ì. Óñòîé÷èâîñòü óãëåðîäíîé íàíîëóêî-

âèöû â êîíòàêòå ñ ãðà�èòîâîé ïîäëîæêîé // Ïèñüìà â æóðíàë òåõíè÷å-

ñêîé �èçèêè. 2019. T. 45, � 12. C. 9�11.
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Îá ýëëèïòè÷åñêèõ óðàâíåíèÿõ è êðàåâûõ çàäà÷àõ â

êîíóñàõ

Âàñèëüåâ Â.Á.

ÍÈÓ ¾Áåë�Ó¿, Áåëãîðîä, �îññèÿ; vbv57�inbox.ru

Â ðàáîòå ìåòîäîì âîëíîâîé �àêòîðèçàöèè [1℄ ðàññìàòðèâàåòñÿ ìîäåëüíîå

ýëëèïòè÷åñêîå ïñåâäîäè��åðåíöèàëüíîå óðàâíåíèå â íåêîòîðûõ êîíè÷åñêèõ

îáëàñòÿõ åâêëèäîâà ïðîñòðàíñòâà. Äëÿ ïîëó÷åíèÿ åäèíñòâåííîãî ðåøåíèÿ â

ïðîñòðàíñòâå Ñîáîëåâà � Ñëîáîäåöêîãî ê óðàâíåíèþ äîáàâëÿåòñÿ íåêîòîðîå

èíòåãðàëüíîå óñëîâèå. Èññëåäóåòñÿ ïîâåäåíèå ðåøåíèÿ, êîãäà íåêîòîðûå ïà-

ðàìåòðû êîíóñà ñòðåìÿòñÿ ê íóëþ.

Òàê, â ÷àñòíîñòè, ïðè èññëåäîâàíèè ïñåâäîäè��åðåíöèàëüíîãî óðàâíåíèÿ

(Au)(x) = 0 x ∈ R3 \ Cab+

â ïðîñòðàíñòâå Hs(Cab+ ), ãäå

Cab+ = {x ∈ R3 : x = (x1, x2, x3), x3 < a|x1| + b|x2|, a, b > 0},

ñ èíòåãðàëüíûì óñëîâèåì [2℄

+∞∫

−∞

u(x1, x2, x3)dx3 ≡ g(x1, x2),

ïðè ïåðåõîäå ê ïðåäåëó, êîãäà îäèí èç ïàðàìåòðîâ a, b ñòðåìèòñÿ ê∞, âîçíèêàåò

äîïîëíèòåëüíîå óñëîâèå íà �óíêöèþ g

h

(
ξ1,

t3 + t2
2

)
=
h(ξ1, t2) + h(ξ1, t3)

2
− (S2h)(ξ1, t2) + (S2h)(ξ1, t3), ξ1 ∈ R;

çäåñü �óíêöèÿ h âûïèñûâàåòñÿ êàê óìíîæåíèå �óíêöèè g íà ýëåìåíò âîëíîâîé
�àêòîðèçàöèè ñèìâîëà A(ξ), S1, S2 � îäíîìåðíûå ñèíãóëÿðíûå èíòåãðàëüíûå

îïåðàòîðû ïî ïåðâîé è âòîðîé ïåðåìåííîé.

Ëèòåðàòóðà

1. Âàñèëüåâ Â.Á. Ìóëüòèïëèêàòîðû èíòåãðàëîâ Ôóðüå, ïñåâäîäè��åðåíöè-

àëüíûå óðàâíåíèÿ, âîëíîâàÿ �àêòîðèçàöèÿ, êðàåâûå çàäà÷è. Ì.: ÊîìÊíè-

ãà, 2010. 135 ñ.

2. Vasilyev V., Kutaiba Sh. Ellipti
 equations in domains with 
uts: 
ertain

examples // Int. J. Appl. Math., 2021, vol. 31, no. 2, pp. 339�351.

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè �Ô, ïðîåêò

� FZWG-2020-0029.
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Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå äèíàìè÷åñêèõ ïðîöåññîâ â

ñèñòåìå ¾òðóáîïðîâîä � äàò÷èê äàâëåíèÿ¿

Âåëüìèñîâ Ï.À., Òàìàðîâà Þ.À., Àëåêñàíèí Í.Ä.

Óë�ÒÓ, Óëüÿíîâñê, �îññèÿ; velmisov�ulstu.ru, kazakovaua�mail.ru,

ni
kx73�yandex.ru

�àññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à, ñîîòâåòñòâóþùàÿ ìîäåëè ìåõà-

íè÷åñêîé ñèñòåìû ¾òðóáîïðîâîä-äàò÷èê äàâëåíèÿ¿

ϕtt = a20(ϕxx + ϕyy), x ∈ (0, l), y ∈ (0, h), (1)

ϕy(x, 0, t) = ϕy(x, h, t) = 0, x ∈ (0, l), (2)

ϕx(l, y, t) = wt(y, t), y ∈ (0, h), (3)

−ρ0ϕt(0, y, t) = P (y, t), y ∈ (0, h), (4)

P0 − ρ0ϕt(l, y, t)− P∗ = L(w(y, t)), y ∈ (0, h). (5)

Â (1)�(5) ϕ(x, y, t) � ïîòåíöèàë ñêîðîñòè, îïèñûâàþùèé äâèæåíèå ñæèìàåìîé

ðàáî÷åé ñðåäû â òðóáîïðîâîäå ñ ïðÿìîëèíåéíûìè ñòåíêàìè y = 0, y = h; w(y, t)
� äå�îðìàöèÿ óïðóãîãî ýëåìåíòà äàò÷èêà, ðàñïîëîæåííîãî â êîíöå òðóáîïðî-

âîäà x = l; ρ0, P0, a0 � ïëîòíîñòü, äàâëåíèå, ñêîðîñòü çâóêà, ñîîòâåòñòâóþùèå
ñîñòîÿíèþ ïîêîÿ ðàáî÷åé ñðåäû; P (y, t) � çàäàííûé çàêîí èçìåíåíèÿ äàâëåíèÿ
ðàáî÷åé ñðåäû íà âõîäå â òðóáîïðîâîä x = 0; P∗ � âíåøíåå âîçäåéñòâèå íà óïðó-

ãèé ýëåìåíò; èíäåêñû x, y, t ñíèçó îáîçíà÷àþò ÷àñòíûå ïðîèçâîäíûå ïî êîîðäè-
íàòàì x, y è âðåìåíè t. Äè��åðåíöèàëüíûé (èëè èíòåãðî-äè��åðåíöèàëüíûé)
îïåðàòîð L(w(y, t)) â óðàâíåíèè (5) ìîæåò áûòü çàäàí ïî ðàçíîìó â çàâèñèìîñòè
îò âûáðàííîé ìîäåëè òâåðäîãî äå�îðìèðóåìîãî òåëà.

Ñèñòåìà óðàâíåíèé (1)�(5) äîïîëíÿåòñÿ íà÷àëüíûìè óñëîâèÿìè äëÿ èñêî-

ìûõ �óíêöèé ϕ(x, y, t) è w(y, t), à òàêæå ãðàíè÷íûìè óñëîâèÿìè äëÿ w(y, t)
ïðè y = 0, y = h, ñîîòâåòñòâóþùèìè òèïó çàêðåïëåíèÿ óïðóãîãî ýëåìåíòà.

�àçðàáîòàíî íåñêîëüêî ñïîñîáîâ ðåøåíèÿ çàäà÷è, îñíîâîé êîòîðûõ ÿâëÿ-

þòñÿ ìåòîäû: êîíå÷íûõ ðàçíîñòåé, �àëåðêèíà, óñðåäíåíèÿ. Ïðåäñòàâëåí òàêæå

ñïîñîá, ïðèâîäÿùèé ê èññëåäîâàíèþ äè��åðåíöèàëüíîãî óðàâíåíèÿ ñ îòêëîíÿ-

þùèìñÿ àðãóìåíòîì. Ïðîâåäåíî ñðàâíåíèå ðåçóëüòàòîâ, ïîëó÷åííûõ ðàçíûìè

ñïîñîáàìè.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäî-

âàíèé, ïðîåêòû �18-41-730015, �19-41-730006.
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Îïòèìàëüíîå ïîñòðîåíèå òðàåêòîðèè êâàäðîêîïòåðà ñ

ïîìîùüþ MPC óïðàâëåíèÿ

Âèíîêóðñêèé Ä.Ë.

a
, �àíüøèí Ê.Þ., Ìåçåíöåâà Î.Ñ.,

Ñàìîéëîâ Ô.Â.

ÑÊÔÓ, Ñòàâðîïîëü, �îññèÿ;

a
dlvinokursky�gmail.
om

Â ýòîé ðàáîòå ïðåäñòàâëåí àëãîðèòì ïîñòðîåíèÿ òðàåêòîðèè áåñïèëîòíîãî

ëåòàòåëüíîãî àïïàðàòà ïðè ïîìîùè MPC óïðàâëåíèÿ, êîòîðûé ïî ñóòè ïðåä-

ñòàâëÿåò ñîáîé íåëèíåéíóþ ñèñòåìó óïðàâëåíèÿ ïîñòðîåíèÿ òðåõìåðíîé òðà-

åêòîðèè áåñïèëîòíîãî ëåòàòåëüíîãî àïïàðàòà. Â ÷àñòíîñòè, íàø ïîäõîä áûë

íàïðàâëåí íà ïðåîäîëåíèå ðàçðûâà ìåæäó âðåìåíåì îòñëåæèâàíèÿ è âû÷èñëè-

òåëüíûìè çàòðàòàìè íà ïîñòðîåíèå îïòèìàëüíîé òðàåêòîðèè.

Â ðàáîòå áûëà èñïîëüçîâàíà ìîäåëü MPC óïðàâëåíèÿ êâàäðîêîïòåðà. Óðàâ-

íåíèå äâèæåíèÿ çàïèøåì â âèäå:

ẋ(t) =




x2(
sinψ tanu2

cos θ + cosψ tanu3

)
(u1 + g)

x4(
− cosψ tanu2

cos θ + sinψ tanu3

)
(u1 + g)

x6
u1
u4




.

Çäåñü âåêòîð óïðàâëÿþùèõ âîçäåéñòâèé u(t) = [u1 u2 u3 u4]′ = [z̈ ϕ θ ψ̇]′ è
âåêòîð x(t) = [x1 x2 x3 x4 x5 x6 x7]′ = [x ẋ y ẏ z ż ψ]′. Çäåñü øòðèõ îçíà÷àåò
îïåðàöèþ òðàíñïîíèðîâàíèÿ âåêòîð-ñòðîêè.

Ý��åêòèâíîñòü íàøåãî ïîäõîäà áûëà ïðîâåðåíà ñ ïîìîùüþ ñåðèè ìîäåëü-

íûõ ýêñïåðèìåíòîâ ñ ìèíè êâàäðîêîïòåðàìè CRAZYFLY - 2.
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Èñïîëüçîâàíèå êðèâûõ Áåçüå è ãîäîãðà�à Ïè�àãîðà ïðè

ïîñòðîåíèè ïóòè áåñïèëîòíîãî ëåòàòåëüíîãî àïïàðàòà

Âèíîêóðñêèé Ä.Ë., Êîíîíîâà Í.Â., Êîíîíîâ Ì.Í.,

Êîíîíîâà Ì.Í., Êîíîíîâ Í.Á.

ÑÊÔÓ, Ñòàâðîïîëü, �îññèÿ; dlvinokursky�gmail.
om, knv_fm�mail.ru

Â íàñòîÿùåå âðåìÿ ïîñòðîåíèå âûñîêîý��åêòèâíûõ ìîäåëåé óïðàâëåíèÿ

ãðóïïàìè ÁÏËÀ ÿâëÿåòñÿ ñëîæíîé çàäà÷åé â ñâÿçè ñ íåîáõîäèìîñòüþ ïîñòî-

ÿííîé êîððåêöèè òðàåêòîðèè äâèæåíèÿ è ó÷¼òà ìàññîãàáàðèòíûõ ïîêàçàòåëåé

îòäåëüíûõ àãåíòîâ; îãðàíè÷åíèÿìè ïî ðàçëè÷íûì ïàðàìåòðàì èñïîëüçóåìûõ

áîðòîâûõ âû÷èñëèòåëüíûõ ñðåäñòâ. Ïîìèìî ïðî÷åãî, ìîäåëü, ðåàëèçóþùàÿ ý�-

�åêòèâíîå ñëåäîâàíèå ãðóïïîé ïî ëèíåéíûì òðàåêòîðèÿì, ñòðîÿùèìñÿ ïàðà-

ìåòðè÷åñêè, îêàçûâàåòñÿ ñëîæíîé íà ýòàïàõ å¼ ðàçðàáîòêè â âèäó íàëè÷èÿ

âíåøíèõ âîçäåéñòâèé êàê íà âñþ ñèñòåìó (âêëþ÷àþùóþ â ñåáÿ ãðóïïó ÁÏ-

ËÀ) â öåëîì, òàê è íà å¼ ýëåìåíòû, èíåðòíîñòè àãåíòîâ, îøèáîê è íåòî÷íî-

ñòåé â ñèñòåìàõ óïðàâëåíèÿ îòäåëüíûìè àãåíòàìè. Ïðè ðåøåíèè çàäà÷ ñèíòåçà

è ïðàêòè÷åñêîãî èñïîëüçîâàíèÿ ìîäåëåé òðàåêòîðíîãî óïðàâëåíèÿ îòìå÷àþòñÿ

ñëåäóþùèå ïðîáëåìû: íåîáõîäèìîñòü çàäàíèÿ áîëüøîãî ÷èñëà ïðîìåæóòî÷íûõ

òî÷åê ïðè ïîñòðîåíèè òðàåêòîðèé; ïðåäñòàâëåíèå ñåãìåíòîâ òðàåêòîðèé â âèäå

ëîìàíûõ; âûñîêàÿ âû÷èñëèòåëüíàÿ ñëîæíîñòü ïðè äèíàìè÷åñêîì ïåðåñòðîåíèè

òðàåêòîðèé. Äëÿ ðåøåíèÿ óêàçàííûõ ïðîáëåì íåîáõîäèìû ñîâåðøåííî íîâûå

ïîäõîäû ê ñèíòåçó è ðåàëèçàöèè óïðàâëåíèÿ ãðóïïîé ÁÏËÀ, ïîçâîëÿþùèå äî-

ñòèãàòü âûñîêóþ ý��åêòèâíîñòü óïðàâëåíèÿ è âîçìîæíîñòü ìíîãîêðàòíîãî è

ïîâòîðíîãî âûïîëíåíèÿ öåëåâîé çàäà÷è. Âíåäðåíèå ìåòîäîâ ïîñòðîåíèÿ òðàåê-

òîðèé íà îñíîâå ðàçëîæåíèÿ ãîäîãðà�à Ïè�àãîðà ïî ìíîãî÷ëåíàì Áåðíøòåé-

íà è ïîëó÷àåìûõ êðèâûõ Áåçüå â òðàåêòîðíîå óïðàâëåíèå àãåíòàìè ïîçâîëÿåò

ñíèçèòü ïðîÿâëåíèå óêàçàííûõ ïðîáëåì. Âàæíûì ïðåèìóùåñòâîì ïðåäëàãàå-

ìîãî ïîäõîäà ÿâëÿåòñÿ ñíèæåíèå îáú¼ìîâ ïåðåäàâàåìûõ äàííûõ, íåîáõîäèìûõ

îòäåëüíîìó àãåíòó äëÿ ïîñòðîåíèÿ ãëàäêîé è/èëè äèíàìè÷åñêè èçìåíÿþùåé-

ñÿ òðàåêòîðèè: òðàåêòîðèÿ çàäà¼òñÿ ïåðåäà÷åé ìàëîãî ÷èñëà óçëîâ ãîäîãðà�à

Ïè�àãîðà âìåñòî ãåíåðàöèè ìíîæåñòâà òî÷åê, ÿâëÿþùèõñÿ óçëàìè ëîìàíûõ

ëèíèé.
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�àçìåðíîñòü ïðîñòðàíñòâà êîâàðèàíòíûõ òåíçîðîâ â Rn,
èíâàðèàíòíûõ îòíîñèòåëüíî ãðóïïû On

Âèð÷åíêî Þ.Ï.

ÍÈÓ ¾Áåë�Ó¿, Áåëãîðîä, �îññèÿ; vir
h�bsu.edu.ru

�àññìàòðèâàþòñÿ ëèíåéíûå ïðîñòðàíñòâà L
(n)
r , n ∈ N\{1} âåùåñòâåííîçíà÷-

íûõ êîâàðèàíòíûõ òåíçîðîâ A ðàíãà r ∈ N \ {1} íà ïðîñòðàíñòâàõ Rn, èí-

âàðèàíòíûå îòíîñèòåëüíî ïðåîáðàçîâàíèé ãðóïïû On [1℄. Ñòàâèòñÿ âîïðîñ î

ðàçìåðíîñòè d(r, n) ≡ dim L
(n)
r . Íåñìîòðÿ íà òî, ÷òî ëåãêî óñòàíàâëèâàåòñÿ ðà-

âåíñòâî d(r, n) = (r − 1)!! ïðè r ÷åòíîì è 2n ≥ r (ïðè r íå÷åòíîì L
(n)
r = 0),

îíî íå ìîæåò âûïîëíÿòüñÿ â ïðîòèâîïîëîæíîì ñëó÷àå ïðè äîñòàòî÷íî áîëü-

øîé ðàçíîñòè r− 2n. Â ðàáîòå óñòàíîâëåíî, ÷òî ýòî ðàâåíñòâî èìååò ìåñòî ïðè

r − 2n = 2, íàéäåíà âåðõíÿÿ îöåíêà d(r, n) < d̄(r, n) ïðè r > 2n, êîòîðàÿ ïîç-

âîëÿåò óñòàíîâèòü òàêîå çíà÷åíèå ðàíãà, êîòîðîå ÿâëÿåòñÿ äîñòàòî÷íûì äëÿ

òîãî, ÷òîáû d(r, n) < (r − 1)!!. Òàê, â ïðîñòåéøèõ ñëó÷àÿõ, ïðè n = 2 íåðàâåí-

ñòâî èìååò ìåñòî ïðè r ≥ 8 è ïðè n = 3, êîãäà r ≥ 14. Âîïðîñ î ðàçìåðíîñòè
ïðîñòðàíñòâ òåíçîðîâ, èíâàðèàíòíûõ îòíîñèòåëüíî ðàçëè÷íûõ êëàññè÷åñêèõ

ãðóïï Ëè, ïî-âèäèìîìó, ðàíåå íå èçó÷àëñÿ [2℄. Â ðàññìàòðèâàåìîì ñëó÷àå, ïî-

âèäèìîìó, äîëæíî èìåòü ìåñòî ðàâåíñòâî d(r, n) = d̄(r, n).
Îïðåäåëåíèå. Êîâàðèàíòíûé òåíçîð ðàíãà r â Rn íàçûâàåòñÿ èíâàðè-

àíòíûì, åñëè åãî êîîðäèíàòíîå ïðåäñòàâëåíèå Aj1,...,jr , 〈j1, ..., jr〉 ∈ Irn íå èç-

ìåíÿåòñÿ ïðè äåéñòâèè ëþáîé ìàòðèöû U ∈ On

Uj1,k1 ...Ujr,krAk1,...,kr = Aj1,...,jr , 〈j1, ..., jr〉 ∈ Irn .

Òåîðåìà. Îöåíêà d̄(r, n) ÿâëÿåòñÿ ðåøåíèåì ðàçíîñòíîãî óðàâíåíèÿ

d̄(r, n+ 1) = (r − 1)d̄(r − 2, n) + C3
r−1d̄(r − 4, n) + C5

r−1d̄(r − 6, n) + ...

+ C
2[(r−n)/2]−1
r−1 d̄(2[(n+ 1)/2], n)

ïðè r = 2m,m ∈ N è n ∈ N, 2 ≤ n ≤ r, óäîâëåòâîðÿþùèì óñëîâèþ

d̄(r, 2) = C2
r−1 + C4

r−1 + ...+ Cr−2
r−1 = 2r−2 − 1 .
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ñèñòåìû áèîìàðêåðîâ äåãåíåðàòèâíûõ çàáîëåâàíèé

Âîðîïàåâà Î.Ô.
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Áåëîê p53 ÿâëÿåòñÿ öåíòðàëüíûì ýëåìåíòîì ñèãíàëüíîãî ïóòè, êîíòðîëè-

ðóþùåãî ìíîæåñòâî ãåíåòè÷åñêèõ ïðîãðàìì. �åãóëÿöèÿ ð53 îñóùåñòâëÿåòñÿ

÷åðåç ñëîæíóþ ñèñòåìó ïîëîæèòåëüíûõ è îòðèöàòåëüíûõ öèêëîâ îáðàòíîé è

ïðÿìîé ñâÿçè, ÷åðåç êîòîðûå ñ ð53 âçàèìîäåéñòâóþò, â ÷àñòíîñòè, åãî áåëêè-

èíãèáèòîðû è ìíîãî÷èñëåííûå ñåìåéñòâà ìèêðî�ÍÊ (miR). Íàðóøåíèå �óíê-

öèîíèðîâàíèÿ áåëêà p53 ìîæåò ïðèâåñòè ê ðàçâèòèþ äåãåíåðàòèâíûõ çàáîëå-

âàíèé, õàðàêòåðèçóþùèõñÿ ÷ðåçìåðíûì íàêîïëåíèåì â îðãàíèçìå äå�åêòíûõ

êëåòîê (íàïðèìåð, ðàê) èëè, íàîáîðîò, ïàòîëîãè÷åñêîé ìàññîâîé ãèáåëüþ êëå-

òîê (íàïðèìåð, áîëåçíü Àëüöãåéìåðà). Áåëîê ð53 è ñâÿçàííûå ñ íèì ìèêðî�ÍÊ

îòíîñÿò ê ïåðñïåêòèâíûì, íî ïîêà íåäîñòàòî÷íî èçó÷åííûì áèîìàðêåðàì äåãå-

íåðàòèâíûõ çàáîëåâàíèé, êîòîðûå ñïîñîáíû ïðîãíîçèðîâàòü ïîÿâëåíèå çàáîëå-

âàíèÿ íà ðàííåé ñòàäèè è ìîãóò ñëóæèòü â êà÷åñòâå âîçìîæíûõ ìèøåíåé ïðè

ðàçðàáîòêå íîâûõ òåðàïåâòè÷åñêèõ ñòðàòåãèé.

Â äàííîé ðàáîòå ïðåäñòàâëåíà áàçîâàÿ ìàòåìàòè÷åñêàÿ ìîäåëü äèíàìèêè

ñèñòåìû ð53�áåëîê-èíãèáèòîð�ìèêðî�ÍÊ (ïîëîæèòåëüíàÿ ïðÿìàÿ èëè îáðàò-

íàÿ ñâÿçü ð53�ìèêðî�ÍÊ), îñíîâàííàÿ íà èñïîëüçîâàíèè áèîêèíåòè÷åñêîé ìî-

äåëè �îëüäáåòåðà�Êîøëàíäà è äè��åðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþ-

ùèìè àðãóìåíòàìè. Ñ ïðèìåíåíèåì áàçîâîé ìîäåëè ðàçðàáîòàíà èåðàðõèÿ áî-

ëåå ïîëíûõ ìàòåìàòè÷åñêèõ ìîäåëåé [1℄ è âûïîëíåíî êîìïëåêñíîå èññëåäîâàíèå

�óíêöèîíèðîâàíèÿ ñèñòåìû p53. Ïîêàçàíî, ÷òî ïðåäëîæåííûå ìîäåëè àäåê-

âàòíî îïèñûâàþò øèðîêèé êðóã ýêñïåðèìåíòàëüíûõ äàííûõ, íàïðàâëåííûõ íà

àíàëèç ñâÿçàííûõ ñ àêòèâàöèåé ð53 ïðîòèâîðàêîâûõ òåðàïåâòè÷åñêèõ ñòðàòå-

ãèé è èññëåäîâàíèå �óíêöèîíèðîâàíèÿ ñèãíàëüíîãî ïóòè p53 â ïàòîëîãè÷åñêèõ

ïðîöåññàõ, ñâÿçàííûõ ñ ìàññîâîé ãèáåëüþ êëåòîê (â ýïèòåëèàëüíûõ êëåòêàõ

äûõàòåëüíûõ ïóòåé ïðè ÕÎÁË, ïðè �èáðîçå ïå÷åíè ó êðûñ è ó ìûøåé ñ �åíî-

òèïè÷åñêèìè ïðîÿâëåíèÿìè ñèíäðîìà Äàóíà ó ÷åëîâåêà). Â ðàìêàõ ïðèíÿòûõ

ìàòåìàòè÷åñêèõ ìîäåëåé ïðîäåìîíñòðèðîâàíû îñíîâíûå ìåõàíèçìû è îñîáûå

ðåæèìû �óíêöèîíèðîâàíèÿ ñèãíàëüíîãî ïóòè p53 â óñëîâèÿõ, ïðèáëèæåííûõ

ê óñëîâèÿì êîíêðåòíûõ ëàáîðàòîðíûõ ýêñïåðèìåíòîâ in vitro è in vivo.
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Â ðàáîòå ïðåäñòàâëåíû íîâûå ìàòåìàòè÷åñêèå ìîäåëè, îïèñûâàþùèå ñëîæ-

íîå äèíàìè÷åñêîå ïîâåäåíèå ïðî- è ïðîòèâîâîñïàëèòåëüíûõ �àêòîðîâ, ó÷àñò-

âóþùèõ â ïðîöåññå íåêðîòè÷åñêîé ãèáåëè êëåòîê ñåðäå÷íîé ìûøöû ïðè îñòðîì

èí�àðêòå ìèîêàðäà. Ëîêàëüíàÿ ìîäåëü, ñïîñîáíàÿ îïèñûâàòü òå÷åíèå áèîõèìè-

÷åñêîãî ïðîöåññà ãèáåëè êëåòîê ìèîêàðäà êàê â öåíòðàëüíîé çîíå ïîâðåæäåíèÿ,

òàê è íà åå ïåðè�åðèè, ïðåäñòàâëÿåò ñîáîé íåëèíåéíóþ ñèñòåìó ÎÄÓ. Äëÿ ðå-

øåíèÿ çàäà÷è ñòðóêòóðíîé è ïàðàìåòðè÷åñêîé èäåíòè�èêàöèè ìîäåëè èñïîëü-

çóåòñÿ îñíîâàííàÿ íà èäåå ìåòîäà äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ýêîíîìè÷-

íàÿ âû÷èñëèòåëüíàÿ òåõíîëîãèÿ. Òåõíîëîãèÿ ïðåäïîëàãàåò ïîñëåäîâàòåëüíóþ

èäåíòè�èêàöèþ îòäåëüíûõ ñåãìåíòîâ ìîäåëè, â êîòîðûõ âëèÿíèå âíåøíèõ (ïî

îòíîøåíèþ ê äàííîìó ñåãìåíòó) �àêòîðîâ ó÷èòûâàåòñÿ ÷åðåç ñèñòåìó äèíà-

ìè÷åñêèõ ïàðàìåòðîâ. Àëãîðèòì ðåøåíèÿ ïðÿìîé è îáðàòíîé êîý��èöèåíòíîé

çàäà÷è îïèðàåòñÿ íà ìåòîäû òèïà ïðåäèêòîð-êîððåêòîð ðåøåíèÿ çàäà÷è Êîøè

è ãåíåòè÷åñêèé àëãîðèòì BGA. Ïîêàçàíà ñëàáàÿ ÷óâñòâèòåëüíîñòü ðåøåíèÿ ê

ìàëîìó èçìåíåíèþ ýêñïåðèìåíòàëüíûõ è âõîäíûõ äàííûõ. Ïðîâåäåííûå èññëå-

äîâàíèÿ ïîçâîëèëè ñ�îðìóëèðîâàòü ìîäåëü â ïðîñòðàíñòâåííî-ðàñïðåäåëåííîé

ïîñòàíîâêå, êîòîðàÿ íàñëåäóåò êà÷åñòâåííûå ñâîéñòâà ðåøåíèé ëîêàëüíîé ìî-

äåëè.

Àäåêâàòíîñòü ðàçðàáîòàííûõ ìîäåëåé ïîäòâåðæäàåòñÿ êîëè÷åñòâåííûì ñî-

ãëàñèåì ñ èçâåñòíûìè ýêñïåðèìåíòàëüíûìè äàííûìè î äèíàìèêå îñòðîãî èí-

�àðêòà â ëåâîì æåëóäî÷êå ñåðäöà ìûøè (ñì. [1, 2℄). Ñ èñïîëüçîâàíèåì ïðè-

íÿòûõ ìîäåëåé îïèñàí òðèããåðíûé ìåõàíèçì ïåðåõîäà îò áëàãîïðèÿòíîãî ñöå-

íàðèÿ ðàçâèòèÿ îñòðîãî èí�àðêòà ìèîêàðäà ê ñöåíàðèþ, õàðàêòåðèçóþùåìóñÿ

ñòðåìèòåëüíûì óâåëè÷åíèåì ïîâðåæäåíèÿ ìèîêàðäà íà 3-5 ñóòêè èí�àðêòà.

Äëÿ ýòèõ ñöåíàðèåâ ðàçâèòèÿ èí�àðêòà èññëåäîâàíû îñîáåííîñòè �îðìèðî-

âàíèÿ ¾âàëèêà¿ äåìàðêàöèîííîãî âîñïàëåíèÿ íà ïåðè�åðèè çîíû íåêðîòè÷å-

ñêîãî ïîâðåæäåíèÿ ìèîêàðäà. �åçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ, âêëþ÷àÿ

îöåíêè ý��åêòèâíîñòè öèòîêèíîâûõ ïðîòèâîâîñïàëèòåëüíûõ òåðàïåâòè÷åñêèõ

ñòðàòåãèé, êà÷åñòâåííî ñîãëàñóþòñÿ ñ èçâåñòíûìè äàííûìè ëàáîðàòîðíûõ èñ-

ñëåäîâàíèé.
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Îáîáùåííàÿ êðàåâàÿ çàäà÷à äëÿ îáûêíîâåííîãî

äè��åðåíöèàëüíîãî óðàâíåíèÿ äðîáíîãî ïîðÿäêà ñ

ïðîèçâîäíîé Êàïóòî

�àäçîâà Ë.Õ.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; ma
aneeva�mail.ru

Â îáëàñòè 0 < x < 1 ðàññìîòðèì óðàâíåíèå

∂α0xu(x) + λu(x) = f(x), (1)

ãäå α ∈ (1, 2], λ ∈ R, ∂α0xu(x) � ðåãóëÿðèçîâàííàÿ äðîáíàÿ ïðîèçâîäíàÿ (ïðîèç-
âîäíàÿ Êàïóòî) [1, 
. 11℄.

Â ðàáîòå äëÿ îáûêíîâåííîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ (1) èññëåäó-

åòñÿ îáîáùåííàÿ êðàåâàÿ çàäà÷à (ïî òåðìèíîëîãèè Íàéìàðêà Ì.À.) [2, 
. 16℄.

Ïîñòðîåíî ÿâíîå ïðåäñòàâëåíèå ðåøåíèÿ èññëåäóåìîé çàäà÷è, íàéäåíî óñëîâèå

îäíîçíà÷íîé ðàçðåøèìîñòè è äîêàçàíà òåîðåìà åäèíñòâåííîñòè ðåøåíèÿ. Êðà-

åâûå óñëîâèÿ çàäàþòñÿ â �îðìå ëèíåéíûõ �óíêöèîíàëîâ, ÷òî ïîçâîëÿåò îõâà-

òèòü äîñòàòî÷íî øèðîêèé êëàññ ëèíåéíûõ ëîêàëüíûõ è íåëîêàëüíûõ óñëîâèé.
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Ôîðìóëà ñîêðàùåííîãî äè��åðåíöèðîâàíèÿ äëÿ �óíêöèè

�îðíà H3

�àçèçîâ �.�.

ÊÔÓ, Êàçàíü, �îññèÿ; rainurrrr2000�mail.ru,

Â òåîðèè îáîáùåííîãî âîëíîâîãî óðàâíåíèÿ è îñèñåììèòðè÷åñêîãî óðàâíå-

íèÿ �åëüìãîëüöà âàæíóþ ðîëü èãðàåò êîí�ëþýíòíàÿ �óíêöèÿ �îðíà [1℄.

Äëÿ ãèïåðãåîìåòðè÷åñêîé �óíêöèè �àóññà èçâåñòíà �îðìóëà ñîêðàùåííîãî

äè��åðåíöèðîâàíèÿ [2℄:

d3

dz3

[
(1 − z)

α+2
F (α, β; δ; z)

]
=

=
(−1)3(α)3(δ − β)3

(δ)3
(1 − z)

α−1
F (α + 3, β; δ + 3; z) . (1)

Èñïîëüçóÿ �îðìóëó [3℄, äîêàçàíà �îðìóëà:

∂3

∂z3

[
(1 − z)

α+2
H3 (α, β, δ; z, t)

]
=

= (1 − z)
α−1

[
3!

2∑

k=1

(−1)k+1tk

(1 − α)k
H3 (α− k, β, δ; z, t)−

−3!
t(δ − β)

δ
H3 (α, β, δ + 1; z, t) + 3

(
t2(δ − β)

(1 − α)δ
H3 (α − 1, β, δ + 1; z, t)−

− tα(δ − β)2
(δ)2

H3 (α + 1, β, δ + 2; z, t)

)
+

t3

(1 − α)3
H3 (α− 3, β, δ; z; t) +

+
(−1)3(α)3(δ − β)3

(δ)3
H3 (α+ 3, β, δ + 3; z, t)

]
. (2)

Èç �îðìóëû (2) ïðè t = 0 ñëåäóåò �îðìóëà (1).

Ëèòåðàòóðà

1. Êàïèëåâè÷ Ì.Á. Î êîí�ëþýíòíûõ �óíêöèÿõ �îðíà // Äè��åðåíöèàëü-

íûå óðàâíåíèÿ. 1966. Ò. 2, � 9. C. 1239�1254.

2. Áåéòìåí �., Ýðäåéè À. Âûñøèå òðàíñöåíäåíòíûå �óíêöèè. Òîì 1. �è-

ïåðãåîìåòðè÷åñêàÿ �óíêöèÿ, �óíêöèè Ëåæàíäðà (2-å èçä.). Ì.: Íàóêà,

1973.

3. Ìàâëÿâèåâ �.Ì., �àðèïîâ È.Á., �àçèçîâ �.�. // Êîìïëåêñíûé àíàëèç, ìà-

òåìàòè÷åñêàÿ �èçèêà è íåëèíåéíûå óðàâíåíèÿ: ñáîðíèê òåçèñîâ Ìåæäó-

íàðîäíîé íàó÷íîé êîí�åðåíöèè (îç. Áàííîå, 15-19 ìàðòà 2021 ã.) / îòâ.

ðåä. �.Í. �àðè�óëëèí. Ó�à: Àýòåðíà, 2021. Ñ. 49.
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Ê îöåíêàì ñïåêòðà Ëàïëàñèàíà ïî÷òè ïîëíîãî ãðà�à

�àðêàâåíêî �.Â.

1
, Óñêîâà Í.Á.

2

1
Â�ÏÓ,

2
Â�ÒÓ, Âîðîíåæ, �îññèÿ;

g.garkavenko�mail.ru, nat-uskova�mail.ru

�àññìîòðèì ìàòðèöó Ëàïëàñèàíà ïîëíîãî ãðà�à áåç ïåòåëü ñ n âåðøèíàìè
(÷èñëî n äîñòàòî÷íî áîëüøîå)

L0 =




n− 1 −1 −1 . . . −1
−1 n− 1 −1 . . . −1
. . . . . . . . . . . .
−1 −1 −1 . . . n− 1


 .

Åå ñïåêòðàëüíûå ñâîéñòâà õîðîøî èçâåñòíû, îíà èìååò ïðîñòîå ñîáñòâåííîå

çíà÷åíèå λ1 = 0, ñîîòâåòñòâóþùèé (íîðìèðîâàííûé) ñîáñòâåííûé âåêòîð e1 =
{1/

√
n, . . . , 1/

√
n} è ïîëóïðîñòîå ñîáñòâåííîå çíà÷åíèå λ2 = n êðàòíîñòè n− 1,

ñîîòâåòñòâóþùèå ñîáñòâåííûå âåêòîðû

e2 = {1,−1, 0, . . . , 0}, e3 = {1, 0,−1, 0, . . . , 0}, . . . , en = {1, 0, . . . , 0,−1}.
Äàëåå ÷åðåç Lk îáîçíà÷èì ìàòðèöó Ëàïëàñèàíà ïî÷òè ïîëíîãî ãðà�à, ïîëó÷åí-

íîãî èç L0 óäàëåíèåì k ðåáåð.
Òåîðåìà. Ïóñòü âûïîëíåíî óñëîâèå k < n2/64. Òîãäà ñïåêòð σ(Lk) ïðåä-

ñòàâèì â âèäå

σ(Lk) = {0} ∪ σ1, σ1 ⊂ {µ ∈ R : |µ− n| < 8
√
k}.

Îòìåòèì, ÷òî ðåçóëüòàò òåîðåìû ñ�îðìóëèðîâàí â ñàìîì îáùåì âèäå è åãî

ìîæíî ñóùåñòâåííî óëó÷øèòü, åñëè, íàïðèìåð, óäàëÿòü ðåáðà èíöèäåíòíûå

ðàçíûì âåðøèíàì, èëè â äðóãèõ ÷àñòíûõ ñëó÷àÿõ. Äîêàçàòåëüñòâî ïðîèçâî-

äèòñÿ ñ ïîìîùüþ òåîðèè ðàñùåïëåíèÿ ìåòîäà ïîäîáíûõ îïåðàòîðîâ [1�2℄.
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�àáîòà âûïîëíåíà ïðè ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäî-

âàíèé, ïðîåêò � 19-01-00732-à.
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Àíàëèç ìåòîäîâ ÷èñëåííîé àïïðîêñèìàöèè �óíêöèè

Äèðàêà â çàäà÷àõ îïòèìèçàöèè ìåñò ðàñïîëîæåíèÿ

èñòî÷íèêîâ

�àøèìîâ Â.À.

ÈÑÓ ÍÀÍÀ, Áàêó, Àçåðáàéäæàí; vugarhashimov�gmail.
om

Áîëüøîé êëàññ çàäà÷ ìàòåìàòè÷åñêîé �èçèêè, ìàòåìàòè÷åñêîãî ìîäåëè-

ðîâàíèÿ, îïòèìèçàöèè è îïòèìàëüíîãî óïðàâëåíèÿ îïèñûâàåòñÿ äè��åðåíöè-

àëüíûìè óðàâíåíèÿìè êàê ñ îáûêíîâåííûìè, òàê ÷àñòíûìè ïðîèçâîäíûìè, â

êîòîðûõ ó÷àñòâóåò δ-�óíêöèÿ Äèðàêà. Ó÷àñòèå ýòîé �óíêöèè â óðàâíåíèÿõ

îáóñëîâëåíî âëèÿíèåì íà èçó÷àåìûå ïðîöåññû ñîñðåäîòî÷åííûõ èñòî÷íèêîâ,

õàðàêòåðèçóåìûõ ìîùíîñòüþ è èõ ìåñòîðàñïîëîæåíèåì.

Â äàííîé ðàáîòå èññëåäîâàíû âîïðîñû êîíå÷íîðàçíîñòíîé àïïðîêñèìàöèè

äè��åðåíöèàëüíûõ óðàâíåíèé ñ ó÷àñòèåì òî÷å÷íûõ èñòî÷íèêîâ êàê â çàäà÷àõ,

â êîòîðûõ ìåñòîðàñïîëîæåíèÿ èñòî÷íèêîâ çàäàíî, òàê â çàäà÷àõ îïòèìèçàöèè

è îïòèìàëüíîãî óïðàâëåíèÿ, â êîòîðûõ òðåáóåòñÿ îïòèìèçèðîâàòü èõ ìåñòîðàñ-

ïîëîæåíèå èëè óïðàâëÿòü òðàåêòîðèé èõ äâèæåíèÿ.

Â çàâèñèìîñòè îò ïîñòàâëåííîé çàäà÷è èñïîëüçóåìûå ñõåìû àïïðîêñèìàöèè

òî÷å÷íûõ èñòî÷íèêîâ ñóùåñòâåííîãî ðàçëè÷àþòñÿ.

Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷ îïòèìèçàöèè ìåñòîðàñïîëîæåíèÿ èñòî÷íè-

êîâ èëè òðàåêòîðèè èõ äâèæåíèÿ èñïîëüçóþòñÿ, êàê ïðàâèëî, ÷èñëåííûå ìåòî-

äû îïòèìèçàöèè ïåðâîãî èëè âòîðîãî ïîðÿäêà. Ýòî òðåáóåò, ÷òîáû àïïðîêñè-

ìàöèÿ δ-�óíêöèè, àðãóìåíòîì êîòîðîé ÿâëÿåòñÿ ìåñòîðàñïîëîæåíèå ñîñðåäî-

òî÷åííîãî èñòî÷íèêà, áûëî äîñòàòî÷íî ãëàäêîé.

Ó÷èòûâàÿ ñêàçàííîå âûøå, ïðîâåäåí àíàëèç ïðèìåíåíèÿ ïðÿìîóãîëüíîé,

òðàïåöèîäàëüíîé, ãàóññàïîäîáíîé [1, 2℄ è ïðåäëîæåííîé íàìè ñèíóñîèäàëüíîé

[3℄ ñõåì êîíå÷íîìåðíîé àïïðîêñèìàöèè êàê äëÿ îäíîìåðíîé, òàê è ìíîãîìåðíîé

δ-�óíêöèè.
Ïðèâîäÿòñÿ ïðèìåðû ÷èñëåííûõ ýêñïåðèìåíòîâ ïî èñïîëüçîâàíèþ ðàçëè÷-

íûõ ñõåì àïïðîêñèìàöèè.
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Çàäà÷à �óðñà äëÿ íàãðóæåííîãî óðàâíåíèÿ

�èë�åâ À.Â.

Ñàìàðñêèé óíèâåðñèòåò, Ñàìàðà, �îññèÿ; toshqaaa�gmail.
om

Â äîêëàäå ðàññìàòðèâàåòñÿ çàäà÷à �óðñà 
 íåëîêàëüíûìè èíòåãðàëüíûìè

óñëîâèÿìè äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ

uxy +Aux +Buy + Cu = f(x, y), (x, y) ∈ (0, a) × (0, b), (1)

u(x, 0) +

b∫

0

K2(x, y)u(x, y)dy = ϕ(x), x ∈ [0, a], (2)

u(0, y) +

a∫

0

K1(x, y)u(x, y)dx = ψ(y), y ∈ [0, b]. (3)

Ïðè âûáîðå êàêîãî-ëèáî êîíêðåòíîãî ìåòîäà íåîáõîäèìî îáðàùàòü âíèìà-

íèå íà âèä èíòåãðàëüíîãî óñëîâèÿ. �àçðåøèìîñòü íåëîêàëüíîé çàäà÷è �óðñà ñ

èíòåãðàëüíûìè óñëîâèÿìè ïåðâîãî ðîäà äëÿ îáùåãî óðàâíåíèÿ ñ äîìèíèðóþ-

ùåé ñìåøàííîé ïðîèçâîäíîé âòîðîãî ïîðÿäêà áûëà èññëåäîâàíà â [1], â ÷àñòíîì
ñëó÷àå � â [2]. Óñëîâèÿ íàøåé çàäà÷è � óñëîâèÿ âòîðîãî ðîäà, ïîýòîìó ìû ïðåä-

ëàãàåì äðóãîé ìåòîä èññëåäîâàíèÿ ðàçðåøèìîñòè çàäà÷è (1)�(3).

Ñ ïîìîùüþ ââåäåíèÿ íîâîé íåèçâåñòíîé �óíêöèè

v(x, y) = u(x, y) +

a∫

0

K1(ξ, y)u(ξ, y)dξ+

b∫

0

K2(x, η)u(x, η)dη, (4)

çàäà÷ó (1)�(3) ìîæíî ñâåñòè ê êëàññè÷åñêîé çàäà÷å �óðñà, íî äëÿ íàãðóæåííîãî

óðàâíåíèÿ [3℄. Â ðàáîòå ïîëó÷åíû óñëîâèÿ, ïðè êîòîðûõ ñóùåñòâóåò åäèíñòâåí-

íîå ðåøåíèå çàäà÷è (1)�(3). Îñíîâíûì èíñòðóìåíòîì äîêàçàòåëüñòâà ÿâëÿþòñÿ

àïðèîðíûå îöåíêè, ïîëó÷åííûå â ðàáîòå.
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Ìèíèìàêñíûå è âÿçêîñòíûå ðåøåíèÿ óðàâíåíèé

�àìèëüòîíà � ßêîáè � Áåëëìàíà äëÿ ñèñòåì ñ äðîáíûìè

ïðîèçâîäíûìè Êàïóòî

�îìîþíîâ Ì.È.

ÈÌÌ ÓðÎ �ÀÍ, Åêàòåðèíáóðã, �îññèÿ; m.i.gomoyunov�gmail.
om

Ïóñòü α ∈ (0, 1), T > 0, n ∈ N. �àññìîòðèì ìíîæåñòâî ACα �óíêöèé

x : [0, T ] → Rn, ïðåäñòàâèìûõ â âèäå x(τ) = x(0) + (Iα0+h)(τ), τ ∈ [0, T ], äëÿ
íåêîòîðîé èçìåðèìîé è îãðàíè÷åííîé �óíêöèè h : [0, T ] → Rn, ãäå Iα0+ � îïå-

ðàòîð èíòåãðèðîâàíèÿ �èìàíà � Ëèóâèëëÿ.

�àññìîòðèì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ ñèñòåìîé

{
(CDα

0+y)(τ) = f(τ, y(τ), u(τ)) ïðè ï.â. τ ∈ [t, T ],

y(τ) = x(τ), τ ∈ [0, t],
(1)

íà ìèíèìóì ïîêàçàòåëÿ êà÷åñòâà

J = σ(y(·)) +

∫ T

t

χ(τ, y(τ), u(τ))dτ. (2)

Çäåñü y(τ) ∈ Rn è u(τ) ∈ P � ñîñòîÿíèå ñèñòåìû è óïðàâëåíèå â ìîìåíò âðåìåíè

τ ∈ [0, T ]; P ⊂ Rr � êîìïàêò, r ∈ N; CDα
0+ � îïåðàòîð äè��åðåíöèðîâàíèÿ

Êàïóòî; t ∈ [0, T ] è x(·) ∈ ACα � íà÷àëüíûå äàííûå.

Çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ (1), (2) ïîñòàâèì â ñîîòâåòñòâèå [1℄ çàäà÷ó

Êîøè äëÿ óðàâíåíèÿ �àìèëüòîíà � ßêîáè � Áåëëìàíà:

{
∂αt ϕ(t, x(·)) +H(t, x(t),∇αϕ(t, x(·))) = 0, (t, x(·)) ∈ [0, T ) × ACα,

ϕ(T, x(·)) = σ(x(·)), x(·) ∈ ACα,
(3)

ãäå èñêîìûì ÿâëÿåòñÿ íåóïðåæäàþùèé �óíêöèîíàë ϕ : [0, T ] ×ACα → R; ∂αt ϕ
è ∇αϕ � äðîáíûå êîèíâàðèàíòíûå ïðîèçâîäíûå �óíêöèîíàëà ϕ; ãàìèëüòîíèàí
H îïðåäåëÿåòñÿ ðàâåíñòâîì

H(t, x, s) = min
u∈P

(〈s, f(t, x, u)〉+ χ(t, x, u)), t ∈ [0, T ], x, s ∈ Rn.

�àáîòà ïîñâÿùåíà èçó÷åíèþ îáîáùåííûõ ðåøåíèé çàäà÷è Êîøè (3). Ââî-

äÿòñÿ ïîíÿòèÿ ìèíèìàêñíîãî è âÿçêîñòíîãî ðåøåíèé ýòîé çàäà÷è. Óñòàíàâëè-

âàþòñÿ îñíîâíûå ñâîéñòâà äàííûõ ðåøåíèé. Èññëåäóåòñÿ èõ ñâÿçü ñ �óíêöèî-

íàëîì öåíû â çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ (1), (2).

Ëèòåðàòóðà

1. Gomoyunov M.I. Dynami
 programming prin
iple and Hamilton � Ja
obi �

Bellman equations for fra
tional-order systems // SIAM J. Control Optim.

2020, vol. 58, no. 6, pp. 3185�3211.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå �îññèéñêîãî íàó÷íîãî �îíäà, ïðîåêò � 21-71-

10070.
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Î ðåøåíèè ãðàíè÷íîé çàäà÷è òåïëîïðîâîäíîñòè â êîíóñå

�óëüìàíîâ Í.Ê., �àìàçàíîâ Ì.È., Èñêàêîâ Ñ.À.

ÊàðÓ èìåíè Å.À. Áóêåòîâà, Êàðàãàíäà, Êàçàõñòàí;

gulmanov.nurtay�gmail.
om

Â ðàáîòå ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ãðàíè÷íàÿ çàäà÷à òåïëîïðîâîäíîñòè

â íåöèëèíäðè÷åñêîé îáëàñòè G = {(r, t) : 0 < r < t, t > 0}, ïðåäñòàâëÿþùåé ñî-
áîé ïåðåâåðíóòûé êîíóñ:

∂u

∂t
− a2 · 1

r2ν−1

∂

∂r

(
r2ν−1∂u

∂r

)
= 0, (1)

(
2 · ∂u

∂r
+
∂u

∂t

)∣∣∣∣
r=t

= g (t) , (2)

r2ν−1 ∂u

∂r

∣∣∣∣
r=0

= q (t) , (3)

ãäå 0 < ν < 1. Ê ýòîìó òèïó çàäà÷ â îáùåì ñëó÷àå íå ïðèìåíèìû ìåòîäû ðàçäå-

ëåíèÿ ïåðåìåííûõ è èíòåãðàëüíûõ ïðåîáðàçîâàíèé. Îäíîìåðíûå ïî ïðîñòðàí-

ñòâåííîé ïåðåìåííîé êðàåâûå çàäà÷è â âûðîæäàþùèõñÿ îáëàñòÿõ èññëåäîâàíû,

íàïðèìåð, â ðàáîòàõ [1, 2℄.

Èññëåäîâàíû âîïðîñû ðàçðåøèìîñòè ñèíãóëÿðíîãî èíòåãðàëüíîãî

óðàâíåíèÿ Âîëüòåððà âòîðîãî ðîäà, ê êîòîðîìó ðåäóöèðîâàíà èñõîäíàÿ çàäà÷à.

Äëÿ ðåøåíèÿ ïîëó÷åííîãî ñèíãóëÿðíîãî èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà

ïðèìåíÿåòñÿ ìåòîä ðàâíîñèëüíîé ðåãóëÿðèçàöèè Êàðëåìàíà � Âåêóà.

Äîêàçàíà ñëåäóþùàÿ òåîðåìà î ðàçðåøèìîñòè êðàåâîé çàäà÷è â âåñîâûõ

ïðîñòðàíñòâàõ ñóùåñòâåííî îãðàíè÷åííûõ �óíêöèé.

Òåîðåìà. Åñëè âûïîëíåíû óñëîâèÿ tν−
1
2 g (t) ∈ L∞ (0,∞), t1−νq (t) ∈

L∞ (0,∞) òî ãðàíè÷íàÿ çàäà÷à (1)�(3) èìååò ðåøåíèå u (r, t) = ũ (r, t) + C,
ũ (r, t) ∈ L∞ (G) , C = 
onst.

Ëèòåðàòóðà

1. Kavokin A.A., Kulakhmetova A.T., Shpadi Y.R. Appli
ation of thermal po-

tentials to the solution of the problem of heat 
ondu
tion in a region degene-

rates at the initial moment // Filomat. 2018, pp. 825�836.

2. Jenaliyev M.T., Ramazanov M.I. On a homogeneous paraboli
 problem in an

in�nite 
orner domain // Filomat. 2018, pp. 965�974.

�àáîòà âûïîëíåíà ïî ãðàíòó Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè �åñïóáëèêè Êà-

çàõñòàí: AP09259780, 2021-2023.
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Ìîäåëü âëèÿíèÿ ïðîöåññà öè�ðîâèçàöèè íà îáúåì

ðåãèîíàëüíîãî äîõîäà

�óð�îâà �.Â.

a
, Øèðèòîâ À.À.

b

ÊÁ�Ó, Íàëü÷èê, �îññèÿ;

a
guruinform1961�yandex.ru

a
,

b
astemir.shiritov.01�bk.ru

b

Îáðàòèìñÿ ê òåîðèè ýêîíîìè÷åñêèõ öèêëîâ Êîíäðàòüåâà. Êàê èçâåñòíî,

Ê-öèêëû � öèêëû ýêîíîìè÷åñêîãî ðàçâèòèÿ, ïîâòîðÿþùèåñÿ êàæäûå 45-60 ëåò.

Åñëè ó÷èòûâàòü ñîîòíîøåíèå Ê-öèêëîâ ñ òåõíîëîãè÷åñêèìè óêëàäàìè, òî ìîæ-

íî ñêàçàòü, ÷òî íà ñîâðåìåííîì ýòàïå èäåò 6-îé öèêë (2018-2050 ãã.), êîòîðûé

ñîîòíîñèòñÿ ñ NBIC-êîíâåðãåíöèåé � èíòåíñèâíûì âçàèìîïðîíèêíîâåíèåì è

âçàèìîâëèÿíèåì NBIC-òåõíîëîãèé. Îáîáùåííûå èííîâàöèîííûå (íàíî-, áèî-,

èí�îðìàöèîííûå è êîãíèòèâíûå òåõíîëîãèè) ñòàíîâÿòñÿ ÿäðîì ñîâðåìåííîãî

ðàçâèòèÿ. Âïîëíå åñòåñòâåííî, ÷òî ê òàêèì æå ïî ðîëè òåõíîëîãèÿì, îòíîñÿòñÿ

è òåõíîëîãèè ïðîöåññà öè�ðîâèçàöèè. Ïîëàãàåì, ÷òî èõ âçàèìîñâÿçü ñ NBIC-

òåõíîëîãèÿìè ìîæíî îïèñàòü ñèíåðãåòè÷åñêèì ý��åêòîì âçàèìîäåéñòâèÿ.

�àññìîòðèì �óíêöèþ, îïèñûâàþùóþ íåîêëàññè÷åñêóþ ìîäåëü ýêîíîìè÷å-

ñêîãî ðîñòà, ïðåäëîæåííóþ �. Ìýíêüþ, Ä. �îìåðîì è Ä.Óýéëåì [1℄. Ïóñòü Y (t) �
�óíêöèÿ òåêóùåãî îáúåìà ðåãèîíàëüíîãî äîõîäà (Â�Ï), çàâèñÿùàÿ îò âðåìåíè

t; K(t) � �èçè÷åñêèé êàïèòàë; H(t) � ÷åëîâå÷åñêèé êàïèòàë; L(t) � ÷èñëåííîñòü
çàíÿòûõ â ðåãèîíàëüíîé ýêîíîìèêå ðàáî÷èõ è ñëóæàùèõ; A(t) � òåõíè÷åñêèé
ïðîãðåññ; α è β îïðåäåëåííûå êîíñòàíòû, óñòàíàâëèâàåìûå ýìïèðè÷åñêèì ïó-

òåì â ñëó÷àå íàøåãî ðåãèîíà α = 0, 31, β = 0, 28. Òîãäà ïðîèçâîäñòâåííàÿ

�óíêöèÿ èìååò âèä:

Y (t) = Kα(t)Hβ(t) [A(t)L(t)]
1−α−β

. (1)

Ó÷èòûâàÿ, ÷òî òåõíè÷åñêèé ïðîãðåññ ïðÿìî ïðîïîðöèîíàëåí ïðîöåññó öè�ðî-

âèçàöèè è ñèíåðãåòè÷åñêè âçàèìîäåéñòâóåò ñ íèì, �óíêöèþ A(t) ïðåäñòàâèì
êàê ïðîèçâåäåíèå òåõíè÷åñêîãî ïðîãðåññà íà öè�ðîâèçàöèþ:

A(t) = ATDig(t), (2)

ãäå Dig = Dig(t) � �óíêöèÿ öè�ðîâèçàöèè, êîòîðóþ ìîæíî ïîñòðîèòü ñ ïîìî-

ùüþ ìåòîäà íàèìåíüøèõ êâàäðàòîâ èç ñóùåñòâóþùèõ ýìïèðè÷åñêèõ äàííûõ.

Óðàâíåíèå (1) ïåðåïèøåòñÿ â âèäå:

Y (t) = K0,31(t)H0,28(t) [AT (t)Dig(t)L(t)]
0,41

. (3)

Çàïèøåì óðàâíåíèå (3) â òåìïîâîé �îðìå:

Ẏ

Y
= 0, 31

K̇

K
+ 0, 28

Ḣ

H
+ 0, 41

(
ȦT
AT

+
˙Dig

Dig
+
L̇

L

)
. (4)

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îíäà �ÔÔÈ, ïðîåêò �20-010-

00297 è â ðàìêàõ ïðîãðàììû Ïèîðèòåò-2030.
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Ïî àíàëîãèè ñ [2℄ âûïèøåì �îðìóëó òåìïà ðîñòà ñèíåðãåòè÷åñêèõ ý��åê-

òîâ, êîòîðàÿ îòðàæàåò âëèÿíèå öè�ðîâèçàöèè íà ðåãèîíàëüíóþ ñîöèàëüíî ýêî-

íîìè÷åñêóþ ýêîñèñòåìó:

Ẏ

Y
= 0, 41

(
ȦT
AT

+
˙Dig

Dig

)
. (5)

Ó÷èòûâàÿ (5), ïîëó÷àåì, ÷òî òåìïû ýêîíîìè÷åñêîãî ðàçâèòèÿ íàïðÿìóþ

ñâÿçàíû ñ òåõíîëîãè÷åñêèì ïðîãðåññîì, â òîì ÷èñëå NBIC- êîíâåðãåíöèåé è

öè�ðîâèçàöèåé.

Ëèòåðàòóðà
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2. Àêàåâ À.À., �óöêîé À.È. Îá îäíîé ìàòåìàòè÷åñêîé ìîäåëè äëÿ ïðîãíîç-

íûõ ðàñ÷åòîâ ñèíåðãåòè÷åñêîãî ý��åêòà NBIC-òåõíîëîãèé è îöåíêè åãî

âëèÿíèÿ íà ýêîíîìè÷åñêèé ðîñò â ïåðâîé ïîëîâèíå XXI âåêà // Äîêëàäû

Àêàäåìèè íàóê. 2015. Ò. 461, � 4. Ñ. 383�386.
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Àíàëèç ñåòè ðîìàíà Ì.À. Áóëãàêîâà ¾Ìàñòåð è Ìàðãàðèòà¿

Äàíèëîâà À.

À�Ó*, Àñòðàõàíü, �îññèÿ; anna-danilova-01�mail.ru

Ïðîâåäåí ñåòåâîé àíàëèç ñòðóêòóðû ñîöèàëüíûõ ñâÿçåéâ îäíîì èç íàèáîëåå

ïîïóëÿðíûõ ðîìàíîâ íà ðóññêîì ÿçûêå ñîâåòñêîé ýïîõè Ì.À. Áóëãàêîâà ¾Ìà-

ñòåð è Ìàðãàðèòà¿. Îñîáåííîñòüþ ðîìàíà ÿâëÿåòñÿ åãî ñëîæíàÿ ñòðóêòóðà:

ðîìàí â ðîìàíå. Âíóòðè ïîâåñòâîâàíèÿ î æèçíè Ìîñêâû êîíöà 20�30-õ ãîäîâ

XX âåêà â ðîìàíå ïðèñóòñòâóåò èñòîðèÿ Ïîíòèÿ Ïèëàòà. Â ðîìàíå äåéñòâóþò

êàê ðåàëüíûå ëþäè, òàê è ïîòóñòîðîííèå ïåðñîíàæè. Ñëîæíàÿ ñòðóêòóðà ðî-

ìàíà è ñîåäèíåíèå âïîëíå ðåàëèñòè÷íîãî îïèñàíèÿ îòíîøåíèé ìåæäó ëþäüìè

ñîâåòñêîé ýïîõè ñ çàâåäîìî âûìûøëåííûì ïîòóñòîðîííèì ìèðîì ïîçâîëÿþò

îæèäàòü íåîáû÷íîé è ¾ìíîãîñëîéíîé¿ ñòðóêòóðû ñîöèàëüíûõ ñâÿçåé â ðîìàíå.

Ïîñêîëüêó äëÿ âûÿâëåíèÿ ñâÿçåé ìåæäó ïåðñîíàæàìè ïðèíöèïèàëåí êîí-

òåêñò ëèòåðàòóðíîãî ïðîèçâåäåíèÿ, áûëî ðåøåíî ïðîâîäèòü îáðàáîòêó òåêñòà

âðó÷íóþ. Íà îñíîâå ìàòðèöû âçàèìîäåéñòâèÿ ïåðñîíàæåé ñòðîèëñÿ ãðà�, âåð-

øèíàìè êîòîðîãî ÿâëÿþòñÿ ãåðîè ðîìàíà, à ðåáðàìè � ñâÿçè ìåæäó íèìè. Â

äàííîì èññëåäîâàíèè ðàññìàòðèâàåòñÿ òîëüêî ÿâíîå âçàèìîäåéñòâèå ïåðñîíà-

æåé íà ñöåíå. Âçàèìîäåéñòâèå, òî åñòü äâóíàïðàâëåííîå äåéñòâèå, àâòîìàòè÷å-

ñêè ïðåäïîëàãàåò, ÷òî ñîöèàëüíàÿ ñåòü îïèñûâàåòñÿ îáû÷íûì, à íå îðèåíòèðî-

âàííûì ãðà�îì. Â õîäå èññëåäîâàíèÿ ó÷èòûâàëèñü ñâÿçè òîëüêî ìåæäó ÿâíî

ïðèñóòñòâóþùèìè è äåéñòâóþùèìè ïåðñîíàæàìè; óïîìèíàåìûå ïåðñîíàæè è

îæèäàåìûå ñâÿçè â ðàññìîòðåíèå íå ïðèíèìàëèñü. Èññëåäîâàíà íàèáîëüøàÿ

ñâÿçàííàÿ êîìïîíåíòà ãðà�à, ñîñòîÿùàÿ èç 153 ïåðñîíàæåé. Áûëè èññëåäî-

âàíû îñíîâíûå õàðàêòåðèñòèêè ïîëó÷åííîé ñåòè: âàëåíòíîñòü âåðøèí, ñòåïåíü

ïîñðåäíè÷åñòâà, ñòåïåíü áëèçîñòè, ñòåïåíü âëèÿòåëüíîñòè, êîý��èöèåíò àññîð-

òàòèâíîñòè.

Ñåòü èìååò êîý��èöèåíò àññîðòàòèâíîñòè ðàâíûé −0.1765367, ÷òî ãîâîðèò
î å¼ èñêóññòâåííîñòè. Ñ ïîìîùüþ àëãîðèòìà �èðâàíà � Íüþìàíà ïðîàíàëèçè-

ðîâàíà ñòðóêòóðà ñîîáùåñòâ â ñåòè. Ïîìèìî î÷åâèäíûõ êðóïíûõ ñîîáùåñòâ �

ïåðñîíàæè åâàíãåëüñêîé ÷àñòè ðîìàíà, ïåðñîíàæè ìîñêîâñêîé ÷àñòè ðîìàíà,

ïåðñîíàæè ïîòóñòîðîííåãî ìèðà � àëãîðèòì âûÿâèë è áîëåå òîíêóþ ñòðóêòóðó

â ìîñêîâñêîé ÷àñòè ðîìàíà: ñîîáùåñòâà ëèòåðàòîðîâ, áîëüíèöà, òåàòð. Àíàëèç

öåíòðàëüíîñòåé ïîçâîëèë âûäåëèòü ãðóïïó ãëàâíûõ ïåðñîíàæåé. Íåîæèäàí-

íûì îêàçàëîñü òî, ÷òî â åâàíãåëüñêîé ÷àñòè ðîìàíà öåíòðàëüíûì ïåðñîíàæåì

ÿâëÿåòñÿ À�ðàíèé, à íå Ïîíòèé Ïèëàò.
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Îá îäíîé ëèíåéíîé îáðàòíîé çàäà÷å äëÿ òðåõìåðíîãî

óðàâíåíèÿ ×àïëûãèíà ñ íåëîêàëüíîé êðàåâîé óñëîâèå â

ïðèçìàòè÷åñêîé íåîãðàíè÷åííîé îáëàñòè

Äæàìàëîâ Ñ.Ç.

a
, Àøóðîâ �.�.

b
, Òóðàêóëîâ Õ.Ø.

c

ÈÌ ÀÍ �Óç, Òàøêåíò, Óçáåêèñòàí;

a
siroj63�mail.ru;

b
ashurovr�gmail.
om;

c
hamidtsh87�gmail.
om

Â îáëàñòè

Q = (−α, β) × (0, T ) × R =

= Q 1 × R = {(x, t, z); x ∈ (−α, β), 0 < t < T < +∞, z ∈ R = (−∞,∞)},
ðàññìîòðèì óðàâíåíèå ×àïëûãèíà:

Lu = K(x)utt − ∆u+ a (x, t) ut + c (x, t) u = f (x, t, z), (1)

ãäå xK(x) > 0, ïðè x 6= 0, −α < x < β, ∆u = uxx + uzz � îïåðàòîð Ëàïëà-

ñà. Çäåñü f(x, t, z) = g(x, t, z) + h(x, t)ψ(x, t, z); g(x, t, z) è ψ(x, t, z) � çàäàííûå
�óíêöèè, à �óíêöèÿ h(x, t) ïîäëåæèò îïðåäåëåíèþ. Ïóñòü âñå êîý��èöèåíòû
óðàâíåíèÿ (1) äîñòàòî÷íî ãëàäêèå �óíêöèè â îáëàñòè Q.

Ëèíåéíàÿ îáðàòíàÿ çàäà÷à. Íàéòè �óíêöèè (u(x, t, z); h(x, t)) óäîâëåòâî-
ðÿþùèå óðàâíåíèþ (1) â îáëàñòè Q, òàêèå ÷òî, �óíêöèÿ u(x, t, z) óäîâëåòâî-
ðÿåò ñëåäóþùèì ïîëóíåëîêàëüíûì êðàåâûì óñëîâèÿì

γDp
t u|t=0 = Dp

t u|t=T , (2)

u|x=−α = u|x=β = 0, (3)

ïðè p = 0, 1, ãäå D p
tu = ∂ pu

∂ t p , D 0
t u = u, γ � íåêîòîðîå ïîñòîÿííîå ÷èñëî, îò-

ëè÷íîå îò íóëÿ, âåëè÷èíà êîòîðîãî áóäåò óòî÷íåíà íèæå, äîïîëíèòåëüíîìó

óñëîâèþ

u(x, t, ℓ0) = φ0 (x, t), ℓ0 ∈ R, (4)

è �óíêöèÿ h(x, t) ïðèíàäëåæèò êëàññó

U = { (u, h)|u ∈W 2,s
2 (Q); h ∈W 2

2 (Q1); s ≥ 3}.

Çäåñü ÷åðåç W 2,s
2 (Q), îáîçíà÷åíî ãèëüáåðòîâî ïðîñòðàíñòâî ñ íîðìîé

‖u‖2W 2,s
2 (Q) = (2π)−1/2 ·

+∞∫

−∞

(1 + |λ|2)s · ‖û(x, t, λ)‖2W 2
2 (Q1)

dλ,

ãäåW 2
2 (Q1) ïðîñòðàíñòâà Ñîáîëåâà, 3 ≤ s � ëþáîå êîíå÷íîå ïîëîæèòåëüíîå öå-

ëîå ÷èñëî, à íîðìà â ïðîñòðàíñòâå ÑîáîëåâàW 2
2 (Q1), îïðåäåëÿåòñÿ ñëåäóþùèì

îáðàçîì
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‖ϑ‖2W 2
2 (Q1)

=
∑

|α|≤2

∫

Q1

|Dαϑ|2 dxdt,

α � ýòî ìóëüòèèíäåêñ, Dα
� åñòü îáîáùåííàÿ ïðîèçâîäíàÿ ïî ïåðåìåííûì x è

t, à ÷åðåç

û(x, t, λ) = (2π)−1/2

+∞∫

−∞

u(x, t, z) e−iλzdz

îáîçíà÷åíî ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííûì z, �óíêöèè u(x, t, z).
Çàìå÷àíèå. �åçóëüòàò ñïðàâåäëèâ äëÿ ìíîãîìåðíîãî óðàâíåíèÿ ×àïëûãè-

íà.

Ëèòåðàòóðà

1. Äæàìàëîâ Ñ.Ç., Àøóðîâ �.�. Îá îäíîé ëèíåéíîé îáðàòíîé çàäà÷å äëÿ

ìíîãîìåðíîãî óðàâíåíèÿ ñìåøàííîãî òèïà ïåðâîãî ðîäà, âòîðîãî ïîðÿäêà

// Èçâåñòèÿ âóçîâ. Ìàòåìàòèêà. 2019. � 6. C. 1�12.

2. Ëàâðåíòüåâ Ì.Ì., �îìàíîâ Â.�., Âàñèëüåâ Â.�. Ìíîãîìåðíûå îáðàòíûå

çàäà÷è äëÿ äè��åðåíöèàëüíûõ óðàâíåíèé. Íîâîñèáèðñê: Íàóêà, 1969.

67 ñ.

3. Ñàáèòîâ Ê.Á., Ìàðòåìüÿíîâà Í.Â. Íåëîêàëüíàÿ îáðàòíàÿ çàäà÷à äëÿ

óðàâíåíèÿ ñìåøàííîãî òèïà // Èçâåñòèÿ âóçîâ. Ìàòåìàòèêà. 2011. � 2.

C. 71�85.

4. Íàõóøåâ À.Ì. Íàãðóæåííûå óðàâíåíèÿ è èõ ïðèëîæåíèÿ // Äè��åðåí-

öèàëüíûå óðàâíåíèÿ. 1983. Ò. 19, � 1. C. 86�94.
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Î ìåòîäå îáó÷åíèÿ ëîãè÷åñêèõ íåéðîííûõ ñåòåé ñ

îáðàòíûìè ñâÿçÿìè

Äèìèòðè÷åíêî Ä.Ï.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; dimdp�rambler.ru

Ïóñòü çàäàíà ñèñòåìà ïðîäóêöèîííûõ ïðàâèë, îáðàçóþùèõ îáó÷àþùóþ âû-

áîðêó çàäàííîé ïðåäìåòíîé îáëàñòè. Ïðè ïîìîùè îïåðàöèè êîíúþíêöèè ýòè

ïðàâèëà îáúåäèíÿþòñÿ â îäíî ñëîæíîå âûñêàçûâàíèå òàê, ÷òîáû ïðè âû÷èñëå-

íèè åãî çíà÷åíèÿ â ðåçóëüòàòå îñòàëèñü ïðàâèëà, ñîîòâåòñòâóþùèå òåêóùåìó

çàïðîñó X .
Â ëîãè÷åñêîé �îðìå òàêàÿ ñèñòåìà ïðàâèë ïðîäóêöèè çàïèøåòñÿ â ñëåäó-

þùåì âèäå [4℄:



Êîíúþíêöèÿ_ïðèçíàêîâ_1 → Îáúåêò 1

Êîíúþíêöèÿ_ïðèçíàêîâ_2 → Îáúåêò 2

...

Êîíúþíêöèÿ_ïðèçíàêîâ_m → Îáúåêòm.

Ïðè ïîìîùè ïðèìåíåíèÿ îïåðàöèè îáîáùåííîãî îòðèöàíèÿ [1℄ ê êàæäîìó

èç m ïðàâèë ïðîäóêöèè, åãî ïðåîáðàçîâàíèÿ èç èìïëèêàòèâíîé â äèçúþíêòèâ-

íóþ �îðìó è âûïîëíåíèÿ ëîãè÷åñêîãî ïåðåìíîæåíèÿ ïðîèçâîäèòñÿ ìèíèìèçà-

öèÿ èñõîäíîé ñèñòåìû ïðàâèë. Òàêèì îáðàçîì ðåçóëüòèðóþùàÿ ïåðåìåííîçíà÷-

íàÿ ëîãè÷åñêàÿ �óíêöèÿ F (X,W ) ïðåäñòàâëÿåò ñîáîé ìèíèìèçèðîâàííóþ áàçó

çíàíèé èñõîäíîé ïðåäìåòíîé îáëàñòè ñ ðàçáèåíèåì îáúåêòîâ W íà âñå âîçìîæ-

íûå êëàññû [1℄.

Ïåðåìåííîçíà÷íûå ëîãè÷åñêèå �óíêöèè ìîãóò áûòü ðåàëèçîâàíû ïðè ïî-

ìîùè ëîãè÷åñêèõ íåéðîííûõ ñåòåé [2℄.

Äîêàçàíà ñëåäóþùàÿ òåîðåìà [3℄:

Òåîðåìà. Âñÿêàÿ ïåðåìåííîçíà÷íàÿ ëîãè÷åñêàÿ �óíêöèÿ F (X,W ) ïðåä-

ñòàâèìà â âèäå ëîãè÷åñêîé íåéðîííîé ñåòè, ñîâîêóïíîñòü ëîãè÷åñêèõ ñâÿçåé â

êîòîðîé âçàèìíî îäíîçíà÷íî îïðåäåëÿåòñÿ ñòðóêòóðîé ïðîäóêöèîííûõ äèçú-

þíêòîâ è äèçúþíêòîâ ñâîáîäíûõ çíàíèé.

Òàê êàê âñå íåéðîíû �óíêöèîíèðóþò íåçàâèñèìî äðóã îò äðóãà, òî îêîí-

÷àòåëüíûé ðåçóëüòàò èõ ñîâìåñòíîé ðàáîòû ïðåäñòàâëÿåò ñîáîé ý��åêò ïðè-

ìåíåíèÿ ïðîöåäóðû ÷àñòîòíîãî àíàëèçà ê îòâåòó èñõîäíîé ïåðåìåííîçíà÷íîé

ëîãè÷åñêîé �óíêöèè [3, 4℄.

Íàëè÷èå ïóñòûõ ïîäêëàññîâ â îòâåòå ñîîáùàåò î åãî íåïîëíîòå. Èíäèêàöèÿ

êîëè÷åñòâà ñâîáîäíûõ çíàíèé ïîçâîëÿåò ýêñïåðòó (èëè çàäàííîé ïðîöåäóðå)

íà÷àòü ïðîöåññ äîáàâëåíèÿ íîâûõ ïðîäóêöèîííûõ ïðàâèë [4℄.

Çíàíèå î ñòåïåíè çíà÷èìîñòè ïåðåìåííûõ X , õàðàêòåðèçóþùèõ îáúåêòû

W ïîçâîëèò ïðîâîäèòü ïðîöåññ äîîáó÷åíèÿ ëîãè÷åñêîé íåéðîííîé ñåòè áîëåå

ý��åêòèâíî.

Ïðåäëîæåí ìåòîä îáó÷åíèÿ ëîãè÷åñêîé íåéðîííîé ñåòè, ïîñòðîåííîé íà îñ-

íîâå ïåðåìåííîçíà÷íîé ëîãè÷åñêîé �óíêöèè ïðè ïîìîùè îáðàòíûõ ñâÿçåé. Ìå-

òîä ñîñòîèò â îïðåäåëåíèè êîý��èöèåíòîâ çíà÷èìîñòè ïðè ïåðåìåííûõ, îïðå-

äåëÿþùèõ ñâîéñòâà îáúåêòîâ ðàñïîçíàâàíèÿ è êîý��èöèåíòîâ ïðèñóòñòâèÿ ñà-

ìèõ îáúåêòîâ â âûäåëÿåìûõ êëàññàõ. Â ïðîöåññå äîîáó÷åíèÿ ëîãè÷åñêîé íåé-
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ðîííîé ñåòè ïîëó÷åííûé ðåçóëüòàò ñðàâíèâàåòñÿ ñ òðåáóåìûì, ïðè íåîáõîäè-

ìîñòè ïðîèçâîäèòñÿ êîððåêòèðîâêà âåñîâ ïðèñóòñòâèÿ îáúåêòîâ â ðåçóëüòèðó-

þùåì îòâåòå ïðè ïîìîùè óêàçàííûõ êîý��èöèåíòîâ çíà÷èìîñòè.

Òàêîå ñâîéñòâî àññîöèàòèâíîñòè ïî çíà÷èìûì ïåðåìåííûì ïîçâîëèò íàõî-

äèòü àññîöèàòèâíî áëèçêèå ïîäêëàññû îáúåêòîâ ðàñïîçíàâàíèÿ, ïðîèçâîäèòü

äèàãíîñòèêó ñõîäíûõ ñèòóàöèé, ðàíæèðîâàòü èõ ïî ñòåïåíè áëèçîñòè.
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çàäà÷àì ëîãè÷åñêîé îáðàáîòêè äàííûõ è ïîñòðîåíèå èíòåëëåêòóàëüíûõ

ñèñòåì ïðèíÿòèÿ ðåøåíèé // Ìîäåëèðîâàíèå, îïòèìèçàöèÿ è èí�îðìà-

öèîííûå òåõíîëîãèè. 2018. T. 6. � 2. Ñ. 249�261.
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Àëãîðèòì îáëåòà ïðåïÿòñòâèé íà ïóòè ãðóïïû ÁÏËÀ

Äðîçäîâà Â.È., Øàãðîâà �.Â., Âèíîêóðñêèé Ä.Ë.

a
,

�àíüøèí Ê.Þ., Ñàìîéëîâ Ô.Â.

ÑÊÔÓ, Ñòàâðîïîëü, �îññèÿ;

a
dlvinokursky�gmail.
om

Â ðàáîòå ïîñòðîåí àëãîðèòì îáëåòà ïðåïÿòñòâèé ãðóïïîé áåñïèëîòíûõ ëå-

òàòåëüíûõ àïïàðàòîâ. Îïðåäåëåíèå òðàåêòîðèè îáëåòà ïðåïÿòñòâèé íà ïóòè

ãðóïïû ÁÏËÀ áóäåò îñóùåñòâëåíî ïðè ïîìîùè àëãîðèòìà ïîòåíöèàëüíîãî èñ-

êóññòâåííîãî ïîëÿ (APF). Ïëàíèðîâàíèå òðàåêòîðèè äâèæåíèÿ è îáëåòà ïðå-

ïÿòñòâèé èìååò ïåðâîñòåïåííîå çíà÷åíèå è âûñîêóþ ñëîæíîñòü äëÿ îïèñàíèÿ

äâèæåíèÿ è ïðàâëåíèÿ ãðóïïû ÁÏËÀ. Àëãîðèòì APF ïëàíèðîâàíèÿ ïóòåé

ïðîòåñòèðîâàí ñ ó÷åòîì ñóùåñòâóþùèõ îáùèõ ïîòåíöèàëüíûõ ïîëåâûõ ìåòî-

äîâ äëÿ ðàçëè÷íûõ ñöåíàðèåâ (ñòàòè÷íîå ïðåïÿòñòâèå è äèíàìè÷åñêîå ïðåïÿò-

ñòâèå). ×åðåç ïîëó÷åííûå òî÷êè áóäåò ïðîêëàäûâàòüñÿ îïòèìàëüíàÿ òðàåêòî-

ðèÿ ãðóïïû ÁÏËÀ ïîñòðîåííàÿ ñ ïîìîùüþ ãîäîãðà�à Ïè�àãîðà è ðàñøèðåí-

íûõ ìíîãî÷ëåíîâ Áåðíøòåéíà. Ïîñòðîåíèå àëãîðèòìà ðàçëîæåíèÿ ãîäîãðà�à

Ïè�àãîðà ïî ðàñøèðåííûì ìíîãî÷ëåíàì Áåðíøòåéíà ïÿòîé ñòåïåíè â òð¼õ-

ìåðíîì ïðîñòðàíñòâå; òðàåêòîðèé â âèäå ëîìàíûõ; âûñîêàÿ âû÷èñëèòåëüíàÿ

ñëîæíîñòü ïðè äèíàìè÷åñêîì ïåðåñòðîåíèè òðàåêòîðèé.
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Î ðàçðåøèìîñòè èíòåãðàëüíûõ àíàëîãîâ ïåðâîé è âòîðîé

íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé

Äþæåâà À.Â.

Ñàì�ÒÓ, Ñàìàðà, �îññèÿ; aduzheva�rambler.ru

Â äîêëàäå ïðåäñòàâëåíû íîâûå ðåçóëüòàòû î ðàçðåøèìîñòè â êëàññå ðåãó-

ëÿðíûõ ðåøåíèé àíàëîãîâ ïåðâîé è âòîðîé íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ ïàðà-

áîëè÷åñêèõ óðàâíåíèé, à òàêæå äëÿ íåêîòîðûõ óðàâíåíèé ñîáîëåâñêîãî òèïà.

Ìåòîä, èñïîëüçóåìûé â ðàáîòå, ïîçâîëèë îòêàçàòüñÿ îò îáðàòèìîñòè ðàíåå èñ-

ïîëüçóåìîãî îïåðàòîðà Ôðåäãîëüìà, ïîðîæä¼ííîãî èíòåãðàëüíûìè ãðàíè÷íû-

ìè óñëîâèÿìè, à òàêæå îò óñëîâèé ìàëîñòè.

�àáîòà âûïîëíåíà ïî ïëàíó ãîñçàäàíèÿ ¾Ïðîãðàììà �óíäàìåíòàëüíûõ èññëåäî-

âàíèé Ñàì�ÒÓ â îáëàñòè õèìè÷åñêèõ íàóê è ìàòåðèàëîâåäåíèÿ¿, òåìà � FSSE-2020-

0005.
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Îá îöåíêå ñðåäíåé âðåìåííîé âûãîäû äëÿ âåðîÿòíîñòíîé

ìîäåëè äèíàìèêè ïîïóëÿöèè

Åãîðîâà À.Â.

a
, �îäèíà Ë.È.

b

Âë�Ó, Âëàäèìèð, �îññèÿ;

a
nastik.e�bk.ru,

b
LRodina67�mail.ru

Â ðàáîòå èññëåäóåòñÿ ìîäåëü äèíàìèêè ïîïóëÿöèè, çàäàííàÿ ðàçíîñòíû-

ìè óðàâíåíèÿìè, çàâèñÿùèìè îò ñëó÷àéíûõ ïàðàìåòðîâ. Ïîêàçàíî, ÷òî îöåí-

êè ñðåäíåé âðåìåííîé âûãîäû ñóùåñòâåííî çàâèñÿò îò ñâîéñòâ �óíêöèè f(x),
îïðåäåëÿþùåé äèíàìèêó ïîïóëÿöèè.

Ïðåäïîëîæèì, ÷òî â ìîìåíòû âðåìåíè k = 1, 2, . . . èìååòñÿ êîëè÷åñòâî ðå-
ñóðñà X(k) è â ýòè ìîìåíòû âðåìåíè èçâëåêàåòñÿ íåêîòîðàÿ ñëó÷àéíàÿ äîëÿ ðå-

ñóðñà ω(k) ∈ Ω ⊆ [0, 1]. Äîïóñêàåòñÿ âëèÿòü íà ïðîöåññ ñáîðà òàê, ÷òîáû îñòàíî-

âèòü åãî, åñëè äîëÿ ñîáðàííîãî ðåñóðñà îêàæåòñÿ äîñòàòî÷íî áîëüøîé (áîëüøå

íåêîòîðîãî çíà÷åíèÿ u(k) ∈ [0, 1)) äëÿ ñîõðàíåíèÿ êàê ìîæíî áîëüøåé ÷àñòè ïî-
ïóëÿöèè. Äîëÿ äîáûòîãî ðåñóðñà ðàâíà ℓ(k) = ℓ(ω(k), u(k)) = min

{
ω(k), u(k)

}
∈

N. Òîãäà ìîäåëü ýêñïëóàòèðóåìîé îäíîðîäíîé ïîïóëÿöèè èìååò âèä X(k+1) =
f
(
(1 − ℓ(k))X(k)

)
∈ N, ãäå X(1) = f

(
x(0)

)
, X(k) = X

(
ℓ(1), . . . , ℓ(k − 1), x(0)

)
,

k = 2, 3, . . ., x(0) � íà÷àëüíàÿ ÷èñëåííîñòü ïîïóëÿöèè, f(x) � âåùåñòâåííàÿ

äè��åðåíöèðóåìàÿ �óíêöèÿ, çàäàííàÿ íà I = [0, a], òàêàÿ, ÷òî f(I) ⊆ I.
�àññìîòðèì �óíêöèþ H∗ = H∗

(
ℓ, x(0)

) .
= limn→∞

1
n

∑n
k=1X(k)ℓ(k), êîòî-

ðóþ íàçîâåì ñðåäíåé âðåìåííîé âûãîäîé îò èçâëå÷åíèÿ ðåñóðñà. Ïóñòü Σ
.
= {σ :

σ = (ω(1), . . . , ω(k), . . .)}, U .
= {u : u = (u(1), . . . , u(k), . . .)}. Èññëåäóåì çàäà÷ó

âûáîðà óïðàâëåíèÿ u = (u(1), . . . , u(k), . . .) ∈ U , ïðè êîòîðîì çíà÷åíèå �óíêöèè
H∗ ìîæíî îöåíèòü ñíèçó ñ âåðîÿòíîñòüþ åäèíèöà ïî âîçìîæíîñòè íàèáîëüøèì

÷èñëîì.

Ïóñòü çàäàíà îãðàíè÷åííàÿ �óíêöèÿ u : I 7→ [0, 1]. Äëÿ êàæäîãî

x ∈ I �óíêöèÿ ℓ(ω, u(x))
.
= min(ω, u(x)) ÿâëÿåòñÿ ñëó÷àéíîé âåëè÷èíîé íà ìíî-

æåñòâå Ω; îáîçíà÷èì ÷åðåç Mℓ(ω, u(x)) åå ìàòåìàòè÷åñêîå îæèäàíèå. Ïóñòü

x̃ ∈ I è x̃ < max
x∈I

f(x); ðàññìîòðèì îòðåçîê P (x̃)
.
= [x̃,max

x∈I
f(x)].

Òåîðåìà. Ïóñòü òî÷êà x̃ ∈ I òàêîâà, ÷òî x̃ 6 f(x̃) 6 f(x) äëÿ âñåõ x ∈
P (x̃). Òîãäà äëÿ ëþáîãî x(0) ∈ P (x̃) ñóùåñòâóåò óïðàâëåíèå u ∈ U òàêîå, ÷òî

äëÿ ïî÷òè âñåõ σ ∈ Σ âûïîëíåíû íåðàâåíñòâà f(x̃)Mℓ(ω, u(x̃)) 6 H∗(ℓ, x(0)) 6
max
x∈I

f(x) ·Mℓ(ω, u(x̃)), ãäå u(x̃) = 1 − x̃
f(x̃)

.

Ëèòåðàòóðà

1. Ìàñòåðêîâ Þ.Â., �îäèíà Ë.È. Îöåíêà ñðåäíåé âðåìåííîé âûãîäû äëÿ

ñòîõàñòè÷åñêîé ñòðóêòóðèðîâàííîé ïîïóëÿöèè // Èçâ. ÈÌÈ Óä�Ó. 2020.

Ò. 56. Ñ. 41�49.

Èññëåäîâàíèÿ âòîðîãî àâòîðà âûïîëíåíû ïðè ïîääåðæêå �îññèéñêîãî �îíäà �óí-

äàìåíòàëüíûõ èññëåäîâàíèé, ïðîåêò � 20-01-00293.
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Ìàòåìàòè÷åñêàÿ ìîäåëü ãîðíîé ðåêè

Åçàîâà À.�.

a
, Æåëäàøåâà À.Î.

b
, Áæåóìèõîâà Î.È.

c

ÊÁ�Ó, Íàëü÷èê, �îññèÿ;

a
alena_ezaova�mail.ru,

b
anna.zheldasheva�mail.ru,

c
bzhoksana�gmail.
om

Òåððèòîðèþ Êàáàðäèíî-Áàëêàðèè ìîæíî îõàðàêòåðèçîâàòü êàê òåððèòî-

ðèþ ñ âûñîêî èíòåíñèâíûìè è ïîâòîðÿþùèìèñÿ îïàñíûìè ãèäðîëîãè÷åñêèìè

ïðîöåññàìè. Ó÷èòûâàÿ ãåîãðà�è÷åñêèé õàðàêòåð ðåãèîíà, â êîòîðîì èìååòñÿ â

íàëè÷èè òðè ãåîìîð�îëîãè÷åñêèå çîíû: ãîðíàÿ, ïðåäãîðíàÿ è ñòåïíàÿ, ïðàêòè-

÷åñêè âñå ðåêè òåððèòîðèè èìåþò êàê ðàâíèííóþ, òàê è ïðåäãîðíóþ è ãîðíóþ

÷àñòè. Îäíîé èç ñàìûõ äëèííûõ ñòðàòåãè÷åñêè âàæíûõ ðåê, ïðîòåêàþùèõ ïî

ðåãèîíó, ÿâëÿåòñÿ Òåðåê (äëèíà áîëåå 623 êì.). �åëüå� ðå÷íîãî áàññåéíà � ñëîæ-

íàÿ ñèñòåìà ðàçíîâûñîòíûõ õðåáòîâ è êîòëîâèí ñ øèðîêèì äèàïàçîíîì âûñîò:

îò -28 ì âáëèçè ìîðÿ äî 5642 ì (ã. Ýëüáðóñ). Ïðîäîëüíûé ïðî�èëü ðóñëà Òåðåêà

õàðàêòåðèçóåòñÿ: 1. Ïàäåíèåì � 5065 ì., ðàçíîñòüþ äâóõ òî÷åê âûñîòû èñòîêà

� 5037 ì è âûñîòû óñòüÿ � ìèíóñ 28 ì. 2. Áåçðàçìåðíîé âåëè÷èíîé óêëîíîì

� îòíîøåíèåì ïàäåíèÿ ê äëèíå ó÷àñòêà, óìíîæåííîìó íà 100%. Äëÿ Òåðåêà

óêëîí - 4, 77%.
Îáîçíà÷èì ÷åðåç h � ãëóáèíó ïîòîêà â òî÷êå x â ìîìåíò âðåìåíè y. Ïóñòü

S = cjF
2
� óêëîí ðóñëà, ãäå cj � êîý��èöèåíò òðåíèÿ, q � äåáèò âîäû íà åäè-

íèöó øèðèíû êàíàëà, F =
q0

h0
√
gh0

� ÷èñëî Ôðóäà äëÿ îäíîðîäíîãî ïîòîêà, g

� ãðàâèòàöèîííàÿ êîíñòàíòà,

Sq2

h3
= j � ñâÿçü ìåæäó óêëîíîì ðóñëà è êîý��è-

öèåíòîì òðåíèÿ cj , x ≥ 0, y ≥ 0.
Ìîäåëèðîâàíèå îòêðûòûõ ðå÷íûõ ðóñåë õîðîøî îïèñûâàåòñÿ ñèñòåìîé äâóõ

ëèíåéíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà [1℄:

a11
∂h

∂x
− ∂h

∂y
+
∂q

∂x
+
∂q

∂y
=

1

a0

(
3

2
h− q

)
, (1)

∂q

∂x
− ∂h

∂y
= 0, (2)

ãäå h = h(x, y) è q = q(x, y) � äåéñòâèòåëüíûå �óíêöèè íåçàâèñèìûõ ïåðåìåí-
íûõ x ≥ 0 è y ≥ 0, a11 = 1/F 2 − 1 = const, a0 = F 2/(2S), S = const 6= 0, F < 3.
Ñèñòåìó (1)�(2) íàçûâàþò LSVEs (ëèíåàðèçîâàííàÿ ñèñòåìà Ñåí-Âåíàíà).

Â ìîäåëèðóåìûõ çíà÷åíèÿõ ïîëó÷àåì [2℄:

T0(x)
∂h∗

∂y
+
∂q

∂x
= 0, (3)

∂q

∂y
+ 2V0(x)

∂q

∂x
− β0(x)q +

[
C2

0 (x) − V 2
0 (x)

]
T0(x)

∂h∗

∂x
− γ0(x)h∗ = 0, (4)

ïðè

h = T0(x)h∗(x, y), V0 = 1, C2
0 = 1 + a11, β0 = −1/a0,

�àáîòà âûïîëíåíà â ðàìêàõ ïðîåêòà ¾Ïðèîðèòåò 2030¿.
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γ0 =
1

2T0

(
3

a0
− 2a11

d

dx
log T0

)
,

çäåñü T0 � çåðêàëüíàÿ øèðèíà äëÿ ðàâíîâåñíîãî ðåæèìà; h
∗ = Y −Y0; Y0 � ãëó-

áèíà âîäû; V0 � ñðåäíÿÿ ñêîðîñòü âîäû; C0 � ñêîðîñòü âîëíû; γ0, β0 � èçâåñòíûå
ïàðàìåòðû.

Åñëè (h, q) � ðåãóëÿðíîå ðåøåíèå ñèñòåìû (1)�(2) èëè ñèñòåìû (3)�(4), òî

â îáëàñòè Ωr åå çàäàíèÿ, h è q áóäóò ðåãóëÿðíûìè ðåøåíèÿìè óðàâíåíèÿ ñ

÷àñòíûìè ïðîèçâîäíûìè âòîðîãî ïîðÿäêà

a1a2
∂2h

∂x2
+ 2

∂2h

∂x∂y
+
∂2h

∂y2
+

1

a0

(
3

2

∂h

∂x
+
∂h

∂y

)
= 0, (5)

ãäå a1 = 1 + 1/F , a2 = 1 − 1/F .
Îáîçíà÷èì ÷åðåç ArBr = {(x, 0) : 0 ≤ x ≤ r} ðå÷íîå äíî, äëèíîþ r. Ïðåä-

ïîëîæèì, ÷òî ãðàíèöû ðå÷íîãî ðóñëà ArCr : a1y = x è BrCr : a2y = x − r.
Òîãäà äëÿ (5) ìîæíî ïîñòàâèòü çàäà÷ó Äàðáó â îáëàñòè Dr, îãðàíè÷åííîé îò-

ðåçêîì ArBr ïðÿìîé y = 0 è õàðàêòåðèñòèêàìè ArCr, BrCr, ðàñïîëîæåííûìè
â ïîëóïëîñêîñòè y ≥ 0.

Ïîñòàíîâêà, ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ ýòîé çàäà÷è ðàññìàò-

ðèâàåòñÿ â [3℄.

Íà îñíîâàíèè âûïèñàííîãî â ÿâíîì âèäå ðåøåíèÿ, àâòîðàìè ñîçäàíà ìàòå-

ìàòè÷åñêàÿ ìîäåëü ãîðíîé ðåêè Òåðåê. Ìîäåëü äîñòàòî÷íî óñòîé÷èâà è õîðîøî

êîððåëèðóåò ñ ýìïèðè÷åñêèìè äàííûìè.
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Ïðèìåíåíèå íåéðîííîé ñåòè ïðè íàñòðîéêå ÏÈÄ-ðåãóëÿòîðà

Æèëîâ �.À.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; zhilov91�gmail.
om

Íåéðîííûå ñåòè èñïîëüçóþòñÿ â ÏÈÄ ðåãóëÿòîðàõ äâóìÿ ïóòÿìè: äëÿ ïî-

ñòðîåíèÿ ñàìîãî ðåãóëÿòîðà è äëÿ ïîñòðîåíèÿ áëîêà íàñòðîéêè åãî êîý��è-

öèåíòîâ. Îñîáåííîñòüþ íåéðîííîé ñåòè ÿâëÿåòñÿ ñïîñîáíîñòü ê ¾îáó÷åíèþ¿,

÷òî ïîçâîëÿåò ïåðåäàòü íåéðîííîé ñåòè îïûò ýêñïåðòà. �åãóëÿòîð ñ íåéðîííîé

ñåòüþ ïîõîæ íà ðåãóëÿòîð ñ òàáëè÷íûì óïðàâëåíèåì, îäíàêî îòëè÷àåòñÿ ñïåöè-

àëüíûìè ìåòîäàìè íàñòðîéêè (¾îáó÷åíèÿ¿), ðàçðàáîòàííûìè äëÿ íåéðîííûõ

ñåòåé, è ìåòîäàìè èíòåðïîëÿöèè äàííûõ.

Óïðàâëÿþùèé ñèãíàë ÏÈÄ-ðåãóëÿòîðà ïîëó÷àåòñÿ â ðåçóëüòàòå ñëîæåíèÿ

òðåõ ñîñòàâëÿþùèõ: ïåðâàÿ ïðîïîðöèîíàëüíà âåëè÷èíå ñèãíàëà ðàññîãëàñîâà-

íèÿ, âòîðàÿ � èíòåãðàëó ñèãíàëà ðàññîãëàñîâàíèÿ, òðåòüÿ � åãî ïðîèçâîäíîé.

Åñëè êàêîé-òî èç ýòèõ òðåõ êîìïîíåíòîâ íå âêëþ÷åí â ïðîöåññ ñëîæåíèÿ, òî

ðåãóëÿòîð áóäåò óæå íå ÏÈÄ, à ïðîñòî ïðîïîðöèîíàëüíûì, ïðîïîðöèîíàëüíî-

äè��åðåíöèðóþùèì èëè ïðîïîðöèîíàëüíî-èíòåãðèðóþùèì.

Ñòðóêòóðà ñèñòåìû àâòîìàòè÷åñêîãî ðåãóëèðîâàíèÿ ñ ÏÈÄ-ðåãóëÿòîðîì è

íåéðîííîé ñåòüþ â êà÷åñòâå áëîêà àâòîíàñòðîéêè êîý��èöèåíòîâ èçîáðàæåíà

íà ðèñ. 1.

Íà ðèñóíêå ìîæíî óâèäåòü: íåéðîííóþ ñåòüNN , êîòîðàÿ èãðàåò ðîëü �óíê-
öèîíàëüíîãî ïðåîáðàçîâàòåëÿ, êîòîðûé äëÿ êàæäîãî íàáîðà ñèãíàëîâ r, e, u, y
âûðàáàòûâàåò êîý��èöèåíòû ÏÈÄ-ðåãóëÿòîðà (K, Ti, Td).

Îäíîé èç ãëàâíûõ ÷àñòåé â ïðîåêòèðîâàíèè ðåãóëÿòîðîâ ñ íåéðîñåòüþ ÿâ-

ëÿåòñÿ ïðîöåäóðà îáó÷åíèÿ.

Â íàõîæäåíèè íåèçâåñòíûõ ïàðàìåòðîâ wi, d, a è çàêëþ÷àåòñÿ îáó÷åíèå.

Äëÿ îáó÷åíèÿ íåéðîñåòè îáû÷íî èñïîëüçóþò àëãîðèòìû ãðàäèåíòíîãî ïîèñ-

êà ìèíèìóìà êðèòåðèàëüíîé �óíêöèè ε = (u∗ − u)2, çàâèñÿùåé îò ïàðàìåòðîâ
íåéðîíîâ.
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Î ãèäðîäèíàìè÷åñêîì ìîäåëèðîâàíèè íà òîðîèäàëüíîé

ñåòêå â çàäà÷àõ îïòèìèçàöèè ñèñòåì ðàçðàáîòêè

Æîíèí À.Â., Ìàðòûíîâà Þ.Â.

ÎÎÎ ¾�Í-ÁàøÍÈÏÈíå�òü¿, Ó�à, �îññèÿ; busa1987�mail.ru.ru

Â ðàáîòå ïðåäëîæåí ïîäõîä ê ãèäðîäèíàìè÷åñêîìó ìîäåëèðîâàíèþ ñ èñ-

ïîëüçîâàíèåì òîðîèäàëüíîé ñåòêè äëÿ çàäà÷ âûáîðà ñèñòåì ðàçðàáîòêè. Òðà-

äèöèîííî äàííàÿ çàäà÷à ðåøàåòñÿ ïóòåì ðåïëèöèðîâàíèÿ ýëåìåíòà ðàçðàáîòêè

â ãèäðîäèíàìè÷åñêîé ìîäåëè. Íåäîñòàòêàìè òàêîãî ìåòîäà ÿâëÿþòñÿ êðàòíûé

ðîñò êîëè÷åñòâà ÿ÷ååê â ìîäåëè, ñîîòâåòñòâóþùåå óâåëè÷åíèå âðåìåíè ñ÷åòà,

íåîáõîäèìîñòü êîíòðîëÿ òî÷íîñòè ðåøåíèÿ íà öåíòðàëüíîì ýëåìåíòå ïóòåì èç-

ìåíåíèÿ êîëè÷åñòâà ðåïëèêàöèé. Îòìåòèì, ÷òî äëÿ ïîëó÷åíèÿ òî÷íîãî ðåøåíèÿ

íåîáõîäèìî áåñêîíå÷íîå êîëè÷åñòâî ðåïëèêàöèé ýëåìåíòà ðàçðàáîòêè â ìîäåëè.

Äëÿ óñòðàíåíèÿ óêàçàííûõ íåäîñòàòêîâ ïðåäëàãàåòñÿ ïîäõîä, èäåÿ êîòîðî-

ãî ñîñòîèò â òîì, ÷òî òîðîèäàëüíàÿ òîïîëîãèÿ ãèäðîäèíàìè÷åñêîé ñåòêè, ïîëó-

÷åííàÿ ïóòåì ñêëåéêè ïðîòèâîïîëîæíûõ ãðàíåé, ñ òî÷êè çðåíèÿ ðåøåíèÿ ýê-

âèâàëåíòíà ìîäåëè ñ áåñêîíå÷íûì êîëè÷åñòâîì ðåïëèêàöèé íà ïëîñêîñòè. Ýòî

îáåñïå÷èâàåò ìàêñèìàëüíóþ òî÷íîñòü ðåøåíèÿ. Îäíîâðåìåííî ñ ýòèì êîëè÷å-

ñòâî ÿ÷ååê â òàêîé ìîäåëè, ó÷èòûâàÿ ñïîñîá ïîñòðîåíèÿ, âñåãäà áóäåò ìåíüøå

òðàäèöèîííîé ìîäåëè ñ ðåïëèêàöèÿìè.

Â ðàáîòå ïîêàçàíû ïðèìåðû ìîäåëèðîâàíèÿ ñèñòåì ðàçðàáîòêè. Ñðàâíåíèå

ðàñ÷åòîâ ïîêàçàëî õîðîøóþ ñõîäèìîñòü íîâîãî ïîäõîäà ñ èñïîëüçîâàíèåì òîðî-

èäàëüíîé ñåòêè è òðàäèöèîííîãî ñ èñïîëüçîâàíèåì ðåïëèöèðîâàíèÿ. Ïîêàçàíû

ïðåèìóùåñòâà ïîäõîäà: òî÷íîñòü, ñóùåñòâåííîå óñêîðåíèå âðåìåíè ðàñ÷åòîâ,

êîððåêòíàÿ ðàáîòà ýêîíîìè÷åñêèõ îïöèé.

Â ðàáîòå òàêæå îáñóæäàåòñÿ ïîñòàíîâêà çàäà÷è â ñëó÷àå, êîãäà íåîáõîäè-

ìî ó÷èòûâàòü ëàòåðàëüíî-íåîäíîðîäíóþ ãåîëîãèþ, ìîäåëü äîëæíà áûòü òàêæå

òîðîèäàëüíî çàìêíóòà. Òàêàÿ ãåîëîãè÷åñêàÿ ìîäåëü ìîæåò áûòü åñòåñòâåííûì

îáðàçîì ïîëó÷åíà ñïåêòðàëüíûì ìîäåëèðîâàíèåì. Âîïðîñ ñîãëàñîâàíèÿ ðàç-

ìåðîâ ãåîëîãè÷åñêîé è ãèäðîäèíàìè÷åñêîé ìîäåëåé ðåøàåòñÿ ïóòåì âëîæåíèÿ

íåñêîëüêèõ ýëåìåíòîâ ðàçðàáîòêè â îäèí ãåîëîãè÷åñêèé ñåêòîð.

Ëèòåðàòóðà
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ðîâ Ò.�., Ñóäååâ È.Â. Âûáîð îïòèìàëüíîé ñèñòåìû ðàçðàáîòêè íèçêî-
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Ñ. 62�65.
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Èññëåäîâàíèå ëèíåéíûõ êðàåâûõ çàäà÷ ñ óñëîâèåì

ìíîãîïåðèîäè÷íîñòè ðåøåíèé äëÿ ñèñòåì ñ ìàòðè÷íûìè

îïåðàòîðàìè äè��åðåíöèðîâàíèÿ

Æóìàãàçèåâ À.Õ., Ñàðòàáàíîâ Æ.À.

À�Ó èìåíè Ê. Æóáàíîâà, Àêòîáå, Êàçàõñòàí; 
harmeda�mail.ru

Èñêîìàÿ âåêòîð-�óíêöèÿ x(τ, t) = (x1(τ, t), ..., xn(τ, t)) ïåðåìåííîé τ ∈ R è

âåêòîð-ïåðåìåííîé t = (t1, ..., tm) ∈ R× ...×R = Rm îïðåäåëÿåòñÿ ìíîãîïåðèî-

äè÷åñêîé ïî (τ, t) ïåðèîäîâ (θ, ω) ñèñòåìîé

D[x] = B(τ, t)x+ f(τ, t), (1)

D =
∂

∂τ
+

m∑

j=1

Aj
∂

∂tj
, (1′)

è ãðàíè÷íûìè óñëîâèÿìè

Γ0(t)x(0, t) − Γθ(t)x(θ, t) = 0, (2)

ãäå 1) êàæäàÿ èç ïîñòîÿííûõ ìàòðè÷íûõ êîý��èöèåíòîâ Aj îïåðàòîðà (1′)
èìååò òîëüêî äåéñòâèòåëüíûå ñîáñòâåííûå çíà÷åíèÿ λjk = λ (Aj) ñ ïðîñòûìè
ýëåìåíòàðíûìè äåëèòåëÿìè; 2) n × n-ìàòðèöû B(τ, t), Γ0(t), Γθ(t) è n-âåêòîð-
�óíêöèÿ f(τ, t) ÿâëÿþòñÿ ïåðèîäè÷åñêèìè ïî τ ïåðèîäà θ ïî t ïåðèîäà ω =
(ω1, ..., ωm) ñ ðàöèîíàëüíî íåñîèçìåðèìûìè êîý��èöèåíòàìè ω0 = θ, ω1, ..., ωm,
à òàêæå, îáëàäàþò ñâîéñòâàìè ãëàäêîñòè ïî (τ, t) ∈ R × Rm ïîðÿäêà (0, e),
e = (1, ..., 1) � m-âåêòîð; 3) îäíîðîäíàÿ ñèñòåìà, ïîëó÷åííàÿ ïðè f ≡ 0 èç

ñèñòåìû (1) íå èìååò ðåøåíèÿ, óäîâëåòâîðÿþùåãî óñëîâèþ (2), êðîìå íóëåâîãî.

Çàìåòèì, ÷òî ñîîòíîøåíèå (2) ïðè Γ0 = Γθ = E � åäèíè÷íîé ìàòðèöå ïðåä-

ñòàâëÿåò ñîáîé óñëîâèå ìíîãîïåðèîäè÷íîñòè ðåøåíèÿ x(τ, t) ñèñòåìû ïåðèîäîâ

(θ, ω) ñ íà÷àëüíûì óñëîâèåì x(0, t) = x0(t) = x0(t+ ω).
Â ðàáîòå äîêàçûâàåòñÿ ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ êðàåâîé çà-

äà÷è (1)�(2) ïðè óñëîâèÿõ 1)-3).

Äîêàçàòåëüñòâî ïðîâîäèòñÿ ìåòîäîì, ðàçðàáîòàííûì àâòîðàìè. Ñîãëàñíî

ýòîìó ìåòîäó ââîäÿòñÿ îïåðàòîðû Πktj = tjk è Prtjk = tjr ñ ïîìîùüþ êîòî-

ðûõ óïðàâëÿþòñÿ mn õàðàêòåðèñòèêàìè îïåðàòîðà D è äëÿ ðåøåíèÿ çàäà÷è

ðåàëèçóåòñÿ èçâåñòíûé ìåòîä õàðàêòåðèñòèê.
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Íîâûé ïîäõîä ê èññëåäîâàíèþ óðàâíåíèÿ êëàññà Ôóêñà è

ïîëó÷åíèå ÿâíûõ ðåøåíèé 21 ïðîáëåìû �èìàíà � �èëüáåðòà

Çàðè�çîäà Ñ.Ê.

ÒÍÓ, Äóøàíáå, Òàäæèêèñòàí; sarvar8383�list.ru

Â íà÷àëå XX-ãî ñòîëåòèÿ âåëèêèé íåìåöêèé ó÷�eíûé Ä. �èëüáåðò ïðåäëîæèë

23 ìàòåìàòè÷åñêèå ïðîáëåìû, êîòîðûå íóæíî áûëî ðåøèòü íà ïîðîãå íîâîãî

ñòîëåòèÿ.

Îäíà èç ýòèõ ïðîáëåì ïîä 21 íîìåðîì áûëà ñ�îðìóëèðîâàíà ñëåäóþùèì

îáðàçîì: Ïîêàçàòü, ÷òî âñåãäà ñóùåñòâóåò ëèíåéíîå äè��åðåíöèàëüíîå óðàâ-

íåíèå �óêñîâà òèïà ñ çàäàííûìè îñîáûìè òî÷êàìè è çàäàííîé ãðóïïîé ìîíî-

äðîìèÿ. Ýòà ïðîáëåìà â ëèòåðàòóðíûõ èñòî÷íèêàõ ÷àñòî íàçûâàåòñÿ ïðîáëåìîé

�èìàíà � �èëüáåðòà.

�èìàí ïðåäïîëàãàë, ÷òî çàäàíèå ãðóïïû ìîíîäðîìèÿ äîñòàòî÷íî äëÿ ïîë-

íîãî âîññòàíîâëåíèÿ äè��åðåíöèàëüíîãî óðàâíåíèÿ Ôóêñîâà òèïà ñ çàäàííûì

÷èñëîì îñîáûõ òî÷åê.

Â ðàáîòå ïðåäëàãàåòñÿ íîâàÿ ìåòîäèêà èññëåäîâàíèÿ ýòîé ïðîáëåìû. Ýòà

ìåòîäèêà ïîçâîëÿåò âûäåëèòü èç óðàâíåíèé êëàññà Ôóêñà ñ ïðîèçâîëüíûì ÷èñ-

ëîì îñîáûõ òî÷åê òå óðàâíåíèÿ ýòîãî êëàññà, êîòîðûå ðåøàþòñÿ ÿâíûì îáðàçîì

ñ ïîìîùüþ ýëåìåíòàðíûõ �óíêöèé.

Ïîêàçûâàåòñÿ, ÷òî ïîëó÷åííûå ýëåìåíòàðíûå �óíêöèè äåéñòâèòåëüíî ÿâ-

ëÿþòñÿ P -�óíêöèÿìè �èìàíà è îíè óäîâëåòâîðÿþò âñåì ïåðå÷èñëåííûì �è-

ìàíîì óñëîâèÿì äëÿ �óíêöèè èç ýòîãî êëàññà. Ýòî ïðèâîäèò íàñ ê ÿâíîìó

ðåøåíèþ ïðîáëåìû �èìàíà � �èëüáåðòà ñ ïîìîùüþ ýëåìåíòàðíûõ �óíêöèé

áåç ïðèâëå÷åíèÿ ýëåìåíòû òåîðèÿ ãðóïïû ìîíîäðîìèÿ.
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Ìîäåëèðîâàíèå ðàçäåëåíèÿ ÷àñòèö ïî ðàçìåðó â

èñïàðÿþùèõñÿ áèäèñïåðñíûõ êîëëîèäíûõ êàïëÿõ íà

ãèäðî�èëüíûõ ïîäëîæêàõ ìåòîäîì Ìîíòå � Êàðëî

Çîëîòàðåâ Ï.À.

1
, Êîëåãîâ Ê.Ñ.

1,2,3,a

1
À�Ó*,

2
ÈÔÒÒ �ÀÍ,

3
ÊÈÌ�Ò (�èëèàë Â�ÓÂÒ);

a
konstantin.kolegov�asu.edu.ru

Èñïàðèòåëüíàÿ ñàìîñáîðêà êîëëîèäíûõ ÷àñòèö â êàïëÿõ è ïëåíêàõ ÿâëÿåò-

ñÿ ãèáêèì è ïðîñòûì ìåòîäîì ïîëó÷åíèÿ ñòðóêòóðèðîâàííûõ îñàäêîâ. Â íåêî-

òîðûõ ïðèëîæåíèÿõ èíòåðåñ ïðåäñòàâëÿþò ðàñòâîðû ñîäåðæàùèå ñìåñè ÷àñòèö

ðàçíûõ ðàçìåðîâ, íàïðèìåð, èñïàðèòåëüíàÿ ëèòîãðà�èÿ, äèàãíîñòèêà â ìåäè-

öèíå, ðàçðàáîòêà áèîñåíñîðîâ, ñîçäàíèå �îòîííûõ êðèñòàëëîâ è ñòðóéíàÿ ïå-

÷àòü [1℄. Öåëü íàñòîÿùåé ðàáîòû çàêëþ÷àåòñÿ â îáúÿñíåíèè ý��åêòà ðàçäåëå-

íèÿ ÷àñòèö ïî ðàçìåðó âáëèçè ïåðè�åðèè êàïëè, ðàçìåùåííîé íà ãèäðî�èëü-

íîé ïîäëîæêå. Ìîäåëü [2℄ ÿâëÿåòñÿ ïîëóäèñêðåòíîé, òàê êàê ãèäðîäèíàìèêà

ìîäåëèðóåòñÿ â ðàìêàõ êîíòèíóàëüíîãî ïîäõîäà, íî ïðè ýòîì ðàññìàòðèâàåò-

ñÿ äâèæåíèå êàæäîé êîëëîèäíîé ÷àñòèöû ÿâíûì îáðàçîì. Çäåñü ýòà ìîäåëü

àäàïòèðîâàíà äëÿ ñëó÷àÿ ñìåñè ÷àñòèö äâóõ ðàçìåðîâ. Äè��óçèîííîå ñìåùå-

íèå ÷àñòèö ìîäåëèðóåòñÿ ìåòîäîì Ìîíòå � Êàðëî. Òàêæå ó÷èòûâàåòñÿ êîí-

âåêòèâíûé ïåðåíîñ ÷àñòèö. �åçóëüòàòû ðàñ÷åòîâ ïîêàçàëè, ÷òî íà íåáîëüøîì

ðàññòîÿíèè îò òðåõ�àçíîé ãðàíèöû, ðàñïîëàãàþòñÿ ìåëêèå ÷àñòèöû, è íåìíîãî

äàëüøå íàáëþäàåòñÿ ñìåñü êðóïíûõ è ìåëêèõ ÷àñòèö. Íàøà ïðîñòàÿ ìîäåëü,

ïîçâîëèëà ïîëó÷èòü ÷èñëåííûå ðåçóëüòàòû, êîòîðûå êà÷åñòâåííî ñîãëàñóþòñÿ

ñ ýêñïåðèìåíòàëüíûìè ðåçóëüòàòàìè [3℄.
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Çàäà÷à ñî ñìåùåíèåì äëÿ ìîäåëüíîãî óðàâíåíèÿ

ñìåøàííîãî òèïà âòîðîãî ðîäà â íåîãðàíè÷åííîé îáëàñòè

Çóííóíîâ �.Ò.

a
, Ýðãàøåâ À.À.

b

ÈÌ ÀÍ �Óç, Òàøêåíò, Ê�ÏÈ, Êîêàíä, Óçáåêèñòàí;

a
zunnunov�mail.ru,

b
akromkonergashev�gmail.
om

�àññìîòðèì óðàâíåíèå

uxx + signy|y|muyy = 0, 0 < m < 1 (1)

â íåîãðàíè÷åííîé ñìåøàííîé îáëàñòè Ω = Ω1 ∪ J ∪ Ω2, ãäå Ω1 = {(x, y) : −∞ <
x < +∞, 0 < y < 1}, à Ω2− îáëàñòü ïîëóïëîñêîñòè y < 0 îãðàíè÷åííàÿ

õàðàêòåðèñòèêàìè óðàâíåíèÿ (1) AC : x − [2/(2 − m)](−y)(2−m)/2 = 0, BC :
x + [2/(2 − m)](−y)(2−m)/2 = 1 è îòðåçêîì J = AB îñè àáöèññ. Ïðèìåì ñëå-

äóþùèå îáîçíà÷åíèÿ: β = m/(2m − 4), J1 = {(x, y) : −∞ < x < 0, y = 0},
J2 = {(x, y) : 1 < x < +∞, y = 0}, θ0(x) = (x2 ,−[ 2−m2 · x2 ]

2
2−m ), θ1(x) =

( 1+x
2
,−[ 2−m

2
· 1−x

2
]

2
2−m ).

Çàäà÷à S∞
. Íàéòè �óíêöèþ u(x, y), óäîâëåòâîðÿþùóþ ñëåäóþùèì óñëî-

âèÿì: u(x, y) ∈ C(Ω∪J1∪AC ∪BC ∪J2)∩C1(Ω1∪J)∩C1(Ω2∪J)∩C2(Ω1∪Ω2),
óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòÿõ Ω1, Ω2 è îáëàäàåò òåì ñâîéñòâîì,

÷òî uy(x,+0) = ν(x) ∈ C1(J) è íà êîíöàõ èíòåðâàëà ìîæåò îáðàùàòüñÿ â

áåñêîíå÷íîñòü ïîðÿäêà −2β ïðè x = 0 è ïîðÿäêà 1/2 − β ïðè x = 1 ñî ñëåäóþ-

ùèìè êðàåâûìè óñëîâèÿìè:

u(x, 1) = ϕ(x), −∞ < x < +∞,

uy(x, 0) = ϕi(x), ∀x ∈ Ji, i = 1, 2,

lim
|x|→∞

u(x, y) = 0, ðàâíîìåðíî ïî y ∈ [0, 1],

a(x)D1−β
0x u[θ0(x)] + b(x)D1−β

x1 u[θ1(x)] = c(x), ∀x ∈ J,

u(x,−0) = u(x,+0), uy(x,−0) = −uy(x,+0).

Çäåñü a2(x) + b2(x) 6= 0, ∀x ∈ J ; a(x)x−β + b(x)(1 − x)−β 6= 0, ∀x ∈ J ;

−1 6
b(x)(1 − x)−β

a(x)x−β + b(x)(1 − x)−β
6 0; a(x) = a1(x)xp, p < β; a1(x), b(x), c(x) ∈

C(J) ∩ C3(J); ϕ(x) ∈ C(Ji) è ìîãóò îáðàùàòüñÿ â áåñêîíå÷íîñòü ïîðÿäêà −2β
ïðè x = 0 è ïîðÿäêà 1/2−β ïðè x = 1, à ïðè äîñòàòî÷íî áîëüøèõ |x| óäîâëåòâî-
ðÿþò íåðàâåíñòâó |ϕi(x)| 6M |x|−1−δ

, M, δ = const, δ > 0; Dα
sx[f(x)] � îïåðàòîð

äðîáíîãî â ñìûñëå �èìàíà � Ëèóâèëëÿ èíòåãðîäè��åðåíöèðîâàíèÿ.

Åäèíñòâåííîñòü ðåøåíèÿ ïîñòàâëåííîé çàäà÷è äîêàçûâàåòñÿ ìåòîäîì ïðèí-

öèïà ýêñòðåìóìà. Ñóùåñòâîâàíèå ðåøåíèÿ ïîñòàâëåííîé çàäà÷è äîêàçûâàåòñÿ

ìåòîäîì �óíêöèé �ðèíà è èíòåãðàëüíûõ óðàâíåíèé.
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Îá àïðèîðíîé îöåíêå äëÿ äè��åðåíöèàëüíîãî óðàâíåíèÿ ñ

äðîáíîé ïðîèçâîäíîé

Èáàâîâ Ò.È.

Ä�Ó, Ìàõà÷êàëà, �îññèÿ; ibavov94�mail.ru

Â îáëàñòè σ = (0, T )×Rn, T > 0 ðàññìîòðèì ñëåäóþùåå äè��åðåíöèàëüíîå

óðàâíåíèå

∂α0tu(x, t) = △α/2(| u(x, t) |m u(x, t)) + f(x, t), (1)

ãäå f(x, t) ∈ L2[0, T ] è m > 0, △ � îïåðàòîð Ëàïëàñà, α ∈ (1, 2), ∂α0t � äðîáíàÿ
ïðîèçâîäíàÿ â ñìûñëå Êàïóòî [1℄.

Òåîðåìà. Ïóñòü u(x, t) � ðåøåíèå óðàâíåíèÿ (1) ïðè m = 0. Òîãäà ñóùå-
ñòâóåò ïîñòîÿííàÿ C > 0 òàêàÿ, ÷òî äëÿ ëþáîé íåïðåðûâíîé è îãðàíè÷åííîé
�óíêöèè φ(x) ∈ C2(R) ñïðàâåäëèâà îöåíêà

∫

R

| u(x, T ) |2 φ2(x)dx+

T∫

0

∫

R

| △α/4(φ(x)u(x, t)) |2 dxdt ≤

≤ C ‖ u ‖L2(σ)‖ uχ(φ) ‖L1[0,T ];L2(R)‖ △̂φ ‖L1(R) + ‖ fφ ‖L2(σ)‖ uφ ‖L2(σ) +

+

n∑

i=1

α ‖ φu ‖Hα−1(R)‖ u△1/2φ ‖σ, (2)

ãäå χ(φ) � õàðàêòåðèñòè÷åñêàÿ �óíêöèÿ.

Ëèòåðàòóðà
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2003. 272 ñ.
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Àíàëèç ìåòîäîâ óïðàâëåíèÿ èíòåëëåêòóàëüíûìè ðîáîòàìè

Èáðàãèì À.

ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; asibragim�gmail.
om

Ñðåäè èíòåëëåêòóàëüíûõ ìåòîäîâ íàñòðîéêè ÏÈÄ-ðåãóëÿòîðîâ íàèáîëåå

ïîïóëÿðíûìè ÿâëÿþòñÿ èñïîëüçîâàíèå: íå÷åòêîé ëîãèêè, ýêñïåðòíûõ ñèñòåì

(ÝÑ), íåéðîííûõ ñåòåé (ÍÑ). �àññìîòðèì ýòè ìåòîäû ïîäðîáíåå.

Ýêñïåðòíûå ñèñòåìû ïðåäëàãàþò ðåêîìåíäàöèè, óêàçûâàþùèå, êàêîé èç íà-

ñòðàèâàåìûõ ïàðàìåòðîâ ðåãóëÿòîðà íåîáõîäèìî èçìåíèòü äëÿ ïîëó÷åíèÿ îï-

òèìàëüíîãî ïðîöåññà. Íåäîñòàòêîì ýòîãî ìåòîäà ÿâëÿåòñÿ îòñóòñòâèå ìåõàíèç-

ìà îáó÷åíèÿ, ò.ê. íåîáõîäèìî áóäåò âíîñèòü èçìåíåíèÿ â ïðàâèëà ÝÑ â ïðîöåññå

ðàáîòû [1℄.

Íå÷åòêàÿ ëîãèêà èñïîëüçóåòñÿ â òåõ ñëó÷àÿõ, êîãäà íåäîñòàòî÷íî çíàíèé

îá îáúåêòå óïðàâëåíèÿ, îäíàêî, åñòü îïûò óïðàâëåíèÿ îáúåêòîì â íåëèíåéíûõ

ñèñòåìàõ, èäåíòè�èöèðîâàòü êîòîðûå ñëèøêîì ñëîæíî. Îñíîâíûì íåäîñòàò-

êîì äàííîãî ìåòîäà ÿâëÿåòñÿ îòñóòñòâèå ìåòîäà ïîäñòðîéêè íå÷åòêîé ñèñòåìû

ïîä êëàññè÷åñêèé êîíòóð óïðàâëåíèÿ, ïîä êàæäûé íîâûé îáúåêò óïðàâëåíèÿ

íåîáõîäèìî çàíîâî óñòàíàâëèâàòü íå÷åòêóþ íàäñòðîéêó.

Íåéðîííûå ñåòè (ÍÑ), ââèäó îáëàäàíèÿ ñâîéñòâàìè íåëèíåéíîñòè è ñïîñîá-

íîñòè ê îïåðàòèâíîìó îáó÷åíèþ, òàêæå íàøëè øèðîêîå ïðèìåíåíèå. Ïðåèìó-

ùåñòâîì äàííîãî ðåøåíèÿ ÿâëÿåòñÿ ãèáêàÿ ñèñòåìà àäàïòàöèè íàñòðîéêè êîý�-

�èöèåíòîâ ÏÈÄ-ðåãóëÿòîðà. Îñíîâíûå íåäîñòàòêè ÍÑ � äëèòåëüíîñòü ïðîöåñ-

ñà îáó÷åíèÿ, îòñóòñòâèå êðèòåðèåâ âûáîðà êîëè÷åñòâà íåéðîíîâ â ñåòè, íåâîç-

ìîæíîñòü ïðåäñêàçàíèÿ ïîãðåøíîñòè ðåãóëèðîâàíèÿ äëÿ âõîäíûõ âîçäåéñòâèé,

êîòîðûå íå âõîäèëè â íàáîð îáó÷àþùèõ ñèãíàëîâ [2℄.

Ïîýòîìó äëÿ ìèíèìèçàöèè íåäîñòàòêîâ îïèñàííûõ ìåòîäîâ, íàèëó÷øèì âà-

ðèàíòîì áóäåò êîìáèíàöèÿ ýòèõ ìåòîäîâ. Ýêñïåðòíûå ñèñòåìû ïîìîãóò ïðè-

íÿòü âî âíèìàíèå îñîáåííîñòè ðàáîòû îáúåêòà, à íåéðîííûå ñèñòåìû îïåðàòèâ-

íî ðåàãèðîâàòü íà àêòóàëüíîå ñîñòîÿíèå è èçìåíåíèå õàðàêòåðèñòèê ñèñòåìû.

Ëèòåðàòóðà
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Èñêóññòâåííûå íåéðîííûå ñåòè è íå÷åòêàÿ ëîãèêà. Ì.: �îðÿ÷àÿ ëèíèÿ-

Òåëåêîì, 2004. 143 ñ.
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Íåëîêàëüíàÿ çàäà÷à äëÿ îäíîãî óðàâíåíèÿ ñ äðîáíîé

ïðîèçâîäíîé

Èðãàøåâ Á.Þ.

ÍàìÈÑÈ, ÈÌ ÀÍ �Óç, Íàìàíãàí, Óçáåêèñòàí; bahromirgasev�gmail.
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Â îáëàñòè Ω = Ωx × Ωy, Ωx = {x : 0 < x < π} , Ωy = {y : −a < y < b} ,
a, b > 0, a, b ∈ R, ðàññìîòðèì óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ

L [u] ≡
{
l (u (x, y)) + CD

α
0yu (x, y) = 0, y > 0, 0 < α < 1,

l (u (x, y)) + CD
β
0yu (x, y) = 0, y < 0, 1 < β < 2,

(1)

ãäå

l (u (x, y)) = (−1)
s ∂

2su (x, y)

∂x2s
+

∂s−1

∂xs−1

(
ps−1 (x)

∂s−1u (x, y)

∂xs−1

)
+ ...

+
∂

∂x

(
p1 (x)

∂u (x, y)

∂x

)
+ p0 (x) u (x, y) ,

pj (x) ∈ Cj
(
Ωx
)
, j = 0, 1, ..., s− 1, s ∈ N,

CD
α
0yu (x, y) =

1

Γ (1 − α)

y∫

0

uz(x, z)

(y − z)α
dz,

CD
β
0yu (x, y) =

1

Γ (2 − β)

0∫

y

uzz(x, z)

|y − z|β−1
dz

� äðîáíûå ïðîèçâîäíûå â ñìûñëå Êàïóòî.

Ïóñòü Ω+ = Ω ∩ (y > 0) , Ω− = Ω ∩ (y < 0) . Äëÿ óðàâíåíèÿ (1) ðàññìîòðèì
ñëåäóþùóþ çàäà÷ó ñ óñëîâèÿìè ñîïðÿæåíèÿ.

Çàäà÷à D. Íàéòè �óíêöèþ u = u(x, y) ñ óñëîâèÿìè

Lu (x, y) ≡ 0, (x, y) ∈ Ω+ ∪ Ω−,

∂2su

∂x2s
∈ C (Ω) ,

∂2s−1u

∂x2s−1
∈ C

(
Ω̄
)
, CD

α
0yu ∈ C (Ω+) , CD

β
0yu ∈ C (Ω−) ,

∂2ju

∂x2j
(0, y) =

∂2ju

∂x2j
(π, y) = 0, j = 0, 1, ..., s− 1;−a 6 y 6 b,

CD
α
0yu (x,+0) = uy (x,−0) , 0 6 x 6 π,

u (x, b) − u (x,−a) = ϕ (x) , 0 6 x 6 π,

ãäå ϕ (x) äîñòàòî÷íî ãëàäêàÿ �óíêöèÿ.
Íàéäåíû äîñòàòî÷íûå óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè ïîñòàâëåííîé

çàäà÷è.
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Îá îäíîé íåëîêàëüíîé êðàåâîé çàäà÷å òèïà Ôðàíêëÿ

Èñëîìîâ Á.

1,a
, Àáäóëëàåâ À.À.

2,b

1
ÍÓÓç,

2
ÒÈÈÈÌÑÕ, Òàøêåíò, Óçáåêñòàí;

a
islomovbozor�yandex.
om,

b
akmal09.07.85�mail.ru

�àññìîòðèì óðàâíåíèå

sgn y |y|m uxx + uyy = 0, −1 < m < 0. (1)

Ïóñòü D � êîíå÷íàÿ îäíîñâÿçíàÿ îáëàñòü ïëîñêîñòè íåçàâèñèìûõ ïåðåìåí-

íûõ õ, ó, îãðàíè÷åííàÿ ïðè y > 0 êðèâîé σ ñ êîíöàìè â òî÷êàõ A(0, 0), B(1, 0)
è îòðåçêîì AB (y = 0), à ïðè y < 0 õàðàêòåðèñòèêàìè AC è BC óðàâíåíèÿ (1).

Ïóñòü äàëåå D1 = D ∩ {y > 0} , D2 = D ∩ {y < 0} , D = D1 ∪ D2 ∪ J, J =
{(x, y) : 0 < x < 1, y = 0} , J1 = {(x, y) : 0 < x < c, y = 0} , J2 = {(x, y) : c <
x < 1, y = 0}, çäåñü 2β = m/m(m+ 2), ïðè÷åì −1 < 2β < 0, îáîçíà÷èì ÷åðåç

C0 òî÷êó ïåðåñå÷åíèÿ õàðàêòåðèñòèêè AC ñ õàðàêòåðèñòèêîé, èñõîäÿùåé èç

òî÷êè E(c, 0), ãäå c ∈ J = (0, 1) � èíòåðâàë îñè y = 0.
Çàäà÷à NF. Òðåáóåòñÿ íàéòè �óíêöèþ u(x, y), îáëàäàþùóþ ñëåäóþùèìè

ñâîéñòâàìè:

1) u(x, y) ∈ C
(
D̄
)
, u(x, y) ∈ C1,α (J) ;

2) u(x, y) � ÿâëÿåòñÿ ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â îáëàñòè D1, à

â îáëàñòè D2 � îáîáùåííûì ðåøåíèåì èç êëàññà R2 [1℄;

3) âûïîëíÿåòñÿ óñëîâèå ñêëåèâàíèå

lim
y→+0

uy(x, y) = − lim
y→−0

uy(x, y);

4) óäîâëåòâîðÿåò ñëåäóþùèì ãðàíè÷íûì óñëîâèÿì

{q(s)As[u] + ρ(s)u}|σ = ϕ(s), 0 < s < l,

D1−β
0x u [θ0(x)] = c(x)u(x, 0) + g(x), x ∈ (0, c) ,

u(p(x), 0) = µu(x, 0) + f(x), (x, 0) ∈ J̄1,

ãäå µ = const > 0, p (x) = δ − kx, p′ (x) < 0, p(c) = c, p(1) = 0, k = c/(1 − c),
δ = c/ (1 − c) , c ∈ J ; l � äëèíà âñåé êðèâîé σ, s � äëèíà äóãè σ, îòñ÷èòûâàåìîé
îò òî÷êè B(1, 0).

Ïðè íàëîæåíèè îïðåäåë¼ííûõ óñëîâèé íà çàäàííûå �óíêöèè, äîêàçûâàåòñÿ

îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è NF.
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Çàäà÷à Äàðáó äëÿ íåîäíîðîäíîãî óðàâíåíèÿ Ýéëåðà �

Ïóàññîíà � Äàðáó

Èñìîèëîâ À.È.

Ôåð�Ó, Ôåðãàíà, Óçáåêèñòàí; ismoilovaxrorjon�yandex.
om

Â îáëàñòè ∆ ïëîñêîñòè ξOη, îãðàíè÷åííîé îòðåçêàìè OA = {(ξ, η) : η =
ξ, 0 ≤ ξ ≤ 1}, CA = {(ξ, 1) : 0 ≤ ξ ≤ 1, }, OC = {(0, η) : 0 ≤ η ≤ 1}, ðàññìîòðèì
óðàâíåíèå Ýéëåðà � Ïóàññîíà � Äàðáó

L (u) = uξη −
β

ξ − η
uξ +

α

ξ − η
uη = f (ξ, η) , (1)

ãäå f(ξ, η) � çàäàííàÿ �óíêöèÿ, à α è β � çàäàííûå äåéñòâèòåëüíûå ÷èñëà

0 < α, β, α+ β < 1.
Çàäà÷à Äàðáó. Íàéòè ðåøåíèå u (ξ, η) ∈ C

(
∆
)
óðàâíåíèÿ (1), óäîâëåòâî-

ðÿþùåå óñëîâèÿì

lim
η→ξ

u (ξ, η) = τ (ξ) , 0 ≤ ξ ≤ 1; u (0, η) = ψ1 (η) , 0 ≤ η ≤ 1, (2)

ãäå τ (ξ), ψ1 (η) � çàäàííûå íåïðåðûâíûå �óíêöèè, ïðè÷åì ψ1 (0) = τ (0).
�åøàåì ýòó çàäà÷ó ìåòîäîì �èìàíà. Äëÿ ýòîé çàäà÷è �óíêöèÿ �èìàíà �

Àäàìàðà ñòðîèòñÿ, êîãäà f(ξ, η) = 0 [1℄. �åøåíèå çàäà÷è Äàðáó ñëåäóþùåå:

F (ξ0, η0) =
γ1

(η0 − ξ0)α+β−1

ξ0∫

0

(η0 − ξ)α−1τ(ξ)

(ξ0 − ξ)1−β
dξ+

+

η0∫

0

[
ψ

′

1(η) +
β

η
ψ1(η)

]
H (0, η; ξ0, η0) dη +

ξ0∫

0

dξ

η0∫

ξ

f (ξ, η)H (ξ0, η0; ξ, η)dη, (3)

ãäå γ1 = Γ (1 − α)/Γ (β) Γ (1 − α − β).
Òåîðåìà. Åñëè �óíêöèÿ f (ξ, η) ïðåäñòàâèìà â âèäå f(ξ, η) = (η − ξ)ε−1×

×f1(ξ, η), ε > 0, f1(ξ, η) ∈ C(∆̄), òî �óíêöèÿ F (ξ0, η0) â îáëàñòè ∆ óäîâëåòâî-

ðÿåò óðàâíåíèþ (1) è êðàåâûì óñëîâèÿì

lim
η0→ξ0

F (ξ0, η0) = 0, F |ξ0=0 = 0.
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Îá îäíîé êðàåâîé çàäà÷å äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà

÷åòâ¼ðòîãî ïîðÿäêà ñ äðîáíîé ïðîèçâîäíîé

Êàäèðêóëîâ Á.Æ.

1,a
, Æàëèëîâ Ì.À.

2,b

1
Ò�ÓÂ, Òàøêåíò,

2
Ôåð�Ó, Ôåðãàíà, Óçáåêèñòàí;

a
kadirkulovbj�gmail.
om,

a
alimuhammad9978�mail.ru

Ïóñòü Ω = {(x, t) : −1 < x < 1, −a < t < b}, Ω1 = Ω ∩ (t > 0), Ω2 = Ω∩ (t <
0), ãäå a, b � ïîëîæèòåëüíûå äåéñòâèòåëüíûå ÷èñëà. Â îáëàñòè Ω ðàññìîòðèì

ñëåäóþùóþ íåëîêàëüíóþ çàäà÷ó.

Çàäà÷à À. Òðåáóåòñÿ íàéòè �óíêöèþ u(x, t) èç êëàññà

t−βCD
α
0+u, uxxx ∈ C(Ω̄1), uxxxx ∈ C(Ω1), u ∈ C1(Ω̄2) ∩ C4,2

x,t (Ω2),

óäîâëåòâîðÿþùóþ â îáëàñòè Ω1 ∪ Ω2 óðàâíåíèþ

0 =

{
t−βCD

α
0tu(x, t) + uxxxx(x, t) − εuxxxx(−x, t) + d2u(x, t), t > 0,

utt(x, t) + uxxxx(x, t) − εuxxxx(−x, t) + d2u(x, t), t < 0,

êðàåâûì óñëîâèÿì

u(−1, t) = 0, u(1, t) = 0, uxx(−1, t) = 0, uxx(1, t) = 0, t ∈ [−a, 0) ∪ (0, b] ,

ut(x,−a) = t−βCD
α
0+u(x, b) + ϕ(x), 0 ≤ x ≤ 1,

à òàêæå óñëîâèÿì ñêëåèâàíèÿ

u (x,+0) = u (x,−0) , lim
t→+0

t−βCD
α
0tu(x, t) = lim

t→−0
ut(x, t).

Çäåñü ϕ(x) � çàäàííàÿ �óíêöèÿ, β > 0, ε ∈ (−1, 1) � çàäàííûå äåéñòâèòåëüíûå
÷èñëà, CD

α
0t, 0 < α ≤ 1 � èíòåãðî-äè��åðåíöèàëüíûé îïåðàòîð Êàïóòî. Èìååò

ìåñòî:

Òåîðåìà. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

ϕ(x) ∈ C3[−1, 1], ϕ(l) (−1) = 0, ϕ(l)(1) = 0, l = 0, 2,

sin
√
λika√
λik

− cos
√
λika+ Eα,1+ β

α
, β
α

(−λikbα+β) ≥ C0 > 0, i = 1, 2, k = 1, 2, ... .

Òîãäà çàäà÷à A èìååò åäèíñòâåííîå ðåøåíèå. Çäåñü Eα,m,l(z) � �óíêöèÿ

Êèëáàñà � Ñàéãî, C0 � íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî, λ1k = (1+ε) ·k4π4+d2,

λ2k = (1 − ε)(k − 0, 5)
4
π4 + d2, k = 1, 2, ... .

Ëèòåðàòóðà

1. Kilbas A.A., Srivastava H.M., Trujillo J.J. Theory and appli
ations of fra
-

tional di�erential equations // North-Holland Mathemati
s Studies, 204. Else-

vier S
ien
e B.V., Amsterdam, 2006. 523 p.

89



VI Ìåæäóíàðîäíàÿ íàó÷íàÿ êîí�åðåíöèÿ ¾Íåëîêàëüíûå êðàåâûå çàäà÷è è ðîäñòâåííûå ïðîáëåìû

ìàòåìàòè÷åñêîé áèîëîãèè, èí�îðìàòèêè è �èçèêè¿, Íàëü÷èê, 5-9 äåêàáðÿ 2021ã.

Àëãîðèòì ðîáàñòíîãî ìåòîäà êëàñòåðèçàöèè íà îñíîâå

ðàçáèåíèÿ ïðîñòðàíñòâà ïðèçíàêîâ

Êàçàêîâ Ì.À.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; f_wolfgang�mail.ru

Âûáðîñû, ïðèñóòñòâóþùèå â äàííûõ, ìîãóò ïðèâîäèòü ê ñóùåñòâåííûì

ïðîáëåìàì ïðè ïîñòðîåíèè. Ñ îäíîé ñòîðîíû, íå âñåãäà óäàåòñÿ ñ óâåðåííî-

ñòüþ îïðåäåëèòü, ÿâëÿåòñÿ ëè äàííàÿ òî÷êà âûáðîñîì èëè íåò, à ñ äðóãîé ñòî-

ðîíû äàííûå, êîòîðûå áóäóò ïîìå÷åíû êàê âûáðîñû è èñêëþ÷åíû èç ðàññìîò-

ðåíèÿ ìîãóò íåñòè ïîëåçíóþ èí�îðìàöèþ. Â çàäà÷àõ êëàñòåðèçàöèè âûáðî-

ñû ìîãóò ñóùåñòâåííî èñêàæàòü ïîëó÷àåìûå ãðàíèöû êëàñòåðîâ, à òàêæå â

íåêîòîðûõ ñëó÷àÿõ ïðèâîäèòü ê òðóäíîñòÿì ðàçäåëåíèÿ äâóõ êëàñòåðîâ. Ïðè

ïîñòðîåíèè èåðàðõè÷åñêèõ ìîäåëåé êëàñòåðèçàöèè ñïåöè�è÷åñêàÿ ñëîæíîñòü

âîçíèêàåò ïðè àíàëèçå êëàñòåðîâ íèæíåãî óðîâíÿ, êîòîðûå õàðàêòåðíû îòíî-

ñèòåëüíî íèçêîé ïëîòíîñòüþ òî÷åê, è �ëóêòóàöèåé ïëîòíîñòåé.

�àññìîòðèì àëãîðèòì èåðàðõè÷åñêîé êëàñòåðèçàöèè, óñòîé÷èâûé ê âûáðî-

ñàì, ïîñòðîåííûé íà îñíîâå ðàçáèåíèÿ ïðîñòðàíñòâà ïðèçíàêîâ. �ëàâíûé ïðèí-

öèï àëãîðèòìà çàêëþ÷àåòñÿ â ðåêóðñèâíîì ðàçáèåíèè ïðîñòðàíñòâà ïðèçíàêîâ

íà ðàâíûå êóáè÷åñêèå îáëàñòè. Â îáùåì ñëó÷àå äëÿ n-ìåðíîãî ïðîñòðàíñòâà

ïðèçíàêîâ ýòî áóäóò n-ìåðíûå ãèïåðêóáû, ïîýòîìó äëÿ îïðåäåëåííîñòè ÿ áóäó

íàçûâàòü èõ êëåòêàìè. Íà êàæäîì øàãå (óðîâíå) àíàëèçèðóþòñÿ äâå õàðàêòå-

ðèñòèêè êëåòêè: ñðåäíÿÿ ïëîòíîñòü è ðàâíîìåðíîñòü ðàñïðåäåëåíèÿ ïëîòíîñòè

êëåòêè âåðõíåãî óðîâíÿ (ñóïåðêëåòêè), ò.å. ðàâíîìåðíîñòü ïëîòíîñòè ðàñïðå-

äåëåíèÿ êëåòêè äàííîãî óðîâíÿ âû÷èñëÿåòñÿ íà îñíîâå ñðåäíèõ ïëîòíîñòåé åãî

ñóáêëåòîê. Íà îñíîâå ýòèõ äàííûõ, ïîëó÷àåìûõ ïðè àíàëèçå ïîäêëåòîê ìîæíî

ïðèíÿòü ðåøåíèå î òîì, ÿâëÿåòñÿ ëè êëåòêà öåëèêîì ÷àñòüþ êàêîãî-ëèáî êëà-

ñòåðà èëè íåò. �ëàâíîå ïðåäïîëîæåíèå çàêëþ÷àåòñÿ â òîì, ÷òî êëåòêà ñ÷èòàåò-

ñÿ ÷àñòüþ êëàñòåðà â òîì ñëó÷àå, åñëè åãî ñðåäíÿÿ ïëîòíîñòü è ðàâíîìåðíîñòü

ðàñïðåäåëåíèÿ ïðåâûøàþò îïðåäåëåííûå ïîðîãîâûå çíà÷åíèÿ.

Òàê, ïîñëå àíàëèçà êëåòîê ïåðâîãî óðîâíÿ ìîæíî ïîëó÷èòü êëåòêè, êîòî-

ðûå ÿâëÿþòñÿ ÷àñòÿìè êëàñòåðîâ. Äàëåå èç ïîëó÷åííîãî ìíîæåñòâà ðàâíîìåð-

íî ïëîòíûõ êëåòîê âûáèðàåòñÿ ïðîèçâîëüíàÿ êëåòêà, êîòîðàÿ áóäåò ÷àñòüþ

ïåðâîãî êëàñòåðà. Íà ýòîì ýòàïå íåîáõîäèìî îïðåäåëèòü, êàêèå èç îñòàâøèõ-

ñÿ êëåòîê òàêæå ÿâëÿþòñÿ ÷àñòÿìè èíèöèàëèçèðîâàííîãî êëàñòåðà. Äëÿ ýòîãî

èñïîëüçóåòñÿ �óíêöèÿ ýêñïàíñèè êëàñòåðà, ïîçâîëÿþùàÿ ðàñøèðÿòüñÿ êëàñòå-

ðó â ìíîæåñòâå îñòàâøèõñÿ êëåòîê. Ôóíêöèÿ ýêñïàíñèè àíàëèçèðóåò ñîñåäíèå

êëåòêè âíåøíèõ êëåòîê êëàñòåðà. �àçíîîáðàçèå òèïîâ ñîñåäåé ðàñòåò ñ ðîñòîì

ðàçìåðíîñòè ïðîñòðàíñòâà ïðèçíàêîâ. Ôóíêöèÿ ýêñïàíñèè èñïîëüçóåò òîëüêî

äâà áëèæàéøèõ òèïà: êëåòêè, ñìåæíûå ïî ãèïåðãðàíÿì (íåéìàíîâñêèå ñîñå-

äè), à òàêæå ñîñåäíèå êëåòêè, ñìåæíûå ïî ãèïåððåáðàì. Â ñëó÷àå äâóìåðíîãî

ïðîñòðàíñòâà ïðèçíàêîâ òàêèìè ñîñåäÿìè áóäóò ñîñåäè Ìóðà. Ïîñëå ïîëíî-

ãî ðàñøèðåíèÿ êëàñòåðà íà ïåðâîì óðîâíå âûáèðàåòñÿ êëåòêà èç ìíîæåñòâà

îñòàâøèõñÿ êëåòîê (íå âîøåäøèõ â ïåðâûé êëàñòåð) êîòîðîé íàçíà÷àåò âòîðîé

êëàñòåð. Ôóíêöèÿ ýêñïàíñèè ðàñøèðÿåò âòîðîé êëàñòåð íà ïåðâîì óðîâíå. Âñå

ïðîäîëæàåòñÿ äî òåõ ïîð, ïîêà íå èñ÷åðïàåòñÿ ìíîæåñòâî ðàâíîìåðíî ïëîòíûõ

êëåòîê ïåðâîãî óðîâíÿ.
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Àíàëîãè÷íûì îáðàçîì ïðîèçâîäèòñÿ àíàëèç êëåòîê âòîðîãî óðîâíÿ (ïîä-

êëåòîê íåðàâíîìåðíî ïëîòíûõ êëåòîê ïåðâîãî óðîâíÿ), ïîñëå ÷åãî ïðîèçâî-

äèòñÿ ýêñïàíñèÿ ñîçäàííûõ êëàñòåðîâ íà ðàâíîìåðíî ïëîòíûå êëåòêè âòîðîãî

óðîâíÿ. Èç ìíîæåñòâà îñòàâøèõñÿ ðàâíîìåðíûõ ïëîòíûõ êëåòîê ïðîèçâîëü-

íî âûáèðàåòñÿ îäíà êëåòêà, êîòîðîé íàçíà÷àåòñÿ íîâûé êëàñòåð. Àíàëîãè÷íî

àëãîðèòìó, îïèñàííîìó äëÿ ïåðâîãî óðîâíÿ, ïðîèçâîäèòñÿ ýêñïàíñèÿ êëàñòåðà

íà êëåòêè âòîðîãî óðîâíÿ. Ïðîöåäóðà âûïîëíÿåòñÿ äî èñ÷åðïàíèÿ ìíîæåñòâà

ðàâíîìåðíî ïëîòíûõ êëåòîê âòîðîãî óðîâíÿ.

Èçëîæåííûé àëãîðèòì ðåêóðñèâíî ïðèìåíÿåòñÿ íà ñëåäóþùèõ óðîâíÿõ. Â

ðåçóëüòàòå �îðìèðóåòñÿ íåêîòîðîå ìíîæåñòâî êëàñòåðîâ. Ýòîò æå àëãîðèòì

íà ñëåäóþùåì ýòàïå ìîæíî ïðèìåíèòü íåïîñðåäñòâåííî ê êëåòêàì îòäåëüíûõ

êëàñòåðîâ äëÿ òîãî, ÷òîáû âûÿâèòü êëàñòåðû âíóòðè êëàñòåðîâ, ÷òî ïîçâîëèò

â èòîãå ïîëó÷èòü èåðàðõè÷åñêîå äåðåâî êëàñòåðîâ.

Óñòîé÷èâîñòü ê âûáðîñàì îáåñïå÷èâàåòñÿ îòñåèâàíèåì çàâåäîìî ðàçðåæåí-

íûõ êëåòîê. Êàê ñëåäñòâèå, â ñëèÿíèè êëåòîê â êëàñòåðû ó÷àñòâóþò òîëüêî

ïëîòíûå êëåòêè. Ïðèìåíåíèå àëãîðèòìà ê òåñòîâûì äàííûì ïîçâîëèë ñäåëàòü

âûâîä, ÷òî íàèáîëåå îïòèìàëüíîå ðàçáèåíèå ïðîèñõîäèò ïðè k = 4, ò.å. ðàçáèå-
íèå ðåáðà êëåòêè íà 4.
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Àïðèîðíàÿ îöåíêà ðåøåíèÿ ïåðâîé êðàåâîé çàäà÷è äëÿ

óðàâíåíèÿ êîíâåêöèè-äè��óçèè äðîáíîãî ïîðÿäêà ñ

îáîáùåííîé �óíêöèåé ïàìÿòè

Êàçàêîâà Å.Ì.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; shogenovae�inbox.ru

Äðîáíîå èñ÷èñëåíèå ïðèìåíÿåòñÿ ïðè îïèñàíèè áîëüøîãî êëàññà �èçè÷å-

ñêèõ è õèìè÷åñêèõ ïðîöåññîâ, ïðîòåêàþùèõ â ñðåäàõ ñ �ðàêòàëüíîé ãåîìåòðè-

åé, à òàêæå ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè ýêîíîìè÷åñêèõ è ñîöèàëüíî-

áèîëîãè÷åñêèõ ïðîöåññîâ [1, ñ. 149℄. Â ðàáîòå [2℄ ìåòîäîì ýíåðãåòè÷åñêèõ íåðà-

âåíñòâ áûëà ïîëó÷åíà àïðèîðíàÿ îöåíêà ðåøåíèÿ ïåðâîé êðàåâîé çàäà÷è äëÿ

óðàâíåíèÿ äè��óçèè äðîáíîãî ïîðÿäêà ñ îáîáùåííûì ÿäðîì ïàìÿòè êàê äëÿ

äè��åðåíöèàëüíîé, òàê è äëÿ ðàçíîñòíîé çàäà÷.

Â ïðÿìîóãîëüíèêå Q̄T = {(x, t) : 0 ≤ x ≤ 1, 0 ≤ t ≤ T} ðàññìîòðèì ïåðâóþ

êðàåâóþ çàäà÷ó:

∂
α,λ(t)
0t u+ aD

−β,µ(t)
0t ux = uxx + f(x, t), 0 < x < 1, 0 < t ≤ T, (1)

u(0, t) = 0, u(1, t) = 0, 0 ≤ t ≤ T, (2)

u(x, 0) = u0(x), 0 ≤ x ≤ 1, (3)

ãäå ∂
α,λ(t)
0t u = 1

Γ(1−α)

t∫
0

λ(t−τ)uτ (x, τ)(t−τ)−αdτ �äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî

ïîðÿäêà α, 0 < α < 1, ñ âåñîâîé �óíêöèåé λ(t) ∈ C2[0, 1],

λ(t) > 0, λ′(t) ≤ 0, t ∈ [0, T ], D
−β,µ(t)
0t u = 1

Γ(β)

t∫
0

µ(t − τ)u(x, τ)(t − τ)β−1dτ

� äðîáíûé èíòåãðàë �èìàíà � Ëèóâèëëÿ ïîðÿäêà β, 0 < β < 1, ñ âåñîâîé
�óíêöèåé µ(t) ∈ C1[0, 1], µ(t) > 0, t ∈ [0, T ], a � çàäàííîå ÷èñëî.

Ïîëó÷åíà àïðèîðíàÿ îöåíêà äëÿ ðåøåíèÿ u(x, t) çàäà÷è (1)�(3), èç êîòî-

ðîé ñëåäóåò åäèíñòâåííîñòü è íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ îò âõîäíûõ

äàííûõ.

Ëèòåðàòóðà

1. Íàõóøåâ À.Ì. Äðîáíîå èñ÷èñëåíèå è åãî ïðèìåíåíèå. Ì.: Ôèçìàòëèò,

2003. 272 ñ.

2. Alikhanov A.A. A time-fra
tional di�usion equation with generalized memory

kernel in di�erential and di�eren
e settings with smooth solutions // Comput.

Methods Appl. Math. 2017, vol. 17, no. 4, pp. 647�660.
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Ìîäåëèðîâàíèå êðèïòîâàëþòíûõ ñèñòåì êàê ñèñòåìû

¾ðîÿùèõñÿ ÷àñòèö¿

Êàçèåâ Â.Ì., Êàçèåâà Á.Â.

ÊÁ�Ó, Íàëü÷èê, �îññèÿ; studkvm�mail.ru

Êðèïòîâàëþòíûé ðûíîê ïîäâåðæåí ñëó÷àéíûì âîçäåéñòâèÿì. ¾�îé¿ êðèï-

òîâàëþò (ñåé÷àñ ñâûøå äâóõ òûñÿ÷) ýòîìó ñïîñîáñòâóåò. Åñëè îòñëåæèâàòü õî-

òÿ áû Òîï-10 êðèïòîâàëþò, âèäíî, ÷òî âûïàäàþò è áûñòðî ¾âíåäðÿþòñÿ¿ ðàç-

ëè÷íûå êðèïòîâàëþòû. Öåííîñòü êàæäîé îïðåäåëÿåòñÿ àëãîðèòìàìè, ñëîæíî-

ñòüþ å¼ ãåíåðàöèè (ìàòåìàòè÷åñêèõ ðàñ÷¼òîâ), äîñòóïíûìè ðåñóðñàìè, ñëó÷àé-

íîñòüþ òðàíçàêöèé.

Äëÿ êðèïòîâàëþòíîãî ðûíêà âàæíû çíàíèÿ ýêñïåðòîâ, ýâðèñòè÷åñêèå ïðî-

öåäóðû. Íàèáîëåå ïîïóëÿðíûì èç �îðìàëèçóåìûõ ïðîöåäóð ÿâëÿåòñÿ ìåòîä

¾ðîÿùèåñÿ ÷àñòèöû¿. Îí îáëàäàåò ¾èíòóèòèâíîé (ñîöèàëüíî-áèîëîãè÷åñêîé)

ïîíÿòíîñòüþ¿ è âûñîêîé âû÷èñëèòåëüíîé ý��åêòíîñòüþ, óñòîé÷èâîñòüþ, ïîç-

âîëÿþùåé ðåøàòü ñëîæíûå çàäà÷è ñ äèñêðåòíûìè, äèíàìè÷åñêè ìåíÿþùèìèñÿ

ïàðàìåòðàìè.

�àññìàòðèâàåòñÿ �îðìàëüíî-àíàëèòè÷åñêèé ïîäõîä íà îñíîâå ïðîäóêöèîí-

íûõ ïðàâèë. Ïóñòü çàäàíà íå÷åòêàÿ ñèñòåìà ñ âõîäîì � x = (x1, x2, . . . , xn),
íå÷åòêèìè ïðàâèëàìè âèäà:

if Λn(i=1)(xi = aij) then rj , j = 1, 2, . . . , m,

ãäå rj ∈ R, aij ∈ P, P � ìíîæåñòâî íå÷åòêèõ ïîíÿòèé (íîñèòåëü íå÷åòêîé ñè-

ñòåìû), F : Rn → R. Îïåðàòîð íå÷åòêîé êîíúþíêöèè � ìóëüòèïëèêàòèâåí, à

àãðåãèðîâàíèÿ íå÷åòêèõ ïðàâèë � àääèòèâåí. Âûõîä F (x) ñèñòåìû � àíàëîã

ñðåäíåâçâåøåííîãî ñ èñïîëüçîâàíèåì µij(xi) � �óíêöèè ïðèíàäëåæíîñòè äëÿ

íå÷åòêîãî ïîíÿòèÿ aij . Äëÿ èäåíòè�èêàöèè íåîáõîäèìî èìåòü ñòàòèñòèêó s(x),
�óíêöèþ f(x) èëè ýêñïåðòíûå äàííûå F (x). Òèï �óíêöèè ïðèíàäëåæíîñòè

� òðåõïàðàìåòðè÷åñêèé (¾òðåóãîëüíàÿ �óíêöèÿ¿). Ôóíêöèîíàë îøèáîê (àäåê-

âàòíîñòè) � àíàëîã êðèòåðèÿ íàèìåíüøèõ êâàäðàòîâ (ìîæíî è ìàêñèìàëüíîãî

ïðàâäîïîäîáèÿ).

Êðèòåðèè óïðàâëåíèÿ ¾ðîåì¿ � èíåðöèîííîñòü, àêòèâàöèÿ ïàìÿòè, âçàè-

ìîäåéñòâèå òèïà ¾ñîòðóäíè÷åñòâî¿. Èíåðöèîííîñòü: ýëåìåíò ¾ðîÿ¿ íå ìîæåò

ìãíîâåííî ìåíÿòü ñâîå íàïðàâëåíèÿ äâèæåíèÿ (êðèïòîâàëþòà ìîæåò ìåíÿòü

ñòîèìîñòü, êàïèòàëèçàöèþ òîëüêî íà êðèïòîðûíêå). Àêòèâàöèÿ ïàìÿòè: â êàæ-

äûé ìîìåíò ýëåìåíò õðàíèò â ïàìÿòè íàèëó÷øóþ ïîçèöèþ � ñâîþ è ¾ðîÿ¿

(êðèïòîâàëþòà, òî÷íåå òðåéäèíã çàïîìèíàåò ñîñòîÿíèå ðûíêà). Âçàèìîäåéñòâèå:

äâèæåíèå ýëåìåíòà (¾ðîÿ¿) çàäàåòñÿ íàèëó÷øåé òåêóùåé ïîçèöèåé ñ ó÷åòîì

ïðåäûäóùåé è äâèæåíèÿ ëó÷øåé (ïî �óíêöèîíàëó îøèáîê) ÷àñòèöû ¾ðîÿ¿ �

êðèïòîâàëþòíûé ðûíîê ïûòàåòñÿ ñàìîîðãàíèçîâàòüñÿ.

Ìîäåëü âêëþ÷àåò äèíàìè÷åñêèå óðàâíåíèÿ äâèæåíèÿ ÷àñòèö (íà k-îé èòå-

ðàöèè), ïðîöåäóðó âûáîðà íàèëó÷øåé ïîçèöèè.

�àáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå �ÔÔÈ (��ÍÔ), ïðîåêò �17-02-

00467.
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Ìîæíî ïðîâåñòè èìèòàöèîííûå ýêñïåðèìåíòû äëÿ îáó÷åíèÿ ¾ðîÿ¿ è ¾÷à-

ñòèö¿ íà çàäà÷àõ èäåíòè�èêàöèè ðàñïðåäåëåíèÿ ìàêñèìàëüíûõ îøèáîê, ñõî-

äèìîñòè (÷óâñòâèòåëüíîñòè) àëãîðèòìà ê èçìåíåíèÿì êîý��èöèåíòîâ è âû-

ÿñíåíèå ðàñïðåäåëåíèÿ ëó÷øèõ ðåøåíèé, ïîâåäåíèÿ â îêðåñòíîñòè íàéäåííûõ

îáëàñòåé (óñêîðåíèÿ, çàìåäëåíèÿ òðàíçàêöèé).

Ïðåäëîæåííûé ïîäõîä ê ¾äâèæåíèþ¿ íà êðèïòîâàëþòíîì ðûíêå ñ èñïîëü-

çîâàíèåì àëãîðèòìà ¾ðîÿ ÷àñòèö¿ ìîæåò îêàçàòüñÿ ý��åêòèâíûì, îñîáåííî,

íà íûíåøíåì ýòàïå åãî ñòàíîâëåíèÿ.
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Ìàòåìàòè÷åñêàÿ ìîäåëü ìèêðîáíîé ïîïóëÿöèè

Êàéãåðìàçîâ À.À.

a
, Êóäàåâà Ô.Õ.

b

ÊÁ�Ó, Íàëü÷èê, �îññèÿ;

a
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Ïóñòü u(τ, t) � ïëîòíîñòü ÷èñëåííîñòè (áèîìàññû) ìèêðîáíîé ïîïóëÿöèè

âîçðàñòà τ â ìîìåíò âðåìåíè t. Âîçðàñò ïîïóëÿöèè τ îòñ÷èòûâàåòñÿ ñ ìîìåíòà
åå ðîæäåíèÿ. Ïî îïðåäåëåíèþ, îáùàÿ ÷èñëåííîñòü ìèêðîáíîé ïîïóëÿöèè (îá-

ùàÿ êîíöåíòðàöèÿ áèîìàññû) áóäåò âûðàæàòüñÿ èíòåãðàëîì îò �óíêöèè u(τ, t)
ïî âñåì âîçðàñòàì:

P (t) =

∞∫

0

u(τ, t)dτ.

Áóäåì ñ÷èòàòü, ÷òî ïëîòíîñòü ñìåðòíîñòè è ïëîòíîñòü ðîæäàåìîñòè ïðî-

ïîðöèîíàëüíû ïëîòíîñòè ÷èñëåííîñòè u(τ, t) è èìåþò ñîîòâåòñòâåííî âèä [1,

2℄:

F (τ, t; u(τ, t); u(•, t)) = a(P (t)) · u(τ, t),

G(τ, t; u(τ, t); u(•, t)) = (P (t)) · e−ατu(τ, t),

ãäå a(P (t)), c(P (t)) � íåîòðèöàòåëüíûå �óíêöèè (êîý��èöèåíòû ñìåðòíîñòè è

ðîæäàåìîñòè ñîîòâåòñòâåííî), α = const > 0.
Äèíàìèêó ìèêðîáíîé ïîïóëÿöèè áóäåì îïèñûâàòü çàäà÷åé

uτ + ut = −a(P (t)) · u(τ, t), (1)

u(τ, 0) = ϕ(τ), u(0, t) =

∞∫

0

c((t)) · e−ατu(τ, t)dτ, (2)

ãäå P (t) =
∫∞

0
u(τ, t)dτ.

Çàäà÷à (1)�(2) îòíîñèòñÿ ê êëàññó ëèìèòèðîâàííûõ ïîïóëÿöèîííûõ ìîäå-

ëåé äëÿ ëþáûõ �óíêöèé a(P ), c(P ), çà èñêëþ÷åíèåì ñëó÷àÿ a(P ) = const,
c(P ) = const.

Èññëåäîâàíû ñòàöèîíàðíûå ñîñòîÿíèÿ ñèñòåìû (1)�(2). Äîêàçàíà òåîðåìà

àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ñòàöèîíàðíîãî ðåøåíèÿ.

Ëèòåðàòóðà

1. Hoppensteadt F. An age dependent epidemi
 model // Journal of the Franklin

Institute, 1974, vol. 297, no. 5, pp. 325�333.

2. Busenberg S., Ianelli M. A 
lass of nonlinear di�usion problems in age-de-
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s // Nonlinear Analysis: Theory, Methods &

Appli
ations, 1983, vol. 7, no. 5, pp. 501�529.
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Êðèòåðèè ìèíèìàëüíîñòè îïåðàòîðà Ëàïëàñà

Êàëüìåíîâ Ò.Ø.

ÈÌÌÌ, Àëìàòû, Êàçàõñòàí; kalmenov.t�mail.ru

Ïóñòü Ω ⊂ Rn êîíå÷íàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω.
�àññìîòðèì óðàâíåíèå Ëàïëàñà

∆u =
n∑

k=1

∂2u

∂x2
= f(x), x ∈ Ω. (1)

Ëèíåéíûì îïåðàòîðîì ∆0 íàçîâåì çàìûêàíèå äè��åðåíöèàëüíîãî îïåðà-

òîðà ∆ â L2(Ω) íà ïîäìíîæåñòâå �óíêöèè u ∈ C2+α(Ω)

u
∣∣
x∈∂Ω

=
∂u

∂nx

∣∣∣∣
x∈∂Ω

= 0, (2)

ãäå

∂
∂nx

� ïðîèçâîäíàÿ ïî íàïðàâëåíèþ íîðìàëè.

Îïåðàòîð ∆ ñ ãðàíè÷íûì óñëîâèåì çàìûêàåì â L2(Ω), ïðè ýòîì åñëè u0 ∈
D(∆0), òî u0 ∈

◦

W
2

2(Ω) è âûïîëíåíî íåðàâåíñòâî

‖∆0u0‖L2(Ω) ≥ c‖u0‖ ◦

W
2

2(Ω)
.

Ââèäó áîëüøîé òåîðåòè÷åñêîé è ïðèêëàäíîé âàæíîñòè ïðåäñòàâëÿåò èíòåðåñ

íàõîæäåíèå óñëîâèé íà �óíêöèþ f(x), ïðè êîòîðîì

∆0u0 = f(x), u0
∣∣
x∈∂Ω

=
∂u0
∂nx

∣∣∣∣
x∈∂Ω

= 0.

×åðåç ∆∗
0 îáîçíà÷èì ñîïðÿæåííûé îïåðàòîð ê îïåðàòîðó ∆0 â ïðîñòðàíñòâå

L2(Ω), à ÷åðåç ker ∆∗
0 îáîçíà÷èì ÿäðî ñîïðÿæåííîãî îïåðàòîðà ∆∗

0.

Ñ ïîìîùüþ ñâîéñòâ îïåðàòîðà∆0 è ker ∆∗
0 â ðàáîòå âûäàþùåãîñÿ ñîâåòñêîãî

ìàòåìàòèêà Ì.È. Âèøèêà [1℄ äàíî îïèñàíèå âñåõ ðåãóëÿðíûõ êðàåâûõ çàäà÷ äëÿ

óðàâíåíèÿ Ëàïëàñà (1) â ãèëüáåðòîâîì ïðîñòðàíñòâå L2(Ω).
Â ðàáîòå Ì. Îòåëáàåâà [2℄ òåîðèÿ Ì.È. Âèøèêà ðàñïðîñòðàíåíà íà ñëó÷àé

áàíàõîâà ïðîñòðàíñòâà, à òàêæå äàíî îïèñàíèå êîððåêòíûõ ñóæåíèé ìàêñè-

ìàëüíîãî îïåðàòîðà ∆∗
0, êîòîðûå âêëþ÷àþò â ñåáÿ íå òîëüêî ãðàíè÷íûå çàäà÷è,

íî è çàäà÷è ñ âíóòðåííèìè ãðàíè÷íûìè óñëîâèÿìè. Ê ýòîé ãðóïïå çàäà÷ îòíî-

ñÿòñÿ, â ÷àñòíîñòè, çàäà÷è Áèöàäçå � Ñàìàðñêîãî [3℄, âîçíèêàþùèå èç äâèæåíèÿ

æèäêîé ïëàçìû.

Çàäà÷à (1)�(2) ÿâëÿåòñÿ çàäà÷åé ñ ïåðåîïðåäåëåííûìè ãðàíè÷íûìè óñëîâè-

ÿìè Êîøè âäîëü âñåé ãðàíèöû ∂Ω è ÿâëÿåòñÿ íåêîððåêòíîé çàäà÷åé äëÿ óðàâíå-

íèÿ (1). Ïîýòîìó íàõîæäåíèå óñëîâèé ðàçðåøèìîñòè çàäà÷è (1)�(2), ò.å. ∆0u0 =
f0, ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé. Â òåîðèè íåêîððåêòíûõ çàäà÷ äëÿ óðàâíåíèÿ

(1) èçó÷àåòñÿ çàäà÷à ñ äàííûìè Êîøè íà ÷àñòè ãðàíèöû ∂Ω, ÷òî î÷åíü çàòðóä-
íÿåò íàõîæäåíèå êðèòåðèÿ ðàçðåøèìîñòè (íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
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ðàçðåøèìîñòè) ýòîé çàäà÷è. Îñíîâîïîëîæíèêàìè òåîðèè íåêîððåêòíûõ êðàå-

âûõ çàäà÷ ÿâëÿþòñÿ âûäàþùèåñÿ ñîâåòñêèå ìàòåìàòèêè À.Í. Òèõîíîâ [4℄, Ì.Ì.

Ëàâðåíòüåâ [5℄ è èõ ó÷åíèêè è ïîñëåäîâàòåëè. Â èõ ðàáîòàõ ïîñòðîåíà òåîðèÿ

óñëîâíîé êîððåêòíîñòè íåêîððåêòíûõ êðàåâûõ çàäà÷. Èçó÷åíèå ýòîé çàäà÷è

ñ ïîìîùüþ ñïåêòðàëüíîãî àíàëèçà ñàìîñîïðÿæåííîé çàäà÷è äëÿ äè��åðåí-

öèàëüíûõ óðàâíåíèé ñ îòêëîíÿþùèìèñÿ àðãóìåíòàìè áûëî íà÷àòî â ðàáîòàõ

Ò.Ø. Êàëüìåíîâà, Ì. Ñàäûáåêîâà, Á. Òîðåáåê è äðóãèõ [6�8℄.

Â íàñòîÿùåé ðàáîòå â L2(Ω) íàìè ïîëó÷åí êðèòåðèé ðàçðåøèìîñòè çàäà÷è
(1)�(2), ò.å. íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íà ïðàâóþ ÷àñòü óðàâíåíèÿ,

÷òîáû çàäà÷à (1)�(2) áûëà îäíîçíà÷íî ðàçðåøèìà â L2(Ω). Ïðè ýòîì ñóùå-

ñòâåííî èñïîëüçóåòñÿ ãðàíè÷íîå óñëîâèå Íüþòîíîâîãî (îáúåìíîãî) ïîòåíöèàëà,

ïîñòðîåííîãî Ò.Ø. Êàëüìåíîâûì, Ä. Ñóðàãàíîì â ðàáîòå [9℄.

×åðåç ε(x) îáîçíà÷èì �óíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâî-

ðÿþùåå óðàâíåíèþ

∆xε(x) = δ(x),

ãäå δ(x) � äåëüòà-�óíêöèÿ Äèðàêà.
Òåîðåìà. Çàäà÷à (1)�(2) (çàäà÷à Êîøè ñ äàííûìè íà âñåé ãðàíèöå) êîð-

ðåêòíà, ò.å. f ∈ R(∆0), òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿåòñÿ óñëîâèå

∫

Ω

ε(x− y)f(y)dy

∣∣∣∣∣∣
x∈∂Ω

= 0. (1)
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Ê âîïðîñó êîìïëåêñíîé îöåíêè ìíîæåñòâà ìîäåëåé

ýêîíîìè÷åñêîãî ðàçâèòèÿ

Êàíàìåòîâà Ä.À.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ;

Çàäà÷è, ñâÿçàííûå ñ ïðîãðàììàìè ýêîíîìè÷åñêîãî ðàçâèòèÿ, òðåáóþò îñî-

áîãî ïîäõîäà. Íàäî çàìåòèòü, ÷òî îòñóòñòâèå åäèíîé ìîäåëè â ýòèõ âîïðîñàõ

ïðèâîäèò ê ðàçíîîáðàçèþ ðåêîìåíäàöèé, êîòîðûå íå âñåãäà ìîãóò îêàçàòüñÿ

ñîãëàñîâàííûìè. Äëÿ äîñòèæåíèÿ óñòîé÷èâîãî ïðîãíîçà íåîáõîäèìî ïðîâåñòè

êîìïëåêñíóþ îöåíêó ïðèðîäíî-ðåñóðñíîãî ïîòåíöèàëà è óðîâíÿ ýêîíîìè÷åñêî-

ãî ðàçâèòèÿ àíàëèçèðóåìîé òåððèòîðèè; ðàññìîòðåòü ñîâîêóïíîñòü ðàíåå ðàç-

ðàáîòàííûõ ìîäåëåé îöåíèòü ïðåèìóùåñòâî è íåäîñòàòêè êàæäîé èç íèõ.

Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ ìåòîä êîìïëåêñíîé îöåíêè ìíîæåñòâà ìî-

äåëåé ýêîíîìè÷åñêîãî ðàçâèòèÿ äëÿ âûÿâëåíèÿ íàèáîëåå îïòèìàëüíîé èç ïðåä-

ëîæåííûõ èëè ïîñòðîåíèÿ îïòèìàëüíîé â ðåçóëüòàòå ñèíòåçà è êîððåêöèè óæå

ñóùåñòâóþùèõ. Îïèñàíèå êàæäîãî ðåãèîíà áóäåò ïðåäñòàâëåíî m-ìåðíûì âåê-

òîðîì X = {x1, x2, . . . , xm}, ãäå m � ÷èñëî èñïîëüçóåìûõ â äàííîì ðåãèîíå

ðåñóðñîâ [1℄.

Ìíîæåñòâî çàäàííûõ ðåãèîíîâ è ðåñóðñîâ, ðàññìàòðèâàåìûõ äëÿ ïîñòðî-

åíèÿ êîíöåïöèè óñòîé÷èâîãî ðàçâèòèÿ, ïðåäñòàâëÿþò ñîáîé ïðåäìåòíóþ îá-

ëàñòü, íà êîòîðîé áûëî ðàññìîòðåíî n ïðîãðàììû ýêîíîìè÷åñêîãî ðàçâèòèÿ

(ïðåäëàãàåìûõ ìîäåëåé ðàçâèòèÿ). Äëÿ âñåõ ñóùåñòâóþùèõ ïðîãðàìì ýêîíî-

ìè÷åñêîãî ðàçâèòèÿ èìååòñÿ ýêñïåðòíàÿ îöåíêà, êîòîðóþ ìîæíî ïðåäñòàâèòü

áóëåâîé �óíêöèåé, ïðèíèìàþùåé çíà÷åíèå: èëè ïëîõî, èëè õîðîøî. Ìîæíî

ïðåäïîëîæèòü, ÷òî íè îäíà èç ðàññìàòðèâàåìûõ ïðîãðàìì ýêîíîìè÷åñêîãî ðàç-

âèòèÿ íå ÿâëÿåòñÿ èäåàëüíîé. Ïîýòîìó ïðåäëàãàåòñÿ ïðèìåíèòü ìåòîäû ëîãè-

÷åñêîé êîððåêöèè ñóùåñòâóþùèõ ïðîãðàìì äëÿ ïîñòðîåíèÿ íàèáîëåå óñïåøíîé

ïî îòíîøåíèþ ê èññëåäóåìûì ðåãèîíàì [2, 3℄.

Äàííûé ìåòîä îñíîâàí íà ëîãèêî-ìàòåìàòè÷åñêîì àïïàðàòå, àäàïòèðîâàí-

íîì äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è. Â ðàìêàõ ïðåäëàãàåìîãî ïîäõîäà êàæ-

äàÿ ìîäåëü ðàçâèòèÿ âûñòóïàåò â êà÷åñòâå àëãîðèòìà. �åøåíèå äàííîé çàäà÷è

ñîñòîèò â ïîñòðîåíèè òàêîé îïòèìàëüíîé ïðîãðàììû ðàçâèòèÿ, êîòîðàÿ âêëþ-

÷àåò â ñåáÿ ïðåèìóùåñòâà èññëåäóåìûõ ïðîãðàìì ýêîíîìè÷åñêîãî ðàçâèòèÿ è

ïðè ýòîì ëèøåíà èõ íåäîñòàòêîâ. Ïîñòðîåííàÿ îïòèìàëüíàÿ ïðîãðàììà è áóäåò

âûñòóïàòü â êà÷åñòâå èñêîìîé ìîäåëè îïòèìàëüíîãî ðàçâèòèÿ.
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Ê òåîðèè âûðîæäàþùèõñÿ ïàðàáîëè÷åñêèõ óðàâíåíèé

Êàïèöûíà Ò.Â.

ÍÈÓ ÌÝÈ, Ìîñêâà, �îññèÿ; KapitsynaTV�mpei.ru

Â äîêëàäå ðàññìàòðèâàåòñÿ ïàðàáîëè÷åñêîå óðàâíåíèå 2-ãî ïîðÿäêà â öè-

ëèíäðè÷åñêîé îáëàñòè ñ îñíîâàíèåì êëàññà C1+λ, 0 < λ < 1, âûðîæäàþùååñÿ
íà åå ãðàíèöå. Îáñóæäàþòñÿ íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâà-

íèÿ ïðåäåëà â ñðåäíåì ðåøåíèÿ ýòîãî óðàâíåíèÿ íà áîêîâîé ïîâåðõíîñòè îáëà-

ñòè è íà åå íèæíåì îñíîâàíèè. Èññëåäóåòñÿ âîïðîñ îá îäíîçíà÷íîé ðàçðåøèìî-

ñòè ïåðâîé ñìåøàííîé çàäà÷è äëÿ ýòîãî óðàâíåíèÿ â ñëó÷àå, êîãäà ãðàíè÷íàÿ

è íà÷àëüíàÿ �óíêöèè ïðèíàäëåæàò ïðîñòðàíñòâàì òèïà L2
.
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Îá îäíîé êðàåâîé çàäà÷å â íåîãðàíè÷åííîé îáëàñòè äëÿ

ïàðàáîëè÷åñêîãî óðàâíåíèÿ âûñîêîãî ÷åòíîãî ïîðÿäêà ñ

äðîáíîé ïðîèçâîäíîé �èìàíà � Ëèóâèëëÿ

Êàðàøåâà Ë.Ë.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; k.liana86�mail.ru

�àññìîòðèì â îáëàñòè D = {(x, t) : 0 < x <∞, 0 < t < T} óðàâíåíèå

∂αu(x, t)

∂tα
+ (−1)n

∂2nu(x, t)

∂x2n
= f(x, t), (1)

ãäå n ∈ N, ∂α

∂tα � äðîáíàÿ ïðîèçâîäíàÿ �èìàíà � Ëèóâèëëÿ ïîðÿäêà α [1, ñ. 9℄,

0 < α ≤ 2.
Óðàâíåíèå (1) ïðè n = 1 ñîâïàäàåò ñ äè��óçèîííî-âîëíîâûì óðàâíåíè-

åì, êîòîðîå øèðîêî èññëåäîâàíî (ñì. [2℄ è áèáëèîãðà�èþ òàì). Â ÷àñòíîñòè,

â ðàáîòå [3℄ èññëåäîâàíà êðàåâàÿ çàäà÷à â ïîëóáåñêîíå÷íîé îáëàñòè äëÿ îäíî-

ðîäíîãî óðàâíåíèÿ (1) ïðè n = 1 ñ äðîáíîé ïðîèçâîäíîé �èìàíà � Ëèóâèëëÿ.

Äëÿ óðàâíåíèÿ (1) â ðàáîòå [4℄ ïîñòðîåíî �óíäàìåíòàëüíîå ðåøåíèå è ðåøå-

íà çàäà÷à Êîøè. Â ðàáîòå [5℄ äëÿ óðàâíåíèÿ (1) èññëåäîâàíà êðàåâàÿ çàäà÷à â

ïîëóïîëîñå.

Â äàííîé ðàáîòå èññëåäîâàíà êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) â íåîãðàíè-

÷åííîé îáëàñòè, ïîñòðîåíî ðåøåíèå ïîñòàâëåííîé çàäà÷è è äîêàçàíàíà òåîðåìà

åäèíñòâåííîñòè â êëàññå �óíêöèé áûñòðîãî ðîñòà.

Ëèòåðàòóðà

1. Íàõóøåâ À.Ì. Äðîáíîå èñ÷èñëåíèå è åãî ïðèìåíåíèå. Ì.: Ôèçìàòëèò,

2003. 272 
.

2. Ïñõó À.Â. Óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ äðîáíîãî ïîðÿäêà. Ì.: Íà-

óêà, 2005. 199 
.

3. �åêêèåâà Ñ.Õ. Êðàåâàÿ çàäà÷à äëÿ îáîáùåííîãî óðàâíåíèÿ ïåðåíîñà ñ

äðîáíîé â ïîëóáåñêîíå÷íîé îáëàñòè // Èçâåñòèÿ Êàáàðäèíî-Áàëêàðñêîãî

íàó÷íîãî öåíòðà �ÀÍ. 2002. Ò. 8, � 1. Ñ. 6�8.

4. Êàðàøåâà Ë.Ë. Çàäà÷à Êîøè äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ âûñîêîãî

÷åòíîãî ïîðÿäêà ñ äðîáíîé ïðîèçâîäíîé ïî âðåìåííîé ïåðåìåííîé // Ñè-

áèðñêèå ýëåêòðîííûå ìàòåìàòè÷åñêèå èçâåñòèÿ. 2018. Ò. 15. Ñ. 696�706.

5. Êàðàøåâà Ë.Ë. Çàäà÷à â ïîëóïîëîñå äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ âû-

ñîêîãî ïîðÿäêà ñ îïåðàòîðîì �èìàíà � Ëèóâèëëÿ ïî âðåìåííîé ïåðåìåí-

íîé // Âåñòíèê Ê�ÀÓÍÖ. Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè. 2018. Ò. 23, � 3.

Ñ. 57�66.
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Îá îäíîé êðàåâîé çàäà÷å äëÿ òðåõìåðíîãî ýëëèïòè÷åñêîãî

óðàâíåíèÿ ñ ñèíãóëÿðíûìè êîý��èöèåíòàìè â ÷åòâåðòè

øàðà

Êàðèìîâ Ê.Ò.

Ôåð�Ó, Ôåðãàíà, Óçáåêèñòàí; karimovk80�mail.ru

Â òðåõìåðíîé îáëàñòè Ω, îãðàíè÷åííîé ÷àñòüþ ñ�åðû

S0 =
{

(x, y, z) : x2 + y2 + z2 = a2, x > 0, y > 0, −a < z < a
}

è äâóìÿ ïîëóêðóãàìè S1 =
{

(x, y, z) : x = 0, y2 + z2 < a2, y > 0,−a < z < a
}
,

S2 =
{

(x, y, z) : y = 0, x2 + z2 < a2, x > 0, −a < z < a
}
, ðàññìîòðèì óðàâíåíèå

ýëëèïòè÷åñêîãî òèïà

Uxx + Uyy + Uzz +
2α

x
Ux +

2β

y
Uy = 0, (1)

ãäå U = U (x, y, z) � íåèçâåñòíàÿ �óíêöèÿ, à α, β ∈ R, ïðè÷åì α, β < 1/2.
Çàäà÷à D. Íàéòè �óíêöèþ U (x, y, z) óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) è

êðàåâûì óñëîâèÿì

U (x, y, z) ∈ C
(
Ω̄
)
∩ C2 (Ω) , U (x, y, z) = F (x, y, z) , (x, y, z) ∈ S̄0,

U (0, y, z) = T1 (y, z) , (0, y, z) ∈ S̄1, U (x, 0, z) = T2 (x, z) , (x, 0, z) ∈ S̄2,

ãäå F, T1, T2 � çàäàííûå íåïðåðûâíûå �óíêöèè.

Ïðè ïåðåõîäå â ñ�åðè÷åñêèå êîîðäèíàòû, îáëàñòü Ω ïåðåõîäèò â ∆ =
{(r, θ, ϕ) : r ∈ (0, a), θ ∈ (0, π), ϕ ∈ (0, π/2)}, à çàäà÷à D ïðèíèìàåò âèä

urr +
2 (1 + α+ β)

r
ur +

1

r2
uθθ +

(1 + 2α+ 2β) ctgθ

r2
uθ+

+
1

r2 sin2 θ
uϕϕ +

2βctgϕ− 2αtgϕ

r2 sin2 θ
uϕ = 0, (r, θ, ϕ) ∈ ∆,

|u (0, θ, ϕ)| < +∞, u (a, θ, ϕ) = f (θ, ϕ) , θ ∈ [0, π] , ϕ ∈ [0, π/2] ,

u (r, θ, 0) = τ2 (r, θ) , u (r, θ, π/2) = τ1 (r, θ) , r ∈ [0, a] , θ ∈ [0, π/2] ,

|u (r, 0, ϕ)| < +∞, |u (r, π, ϕ)| < +∞, r ∈ [0, a] , ϕ ∈ [0, π/2] ,

ãäå u (r, θ, ϕ) = U (x, y, z) , f (θ, ϕ) = F (x, y, z) , τj = Tj , j = 1, 2.
Ìåòîäîì ñïåêòðàëüíîãî àíàëèçà èññëåäóåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü

ïîñëåäíåé çàäà÷è (íàïðèìåð, êàê â ðàáîòå [1℄).

Ëèòåðàòóðà

1. Êàðèìîâ Ê.Ò. Êðàåâûå çàäà÷è äëÿ òðåõìåðíîãî ýëëèïòè÷åñêîãî óðàâíå-

íèÿ ñ ñèíãóëÿðíûì êîý��èöèåíòîì â öèëèíäðè÷åñêîé îáëàñòè // Áþë-

ëåòåíü èíñòèòóòà ìàòåìàòèêè. 2020. � 4. Ñ. 75�97.
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Î êîýðöèòèâíûõ ñâîéñòâàõ è ðàçäåëèìîñòè íåëèíåéíûõ

äè��åðåíöèàëüíûõ îïåðàòîðîâ

Êàðèìîâ Î.Õ.

ÈÌ ÍÀÍÒ, Äóøàíáå, Òàäæèêèñòàí; karimov_olim72�mail.ru

Ôóíäàìåíòàëüíûå ðåçóëüòàòû ïî òåîðèè ðàçäåëèìîñòè äè��åðåíöèàëüíûõ

îïåðàòîðîâ ïðèíàäëåæàò Â.Í. Ýâåðèòòó è Ì. �èðöó. Ñóùåñòâåííûé âêëàä â

äàëüíåéøåå ðàçâèòèå ýòîé òåîðèè âíåñëè Ê.Õ. Áîéìàòîâ, Ì. Îòåëáàåâ è èõ

ó÷åíèêè.

�àññìîòðèì â ïðîñòðàíñòâå L2(Rn) íåëèíåéíûé äè��åðåíöèàëüíûé îïåðà-
òîð âèäà

L[u] = −
n∑

i,j=1

aij(x)
∂2u

∂xi∂xj
+ V (x, u)u(x) = f(x), (1)

ãäå aij(x) ∈ C2(Rn) � âåùåñòâåííûé ïîëîæèòåëüíûé êîý��èöèåíò, à V (x, z) �
ïîëîæèòåëüíàÿ �óíêöèÿ.

Ïðåäñòàâèì �óíêöèþ V (x, z) â âèäå V (x, z) = F (x, ξ, η), ξ = Rez, η = Imz.
Íàéäåíû óñëîâèÿ íà �óíêöèþ F (x, ξ, η), ïðè âûïîëíåíèè êîòîðûõ óðàâíåíèå

(1) ðàçäåëÿåòñÿ â ïðîñòðàíñòâå L2(Rn), è äëÿ âñåõ ðåøåíèé u(x) ∈ L2(Rn) ∩
W 2

2,loc(R
n), óäîâëåòâîðÿþùèõ óðàâíåíèþ (1) ñ ïðàâîé ÷àñòüþ f(x) ∈ L2(Rn),

âûïîëíÿåòñÿ ñëåäóþùåå êîýðöèòèâíîå íåðàâåíñòâî:

∥∥∥∥∥∥
−

n∑

i,j=1

aij(x)
∂2u

∂xi∂xj
;L2(Rn)

∥∥∥∥∥∥
+ ‖V (x, u)u;L2(R

n)‖+

+
n∑

i,j=1

∥∥∥∥a
1
2
ij(x)V

1
2 (x, u)

∂u

∂xi
;L2(R

n)

∥∥∥∥ ≤M‖f(x);L2(R
n)‖,

ãäå ïîëîæèòåëüíîå ÷èñëî Ì íå çàâèñèò îò u(x), f(x).
Ëèòåðàòóðà

1. Áîéìàòîâ Ê.Õ. Òåîðåìû ðàçäåëèìîñòè, âåñîâûå ïðîñðàíñòâà è èõ ïðè-

ëîæåíèÿ // Òðóäû ÌÈÀÍ ÑÑÑ�. 1984. T. 170. C. 37�76.

2. Mohamed A.S., Atia H.A. Separation of the general se
ond order ellipti


di�erential operator with an operator potential in the weighted Hilbert spa
es

// Appl. Math. Comput. 2005, vol. 162, pp. 155�163.

3. Êàðèìîâ Î.Õ. Î êîýðöèòèâíîé ðàçðåøèìîñòè íåëèíåéíîãî óðàâíåíèÿ

Ëàïëàñà� Áåëüòðàìè â ãèëüáåðòîâîì ïðîñòðàíñòâå // ×åáûøåâñêèé ñáîð-

íèê. 2021. T. 22, �1(77). C. 163�176.
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Ê âîïðîñó ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ íà îñíîâå

òåîðèè êîí�ëèêòà

Êåíåòîâà �.Î.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; kenetova_r�mail.ru

Ñèñòåìà îòíîøåíèé ìåæäó ýòíîñàìè, ïðîæèâàþùèìè â îäíîé ñðåäå îáè-

òàíèÿ, ÿâëÿåòñÿ ñèíåðãåòè÷åñêîé, ïîýòîìó ïðè èõ ìîäåëèðîâàíèè ìîãóò áûòü

èñïîëüçîâàíû ìåòîäû ñèíåðãåòèêè [1℄ è íåëèíåéíîãî àíàëèçà.

Ìåæýòíè÷åñêèé êîí�ëèêò, êàê ïðàâèëî, ÿâëÿåòñÿ ñëåäñòâèåì ìåæïàññèî-

íàðíîãî êîí�ëèêòà. Ïóñòü ni = ni(t) � ÷èñëåííîñòü ïàññèîíàðèåâ è ñóáïàññè-

îíàðèåâ â ýòíîñå Ei, i = 1, 2. Òîãäà â êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè ìåæýò-

íè÷åñêîãî êîí�ëèêòà ìîæíî ïðèíÿòü ñèñòåìó:

n′
1(t) = (µ1 − µ11n1 − µ12n2)n1, n′

2(t) = (µ2 − µ21n1 − µ22n2)n2, (1)

ãäå µi � ñêîðîñòü ïîÿâëåíèÿ, λi = µ11n1 + µ22 � ñêîðîñòü èçîëèðîâàíèÿ ïàññè-

îíàðèåâ è ñóáïàññèîíàðèåâ â ýòíîñå Ei, i = 1, 2; ‖µij‖ =

∥∥∥∥
µ11 µ12

µ21 µ22

∥∥∥∥ � ìàòðèöà
âçàèìîäåéñòâèÿ ýòíîñîâ. Êîãäà ýòíîñû E1 è E2 èìåþò îäèíàêîâûå ðàçìåðû,

óðàâíåíèÿ, âõîäÿùèå â ñèñòåìó (1), ïðèíèìàþò âèä

N ′
1(t) = µN1(t) − λNα

1 (t),

ãäå α, µ è λ � íåîòðèöàòåëüíûå ïàðàìåòðû, N1(t) � ÷èñëåííîñòü ýòíîñà E1 â

ìîìåíò âðåìåíè t.
Òî÷êà ([µ1µ22 −µ2µ12]/ det ‖µij‖), ñ det ‖µij‖) 6= 0 ÿâëÿåòñÿ òî÷êîé ðàâíîâå-

ñèÿ [2℄. �àâíîâåñèå óñòîé÷èâî, êîãäà det ‖µij‖) > 0, è íåóñòîé÷èâî â ïðîòèâíîì
ñëó÷àå.

Â ìîäåëè (1) íåïîñðåäñòâåííî íå ó÷àñòâóåò ÷èñëåííîñòü nii(t) ãàðìîíè÷-

íûõ îñîáåé ýòíîñà Ei (1 = 1, 2). �àðìîíè÷íûå îñîáè, ò.å. îñîáè, ïàññèîíàðíûé
èìïóëüñ êîòîðûõ ðàâåí ïî âåëè÷èíå èìïóëüñó èíñòèíêòà ñàìîñîõðàíåíèÿ, ìî-

ãóò ñûãðàòü çàìåòíóþ (öåíòðèñòñêóþ) ðîëü â ñòàáèëèçàöèè ìåæýòíè÷åñêîãî

êîí�ëèêòà. �îëü ãàðìîíè÷íûõ îñîáåé â ìàòåìàòè÷åñêîé ìîäåëè (1) ìåæýòíè-

÷åñêîãî êîí�ëèêòà ìîæíî ó÷åñòü îñðåäíåííî ÷åðåç åå ïàðàìåòðû.

Ëèòåðàòóðà

1. Õàêåí �. Ñèíåðãåòèêà. Ì. Ìèð. 1985. 326 ñ.
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Êîìïüþòåðíîå ìîäåëèðîâàíèå ïîèñêà äîíîðà êðîâè è åãî

ïðèìåíåíèå

Êåðå�îâ Á.Ì.

ÊÁ�Ó, Íàëü÷èê, ÑÊÔÓ, Ñòàâðîïîëü, �îññèÿ; timur200660�gmail.
om

Â íàñòîÿùåå âðåìÿ ìîáèëüíûå óñòðîéñòâà ÿâëÿþòñÿ âàæíîé ÷àñòüþ ñîâðå-

ìåííîãî ÷åëîâåêà. Â ñâÿçè ñ ýòèì àêòóàëüíîé ñòàíîâèòñÿ ïðîáëåìà ñîçäàíèÿ

ïðèëîæåíèé è âíåäðåíèÿ èõ íà ìîáèëüíûå óñòðîéñòâà.

Â äàííîé ðàáîòå ïîñòðîåíà êîìïüþòåðíàÿ ìîäåëü è ðàçðàáîòàíî ïðèëîæå-

íèå ¾Äîíîð¿ íà áàçå îïåðàöèîííîé ñèñòåìû Android, êîòîðîå ìîæåò ñóùåñòâåí-

íî ñîêðàòèòü âðåìÿ, çàòðà÷èâàåìîå íà ïîèñê äîíîðîâ êðîâè â ñëó÷àå ÷ðåçâû-

÷àéíîé ñèòóàöèè.

Â ðàçðàáîòàííîì ïðèëîæåíèè áûëè âûäåëåíû ñëåäóþùèå ñòðóêòóðû:

LoginA
tivity � äåÿòåëüíîñòü, êîòîðàÿ çàïóñêàåò ýêðàí èíèöèàëèçàöèè ïîëü-

çîâàòåëÿ;

MainA
tivity � äåÿòåëüíîñòü, êîòîðàÿ çàïóñêàåòñÿ ïîñëå LoginA
tivity;

InfoA
tivity � äåÿòåëüíîñòü, êîòîðàÿ çàïóñêàåòñÿ ïðè íàæàòèè íà êíîïêó

¾êîíòàêòû¿ â ïðèëîæåíèè, ñîäåðæàùàÿ èí�îðìàöèþ î ñòàíöèè ïåðåëèâàíèÿ

êðîâè.

Ýòè ñòðóêòóðû ñâÿçàíû ñ ìîäåëüþ äëÿ çàãðóçêè äàííûõ èç áàçû äàííûõ è

ñ ñåðâåðà.

Ïðèëîæåíèå äëÿ ÎÑ Android ñîñòîèò èç íàáîðà àêòèâíîñòåé, êàæäîé èç

êîòîðûõ ñîîòâåòñòâóåò ýêðàí ïðèëîæåíèÿ. Êàæäàÿ àêòèâíîñòü ïðåäñòàâëåíà â

ïðîåêòå êëàññîì, ðåàëèçîâàííûì íà ÿçûêå Java. Ïðèëîæåíèå ðàáîòàåò ñ áàçîé

äàííûõ MySQL, êîòîðàÿ íàõîäèòñÿ íà ñåðâåðå. MySQL èñïîëüçóåò ïàðàäèãìó

êëèåíò-ñåðâåð.

Ïðåäñòàâëåííàÿ ðàçðàáîòêà ïðîñòà â èñïîëüçîâàíèè, ïîýòîìó îñâîèòü ïðèí-

öèïû ðàáîòû ñ íåé íå ñîñòàâèò òðóäà äàæå ïîëüçîâàòåëþ, îáëàäàþùåìó íåáîëü-

øèìè íàâûêàìè ðàáîòû ñî ñìàðò�îíîì. Ëåãêîñòü èñïîëüçîâàíèÿ äîñòèãàåòñÿ

áëàãîäàðÿ äîñòàòî÷íî ïðîñòîìó èíòåð�åéñó, òàê êàê ñâÿçü ìåæäó äîíîðîì è

àêöåïòîðîì îñóùåñòâëÿåòñÿ ïî ãðóïïå êðîâè è íîìåðó òåëå�îíà.

Ïðåäëàãàåìîå ïðèëîæåíèå ïîìîæåò íóæäàþùåìóñÿ ÷åëîâåêó ïîëó÷èòü äî-

ñòóï êî âñåì äîíîðàì êðîâè êîíêðåòíîé ãðóïïû, íàõîäÿùèìñÿ ïîáëèçîñòè îò

åãî ìåñòîíàõîæäåíèÿ, ÷åðåç íåñêîëüêî ìèíóò. Äåòàëè áóäóò ñîäåðæàòü ãðóïïó

êðîâè è íîìåð êîíòàêòà.

Äàííûé ïðîãðàììíûé ïðîäóêò ðàçðàáîòàí äëÿ ñàìîé ðàñïðîñòðàíåííîé

îïåðàöèîííîé ñèñòåìû Android, ÷òî äåëàåò åãî äîñòóïíûì äëÿ ìíîãèõ ïîëü-

çîâàòåëåé.
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Ëîêàëüíûå è íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ

îáîáùåííîãî óðàâíåíèÿ Àëëåðà � Ëûêîâà

Êåðå�îâ Ì.À.

1,a
, �åêêèåâà Ñ.Õ.

2,b

1
ÊÁ�Ó,

2
ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ;

a
kerefov�mail.ru,

b
gekkieva_s�mail.ru

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ óðàâíåíèÿ âëàãîïåðåíîñà Àë-

ëåðà � Ëûêîâà ñ ïåðåìåííûìè êîý��èöèåíòàìè ñ äðîáíîé ïðîèçâîäíîé �èìà-

íà � Ëèóâèëëÿ [1℄

A1D
α+1
0t u+Dα

0tu =
∂

∂x

(
k(x, t)

∂u

∂x

)
+ ADα

0t

∂

∂x

(
η (x)

∂u

∂x

)
− q (x, t)u+ f (x, t) ,

ãäå Dγ
0t � îïåðàòîð äðîáíîãî äè��åðåíöèðîâàíèÿ �èìàíà � Ëèóâèëëÿ [2, ñ. 9℄;

0 < α < 1; A1, A = const > 0; âõîäÿùèå â óðàâíåíèå �óíêöèè óäîâëåòâîðÿþò

óñëîâèÿì: 0 < c1 ≤ k (x, t) ; η (x) , q (x, t) ≤ c2; kt (x, t) , qt (x, t) ≤ 0; c1, c2 = const.
Ïðåäïîëàãàåì, ÷òî êàæäàÿ èç ðàññìàòðèâàåìûõ â ðàáîòå ëîêàëüíûõ è íåëî-

êàëüíûõ çàäà÷ îáëàäàåò íóæíûìè äëÿ èçëîæåíèÿ ïðîèçâîäíûìè, à êîý��èöè-

åíòû óðàâíåíèÿ è ãðàíè÷íûõ óñëîâèé óäîâëåòâîðÿþò íåîáõîäèìûìè äëÿ èçëî-

æåíèÿ óñëîâèÿì ãëàäêîñòè.

Ñ ïîìîùüþ ìåòîäà ýíåðãåòè÷åñêèõ íåðàâåíñòâ äëÿ ðåøåíèé ïîñòàâëåííûõ

ëîêàëüíûõ è íåëîêàëüíûõ çàäà÷ ïîëó÷åíû àïðèîðíûå îöåíêè â òåðìèíàõ äðîá-

íîé ïðîèçâîäíîé �èìàíà � Ëèóâèëëÿ, èç êîòîðûõ ñëåäóåò åäèíñòâåííîñòü ðå-

øåíèÿ ðàññìàòðèâàåìûõ êðàåâûõ çàäà÷ è åãî óñòîé÷èâîñòü ïî ïðàâîé ÷àñòè è

íà÷àëüíûì äàííûì.

Ëèòåðàòóðà

1. Êåðå�îâ Ì.À., �åêêèåâà Ñ.Õ. ×èñëåííî-àíàëèòè÷åñêèé ìåòîä ðåøåíèÿ

êðàåâîé çàäà÷è äëÿ îáîáùåííûõ óðàâíåíèé âëàãîïåðåíîñà // Âåñòíèê Óä-

ìóðòñêîãî óíèâåðñèòåòà. Ìàòåìàòèêà. Ìåõàíèêà. Êîìïüþòåðíûå íàóêè.

2021. Ò. 31, âûï. 1. C. 3�28.

2. Íàõóøåâ À.Ì. Äðîáíîå èñ÷èñëåíèå è åãî ïðèìåíåíèå. Ì.: Ôèçìàòëèò,

2003. 272 
.

106



VI Ìåæäóíàðîäíàÿ íàó÷íàÿ êîí�åðåíöèÿ ¾Íåëîêàëüíûå êðàåâûå çàäà÷è è ðîäñòâåííûå ïðîáëåìû

ìàòåìàòè÷åñêîé áèîëîãèè, èí�îðìàòèêè è �èçèêè¿, Íàëü÷èê, 5-9 äåêàáðÿ 2021ã.

Íåëîêàëüíàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ÷åòâåðòîãî

ïîðÿäêà

Êèëè÷îâ Î.Ø.

ÈÌ ÀÍ �Óç, Òàøêåíò, Óçáåêèñòàí; oybek2402�mail.ru

Â îáëàñòè Ω = {(x, y) : 0 < x < p, 0 < y < q} ðàññìîòðèì óðàâíåíèå

∂2u

∂y2
− ∂4u

∂x4
= f(x, y), (1)

ãäå f(x, y)− çàäàííàÿ íåïðåðûâíàÿ �óíêöèÿ â Ω.
Çàäà÷à. Íàéòè ðåøåíèå u(x, y) ∈ C4,k+1

x,y (Ω), óðàâíåíèÿ (1) ïî óñëîâèÿì

u(0, y) = u(p, y) = 0, 0 ≤ y ≤ q, (2)

uxx(0, y) = uxx(p, y) = 0, 0 ≤ y ≤ q, (3)

∂ku

∂yk

∣∣∣
y=0

=
∂ku

∂yk

∣∣∣
y=q

, 0 ≤ x ≤ p, (4)

∂k+1u

∂yk+1

∣∣∣
y=0

=
∂k+1u

∂yk+1

∣∣∣
y=q

, 0 ≤ x ≤ p, (5)

ãäå 1 ≤ k � �èêñèðîâàííîå íàòóðàëüíîå ÷èñëî.
Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1)�(5) äîêàçûâàåòñÿ ñïåêòðàëüíûì ìåòî-

äîì èñïîëüçóÿ ïîëíîòó �óíêöèé Xn(x) [1℄, äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ
ðåøåíèÿ ïðèìåíÿåòñÿ ìåòîä Ôóðüå.

Ëèòåðàòóðà

1. Ìîèñååâ Å.È. Î ðåøåíèè ñïåêòðàëüíûì ìåòîäîì îäíîé íåëîêàëüíîé êðà-

åâîé çàäà÷è // Äè��åðåíö. óðàâíåíèÿ. 1999. T. 35, � 8. C. 1094�1100.
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Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå îñöèëëÿòîðà Äó��èíãà ñ

ïðîèçâîäíîé ïåðåìåííîãî äðîáíîãî ïîðÿäêà

Êèì Â.À.

1,a
, Ïàðîâèê �.È.

2,3,b

1
Êàì÷àò�ÒÓ,

2
Êàì�Ó èì. Âèòóñà Áåðèíãà, Ïåòðîïàâëîâñê-Êàì÷àòñêèé,

3
ÈÊÈ� ÄÂÎ �ÀÍ, Ïàðàòóíêà, �îññèÿ;

a
valentinekim�mail.ru,

b
romanparovik�gmail.
om.

�àññìîòðèì ñëåäóþùóþ çàäà÷ó Êîøè äëÿ ñìåùåíèÿ x(t) ∈ C2(0, T ) [1℄:

ẍ (t) + λD
q(t)
0t x (τ) + ω2

0x (t) + bx3 (t) = f (t) , x(0) = x0, ẋ(0) = y0, (1)

ãäå 0 < q(t) < 1, f (t) = δ cos (ωt), α � êîý��èöèåíò çàòóõàíèÿ, δ è ω � àì-

ïëèòóäà è ÷àñòîòà êîëåáàíèé âíåøíåãî ïåðèîäè÷åñêîãî âîçäåéñòâèÿ, x0 è y0 �
çàäàííûå êîíñòàíòû, íà÷àëüíûå óñëîâèÿ, T � âðåìÿ ìîäåëèðîâàíèÿ. Îïåðàòîð

D
q(t)
0t x (τ) â ìîäåëüíîì óðàâíåíèè (1) èìååò âèä :

D
q(t)
0t x (τ) =

1

Γ (1 − q (t))

d

dt

t∫

0

x (τ) dτ

(t− τ)
q(t)

. (2)

Â ðàáîòå èññëåäóåòñÿ íåëîêàëüíàÿ êîíå÷íî-ðàçíîñòíàÿ ñõåìà äëÿ ÷èñëåí-

íîãî ðåøåíèÿ çàäà÷è (1), ðàññìîòðåíû âîïðîñû åå ñõîäèìîñòè è óñòîé÷èâîñòè.

Ïðîâåäåíî ñîïîñòàâëåíèå ñ ðåçóëüòàòàìè, ïîëó÷åííûìè ïî ìåòîäàì Àäàìñà �

Áàø�îðäà � Ìîóëòîíà è ìîäè�èöèðîâàííîãî Íüþòîíà [2, 3℄.

Ëèòåðàòóðà

1. Kim V.A. Du�ng os
illator with external harmoni
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pp. 46�49.

2. Êèì Â.À.Ìåòîäû Àäàìñà � Áàø�îðäà � Ìîóëòîíà è Íüþòîíà � �à�ñîíà

äëÿ ÷èñëåííîãî àíàëèçà îñöèëëÿòîðà Äó��èíãà ñ ïðîèçâîäíîé ïåðåìåí-

íîãî äðîáíîãî ïîðÿäêà �èìàíà � Ëèóâèëëÿ // Ïðîáëåìû âû÷èñëèòåëüíîé

è ïðèêëàäíîé ìàòåìàòèêè. 2021. Ò. 33, � 3. Ñ. 82�97.

3. Kim V.A., Parovik R.I. Mathemati
al model of fra
tional Du�ng os
illator

with variable memory // Mathemati
s, 2020, vol. 8, no. 11, pp. 1�14.

ÍÈ� Êàì�Ó èì. Âèòóñà Áåðèíãà, ¾Ïðèðîäíûå êàòàñòðî�û Êàì÷àòêè � çåìëå-

òðÿñåíèÿ è èçâåðæåíèÿ âóëêàíîâ, � ÀÀÀÀ-À19-119072290002.
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Îá îäíîé âíóòðåííåêðàåâîé çàäà÷å äëÿ óðàâíåíèÿ

ïàðàáîëî � ãèïåðáîëè÷åñêîãî òèïà

Êèðæèíîâ �.À.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; kirzhinov.r�mail.ru

Ïóñòü Ω = {(x, y) : 0 < x < r, −r < y < h}� îáëàñòü åâêëèäîâîé ïëîñêîñòè

òî÷åê (x, y); Ω− = Ω ∩ {(x, y) : y < 0}; r, h� âåùåñòâåííûå ïîëîæèòåëüíûå

÷èñëà.

Â îáëàñòè Ω ðàññìàòðèâàåòñÿ óðàâíåíèå

{
uxx − uy = f, y > 0,

uxx − uyy, y < 0,
(1)

ãäå u = u(x, y)�íåèçâåñòíàÿ �óíêöèÿ, f = f(x, y)� çàäàííàÿ �óíêöèÿ.

Èññëåäóåòñÿ

Çàäà÷à 1. Íàéòè ðåøåíèå u(x, y) óðàâíåíèÿ (1) èç êëàññà C1
(
Ω
)
∩C2

x(Ω)∩
C2
y (Ω−), óäîâëåòâîðÿþùåå óñëîâèÿì

u(0, y) = ϕ(y), u(r, y) = ψ(y), −r 6 y 6 h, (2)

α1 u(x, 0) + α2 u(x, −r) + α3 uy(x, 0) + α4 uy(x, −r) = p(x), 0 6 x 6 r, (3)

ãäå êîý��èöèåíòû α1, α2, α3, α4 �ïîñòîÿííûå, òàêèå, ÷òî

(|α1| + |α2|) (|α3| + |α4|) 6= 0.

Óñëîâèå (3) åñòü àíàëîã óñëîâèÿ À.À. Äåçèíà [1, ï. 1.6℄ γ1 [u(s1)]+γ2 [u(s2)] =
0, ãäå γ1 è γ2 �íåêîòîðûå ëèíåéíûå îïåðàòîðû, à s1 è s2 �ðàçëè÷íûå òî÷êè

ãðàíèöû. Çàäà÷à 1 ïðè α2 = α3 = 0, α3 6= 0, p(x) ≡ 0 ñ íåëîêàëüíûìè óñëîâèÿìè
ïåðèîäè÷íîñòè âìåñòî (2) áûëà èññëåäîâàíà â ðàáîòå [2, ãë. 4, ï 4.6℄.

Äîêàçàíà ñëåäóþùàÿ

Òåîðåìà. Åñëè ñóùåñòâóåò ðåøåíèå u(x, y) çàäà÷è 1, òî îíî îäíîçíà÷íî

îïðåäåëÿåòñÿ òîëüêî òîãäà, êîãäà âûïîëíåíî óñëîâèå

α1 + (−1)
k
α2 − µ2

k α3 − (−1)
k
µ2
k α4 6= 0 ∀k ∈ N.

Ëèòåðàòóðà

1. Íàõóøåâ À.Ì. Çàäà÷è ñî ñìåùåíèåì äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-

íûõ. Ì.: Íàóêà, 2006. 287 ñ.

2. Íàõóøåâà Ç.À. Íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ îñíîâíûõ è ñìåøàííîãî

òèïîâ äè��åðåíöèàëüíûõ óðàâíåíèé. Íàëü÷èê: Èçä-âî ÊÁÍÖ �ÀÍ, 2011.

196 ñ.
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Îá îäíîé çàäà÷å òåîðèè �óíêöèé

Êîâàëåâà Ë.À.

ÍÈÓ ¾Áåë�Ó¿, Áåëãîðîä, �îññèÿ; Kovaleva_L�bsu.esu.ru

Â ïðîñòðàíñòâå R3
ðàññìîòðèì êîíå÷íîå ìíîæåñòâî M ïëîñêèõ âûïóêëûõ

ìíîãîóãîëüíèêîâM , êîòîðûå ïîïàðíî ìîãóò ïåðåñåêàòüñÿ òîëüêî ïî ñâîèì ñòî-

ðîíàì. Ñîâîêóïíîñòü îòðåçêîâ L, ÿâëÿþùèõñÿ ñòîðîíàìè îäíîãî èëè íåñêîëü-
êèõ ìíîãîóãîëüíèêîâ, îáîçíà÷èì L, à ìíîæåñòâî èõ êîíöîâ � F . Îáúåäèíåíèå
K ìíîãîóãîëüíèêîâ M ∈ M, ðàññìàòðèâàåìûõ êàê çàìêíóòûå ïîäìíîæåñòâà

R3
, íàçûâàåòñÿ äâóìåðíûì êîìïëåêñîì, è ñåòüþ, åñëè äîïîëíèòåëüíî êàæäûé

îòðåçîê L ∈ L ìîæåò ñëóæèòü ãðàíèöåé íå áîëåå äâóõ ìíîãîóãîëüíèêîâ. Ïî

îòíîøåíèþ ê K ýëåìåíòû M ∈ M íàçûâàåì ãðàíÿìè, à ýëåìåíòû L ∈ L �

ñòîðîíàìè èëè ðåáðàìè â çàâèñèìîñòè îò òîãî, âõîäèò L â ãðàíèöó îäíîé èëè

íåñêîëüêèõ ãðàíåé. Óäîáíî åùå ñ êàæäûì ýëåìåíòîì L ∈ L ñâÿçàòü ñîâîêóï-

íîñòü ML âñåõ ãðàíåé, ãðàíè÷àùèõ ñ L.
Ïóñòü ïîäìíîæåñòâî K1 ⊆ R3

îçíà÷àåò îáúåäèíåíèå âñåõ îòðåçêîâ L ∈ L,
âçÿòûõ áåç ñâîèõ êîíöîâ, òàê ÷òî çàìêíóòîå ìíîæåñòâî F ∪ K1

ïðåäñòàâëÿåò

ñîáîé ëîìàíóþ â R3
. Àíàëîãè÷íî ïîä K2

óñëîâèìñÿ ïîíèìàòü îáúåäèíåíèå

âñåõ ãðàíåé, âçÿòûõ áåç ñâîåé ãðàíèöû. Ìíîæåñòâî L âñåõ ðåáåð ðàçîáüåì íà

äâà ïîïàðíî íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâà LD è LH , ïåðâîå èç êîòîðûõ

ñîñòîèò èç íåêîòîðîãî ïîäìíîæåñòâà ñòîðîí. Ñîîòâåòñòâóþùèå îáúåäèíåíèÿ

ýòèõ ðåáåð, âçÿòûå áåç ñâîèõ êîíöîâ, îáîçíà÷èì K1
D è K1

H .

Ñëåäóÿ [1℄, �óíêöèþ u(x) ∈ C(K \F ) íàçîâåì ãàðìîíè÷åñêîé íà ìíîæåñòâå

K2 ∪ K1
H , åñëè âíóòðè êàæäîé ãðàíè M ∈ ML îíà ãàðìîíè÷íà, íåïðåðûâíî

äè��åðåíöèðóåìà âïëîòü äî âíóòðåííèõ òî÷åê îòðåçêà L è ñóììà íîðìàëüíûõ

ïðîèçâîäíûõ

∂u

∂νM
, âçÿòûõ èçíóòðè M , ðàâíà íóëþ:

∑
M∈ML

∂u
∂νM

∣∣∣∣
L

= 0.

Çàäà÷à Äèðèõëå (çàäà÷à D) çàêëþ÷àåòñÿ â îòûñêàíèè ãàðìîíè÷åñêîé íà

K2 ∪ K1
H �óíêöèè u ∈ C(K \ F ) ïî êðàåâîìó óñëîâèþ u

∣∣
K1

D

= f, ãäå ïðàâàÿ

÷àñòü f ∈ C(K1
D) çàäàíà.

Â ðàáîòå èññëåäóåòñÿ �ðåäãîëüìîâà ðàçðåøèìîñòü çàäà÷è D, ïîëó÷åíà �îð-

ìóëà èíäåêñà.

Ëèòåðàòóðà

1. Êîâàëåâà Ë.À., Ñîëäàòîâ À.Ï. Çàäà÷à Äèðèõëå íà äâóìåðíûõ ñòðàòè�è-

öèðîâàííûõ ìíîæåñòâàõ // Èçâåñòèÿ �ÀÍ. Ñåð. ìàòåì. 2015. Ò. 79, � 1.

Ñ. 77�114.
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Íåêîòîðûå êëàññû êðàåâûõ çàäà÷ ñ óñëîâèÿìè

ñîïðÿæåíèÿ: åäèíñòâåííîñòü è íååäèíñòâåííîñòü,

ñóùåñòâîâàíèå è íåñóùåñòâîâàíèå

Êîæàíîâ À.È.

ÈÌ ÑÎ �ÀÍ; Í�Ó, Íîâîñèáèðñê, �îññèÿ; kozhanov�math.ns
.ru

Â ðàáîòå èçó÷àþòñÿ âîïðîñû ñóùåñòâîâàíèÿ è íåñóùåñòâîâàíèÿ, åäèíñòâåí-

íîñòè è íååäèíñòâåííîñòè ðåøåíèé êðàåâûõ çàäà÷ ñ óñëîâèÿìè ñîïðÿæåíèÿ

äëÿ ðàçëè÷íûõ êëàññîâ äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

� ýëëèïòè÷åñêèõ, ãèïåðáîëè÷åñêèõ, êâàçèïàðàáîëè÷åñêèõ è êâàçèãèïåðáîëè÷å-

ñêèõ. Â ÷àñòíîñòè, îáñóæäàåòñÿ âîïðîñ î ñîáñòâåííûõ ÷èñëàõ è ñîáñòâåííûõ

�óíêöèÿõ çàäà÷ ñ óñëîâèÿìè ñîïðÿæåíèÿ. Ïîêàçûâàåòñÿ, ÷òî ïàðàìåòðû óñëî-

âèé ñîïðÿæåíèÿ ìîãóò ñóùåñòâåííî âëèÿòü íà ñâîéñòâà ðåøåíèé.
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Çàäà÷à Êîøè äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ äâóìÿ

îòðèöàòåëüíûìè ñèíãóëÿðíûìè êîý��èöèåíòàìè

Êîìèëîâà Í.Ä.

Ôåð�Ó, Ôåðãàíà, Óçáåêèñòàí; nigora.komilova�bk.ru

�àññìîòðèì óðàâíåíèå

∂2u

∂ξ∂η
+

[
q

η + ξ
+

p

η − ξ

]
∂u

∂ξ
+

[
q

η + ξ
− p

η − ξ

]
∂u

∂η
= 0 (1)

â îáëàñòè ∆, îãðàíè÷åííîé ïðÿìûìè ξ = 0, η = 1 è η = ξ, ãäå p è q � äåéñòâè-
òåëüíûå ÷èñëà, ïðè÷åì −1 < 2p < 2q ≤ 0.

Â íàñòîÿùåì ñîîáùåíèè áóäåì èñêàòü îáîáùåííîå ðåøåíèå óðàâíåíèÿ (1),

ïðèíàäëåæàùåå òàê íàçûâàåìîìó êëàññó R2(p, q) è óäîâëåòâîðÿþùåå óñëîâèÿì

u(ξ, ξ) = τ(ξ), lim
η→ξ

(η − ξ)2p
(
∂u

∂ξ
− ∂u

∂η

)
= ν(ξ), (2)

ãäå τ(ξ) è ν(ξ) � çàäàííûå �óíêöèè, ïðè÷åì τ(x) èìååò ïðåäñòàâëåíèå (ïðè-

íàäëåæíîñòü êëàññó R2(p, q)):

τ(x) =

x∫

0

s2q

(x− s)2p(x+ s)2q
F

(
q, q − p− 1; 1 − p;

(x− s)2

(x+ s)2

)
T (s)ds, (3)

ãäå F (a, b; c; x) � ãèïåðãåîìåòðè÷åñêàÿ �óíêöèÿ �àóññà.
Òåîðåìà. Åñëè T (x) è ν(x) � íåïðåðûâíûå è èíòåãðèðóåìûå â (0, 1) �óíê-

öèè è τ(x) èìååò ïðåäñòàâëåíèå (3), òî åäèíñòâåííîå ðåøåíèå çàäà÷è Êîøè

(1)�(2) èç êëàññà u ∈ R2(p, q) ïðåäñòàâëÿåòñÿ �îðìóëîé

u(ξ, η) =

(
η + ξ

2

)−q
ξ∫

0

tqF (q, 1 − q; 1 − p; σ)

(η − t)p(ξ − t)p
T (t)dt+

+

(
η + ξ

2

)−q
η∫

ξ

tqF (q, 1 − q; 1 − p; σ)

(η − t)p(t− ξ)p

[
1

2 cosπβ
T (t) − γν(t)

]
dt,

ãäå σ =
(η − t)(t− ξ)

2t(η + ξ)
; γ � èçâåñòíàÿ ïîñòîÿííàÿ.
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Ïîñòðîåíèå ïîòîêîâûõ ñåòåé âûñîêîãî ðàíãà

îïòèìàëüíîñòè

Êóäàåâ Â.×., Áàãîâ Ì.À., Àáàçîêîâ Ì.Á.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; ipma�niipma.ru

Ê ïîòîêîâûì ñåòÿì (ÏÑ) îòíîñÿòñÿ ñåòè ïî ïåðåíîñó âåùåñòâà è ýíåðãèè

� òðóáîïðîâîäíûå ñåòè âîäî- è ãàçîñíàáæåíèÿ, ýëåêòðè÷åñêèå ñåòè. Â äîêëàäå

ïðåäñòàâëåí ìåòîä ðåøåíèÿ çàäà÷ îïòèìàëüíîãî ïðîåêòèðîâàíèÿ ÏÑ.

Çàäà÷è ñèíòåçà ÏÑ, îïòèìàëüíûõ ïî ñòîèìîñòè è ýíåðãîçàòðàòàì íà òðàíñ-

ïîðò ïîòîêà ïîòðåáèòåëÿì, ÿâëÿþòñÿ ñóùåñòâåííî ìíîãîýêñòðåìàëüíûìè. Ñó-

ùåñòâóþùèå ìåòîäû íå ãàðàíòèðóþò ãëîáàëüíîãî ðåøåíèÿ çàäà÷è [1℄. Ïîýòîìó

â ðàáîòå [2℄ áûëî ââåäåíî ïîíÿòèå è äàíî îïðåäåëåíèå ðàíãà ýêñòðåìóìà ðåøå-

íèÿ çàäà÷è.

Â äîêëàäå ïðåäñòàâëåí ìåòîä è àëãîðèòìû ïîñòðîåíèÿ â êîìïëåêñå ñåòåé

âûñîêîãî ðàíãà îïòèìàëüíîñòè äâóõ âàæíåéøèõ ñåòåâûõ çàäà÷: ïîñòðîåíèå ÏÑ

áåç äîïîëíèòåëüíûõ óçëîâ âåòâëåíèÿ ïîòîêà è ÏÑ Øòåéíåðà. Çàäà÷à ïîñòðî-

åíèÿ ÏÑ ïåðâîãî òèïà âûñîêîãî ðàíãà îïòèìàëüíîñòè ðåøàåòñÿ íà îñíîâå ñî-

êðàùåíèÿ åå ðàçìåðíîñòè çà ñ÷åò: èçìåíåíèÿ â ïðîöåññå îïòèìèçàöèè çàäàííîãî

ãðà�à âîçìîæíûõ ñîåäèíåíèé óçëîâ ñåòè äðóã ñ äðóãîì; ÷åðåäîâàíèÿ ïðîöåññà

îïòèìèçàöèè �-ãî ðàíãà âñåé ñåòè ñ íåëîêàëüíîé, íîðìèðîâàííîé ïî äàëüíî-

äåéñòâèþ, îïòèìèçàöèåé (�+1)-ãî ðàíãà åå ïîäñåòåé, êîëè÷åñòâî êîòîðûõ ðàâíî

êîëè÷åñòâó óçëîâ ñåòè.

Ïðè ðåøåíèè çàäà÷è ïîñòðîåíèÿ ÏÑ Øòåéíåðà ïîëó÷åííàÿ ÏÑ òðàíñ�îð-

ìèðóåòñÿ â ñåòü Øòåéíåðà ñëåäóþùèì îáðàçîì: äëÿ êàæäîãî óçëà ÏÑ ñòðîÿòñÿ

àëüòåðíàòèâíûå ðàçâåðòêè èõ â óçëîâûå ñòðóêòóðû Øòåéíåðà; îïðåäåëÿþòñÿ

îïòèìàëüíûå êîîðäèíàòû òî÷åê Øòåéíåðà íà êàæäîé èç ñòðóêòóð; îïðåäåëÿ-

åòñÿ íàèëó÷øàÿ èç íèõ.

Âû÷èñëèòåëüíûé ýêñïåðèìåíò ïîêàçàë, ÷òî âðåìÿ ïîñòðîåíèÿ ÏÑ âûñîêîãî

ðàíãà îïòèìàëüíîñòè ñîêðàùàåòñÿ â íåñêîëüêî ðàç, à òðàíñ�îðìàöèÿ ÏÑ â ÏÑ

Øòåéíåðà ñîêðàùàåò åå ñòîèìîñòü íà 4-7%.

Ëèòåðàòóðà

1. Ìåðåíêîâ À.Ï., Ñåííîâà Å.Â., Ñóìàðîêîâ Ñ.Â. è äð. Ìàòåìàòè÷åñêîå ìî-

äåëèðîâàíèå è îïòèìèçàöèÿ ñèñòåì òåïëî-, âîäî-, íå�òå- è ãàçîñíàáæå-

íèÿ. Íîâîñèáèðñê: Íàóêà, 1992. 407 
.

2. Êóäàåâ Â.×. �àíãè ýêñòðåìóìîâ è ñòðóêòóðíàÿ îïòèìèçàöèÿ áîëüøèõ

ñåòåâûõ ñèñòåì // Èçâåñòèÿ ÊÁÍÖ �ÀÍ. 2016. Ò. 72, � 4. C. 15�24.
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Çàäà÷à ñî ñâîáîäíûìè ãðàíèöàìè â ìåäèöèíå

Êóäàåâà Ô.Õ.

a
, Êàéãåðìàçîâ À.À.

b

ÊÁ�Ó, Íàëü÷èê, �îññèÿ;

a
kfatimat�yandex.ru,

b
arslan1961�yandex.ru

Îïèñàíèå äèíàìèêè òåìïåðàòóðíîãî ïîëÿ T = T (p, t) â îõëàæäàåìûõ è çà-
ìîðàæèâàåìûõ îáëàñòÿõ áèîòêàíè, ïîâåðõíîñòè çàìîðàæèâàíèÿ Φ∗(p, t) = 0,
ïîâåðõíîñòè âëèÿíèÿ êðèîâîçäåéñòâèÿ Γ(p, t) = 0 ñâîäèòñÿ ê ðåøåíèþ ñëåäóþ-

ùåé çàäà÷è ñî ñâîáîäíûìè ãðàíèöàìè [1, 2℄:

div(λ(T )gradT ) − et(T ) = −W (T ), p ∈ Ω(t), t > 0, T (p, 0) = T , p ∈ Ω(0),

λ(T )
∂T

∂n
= α(p) [T − Tc(p, t)] , p ∈ S(p, t) = 0, t > 0, (1)

T = T , λ(T )
∂T

∂n
= 0, p ∈ Γ(p, t) = 0, t > 0, T = T ∗, p ∈ ∗(p, t) = 0, t > 0,

ãäå λ(T ) � êîý��èöèåíò òåïëîïðîâîäíîñòè, e(T ) � óäåëüíàÿ òåïëîâàÿ ýíåð-

ãèÿ, W (T ) � èñòî÷íèê òåïëà, t � âðåìÿ, p � ïðîñòðàíñòâåííàÿ êîîðäèíàòà îá-

ëàñòè Ω(t), S(p, t) = 0 � èçâåñòíàÿ çàäàííàÿ ïîâåðõíîñòü, α(p) � êîý��èöè-

åíò òåïëîîáìåíà ñ îêðóæàþùåé ñðåäîé, n � âíåøíÿÿ íîðìàëü ê ïîâåðõíîñòè

S(p, t) = 0, T � íîðìàëüíàÿ òåìïåðàòóðà áèîòêàíè, T ∗
� òåìïåðàòóðà çàìîðà-

æèâàíèÿ, Tc(p, t) � òåìïåðàòóðà âíåøíåé ñðåäû.
Çàäà÷à (1) ñâåäåíà ê êàíîíè÷åñêîìó âèäó. Ïîëó÷åíà âàðèàöèîííàÿ ïîñòà-

íîâêà çàäà÷è (1). Ñ�îðìóëèðîâàíû îïðåäåëåíèå îáîáùåííîãî ðåøåíèÿ âàðèà-

öèîííîé çàäà÷è, ñ�îðìóëèðîâàíà è äîêàçàíà òåîðåìà î ñóùåñòâîâàíèè è åäèí-

ñòâåííîñòè îáîáùåííîãî ðåøåíèÿ.

�åçóëüòàòû ðàáîòû ïðåäñòàâëÿþò òåîðåòè÷åñêèé è ïðàêòè÷åñêèé èíòåðåñ.

Ëèòåðàòóðà

1. Áåðåçîâñêèé À.À., Êóäàåâà Ô.Õ. Êàíîíè÷åñêèé âèä çàäà÷ ñî ñâîáîäíû-

ìè ãðàíèöàìè â ïðîáëåìàõ ãèïîòåðìèè è êðèîäåñòðóêöèè áèîòêàíè //

Àñèìïòîòè÷åñêîå èíòåãðèðîâàíèå íåëèíåéíûõ óðàâíåíèé. Êèåâ: Èíñòè-

òóò ìàòåìàòèêè ÀÍ Óêðàèíû, 1992.

2. Êóäàåâà Ô.Õ., Êàéãåðìàçîâ À.À., Õàøõîæåâà Ä.À., Æåìóõîâ À.Õ., Áàë-

êàðîâà Ñ.Á., Ýòåçîâà Ì.Á. Èí�îðìàöèîííî-êîììóíèêàöèîííûå òåõíî-

ëîãèè ïðè èññëåäîâàíèè çàäà÷è ñî ñâîáîäíûìè ãðàíèöàìè â ìåäèöèíå //

Þæíî-Ñèáèðñêèé íàó÷íûé âåñòíèê. 2019. Ò. 27, � 3. Ñ. 67�72.
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Îá îïðåäåëåíèè êîý��èöèåíòîâ ãèïåðáîëè÷åñêîãî

óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ íåëîêàëüíûì óñëîâèåì

Êóëèåâ �.Ô.

a
, Òàãèåâ Õ.Ò.

b

Á�Ó, Áàêó, Àçåðáàéäæàí;

a
hamletquliyev�gmail.
om,

b
tagiyevht�gmail.
om

�àññìàòðèâàåòñÿ çàäà÷à îïðåäåëåíèÿ ïàðû �óíêöèé (u(x, t), ϑ(x)) ∈
W 1

2 (Q) × V èç ñëåäóþùèõ ñîîòíîøåíèé

∂2u

∂t2
− ∆u+

3∑

i=1

ϑi(x)
∂u

∂xi
= f(x, t), (x, t) ∈ Q = Ω × (0, T ), (1)

u(x, 0) = u0(x),
∂u(x, 0)

∂t
= u1(x), x ∈ Ω, (2)

∂u

∂ν
|S =

∫

Ω

K(x, y)u(y, t)dy, (x, t) ∈ S, (3)

T∫

0

R(x, t)u(x, t)dt = ϕ(x), x ∈ Ω. (4)

Çàäà÷à (1)�(4) ïðèâîäèòñÿ ê ñëåäóþùåé çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ.

Íàéòè òàêóþ �óíêöèþ ϑ(x) èç ìíîæåñòâà

V = {ϑ(x) = (ϑ1(x), ϑ2(x), ϑ3(x)), ϑi(x) ∈W 1
2 (Ω) : |ϑi(x)| ≤M0

i ,

ϑi(x)|∂Ω = 0,

∣∣∣∣
∂ϑi
∂xk

∣∣∣∣ ≤Mk
i , i, k = 1, 2, 3 ïî÷òè âñþäó íà Ω},

êîòîðàÿ äîñòàâëÿåò ìèíèìóì �óíêöèîíàëó

I(ϑ) =
1

2

∫

Ω

[ T∫

0

R(x, t)u(x, t;ϑ)dt− ϕ(x)

]2
dx, (5)

ïðè îãðàíè÷åíèÿõ (1)�(3). Çäåñü u(x, t;ϑ) − ðåøåíèå çàäà÷è 1)�(3) ïðè çàäàííîé

�óíêöèè ϑ(t); M0
i , M

k
i , i, k = 1, 2, 3 � çàäàííûå ïîëîæèòåëüíûå ÷èñëà.

Â ðàáîòå äîêàçûâàþòñÿ òåîðåìû ñóùåñòâîâàíèÿ îïòèìàëüíîãî óïðàâëåíèÿ,

íåïðåðûâíîé äè��åðåíöèðóåìîñòè ïî Ôðåøå �óíêöèîíàëà (5) è âûâîäèòñÿ

íåîáõîäèìîå óñëîâèå îïòèìàëüíîñòè â âèäå âàðèàöèîííîãî íåðàâåíñòâà.
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Äâå âåðñèè íåëîêàëüíîãî óðàâíåíèÿ �èíçáóðãà � Ëàíäàó

Êóëèêîâ À.Í., Êóëèêîâ Ä.À.

ßð�Ó, ßðîñëàâëü, �îññèÿ; kulikov_d_a�mail.ru

Íåëîêàëüíîå óðàâíåíèå �èíçáóðãà � Ëàíäàó èñïîëüçóåòñÿ ïðè èçó÷åíèè

�åððîìàãíåòèçìà [1℄. �àññìîòðèì ïåðèîäè÷åñêóþ êðàåâóþ çàäà÷ó äëÿ äâóõ åãî

âåðñèé

ut = u− (1 + ic)uV (u) − ib1uxx + ib2uxxxx, (1)

ut = u− (d+ ic)uV (u) − (f + ih)uV 2(u) − ibuxx, V (u) =
1

2π

2π∫

0

|u|2dx, (2)

u(t, x+ 2π) = u(t, x). (3)

Çäåñü u = u(t, x) = u1(t, x) + iu2(t, x), b, b1, b2, c, d, f, h ∈ R, f > 0. Ïóñòü

u(0, x) = g(x). (4)

Òåîðåìà 1. Åñëè g(x) ∈ H4
2 , òîãäà íà÷àëüíî-êðàåâàÿ çàäà÷à (1), (3), (4)

èìååò ðåøåíèå ïðè âñåõ t > 0. Êðàåâàÿ çàäà÷à (1), (3) èìååò ãëîáàëüíûé

àòòðàêòîð A∞ : u(t, x) ∈ A∞, åñëè V (u) = 1.
Òåîðåìà 2. Ïóñòü g(x) ∈ H2

2 , òîãäà íà÷àëüíî-êðàåâàÿ çàäà÷à (2), (3), (4)

èìååò ðåøåíèå ïðè âñåõ t > 0. Êðàåâàÿ çàäà÷à (2), (3) èìååò ãëîáàëüíûé

àòòðàêòîð A∞, âûäåëÿåìûé óñëîâèåì V (u) = η2, ãäå η2 � ïîëîæèòåëüíûé

êîðåíü óðàâíåíèÿ 1 − dη − fη2 = 0.
�ëîáàëüíûé àòòðàêòîð ïîíèìàåì â ñìûñëå îïðåäåëåíèÿ èç ìîíîãðà�èè [2℄.

Ïðè f = g = 0 êðàåâàÿ çàäà÷à (2), (3) èçó÷àëàñü â [3℄.

Ëèòåðàòóðà
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es, 2021, vol. 44, no. 15, pp. 11985�11997.

�àáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè ïðîãðàììû ðàçâèòèÿ ðåãèîíàëüíîãî

íàó÷íî-îáðàçîâàòåëüíîãî ìàòåìàòè÷åñêîãî öåíòðà (ßð�Ó) ïðè �èíàíñîâîé ïîääåðæ-

êå Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ �Ô (Ñîãëàøåíèå î ïðåäîñòàâëåíèè èç

�åäåðàëüíîãî áþäæåòà ñóáñèäèè � 075-02-2021-1397).
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�ðàäèåíòíûé àëãîðèòì ïàðàìåòðè÷åñêîé îïòèìèçàöèè

èìïóëüñíîãî ÏÈ-ðåãóëÿòîðà

Êóëèêîâ Â.Â., Êóöûé Í.Í., Ìàëàíîâà Ò.Â.

ÈðÍÈÒÓ, Èðêóòñê, �îññèÿ;

Àâòîìàòè÷åñêèå ñèñòåìû ñ îòðèöàòåëüíîé îáðàòíîé ñâÿçüþ, ñîäåðæàùèå

ÏÈ-ðåãóëÿòîð ñ �àçîâî-èìïóëüñíîé ìîäóëÿöèåé [1℄, îòëè÷àþòñÿ ñ ïîëîæèòåëü-

íîé ñòîðîíû ñâîåé ïîìåõîçàùèùåííîñòüþ, òàê êàê ðàçìåðû èìïóëüñà ïîñòî-

ÿííû è íå ïðèìåíÿåòñÿ îïåðàöèÿ äè��åðåíöèðîâàíèÿ. Äëÿ ýòîãî ðåãóëÿòîðà

çàòðóäíèòåëüíî ðåøàòü çàäà÷ó ïàðàìåòðè÷åñêîãî ñèíòåçà àíàëèòè÷åñêèìè ìå-

òîäàìè, òàê êàê â åãî çàêîíå óïðàâëåíèÿ ïðèìåíÿþòñÿ íåëèíåéíîñòè ñëåäóþ-

ùåãî âèäà: ¾çîíà íàñûùåíèÿ¿ è ¾çîíà íå÷óâñòâèòåëüíîñòè¿. Â äàííîé ðàáîòå

ïðåäëàãàåòñÿ ðåøåíèå ýòîé çàäà÷è ðåàëèçîâàòü ãðàäèåíòíûì àëãîðèòìîì:

q[l + 1] = q[l] − h[l]▽qI (ε(t,q[l ])),

ãäå h � øàã ñïóñêà ãðàäèåíòíîãî àëãîðèòìà; q � âåêòîð íàñòðàèâàåìûõ ïà-

ðàìåòðîâ ÏÈ-ðåãóëÿòîðà 
 �àçîâî-èìïóëüñíîé ìîäóëÿöèåé; I � èíòåãðàëüíûé
êâàäðàòè÷íûé êðèòåðèé íà îñíîâå îøèáêè ñèñòåìû ε(t,q). Ñîñòàâëÿþùèå ãðà-
äèåíòà êðèòåðèÿ îïòèìèçàöèè I âû÷èñëÿþòñÿ ñ ïîìîùüþ ìåòîäîâ òåîðèè ÷óâ-

ñòâèòåëüíîñòè [2℄:

dI

dqi
= −2

∫ L

0

ε(t,q)ξi(t)dt, (i = 1, 2, ..., n),

ãäå ξi(t) � âåêòîð �óíêöèé ÷óâñòâèòåëüíîñòè, îïðåäåëÿåìûé èç óðàâíåíèÿ ÷óâ-
ñòâèòåëüíîñòè äëÿ äèñêðåòíûõ àâòîìàòè÷åñêèõ ñèñòåì 
 ïîñòîÿííûì óïðàâëÿ-

þùèì âîçäåéñòâèåì ðåãóëÿòîðà u(t,q) :

ξi(t) = −
∑

k

∆Utk
dtk
dqi

Gp(p)δ(t− tk), (i = 1, 2, ..., n),

ãäå ∆Utk � âåëè÷èíà ñêà÷êà u(t,q) â ìîìåíòû åãî ðàçðûâà tk; δ(t− tk) � äåëüòà-
�óíêöèÿ, ñìåùåííàÿ íà âðåìÿ tk.

Ëèòåðàòóðà
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Íàóêà, 1973. 416 ñ.

2. �îðîäåöêèé Â.È., Çàõàðèí Ô.Ì., �îçåíâàññåð Å.Í., Þñóïîâ �.Ì. Ìåòî-

äû òåîðèè ÷óâñòâèòåëüíîñòè â àâòîìàòè÷åñêîì óïðàâëåíèè. Ë.: Ýíåðãèÿ,

1971. 343 ñ.
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Ôðàêòàëüíîå ìîäåëèðîâàíèå âëèÿíèÿ ïîëîæèòåëüíîãî

çàðÿäà â íèæíåé ÷àñòè îáëàêà íà èíèöèàöèþ ìîëíèè

Êóìûêîâ Ò.Ñ.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; ma
ist20�mail.ru

Êîíâåêòèâíûå îáëàêà îòíîñÿòñÿ ê ïðèðîäíûì îáúåêòàì ñ íåòðèâèàëüíîé

�ðàêòàëüíîé ñòðóêòóðîé, â êîòîðûõ â îñíîâíîì ðàçâèâàþòñÿ ãðîçîâûå ïðî-

öåññû [1-4℄. Îáùóþ ñòðóêòóðó çàðÿäà ¾íîðìàëüíîãî¿ ãðîçîâîãî îáëàêà ìîæ-

íî ðàññìàòðèâàòü êàê âåðòèêàëüíûé òðèïîëü, ñîñòîÿùèé èç òðåõ çàðÿæåííûõ

îáëàñòåé, îñíîâíîãî ïîëîæèòåëüíîãî ââåðõó, îñíîâíîãî îòðèöàòåëüíîãî â ñåðå-

äèíå è äîïîëíèòåëüíîãî ïîëîæèòåëüíîãî íèæå îñíîâíîãî îòðèöàòåëüíîãî [5, 6℄.

Ïðè ýòîì íàêîïëåíèå ïîëîæèòåëüíîãî çàðÿäà â íèæíåé îáëàñòè îáëàêà ìîæåò

ÿâëÿòüñÿ îäíèì èç ñóùåñòâåííûõ ïðè÷èí, äëÿ èíèöèèðîâàíèÿ ìîëíèè. Ïîýòî-

ìó èññëåäîâàíèå, íàïðàâëåííîå íà âûÿâëåíèå ïðè÷èí è ðîëè �ðàêòàëüíîñòè

îáëà÷íîé ñðåäû â èíèöèàöèè ìîëíèè ÿâëÿåòñÿ àêòóàëüíûì.

Â ðàáîòå ïðåäñòàâëåíà óïðîùåííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü �ðàêòàëüíîé

ïðîâîäèìîñòè â îáëàñòè íèæíåãî ïîëîæèòåëüíîãî çàðÿäà. Îñíîâíîå âíèìàíèå

óäåëÿåòñÿ ðîëè �ðàêòàëüíîñòè ñðåäû â ýëåêòðè�èöèðîâàííîì îáëàêå, ó÷èòû-

âàåìàÿ ïðè ðàññìîòðåíèè óðàâíåíèÿ

∂α0tσ(t) = η
(
E2 − E2

0

)
σ + ηE2

0σ0(z),

ãäå σ � ïðîâîäèìîñòü êàíàëà, E � íàïðÿæåííîñòü ýëåêòðè÷åñêîãî ïîëÿ, η �

ïàðàìåòð ñêîðîñòè ðîñòà êðèòè÷åñêîãî óðîâíÿ ïðîâîäèìîñòè è ðàññåÿíèÿ.
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Îá îäíîé êðàåâîé çàäà÷å äëÿ óðàâíåíèÿ íå÷åòíîãî ïîðÿäêà

ñ êðàòíûìè õàðàêòåðèñòèêàìè

Êóðáàíîâ Î.Ò.

ÒÄÈÓ, Òàøêåíò, Óçáåêèñòàí; odil69�inbox.ru

Òðåáóåòñÿ îïðåäåëèòü â îáëàñòè D = {(x, y), h1(y) < x < h2(y), 0 < y ≤ 1}
�óíêöèþ u(x, y), îáëàäàþùóþ ñëåäóþùèìè ñâîéñòâàìè:

1) u(x, y) ∈ C
(2n+1,1)
x,y (D) ∩ C(2n,0)

x,y (x = h1(y), 0 < y ≤ 1) ∩ C(n,0)
x,y (D);

2) ÿâëÿåòñÿ ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ

∂2n+1u

∂x2n+1
+ (−1)n

∂u

∂y
= f(x, y, u(x, y)), (1)

â îáëàñòè D;

3) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

u(x, 0) = 0, h1(0) ≤ x ≤ h2(0), (2)

∂iu

∂xi
|x=h1y = ϕi(y), i = 1, n, 0 ≤ y ≤ 1, (3)

∑
aj
∂2n−ju

∂x2n−j
|x=h1(y) = g(u[h1(y), y], y), j = 1, n− 1, 0 ≤ y ≤ 1, (4)

∂ju

∂xj
|x=h2(y) = ϕj(y), j = 0, n− 1, 0 ≤ y ≤ 1, (5)

à òàêæå óñëîâèÿì ñîãëàñîâàíèÿ

∂i(h1(0))

∂xi
=
∂j(h2(0))

∂xj
= g(u[h1(0), 0], 0) = 0, i = 1, n, j = 0, n− 1.

Èìååò ìåñòî

Òåîðåìà. Ïóñòü hr(y) ∈ C1[0, 1], r = 1, 2 è

h2(y) − h1(y) ≤ n
6nπ2

(n+ 1)(h2(y) − h1(y))2
, h′1(y) > (−1)nα2n,

ãäå (−α)j = aj ,− 1
n ≤ α < 0, j = 0, n− 1, g(u, y), f(x, y, u) íåïðåðûâíûå �óíêöèè

ñâîèõ àðãóìåíòîâ 0 ≤ y ≤ 1 ïðè ëþáîì |u| <∞, óäîâëåòâîðÿþùèå óñëîâèÿì

|g(u1, y) − g(u2, y)| ≤ l(y)|u1 − u2|,

|f(x, y, u1) − f(x, y, u2)| ≤ L(x, y)|u1 − u2|,

0 < l(y) ≤ 1

2
[h′1(y) − (−1)nα2n].

Òîãäà ðåøåíèå çàäà÷è (1)�(5) åäèíñòâåííî.

Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è äîêàçàíà ìåòîäîì èíòåãðàëîâ ýíåðãèè, ïðè-

ìåíåíèåì íåêîòîðûõ ýëåìåíòàðíûõ è èíòåãðàëüíûõ íåðàâåíñòâ òèïà Ôðèäðèõ-

ñà.
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Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå óñòîé÷èâîñòè

ðåãèîíàëüíîãî ðàçâèòèÿ ïðîöåññîâ çåëåíîé ýêîíîìèêè

Ëåñåâ Â.Í.

a
, Àøèíîâà È.Â.

b

ÊÁ�Ó, Íàëü÷èê, �îññèÿ;

a
lvn_kbsu�mail.ru,

b
asin07�mail.ru

Â ñîâðåìåííîì ìèðå ñëîæèëàñü êðèçèñíàÿ ñèòóàöèÿ, îáóñëîâëåííàÿ, â ïåð-

âóþ î÷åðåäü, ïàíäåìèåé è îáðóøåíèåì ñòàðûõ ýêîíîìè÷åñêèõ ðûíêîâ, ÷òî

ïîâëåêëî íåîáõîäèìîñòü îïðåäåëåíèÿ íîâûõ íàïðàâëåíèé ðàçâèòèÿ è âûáîðà

ñîîòâåòñòâóþùèõ èì èíäèêàòîðîâ ðîñòà ñîöèàëüíî-ýêîíîìè÷åñêîãî ïðîãðåññà.

Ïîèñêè ïóòåé óñòîé÷èâîãî ðàçâèòèÿ íå òîëüêî â áëèæàéøåé, íî è äîëãîñðî÷íîé

ïåðñïåêòèâå òðåáóþò âíåäðåíèå ìîäåëåé, ó÷èòûâàþùèõ ýêîëîãè÷åñêèå �àêòî-

ðû. Âïîëíå ïîíÿòíî, ÷òî ðàçâèòèå, âåäóùåå ê èñ÷åðïàíèþ ïðèðîäíûõ ðåñóðñîâ

è äåãðàäàöèè îêðóæàþùåé ñðåäû, íå ìîæåò áûòü óñòîé÷èâûì. Èìåííî èç-çà

ýòîé ïðîáëåìû ïîÿâèëèñü òàêèå îáëàñòè çåëåíîé ýêîíîìèêè êàê: ýêîíîìèêà íà

îñíîâå çåëåíîãî ðîñòà, íèçêîóãëåðîäíàÿ ýêîíîìèêà, áèîýêîíîìèêà, ñèíÿÿ ýêî-

íîìèêà, öèðêóëÿðíàÿ áèîýêîíîìèêà [1, 
. 11℄. Ýêîíîìèêà, íå âëèÿþùàÿ íà ïðè-

ðîäíûå àêòèâû � îñíîâíîé òðåíä è ãëàâíîå íàïðàâëåíèå ïîñòðîåíèÿ ñîâðåìåí-

íîãî ýêîíîìè÷åñêîãî ìèðîâîãî ïðîñòðàíñòâà. Ñîõðàíåíèå ðåñóðñîâ è ñíèæåíèå

îòðèöàòåëüíîãî âëèÿíèÿ íà ÷åëîâåêà, óëó÷øåíèå åãî êà÷åñòâà æèçíè � öåëü è

ðåçóëüòàò âíåäðåíèÿ çåëåíîé ýêîíîìèêè.

Äîêàçàíî, ÷òî âûáîð èìåííî ïðîöåññîâ çåëåíîé ýêîíîìèêè âåäåò ê óñòîé-

÷èâîìó ðàçâèòèþ ðåãèîíà [2℄.

Îïèøåì ìîäåëü óñòîé÷èâîãî ðàçâèòèÿ ðåãèîíà, îáîçíà÷èì åãî ÷åðåç R.
Ïðåäïîëîæèì, ÷òî R èìååò ñèñòåìó óïðàâëåíèÿ CR, â êîòîðóþ âíåäðÿþòñÿ

ýëåìåíòû çåëåíîé ýêîíîìèêè [3℄. Ñèñòåìó CR íàçîâåì ñèñòåìîé çåëåíîé ýêî-

íîìèêè, ÿâëÿþùóþñÿ ïîäñèñòåìîé ðåãèîíàëüíîãî ðàçâèòèÿ. Áóäåì ðàññìàòðè-

âàòü óïðàâëåíèå, êàê �óíêöèþ ñèñòåìû çåëåíîé ýêîíîìèêè, îðèåíòèðîâàííîé

ëèáî íà ñîõðàíåíèå åå îñíîâíîãî êà÷åñòâà â óñëîâèÿõ èçìåíåíèÿ ñðåäû, ëèáî íà

ðåàëèçàöèþ îïðåäåëåííîé ïðîãðàììû, îáåñïå÷èâàþùåé óñòîé÷èâîñòü �óíêöè-

îíèðîâàíèÿ, ãîìåîñòàçà, äîñòèæåíèå íàìå÷åííîé öåëè [4℄.

Â ïðîöåññå ìîäåëèðîâàíèÿ ñîöèàëüíî-ýêîíîìè÷åñêèå ñèñòåìû çåëåíîé ýêî-

íîìèêè íåîáõîäèìî ðàññìàòðèâàòü êàê ìàñøòàáíûå ñëîæíûå îòêðûòûå ñèñòå-

ìû [5℄�[7℄, êàæäûå ýëåìåíòû êîòîðûõ ñàìè ïî ñåáå ÿâëÿþòñÿ ñàìîîðãàíèçóþ-

ùèéñÿ ñèñòåìîé, öåëåíàïðàâëåííî îïòèìèçèðóþùèå ñâîå ðàçâèòèå ñ ïîìîùüþ

íåéðîííûõ ñåòåé è èñêóññòâåííîãî èíòåëëåêòà.

Ïðèìåíÿÿ ïðèíöèï ñèñòåìíîãî ïîäõîäà ïðè ìîäåëèðîâàíèè ñèñòåì çåëå-

íîé ýêîíîìèêè, îáðàùàåìñÿ ê ìåòîäó Ôîðåñòåðà èññëåäîâàíèÿ äèíàìè÷åñêèõ

ñèñòåì ñ îáðàòíûìè íåëèíåéíûìè ñâÿçÿìè [8℄. Äëÿ �àçîâûõ ïåðåìåííûõ ìî-

äåëèðóåìîé ¾çåëåíîé¿ ñèñòåìû ñòðîÿòñÿ êâàçèëèíåéíûå äè��åðåíöèàëüíûå

óðàâíåíèÿ ïåðâîãî ïîðÿäêà îäíîé ïåðåìåííîé îäèíàêîâîé ñòðóêòóðû.

Ââåäåì ìàòåìàòè÷åñêîå îïèñàíèå òåðìèíà óñòîé÷èâîå ðàçâèòèå ðåãèîíàëü-

íîé çåëåíîé ýêîíîìèêè. Ïðåäïîëîæèì, ÷òî ðåãèîí R ïðåäñòàâëÿåò ñîáîé íåêî-

òîðóþ ñèñòåìó ¾âõîä¿-¾âûõîä¿ SR. Áóäåì ñ÷èòàòü, ÷òî R ðàçâèâàåòñÿ óñòîé÷è-

âî òîãäà è òîëüêî òîãäà, êîãäà ñèñòåìà SR óñòîé÷èâà îòíîñèòåëüíî íåêîòîðûõ

�àáîòà âûïîëíåíà â ðàìêàõ ïðîåêòà �Ïðèîðèòåò 2030�.
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îêðåñòíîñòåé òî÷åê óñòîé÷èâîñòè ñèñòåìû. Îáîçíà÷èì âõîäíîé è âûõîäíîé îáú-

åêòû ÷åðåç D(u) è F (u). Ïðè óêàçàííûõ ïðåäïîëîæåíèÿõ óðàâíåíèå ñîñòîÿíèÿ
ñèñòåìû áóäåò èìåòü âèä:

u = (ϕ, u), ϕ ∈ D(u), u ∈ F (u). (1)

Óòâåðæäåíèå.ÑèñòåìàSRáóäåò óñòîé÷èâîé îòíîñèòåëüíî ïàðû(Eϕ,Eu)
ìåòðè÷åñêèõ ïðîñòðàíñòâ Eϕ è Eu ñ çàäàííûìè ìåòðèêàìè ρϕ = ρϕ(ϕ1, ϕ2)
è ρu = ρu(u1, u2), åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò òàêîå ÷èñëî δ(ε) > 0,
÷òî èç íåðàâåíñòâà ρϕ(ϕ1, ϕ2) ≤ δ(ε) ñëåäóåò îöåíêà ρu(u1, u2) ≤ ε. Çäåñü
ϕj ∈ D(u) ⊂ Eϕ, uj ∈ F (u) ⊂ Eu: Eϕ ⊃ D(u) ∋ ϕ→ (ϕ, u) → u ∈ R(u) ⊂ Eu.

Ïóñòü Du è Fu çàäàííûå ïîäìíîæåñòâà ìíîæåñòâ D(u) è F (u) ñîîòâåòñòâåí-
íî. Âõîäÿùóþ â (1) ïàðó (ϕ, u) ∈ D(u)×F (u) íàçîâåì óñòîé÷èâîé îòíîñèòåëüíî

Du è Fu, åñëè ìàëûå îòêëîíåíèÿ âõîäà ϕ íå ìîãóò ñóùåñòâåííî èçìåíèòü âûõîä
u ñèñòåìû SR â îêðåñòíîñòÿõ ϕ è u.

Ââåäåííîå ïîíÿòèå èãðàåò âàæíóþ ðîëü â äàëüíåéøèõ èññëåäîâàíèÿõ çà-

äà÷ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïðîöåññîâ çåëåíîé ýêîíîìèêè, ïîñêîëüêó

óñòîé÷èâîå ðàçâèòèå � êëþ÷åâîå òðåáîâàíèå óêàçàííîé ýêîíîìèêè íîâîãî òèïà.
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Íåëèíåéíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü

ïðîäîëüíî-ïîïåðå÷íûõ êîëåáàíèé ñòðóíû ñ äâèæóùåéñÿ

ãðàíèöåé

Ëèòâèíîâ Â.Ë.

1,2,a
, Ëèòâèíîâà Ê.Â.

1

1
Ì�Ó, Ìîñêâà,

2
Ñàì�ÒÓ, Ñàìàðà, �îññèÿ;

a
vladlitvinov�rambler.ru

Äî íàñòîÿùåãî âðåìåíè çàäà÷è î ïðîäîëüíî-ïîïåðå÷íûõ êîëåáàíèÿõ îáúåê-

òîâ ñ äâèæóùèìèñÿ ãðàíèöàìè ðåøàëèñü â îñíîâíîì ïðè ëèíåéíîé ïîñòàíîâêå,

íå ó÷èòûâàëñÿ ýíåðãåòè÷åñêèé îáìåí ÷åðåç äâèæóùóþñÿ ãðàíèöó è âçàèìîäåé-

ñòâèå ìåæäó ïðîäîëüíûìè è ïîïåðå÷íûìè êîëåáàíèÿìè [1-6℄. Â ðåäêèõ ñëó÷àÿõ

ó÷èòûâàëîñü äåéñòâèå ñèë ñîïðîòèâëåíèÿ âíåøíåé ñðåäû [7℄. �åàëüíûå æå òåõ-

íè÷åñêèå îáúåêòû íàìíîãî ñëîæíåå, íàïðèìåð, ïðè óâåëè÷åíèè èíòåíñèâíîñòè

êîëåáàíèé áîëüøîå âëèÿíèå íà êîëåáàòåëüíûé ïðîöåññ îêàçûâàþò ãåîìåòðè÷å-

ñêèå íåëèíåéíîñòè îáúåêòà.

Â ðàáîòå ïîñòàâëåíà íîâàÿ íåëèíåéíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïðîäîëüíî-

ïîïåðå÷íûõ êîëåáàíèé ñòðóíû ñ äâèæóùåéñÿ ãðàíèöåé, â êîòîðîé ó÷òåíà ãåî-

ìåòðè÷åñêàÿ íåëèíåéíîñòü, âÿçêîóïðóãîñòü, ýíåðãåòè÷åñêèé îáìåí ÷åðåç ãðà-

íèöó. Ïîëó÷åíû ãðàíè÷íûå óñëîâèÿ â ñëó÷àå íàëè÷èÿ âçàèìîäåéñòâèÿ ìåæäó

÷àñòÿìè îáúåêòà ñëåâà è ñïðàâà îò äâèæóùåéñÿ ãðàíèöû.

Ïðîèçâåäåíà ëèíåàðèçàöèÿ ïîëó÷åííîé ìîäåëè. Ïðè ýòîì ñîáëþäàåòñÿ ïðèí-

öèï îäíîðîäíîñòè: â ÷àñòíîì ñëó÷àå ìàëûõ êîëåáàíèé ïîëó÷åííûå ëèíåéíûå

ìîäåëè ñîâïàëè ñ êëàññè÷åñêèìè, ÷òî ñâèäåòåëüñòâóåò î êîððåêòíîñòè ïîëó-

÷åííûõ ðåçóëüòàòîâ. Ïîëó÷åííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïîçâîëÿåò îïèñûâàòü

êîëåáàíèÿ áîëüøîé èíòåíñèâíîñòè ñòðóíû ñ äâèæóùåéñÿ ãðàíèöåé.

Ëèòåðàòóðà

1. Ñàâèí �.Í., �îðîøêî Î.À. Äèíàìèêà íèòè ïåðåìåííîé äëèíû. Êèåâ: Íà-

óêîâà äóìêà, 1962. 332 ñ.

2. Ñàìàðèí Þ.Ï. Îá îäíîé íåëèíåéíîé çàäà÷å äëÿ âîëíîâîãî óðàâíåíèÿ â

îäíîìåðíîì ïðîñòðàíñòâå // Ïðèêë. ìàò. è ìåõ. 1964. Ò. 26, �. 3. Ñ. 77�80.

3. Âåñíèöêèé À.È. Âîëíû â ñèñòåìàõ ñ äâèæóùèìèñÿ ãðàíèöàìè è íàãðóç-

êàìè. Ì.: Ôèçìàòëèò, 2001. 320 ñ.

4. Ëåæíåâà À.À. Èçãèáíûå êîëåáàíèÿ áàëêè ïåðåìåííîé äëèíû // Èçâ. ÀÍ

ÑÑÑ�. Ìåõàíèêà òâåðäîãî òåëà. 1970. � 1. C. 159�161.

5. Ëèòâèíîâ Â.Ë. �åøåíèå êðàåâûõ çàäà÷ ñ äâèæóùèìèñÿ ãðàíèöàìè ïðè

ïîìîùè ïðèáëèæåííîãî ìåòîäà ïîñòðîåíèÿ ðåøåíèé èíòåãðî-äè��åðåí-

öèàëüíûõ óðàâíåíèé // Òð. Èí-òà ìàòåìàòèêè è ìåõàíèêè ÓðÎ �ÀÍ.

2020. Ò. 26, � 2. Ñ. 188�199.

6. Ëèòâèíîâ Â.Ë., Àíèñèìîâ Â.Í. Ïðèìåíåíèå ìåòîäà Êàíòîðîâè÷à � �à-

ëåðêèíà äëÿ ðåøåíèÿ êðàåâûõ çàäà÷ ñ óñëîâèÿìè íà äâèæóùèõñÿ ãðàíè-

öàõ // Èçâåñòèÿ �ÀÍ. Ìåõàíèêà òâåðäîãî òåëà. 2018. � 2. Ñ. 70�77.

7. Àíèñèìîâ Â.Í., Ëèòâèíîâ Â.Ë. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è èñ-

ñëåäîâàíèå ðåçîíàíñíûõ ñâîéñòâ ìåõàíè÷åñêèõ îáúåêòîâ ñ èçìåíÿþùåéñÿ

ãðàíèöåé: ìîíîãðà�èÿ. Ñàìàðà: Ñàìàð. ãîñ. òåõí. óí-ò, 2020. 100 ñ.

122



VI Ìåæäóíàðîäíàÿ íàó÷íàÿ êîí�åðåíöèÿ ¾Íåëîêàëüíûå êðàåâûå çàäà÷è è ðîäñòâåííûå ïðîáëåìû

ìàòåìàòè÷åñêîé áèîëîãèè, èí�îðìàòèêè è �èçèêè¿, Íàëü÷èê, 5-9 äåêàáðÿ 2021ã.

Êîãíèòèâíûå òåõíîëîãèè è ñèòóàöèîííîå ìîäåëèðîâàíèå â

ìåäèöèíå

Ëîâïà÷å Ç.Í.

a
, Òåóâîâ È.À.

b

ÊÁ�Ó, Íàëü÷èê, �îññèÿ;

a
lovpa
he.zarema� mail.ru,

b
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Ñîâðåìåííûå ýâîëþöèîííûå ïðîáëåìû ìåäèöèíû (óïðàâëåíèÿ, èíòåëëåê-

òóàëèçàöèè, êà÷åñòâà óñëóã è ïîäãîòîâêè, ïåðåïîäãîòîâêè êàäðîâ) òðåáóþò ñî-

âðåìåííûõ, öè�ðîâûõ òåõíîëîãèé, öè�ðîâûõ ýêîñèñòåì â çäðàâîîõðàíåíèè.

Òàêèìè òåõíîëîãèÿìè ÿâëÿþòñÿ êîãíèòèâíîå è ñèòóàöèîííîå ìîäåëèðîâàíèå,

êîòîðûå ðåëåâàíòíû ïðè îãðàíè÷åííûõ ðåñóðñàõ ìåäèöèíñêîãî ìîíèòîðèíãà,

îáñëåäîâàíèÿ. Îãðàíè÷åííîñòü ðåñóðñîâ â ìåäèöèíå � ïðîáëåìà âñåõ ñòðàí, íà-

ïðèìåð, â ÑØÀ 30% íàñåëåíèÿ � âíå ñèñòåìû ìåäèöèíñêîãî îáñëóæèâàíèÿ (ðå-

ãóëÿðíîãî), à â ÅÑ çà ñòðàõîâêó ïðèõîäèòüñÿ ïëàòèòü ïî íàðàñòàþùåé, íåñìîò-

ðÿ íà ãîñóäàðñòâåííóþ ïîääåðæêó.

Çäðàâîîõðàíåíèå àêòèâèçèðóåò íîâûå áèçíåñ-ïðîöåññû. Íàïðèìåð,

ïåðñîíàëèçèðîâàííîé öè�ðîâîé ìåäèöèíû, êîãäà ðÿä àíàëèçîâ ïðîâîäèòñÿ äî-

ìà, îíëàéí, íàïðèìåð, ïî òåõíîëîãèè HealthVanlt: ïàöèåíò àâòîðèçóåòñÿ, èç-

ìåðÿåò è ââîäèò äàííûå àíàëèçà íà ïîðòàëå, çàòåì ðàçðåøàåò (ÝÖÏ) äîñòóï

âðà÷ó è ìåäïåðñîíàëó ê ñâîåé ýëåêòðîííîé êàðòå (ÝÌÊ). �åàëèçóåòñÿ ñõåìà:

¾e-ìåäèöèíà � ïîðòàë � âðà÷ � äîêóìåíòîîáîðîò � ËÏÓ (êëèíèêà)¿, èñêëþ÷à-

þùàÿ òèïîâûå îøèáêè íàçíà÷åíèÿ, êîîðäèíàöèè äåéñòâèé, óòåðè äàííûõ è äð.

Ïîÿâëÿåòñÿ âîçìîæíîñòü öè�ðîâîãî êîíòðîëÿ òàêòèê è ñòðàòåãèé ëå÷åíèÿ ïî

äàííûì î ïðåïàðàòàõ, íàçíà÷åíèÿõ, ýêñïåðòíîé ñèñòåìû, øêàëå òÿæåñòè è äð.

Êîãíèòèâíûå ìåäèöèíñêèå òåõíîëîãèè ðåàëèçóþòñÿ ìåäèêàìè,

�èçèîëîãàìè, ïñèõîëîãàìè, ìàòåìàòèêàìè, èí�îðìàòèêàìè, ñïåöèàëèñòàìè ïî

èíæåíåðèè çíàíèé è äð. Êîãíèòèâíûå êàðòû ý��åêòèâíû ïðè êëèíè÷åñêèõ èñ-

ïûòàíèÿõ, ¾ìàðøðóòèçàöèè¿ ñòðàòåãèè è âèçóàëèçàöèè ëå÷åíèÿ, îòñëåæèâàíèè

ñîñòîÿíèÿ ïàöèåíòà, ñèòóàöèé, âîçíèêàþùèõ â ìåäèêî-ñîöèàëüíûõ ñèñòåìàõ,

íàïðèìåð, ìîíèòîðèíãà è äèàãíîñòèêè ïî ñíèìêàì ñ èñïîëüçîâàíèåì ñèñòåì

èñêóññòâåííîãî èíòåëëåêòà WatsonHealth, MergeHealth
are è äð. Â ÷àñòíîñòè,

WatsonHealth ïîçâîëÿåò àíàëèçèðîâàòü ñíèìêè, äàííûå ÝÌÊ, ìîæåò ñàìîîáó-

÷àòüñÿ ïðè ýòîì, ñíèæàòü ¾øóìû¿ â ñíèìêàõ, ïîâûøàÿ â ðåàëüíîì ðåæèìå

òî÷íîñòü äèàãíîñòèêè îíëàéí è âûÿâëÿÿ îïàñíîñòè.

Êîãíèòèâíûå òåõíîëîãèè � îñíîâà ñèòóàöèîííîãî ìîäåëèðîâàíèÿ â ìåäè-

öèíå, à òàêæå îáó÷åíèÿ ñòóäåíòîâ (ïåðñîíàëà). Íàïðèìåð, èìèòàöèè ïðè÷èí

è ïîñëåäñòâèé âðà÷åáíûõ îøèáîê, â òîì ÷èñëå, èç-çà îãðàíè÷åííîñòè èí�îð-

ìàöèîííûõ âîçìîæíîñòåé. Ýòî ïîçâîëèò ìîäåëèðîâàòü ñèòóàöèè, ïðèíÿòèå ðå-

øåíèé, ñâÿçàííûå ñ îöåíêîé èí�îðìàöèè, âàðèàíòàìè ëå÷åíèÿ, îðãàíèçàöèåé

è ïëàíèðîâàíèåì. Îáó÷àþùåå ñèòóàöèîííîå ìîäåëèðîâàíèå ñòðîèòñÿ íà ñïåöè-

àëüíûõ êåéñàõ, ñèòóàöèîííûõ òåñòàõ. Íàïðèìåð, ñ èñïîëüçîâàíèåì Data S
ien
e

ìîæíî ìîäåëèðîâàòü ïðèíÿòèå SaaS-ðåøåíèÿ ñ èñïîëüçîâàíèåì óäàëåííîãî ðå-

æèìà, îáëà÷íûõ âû÷èñëåíèé, íà ñåðâåðå äèàãíîñòè÷åñêîãî öåíòðà (ïîñòàâùèêà

óñëóã). Èëè èñïîëüçóÿ IoT-íàáëþäåíèå çà áîëüíûì COVID-19.
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Íåëîêàëüíàÿ êðàåâàÿ çàäà÷à äëÿ íàãðóæåííîãî óðàâíåíèÿ

äè��óçèè ñ îïåðàòîðîì �èìàíà � Ëèóâèëëÿ

Ëîñàíîâà Ô.Ì.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; losanovaf�gmail.
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Â ðàáîòå äëÿ óðàâíåíèÿ äðîáíîé äè��óçèè âèäà

Dα
0tu(x, t) − uxx(x, t) = f(x, t), (1)

ãäå Dα
0t � îïåðàòîð �èìàíà � Ëèóâèëëÿ [1, 
. 28℄, 0 < α < 1, â îáëàñòè Ω =

{(x, t) : 0 < x < l, 0 < t < T} åâêëèäîâîé ïëîñêîñòè íåçàâèñèìûõ ïåðåìåííûõ

(x, t) èññëåäóåòñÿ ñëåäóþùàÿ
Çàäà÷à. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå u = u(x, y) óðàâíåíèÿ

(1), óäîâëåòâîðÿþùåå íà÷àëüíîìó

lim
t→0

Dα−1
0t u(x, t) = τ(x), 0 ≤ x ≤ l (2)

è êðàåâûì óñëîâèÿì:

u(0, t) +

l∫

0

M(ξ, t)u(ξ, t) dξ = ϕ(t), 0 ≤ t ≤ T, (3)

u(l, t) +

l∫

0

N(ξ, t)u(ξ, t) dξ = ψ(t), 0 ≤ t ≤ T, (4)

ãäå M(ξ, t), N(ξ, t) ∈ C(Ω), 0 < α < 1.
�àçëè÷íûå ñëó÷àè óðàâíåíèÿ âèäà (1) èññëåäîâàëèñü â ðàáîòàõ [1�5℄ è äðó-

ãèõ àâòîðîâ.
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Ìåòîä îïðåäåëåíèÿ èí�îðìàòèâíîñòè ñâîéñòâ îáúåêòîâ â

çàäà÷àõ ðàñïîçíàâàíèÿ

Ëþòèêîâà Ë.À.

a
, Øìàòîâà Å.Â.

b

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèèÿ;

a
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b
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Ïðåäëàãàåòñÿ êîìáèíèðîâàííûé ïîäõîä ê ðåøåíèþ çàäà÷ ðàñïîçíàâàíèÿ

îáðàçîâ, êîòîðûé äàåò âîçìîæíîñòü êîððåêòèðîâàòü ðàáîòó íåéðîííîé ñåòè. Â

ñëó÷àè óæå îáó÷åííîé íåéðîííîé ñåòè, äàæå åñëè íåèçâåñòíà ïðåäìåòíàÿ îá-

ëàñòü, íà îñíîâå òîëüêî âåñîâûõ õàðàêòåðèñòèê íåéðîíà ïðåäëàãàåòñÿ ïîëó÷èòü

ëîãè÷åñêèå ñâÿçè â èññëåäóåìûõ äàííûõ, ïîñòðîèòü ëîãè÷åñêóþ �óíêöèþ ðå-

øàòåëü äëÿ çàäàííîé îáëàñòè, òàêèì îáðàçîì ïåðåéòè ê ñòðóêòóðíûì ìåòîäàì

ðåøåíèÿ. Ïðè ïîìîùè áóëåâîé ïðîèçâîäíîé ìîæíî âûÿâèòü íàèáîëåå âàæíûå

õàðàêòåðèñòèêè äëÿ êàæäîãî îáúåêòà è äëÿ ïðåäìåòíîé îáëàñòè â öåëîì. Ýòî

çíà÷èò ïîëó÷èòü áîëåå êîððåêòíóþ êàðòèíó èññëåäóåìîé îáëàñòè, è ñîîòâåò-

ñòâåííî âîçìîæíîñòü ðàáîòû ñ íåé.

Äàííûé ïîäõîä äàåò âîçìîæíîñòü èìåÿ òîëüêî âåñà íåéðîííîé ñåòè, ïîñòðî-

èòü ëîãè÷åñêóþ �óíêöèþ êëàññè�èêàòîð, êîòîðàÿ ñïîñîáíà ñêîððåêòèðîâàòü

ðàáîòó äàííîé ñåòè. Äàëüíåéøåå èññëåäîâàíèå ýòîé �óíêöèè ïîçâîëèò âûÿâèòü

íàèáîëåå âàæíûå ïðèçíàêè äëÿ êàæäîãî îáúåêòà, à òàêæå ïîêàçàòü, êàê ìåíÿÿ

çíà÷åíèÿ îïðåäåëåííûõ ïðèçíàêîâ ïîëó÷àåì èçìåíåíèÿ â îáúåêòàõ.

Ïðè ïîñòðîåíèè ðåøàþùåé �óíêöèè ìîæíî íå çíàòü îáó÷àþùåé âûáîðêè,

äîñòàòî÷íî çíàòü çíà÷åíèå âåñîâ è ñòðóêòóðó ΣΠ-íåéðîíà. Ôóíêöèÿ ñòðîèòñÿ

ïî äåðåâó, àëãîðèòì ïîñòðîåíèÿ êîòîðîãî îïèñàí â [1℄. Êîëè÷åñòâî óðîâíåé ðàâ-

íî íàèáîëüøåìó êîëè÷åñòâó ïðîèçâåäåíèé ïåðåìåííûõ â êàæäîì èç ñëàãàåìûõ

ïëþñ 1. Â ïðèìåðå èõ áóäåò 3.

�àñïîëîæèì ïåðåìåííûå {x1, x2, ..., xn} íà íèæíåì óðîâíå äåðåâà. Âòîðîé

ñëîé ýòî êîý��èöèåíòû ñòîÿùèå ïåðåä ñëàãàåìûìè ñ îäíîé ïåðåìåííîé, òðå-

òåé êîý��èöèåíòû, ñòîÿùèå ïåðåä ñëàãàåìûìè ñ äâóìÿ ïåðåìåííûìè è ò. ä.

Çíà÷åíèå êàæäîãî óçëà áóäåì ñ÷èòàòü êàê yk+1 = wk+1 + Σyi, ãäå i � èíäåêñû
ñîîòâåòñòâóþùèõ îáúåêòîâ, ïåðåìåííûå êîòîðûõ âõîäÿò â êà÷åñòâå ñîìíîæè-

òåëåé â ýëåìåíò.
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Îáîáùåíèå òåîðåìû Êàëèòâèíà îá îãðàíè÷åííîñòè â

âåñîâûõ êëàññàõ Ëåáåãà
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1
Â�Ó, Âîðîíåæ,
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Ïóñòü D = {x : 0 < xi < bi} � êîíå÷íûé ïàðàëëåëåïèïåä â Rn, α è α
� ìóëüòèèíäåêñû, ñîñòîÿùèå èç m è n − m ðàçëè÷íûõ íàòóðàëüíûõ ÷èñåë,

äîïîëíÿþùèõ äðóã äðóãà äî íàáîðà (1, 2, . . . , n), è D = Dα ×Dα.
Îïðåäåëåíèå. Âûðàæåíèå

(K(m)
α u)(x) =

∫

D
(m)
α

kα(x; tα) u(xα, tα)tγαα dtα

áóäåì íàçûâàòü âåñîâûì ÷àñòíî-èíòåãðàëüíûì îïåðàòîðîì äðîáíîãî ïîðÿäêà

m+ |γα|.
Âñå ïåðåìåííûå, âõîäÿùèå â îïðåäåëåíèå, ðàçáèâàåì íà òðè ãðóïïû. Ïåðâàÿ

tα � ïåðåìåííûå èíòåãðèðîâàíèÿ, âòîðàÿ xα � ñâîáîäíûå îò èíòåãðèðîâàíèÿ

ïåðåìåííûå 
 íîìåðàìè ïåðåìåííûõ èíòåãðèðîâàíèÿ è xα � îñòàâøèåñÿ (ñâî-

áîäíûå) ïåðåìåííûå. Ïîëîæèì xγ = xγαα xγαα .

Èìååò ìåñòî ñëåäóþùåå îáîáùåíèå òåîðåìû Êàëèòâèíà (ñì. [1℄, [2℄) â àíè-

çîòðîïíûõ êëàññàõ Ëåáåãà [3℄.

Òåîðåìà. Ïóñòü p = (p1, p2), q = (q1, q2) è pi, qi ≥ 1 è r = q2
p2

≥ 1 è ïóñòü

u ∈ Lγ
q
(Dtα ×Dxα

), Km
α u ∈ Lγ

p
(Dxα

×Dxα
).

Îïåðàòîð K
(m)
α îãðàíè÷åí â Lγ

p
(D), åñëè åãî ÿäðî ïðèíàäëåæèò âåñîâîìó

àíèçîòðîïíîìó ïðîñòðàíñòâó

kα = kα(xα, xα; tα) ∈ L
(γα,γα,γα)

(q
′

1,p1,p2r
′

)
(Dtα ×Dxα

×Dxα
),

ãäå q
′

= q1
q1−1

è r
′

= q2
q2−p2

. Êðîìå òîãî

‖K(m)
α u‖Lγ

p
≤ ‖kα‖L(γα,γα,γα)

(
q1

q1−1
,p1,

p2q2
q2−p2

)
(Dtα×Dxα×Dxα

)
‖u‖Lγ

q (Dtα×Dxα
) .
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ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; mazhgihova.madina�yandex.ru

�àññìàòðèâàåòñÿ óðàâíåíèå

∂α0tu(t) − λu(t) − µu(t− τ(t)) = f(t), t > 0, (1)

ãäå ∂α0t � äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî [1℄, 0 < α ≤ 1, λ, µ � ïðîèçâîëüíûå

ïîñòîÿííûå, τ(t) � íåïðåðûâíàÿ ïîëîæèòåëüíàÿ �óíêöèÿ.
�åãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) íàçîâåì �óíêöèþ u = u(t), èìåþ-

ùóþ àáñîëþòíî íåïðåðûâíóþ ïðîèçâîäíóþ ïåðâîãî ïîðÿäêà è óäîâëåòâîðÿþ-

ùóþ ýòîìó óðàâíåíèþ ïðè t > 0.
Çàäà÷à. Íàéòè ðåãóëÿðíîå ðåøåíèå u(t) óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå

óñëîâèÿì

u(t) = ϕ0(t), T ≤ t ≤ 0,

ãäå T = inf{t : t− τ(t) ≤ 0}.
Äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ïîñòàâëåííîé çàäà÷è.

Ëèòåðàòóðà

1. Íàõóøåâ À.Ì. Äðîáíîå èñ÷èñëåíèå è åãî ïðèìåíåíèå. Ì.: Ôèçìàòëèò,

2003. 272 
.
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Îá îäíîé êðàåâîé çàäà÷å ñî ñìåùåíèåì äëÿ

ãèïåðáîëè÷åñêîãî óðàâíåíèÿ òðåòüåãî ïîðÿäêà

Ìàêàîâà �.Õ.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; makaova.ruzanna�mail.ru

Â åâêëèäîâîé ïëîñêîñòè òî÷åê (x, y) ðàññìàòðèâàåòñÿ óðàâíåíèå âèäà

0 =

{
uy − auxx − buxxy, y > 0,
uyy − c2uxx, y < 0,

(1)

ãäå a, b è c � çàäàííûå ïîëîæèòåëüíûå ÷èñëà; u = u(x, y) � èñêîìàÿ äåéñòâè-

òåëüíàÿ �óíêöèÿ íåçàâèñèìûõ ïåðåìåííûõ x è y.
Ïóñòü Ω = Ω+ ∪ Ω− ∪ (A0Ar), ãäå Ω+ = {(x, y) : 0 < x < r, 0 < y < T},

A0Ar = {(x, 0) : 0 < x < r}, à Ω−
� îáëàñòü, îãðàíè÷åííàÿ õàðàêòåðèñòèêàìè

A0C : x+cy = 0, ArC : x−cy = r óðàâíåíèÿ (1) ïðè y < 0, âûõîäÿùèìè èç òî÷åê
A0 = (0, 0), Ar = (r, 0) è ïåðåñåêàþùèìèñÿ â òî÷êå C =

(
r
2 ,− r

2c

)
. Óðàâíåíèå

(1) ïðè y > 0 ñîâïàäàåò ñ óðàâíåíèåì Àëëåðà [1℄, à ïðè y < 0 � ñ âîëíîâûì

óðàâíåíèåì.

Â íàñòîÿùåå âðåìÿ èññëåäîâàíèþ êðàåâûõ çàäà÷ ñî ñìåùåíèåì äëÿ ðàç-

ëè÷íûõ òèïîâ è ïîðÿäêîâ óðàâíåíèé ïîñâÿùåíû íåìàëî ðàáîò. Â ðàáîòàõ [2℄,

[3℄ À.Ì. Íàõóøåâûì áûëî ââåäåíî ïîíÿòèå êðàåâîé çàäà÷è ñî ñìåùåíèåì äëÿ

ãèïåðáîëè÷åñêèõ, âûðîæäàþùèõñÿ ãèïåðáîëè÷åñêèõ è ñìåøàííîãî òèïà óðàâ-

íåíèé.

Â äàííîé ðàáîòå èññëåäóåòñÿ âîïðîñ îäíîçíà÷íîé ðàçðåøèìîñòè êðàåâîé

çàäà÷è ñî ñìåùåíèåì äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ òðåòüåãî ïîðÿäêà (1) ñ

îïåðàòîðîì Àëëåðà â ãëàâíîé ÷àñòè.

Ëèòåðàòóðà

1. Hallaire M. L'eau et la produ
tions vegetable // Institut National de la

Re
her
he Agronomique, 1964, vol. 9.

2. Íàõóøåâ À.Ì. Î íåêîòîðûõ êðàåâûõ çàäà÷àõ äëÿ ãèïåðáîëè÷åñêèõ óðàâ-

íåíèé è óðàâíåíèé ñìåøàííîãî òèïà // Äè��åðåíö. óðàâíåíèÿ. 1969. Ò. 5,

� 1. Ñ. 44�59.

3. Íàõóøåâ À.Ì. Íîâàÿ êðàåâàÿ çàäà÷à äëÿ îäíîãî âûðîæäàþùåãîñÿ ãè-

ïåðáîëè÷åñêîãî óðàâíåíèÿ // Äîêëàäû ÀÍ ÑÑÑ�. 1969. Ò. 187, � 4.

Ñ. 736�739.
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Î ìåòîäå ðåøåíèÿ èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà íà

îñíîâå ìóëüòèïëèêàòèâíûõ �óíêöèé ïðåîáðàçîâàíèÿ

Ìåëëèíà äëÿ êëàññà òðèãîíîìåòðè÷åñêè-ëîãàðè�ìè÷åñêèõ

�óíêöèé

Ìàêàðîâ À.Ì., Åðìàêîâ À.Ñ.

Ï�Ó, Ïÿòèãîðñê, �îññèÿ; mellin_22�mail.ru

Â ðàçâèòèå òåîðèè è ïðèëîæåíèé îáðàáîòêè ñèãíàëîâ íà �îíå øóìîâ áîëü-

øóþ ðîëü ñûãðàëè èíòåãðàëüíûå ïðåîáðàçîâàíèå Ôóðüå äëÿ ïðåäñòàâëåíèÿ

ñèãíàëîâ è ðàçâèòèÿ òåîðèè ñïåêòðàëüíîãî àíàëèçà, ïðåîáðàçîâàíèå Ëàïëàñà

äëÿ òåîðèè ðåøåíèÿ äè��åðåíöèàëüíûõ óðàâíåíèé, ïðåîáðàçîâàíèå �èëüáåð-

òà, äëÿ öè�ðîâîé ðåàëèçàöèè øèðîêîïîëîñíûõ ñèãíàëîâ. Èõ âíåäðåíèå îáî-

ãàòèëî �óíêöèîíàëüíûå âîçìîæíîñòè òåîðèè ñèãíàëîâ, ðàñøèðèâ îáëàñòü èõ

ïðèìåíåíèÿ. Ïðèìåíåíèå èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ìåëëèíà (ÈÏÌ) äëÿ

îáðàáîòêè ñèãíàëîâ, îáåñïå÷èâàåò ìàñøòàáíóþ èíâàðèàíòíîñòü ðåøàþùèõ ïðà-

âèë ê èçìåíåíèþ äëèòåëüíîñòè âõîäíîãî ñèãíàëà.

Â ðàáîòå ðàññìàòðèâàþòñÿ îñíîâû îïåðàòîðíîãî èñ÷èñëåíèÿ, ïîðîæäàåìîãî

ÈÏÌ, êîòîðîå îñíîâàíî íà ñâîéñòâå ñâåðòêè â áàçèñå ïðåîáðàçîâàíèÿ Ìåëëèíà.

Îñîáåííî ïîäðîáíî ðàññìîòðåíû âîïðîñû ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ

(ÈÓ) Ôðåäãîëüìà, ãäå ðåøåíèå èùåòñÿ äëÿ êëàññà ãàðìîíè÷åñêèõ �óíêöèé ñ

ëîãàðè�ìè÷åñêèì çàêîíîì èçìåíåíèÿ ÷àñòîòû. Ïîêàçàíî, ÷òî äëÿ òàêèõ �óíê-

öèé íàèáîëåå ïðîñòî ðåøàþòñÿ ÈÓ. Äëÿ ðåøåíèÿ óðàâíåíèÿ íåîáõîäèìî èñ-

ïîëüçîâàòü îáðàòíîå ÏÌ, òî åñòü òåîðèþ âû÷åòîâ, äëÿ åå ïðèìåíåíèÿ â ðàáîòå

èñïîëüçîâàí ìîäè�èöèðîâàííûé èíòåãðàë Áðîìîâè÷à è èíòåãðàë Âàãíåðà. Ïî-

ëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ åãî èñ-ïîëüçîâàíèÿ â áàçèñå ÈÏÌ.

Â êà÷åñòâå ïðèìåðà ðàññìîòðåíî ðåøåíèå çàäà÷è íàõîæäåíèÿ íîâûõ ÿäåð íà

îñíîâå çàäàííîãî ÿäðà ïðÿìîãî èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ.

Òàêæå ðàññìîòðåíû òðóäíîñòè, âîçíèêàþùèå ïðè ñîçäàíèè ÷èñëåííûõ àë-

ãîðèòìîâ ÏÌ è, âïåðâûå ñ�îðìóëèðîâàíû îñíîâíûå óñëîâèÿ äëÿ ÷èñëåííîé ðå-

àëèçàöèè îáðàòíîãî ÈÏÌ, ÷òî ñóùåñòâåííî ðàçâèëî îáëàñòü ïðèìåíåíèÿ îïåðà-

òîðíîãî ìåòîäà, îñíîâàííîãî íà ñâåðòêå â áàçèñå ÈÏÌ. Òàêèì îáðàçîì, ìîæíî

çàêëþ÷èòü î òîì, ÷òî â ðåçóëüòàòå ïðîâåäåííûõ èññëåäîâàíèé ïîëó÷åíû ðåçóëü-

òàòû, çíà÷èòåëüíî ðàñøèðÿþùèå îáëàñòü ïðèìåíåíèÿ ÈÏÌ äëÿ ïðèëîæåíèé

êàñàþùèõñÿ îáðàáîòêè èí�îðìàöèîííûõ ñèãíàëîâ.

129



VI Ìåæäóíàðîäíàÿ íàó÷íàÿ êîí�åðåíöèÿ ¾Íåëîêàëüíûå êðàåâûå çàäà÷è è ðîäñòâåííûå ïðîáëåìû

ìàòåìàòè÷åñêîé áèîëîãèè, èí�îðìàòèêè è �èçèêè¿, Íàëü÷èê, 5-9 äåêàáðÿ 2021ã.

Êîìïüþòåðíàÿ ïðîãðàììà HFMD 1.0 äëÿ ÷èñëåííîãî

àíàëèçà ýêîíîìè÷åñêèõ öèêëîâ â ðàìêàõ îáîáùåííîé

ìîäåëè Äóáîâñêîãî

Ìàêàðîâ Ä.Â.

a
, Ïàðîâèê �.È.

b

Êàì�Ó èì. Âèòóñà Áåðèíãà, Ïåòðîïàâëîâñê-Êàì÷àòñêèé, �îññèÿ;

a
danil-makarov-pk�yandex.ru,

b
romanparovik�gmail.
om

Â ñîâðåìåííîì ìèðå âñå áîëüøå ëþäåé íóæäàþòñÿ â ìàòåìàòè÷åñêîì ìîäå-

ëèðîâàíèè ýêîíîìè÷åñêèõ ïðîöåññîâ. Ýòî ñâÿçàíî ñ òåì, ÷òî ïðè âåäåíèè áèç-

íåñà ìàòåìàòè÷åñêîå îïèñàíèå ýêîíîìè÷åñêèõ ïðîöåññîâ äàåò êîëè÷åñòâåííîå

è êà÷åñòâåííîå ïðåäñòàâëåíèå, ÷òî ïîìîãàåò â äàëüíåéøåì ïðîãíîçèðîâàíèè è

ïðèíÿòèè ïðàâèëüíûõ óïðàâëåí÷åñêèõ ðåøåíèé. Îäíèì èç âàæíåéøèõ ýêîíî-

ìè÷åñêèõ ïðîöåññîâ ÿâëÿåòñÿ ýêîíîìè÷åñêèé êðèçèñ. Ýêîíîìè÷åñêèå êðèçèñû

îïðåäåëÿþò ýêîíîìè÷åñêîå áëàãîñîñòîÿíèå ãðàæäàí è ñòåïåíü ñîöèàëüíîé íà-

ïðÿæåííîñòè â ñòðàíå. Åùå â 1920-õ ãîäàõ ñîâåòñêèé ýêîíîìèñò Í.Ä. Êîíäðà-

òüåâ âûäåëèë â ýêîíîìè÷åñêèõ âðåìåííûõ ðÿäàõ äîëãîñðî÷íûå ïåðèîäè÷åñêèå

êîëåáàíèÿ (âîëíû) äëèòåëüíîñòüþ 50-55 ëåò [1℄. Íàèáîëåå ïîëíîå ìàòåìàòè÷å-

ñêîå îïèñàíèå ìîäåëèðîâàíèÿ öèêëîâ Êîíäðàòüåâà áûëî âûïîëíåíî â ðàáîòàõ

Ñ. Â. Äóáîâñêîãî [2℄.

Â äàííîé ðàáîòå ïðåäëîæåíà êîìïüþòåðíàÿ ïðîãðàììà, ðåàëèçóþùàÿ ðå-

øåíèå îáîáùåííîé ìàòåìàòè÷åñêàÿ ìîäåëè Ñ.Â. Äóáîâñêîãî ñ ó÷åòîì ý��åê-

òîâ ïàìÿòè â ýêîíîìè÷åñêîé ñèñòåìå [3℄. Äëÿ ðàçðàáîòêè ïðîãðàììû áûëè âû-

áðàíû ÿçûê ïðîãðàììèðîâàíèÿ Python âûñîêîãî óðîâíÿ è ñðåäà ðàçðàáîòêè

PyCharm [4℄.

Ëèòåðàòóðà

1. Êîíäðàòüåâ Í.Ä., Îïàðèí Ä.Í. Áîëüøèå öèêëû êîíúþíêòóðû. Ì.: Èí-

ñòèòóò ýêîíîìèêè, 1928.

2. Äóáîâñêèé Ñ.Â. Îáúåêò ìîäåëèðîâàíèÿ - öèêë Êîíäðàòüåâà // Ìàòåìà-

òè÷åñêîå ìîäåëèðîâàíèå. 1995. � 6. Ñ. 65�74.

3. Makarov D.V., Parovik R.I.Modeling of the e
onomi
 
y
les using the theory

of fra
tional 
al
ulus. // Journal of Internet Banking and Commer
e. 2016,

vol. 21.

4. Ëóòö Ì. Python Po
ket Referen
e. O'Reilly Media, 2014.

�àáîòà âûïîëíåíà â ðàìêàõ èññëåäîâàòåëüñêîãî ïðîåêòà Êàì÷àòñêîãî ãîñóäàð-

ñòâåííîãî óíèâåðñèòåòà èìåíè Âèòóñà Áåðèíãà ¾Ìàòåìàòè÷åñêàÿ ìîäåëü äëèííûõ

âîëí Êîíäðàòüåâà ñ ó÷åòîì íàñëåäñòâåííîñòè¿ � ÀÀÀÀ-À20-120021190003-1.
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Äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè çàäà÷è ïðåñëåäîâàíèÿ

ïðè èìïóëüñíîì âîçäåéñòâèè

Ìàìàäàëèåâ Í.

1,a
, Ìóñòàïàêóëîâ Õ.ß.

1
, Àáäóàëèìîâà �.Ì.

2,b

1
ÍÓÓç, Òàøêåíò,

2
Àíä�Ó, Àíäèæàí, Óçáåêèñòàí;

a
m_numana59�mail.ru,

b
abduolimova81�inbox.ru

Â äàííîé ðàáîòå ðàññìîòðåíà ëèíåéíàÿ äè��åðåíöèàëüíàÿ èãðà ïðåñëåäî-

âàíèÿ ïðè ýòîì íà óïðàâëåíèÿ óáåãàþùåãî èãðîêà íàêëàäûâàåòñÿ èíòåãðàëüíîå

îãðàíè÷åíèå, à ïðåñëåäîâàòåëü èñïîëüçóåò èìïóëüñíîå îãðàíè÷åíèÿ.

�àññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èãðà ïðåñëåäîâàíèÿ

ż = Cz + u− v, (1)

ãäå z ∈ Rd, u � ïàðàìåòð ïðåñëåäîâàòåëÿ v � ïàðàìåòð óáåãàíèÿ, C − ïîñòîÿííàÿ

ìàòðèöà U − êîìïàêòíîå ïîäìíîæåñòâî â Rd, òåðìèíàëüíîå ìíîæåñòâî ïðåä-
ñòàâëÿåòñÿ áåñêîíå÷íûì öèëèíäðîì âèäà M = M0 + M1, ãäå M0 − ëèíåéíîå

ïîäïðîñòðàíñòâî ïðîñòðàíñòâà Rd, M1− íåïóñòîé êîìïàêò èç îðòîãîíàëüíîãî

äîïîëíåíèÿ L ê M0
â ïðîñòðàíñòâå Rd.

Ïðåäïîëîæåíèå. a) ÌíîæåñòâàWi(n) [1℄ íåïóñòû ïðè âñåõ n, i, n ∈ N, i =

1, ... , n, [1]; b) ïóñòü âûïîëíåíî íåðàâåíñòâî

n∑
i=0

αi(n, z, v
∗
i (·), w) ≥ 1 ïðè âñåõ

n, i, n ∈ N, i = 1, ... , n[1].
Òåîðåìà. Åñëè äëÿ ñèñòåìû (1) âûïîëíåíû ïðåäïîëîæåíèå, ìíîæåñòâà

M1, U âûïóêëû è K = K(z, w) < ∞ äëÿ íà÷àëüíîãî ïîëîæåíèÿ z = z0 è

âûøåóêàçàííîãî íàáîðà w, òî òðàåêòîðèþ z(t) ñèñòåìû (1) ìîæíî âûâåñòè

íà òåðìèíàëüíîå ìíîæåñòâî M ê ìîìåíòó âðåìåíè t = τK.

Ëèòåðàòóðà

1. ×èêðèé À.À., Ìàòè÷èí È.È. Ëèíåéíûå äè��åðåíöèàëüíûå èãðû ñ èì-

ïóëüñíûì óïðàâëåíèåì èãðîêîâ // Òð. Èí-òà ìàòåìàòèêè è ìåõàíèêè ÓðÎ

�ÀÍ. 2005. Ò. 11, � 1. Ñ. 212�224.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå Óçáåêñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäî-

âàíèé, ïðîåêò � ÎÒ-Ô4-33.
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×èñëåííîå ðåøåíèå íåñòàöèîíàðíûõ çàäà÷ óïðàâëåíèÿ

òåïëîïðîâîäíîñòè ñ ïåðåìåííûìè êîý��èöèåíòàìè â

ïðÿìîóãîëüíèêå

Ìàìàäàëèåâ Í.

a
, Õàéèòêóëîâ Á.Õ.

b

ÍÓÓç, Òàøêåíò, Óçáåêèñòàí;

a
m_numana59�mail.ru,

b
b.hayitqulov�mail.ru

Â ïàðàëëåëåïèïåäå D = {a ≤ x ≤ b, c ≤ y ≤ d, 0 ≤ t ≤ T} òðåáóåòñÿ îïðå-
äåëèòü �óíêöèþ f(x, y, t) ≥ 0, äîñòàâëÿþùóþ ïðè êàæäîì t ∈ [0, T ] ìèíèìóì
ëèíåéíîìó �óíêöèîíàëó [1℄

J{f} =

b∫

a

d∫

c

f(x, y, t)dydx→min,

ïðè ñëåäóþùèõ óñëîâèÿõ:

∂u

∂t
=

∂

∂x

(
χ(x, y)

∂u

∂x

)
+

∂

∂y

(
χ(x, y)

∂u

∂y

)
+ f(x, y, t),

a < x < b, c < y < d, 0 < t ≤ T,
u(x, y, 0) = u0(x, y), a ≤ x ≤ b, c ≤ y ≤ d,
u(a, y, t) = µ1(y, t), u(b, y, t) = µ2(y, t), c ≤ y ≤ d, 0 < t ≤ T,
u(x, c, t) = µ3(x, t), u(x, d, t) = µ4(x, t), a ≤ x ≤ b, 0 < t ≤ T,

m(x, y, t) ≤ u(x, y, t) ≤M(x, y, t), (x, y, t) ∈ D,

ãäå u = u(x, y, t) � òåìïåðàòóðà â òî÷êå (x, y) ïðÿìîóãîëüíèêà â ìîìåíò âðå-

ìåíè t; χ(x, y) > 0 � êîý��èöèåíò òåïëîïðîâîäíîñòè; u0(x, y), µ1(y, t), µ2(y, t),
µ3(x, t), µ4(x, t), m(x, y, t), M(x, y, t) � çàäàííûå �óíêöèè. Ôóíêöèè m(x, y, t),
M(x, y, t) èìåþò ñìûñë �óíêöèé ìèíèìàëüíîãî è ìàêñèìàëüíîãî ïðî�èëÿ òåì-
ïåðàòóðû â îáëàñòèD ñîîòâåòñòâåííî. Èñòî÷íèê òåïëà îïèñûâàåòñÿ êâàäðàòè÷-

íî èíòåãðèðóåìîé �óíêöèåé f(x, y, t) â ïðîñòðàíñòâå L2(D).
Äëÿ ïîëó÷åíèÿ êîíñåðâàòèâíûõ ðàçíîñòíûõ ñõåì èñïîëüçóåòñÿ èíòåãðî-

èíòåðïîëÿöèîííûé ìåòîä.

Ëèòåðàòóðà

1. Õàéèòêóëîâ Á.Õ. Êîíñåðâàòèâíûå ðàçíîñòíûå ñõåìû ïî îïòèìàëüíîìó

âûáîðó ìåñòîïîëîæåíèÿ èñòî÷íèêîâ òåïëà â ñòåðæíå // Ìàòåìàòè÷åñêîå

ìîäåëèðîâàíèå è ÷èñëåííûå ìåòîäû. 2020. �. 3. C. 85�98.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå Óçáåêñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäî-

âàíèé, ïðîåêò � ÎÒ-Ô4-33.
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Èññëåäîâàíèå îäíîé êðàåâîé çàäà÷è äëÿ

ïàðàáîëî-ãèïåðáîëè÷åñêîãî óðàâíåíèÿ òðåòüåãî ïîðÿäêà

âèäà

(
b ∂∂y + c

)
(Lu) = 0 â ïÿòèóãîëüíîé îáëàñòè ñ òðåìÿ

ëèíèÿìè èçìåíåíèÿ òèïà

Ìàìàæîíîâ Ì.

1,a
, Øåðìàòîâà Õ.Ì.

2,b

1
Ê�ÏÈ, Êîêàíä,

2
Ôåð�Ó, Ôåðãàíà, Óçáåêèñòàí;

a
bek84-08�mail.ru,

b
hilola-1978�mail.ru

Â îáëàñòè G = G1 ∪G2 ∪G3 ∪G4 ∪ J1 ∪ J2 ∪ J3 ðàññìîòðèì óðàâíåíèå

(
b
∂

∂y
+ c

)
(Lu) = 0, (1)

ãäå b, c ∈ R, ïðè÷åì b 6= 0, G1− ïðÿìîóãîëüíèê ñ âåðøèíàìè â òî÷êàõ

A (0; 0), B (1; 0), B0 (1, 1), A0 (0, 1); G2− òðåóãîëüíèê ñ âåðøèíàìè â òî÷êàõ

B, E (1/2 , −3/2 ), D (−1, 0); G3− ïðÿìîóãîëüíèê ñ âåðøèíàìè â òî÷êàõ A,
D, D0 (−1, 1), A0; G4− ïðÿìîóãîëüíèê ñ âåðøèíàìè â òî÷êàõ B, B0, C0 (2, 1),
C (2, 0); J1− îòêðûòûé îòðåçîê ñ âåðøèíàìè â òî÷êàõ C è D; J2− îòêðûòûé

îòðåçîê ñ âåðøèíàìè â òî÷êàõ A è A0; J3 � îòêðûòûé îòðåçîê ñ âåðøèíàìè â

òî÷êàõ B è B0; u = u (x, y)− íåèçâåñòíàÿ �óíêöèÿ, à

Lu =

{
uxx − uy, (x, y) ∈ G1,

uxx − uyy, (x, y) ∈ Gj , j = 2, 3, 4.

Çàäà÷à Mbc. Òðåáóåòñÿ íàéòè �óíêöèþ u (x, y), êîòîðàÿ: 1) íåïðåðûâíà
â G è â îáëàñòè G\(J1 ∪J2) èìååò íåïðåðûâíûå ïðîèçâîäíûå, ó÷àñòâóþùèå â

óðàâíåíèè (1), ïðè÷åì ux è uy íåïðåðûâíû âïëîòü äî ÷àñòè ãðàíèöû îáëàñòè

G, óêàçàííûå â êðàåâûõ óñëîâèÿõ; 2) óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòè

G\(J1 ∪ J2) ; 3) óäîâëåòâîðÿåò èçâåñòíûì êðàåâûì óñëîâèÿì è íåïðåðûâíûì

óñëîâèÿì ñêëåèâàíèÿ íà ëèíèÿõ èçìåíåíèÿ òèïà J1, J2, J3.
Òåîðåìà. Åñëè ϕ1 (y) , ϕ2 (y) ∈ C3 [0, 1], ψ1 (x) ∈ C3 [1/2, 2], ψ2 (x) ∈

C3 [−1, −1/2], ψ3 (x) ∈ C3 [0, 1/2], ψ4 (x) ∈ C2 [1/2, 2], ψ5 (x) ∈ C2 [−1, 1/2], òî
çàäà÷à Mbc èìååò åäèíñòâåííîå ðåøåíèå. Çäåñü ϕi (i = 1, 2) è ψj

(
j = 1, 5

)

çàäàííûå äîñòàòî÷íî ãëàäêèå �óíêöèè â êðàåâûõ óñëîâèÿõ.

Çàìå÷àíèå. Àíàëîãè÷íûå çàäà÷è ðàññìîòðåíû â ðàáîòàõ [1, 2℄.

Ëèòåðàòóðà

1. Äæóðàåâ Ò.Ä., Ìàìàæîíîâ Ì. Êðàåâûå çàäà÷è äëÿ îäíîãî êëàññà óðàâ-

íåíèé ÷åòâåðòîãî ïîðÿäêà ñìåøàííîãî òèïà // Äè��åðåíöèàëüíûå óðàâ-

íåíèÿ. 1986. T. 22, � 1. C. 25�31.

2. Ìàìàæîíîâ Ì., Ìàìàæîíîâ Ñ.Ì. Ïîñòàíîâêà è ìåòîä èññëåäîâàíèÿ

íåêîòîðûõ êðàåâûõ çàäà÷ äëÿ îäíîãî êëàññà óðàâíåíèé ÷åòâåðòîãî ïî-

ðÿäêà ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà // Âåñòíèê Ê�ÀÓÍÖ. Ôèç-ìàò.

íàóêè. 2014. Ò. 8, � 1. C. 14�19.
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Ñìåøàííàÿ çàäà÷à äëÿ âûðîæäàþùåãîñÿ óðàâíåíèÿ

÷åòâåðòîãî ïîðÿäêà ñ äðîáíîé ïðîèçâîäíîé

Ìàìàíàçàðîâ À.Î.

Ôåð�Ó, Ôåðãàíà, Óçáåêèñòàí; mamanazarovaz1992�gmail.
om

Â îáëàñòè Ω = {(x, t) : 0 < x < l, 0 < t < T} ðàññìîòðèì óðàâíåíèå

CD
α
0tu (x, t) +

[
xβuxx (x, t)

]
xx

= f (x, t) , (1)

ãäå CD
α
0t � îïåðàòîð äðîáíîãî äè��åðåíöèðîâàíèÿ â ñìûñëå Êàïóòî ïîðÿäêà

α [1℄

CD
γ
0tg (t) =

1

Γ (n− α)

t∫

0

g(n) (z) dz

(t− z)
γ−n+1 , n = [γ] + 1, t > 0,

α, β, l, T � çàäàííûå äåéñòâèòåëüíûå ÷èñëà, ïðè÷åì 0 < α ≤ 1, 0 ≤ β < 1,
l, T > 0; à f (x, t) � çàäàííàÿ â îáëàñòè Ω �óíêöèÿ.

�åãóëÿðíûì â îáëàñòè Ω ðåøåíèåì óðàâíåíèÿ (1) íàçîâåì �óíêöèþ

u = u(x, y), óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) â îáëàñòè Ω è u (x, t) ∈ C
(
Ω̄
)
,

CD
α
0tu (x, t),

(
xβuxx

)
xx

∈ C (Ω).
Äëÿ óðàâíåíèÿ (1) èññëåäóåòñÿ ñëåäóþùàÿ ñìåøàííàÿ çàäà÷à:

Çàäà÷à. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå óðàâíåíèÿ (1), óäîâëå-

òâîðÿþùåå ñëåäóþùèì íà÷àëüíûì

u (x, 0) = ϕ (x) , 0 ≤ x ≤ l

è êðàåâûì óñëîâèÿì

u (0, t) = 0, 0 ≤ t ≤ T, ux (0, t) = uxx (l, t) = uxxx (l, t) = 0, 0 < t ≤ T,

ãäå ϕ (x) � çàäàííàÿ �óíêöèÿ â [0, l], ïðè÷åì ϕ (0) = 0.
Èññëåäîâàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü ðàññìàòðèâàåìîé çàäà÷è.

Ëèòåðàòóðà

1. Kilbas A.A., Srivastava H.M., Trujillo J.J. Theory and appli
ations of

fra
tional di�erential equations (North-Holland Mathemati
s Studies, 204).

Amsterdam: Elsevier, 2006. 523 p.
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Òðåõìåðíàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ îäíîãî

äè��åðåíöèàëüíîãî óðàâíåíèÿ äðîáíîãî ïîðÿäêà ñ

÷àñòíûìè ïðîèçâîäíûìè è åå êîððåêòíàÿ ðàçðåøèìîñòü

Ìàìåäîâ È.�.

a
, Îìàðîâà Ê.Ê.

b

ÈÑÓ ÍÀÍÀ, Áàêó, Àçåðáàéäæàí;

a
ilgar-mamedov-1971�mail.ru,

b
omarovakonulk�gmail.
om

Â ýòîé ðàáîòå ðàññìàòðèâàåòñÿ òðåõìåðíîå äè��åðåíöèàëüíîå óðàâíåíèå ñ

÷àñòíûìè ïðîèçâîäíûìè äðîáíîãî ïîðÿäêà

(Vα,β,γu)(x, y, z) ≡ C
0 D

α
x
C
0 D

β
y
C
0 D

γ
zu(x, y, z) + aα,β,0(x, y, z)C0 D

α
x
C
0 D

β
yu(x, y, z)+

+a0,β,γ(x, y, z)C0 D
β
y
C
0 D

γ
zu(x, y, z) + aα,0,γ(x, y, z)C0 D

α
x
C
0 D

γ
zu(x, y, z)+

+aα,0,0(x, y, z)C0 D
α
xu(x, y, z) + a0,β,0(x, y, z)

C
0 D

β
yu(x, y, z)+

+a0,0,γ(x, y, z)C0 D
γ
zu(x, y, z) + a0,0,0(x, y, z)u(x, y, z) =

= ϕα,β,γ(x, y, z) ∈ Lp(G),
(1)

ïðè ñëåäóþùèõ íà÷àëüíî-êðàåâûõ óñëîâèÿõ





V0,0,0u ≡ u(0, 0, 0) = ϕ0,0,0 ∈ R;
(Vα,0,0u)(x) ≡ C

0 D
α
xu(x, y, z)

∣∣
y=0
z=0

= ϕα,0,0(x) ∈ Lp (G1) ;

(V0,β,0u)(y) ≡ C
0 D

β
yu(x, y, z)

∣∣
x=0
z=0

= ϕ0,β,0(y) ∈ Lp (G2) ;

(V0,0,γu)(z) ≡ C
0 D

γ
zu(x, y, z)

∣∣
x=0
y=0

= ϕ0,0,γ(z) ∈ Lp (G3) ;

(Vα,β,0u)(x, y) ≡ C
0 D

α
x
C
0 D

β
yu(x, y, z)

∣∣
z=0

= ϕα,β,0(x, y) ∈ Lp (G1 ×G2) ;

(V0,β,γu)(y, z) ≡ C
0 D

β
y
C
0 D

γ
zu(x, y, z)

∣∣
x=0

= ϕ0,β,γ(y, z) ∈ Lp (G2 ×G3) ;

(Vα,0,γu)(x, z) ≡ C
0 D

α
x
C
0 D

γ
zu(x, y, z)

∣∣
y=0

= ϕα,0,γ(x, z) ∈ Lp (G1 ×G3) ,

(2)

ãäå 0 < α, β, γ < 1, (x, y, z) ∈ G = G1 × G2 × G3, Gi = (0, hi), (i = 1, 2, 3),
ϕ0,0,0 � çàäàííàÿ ïîñòîÿííàÿ, à ϕα,0,0(x), ϕ0,β,0(y), ϕ0,0,γ(z), ϕα,β,0(x, y),
ϕ0,β,γ(y, z) è ϕα,0,γ(x, z) ÿâëÿþòñÿ çàäàííûìè èçìåðèìûìè �óíêöèÿìè. Îòìå-

òèì, ÷òî çäåñü â êà÷åñòâå äðîáíîé ïðîèçâîäíîé èñïîëüçóåòñÿ äðîáíàÿ ïðîèç-

âîäíàÿ â ñìûñëå Êàïóòî.

Â äàííîé ðàáîòå âûÿâëåí ãîìåîìîð�èçì ìåæäó îïðåäåëåííûìè ïàðàìè

áàíàõîâûõ ïðîñòðàíñòâ ïðè èññëåäîâàíèè òðåõìåðíîé íà÷àëüíî-êðàåâîé çàäà÷è

äëÿ óðàâíåíèÿ (1) ñ íåãëàäêèìè êîý��èöèåíòàìè â ðåçóëüòàòå ñâåäåíèÿ ýòîé

çàäà÷è ê ýêâèâàëåíòíîìó èíòåãðàëüíîìó óðàâíåíèþ Âîëüòåððà âòîðîãî ðîäà.

Êðîìå òîãî, äëÿ ïîñòàâëåííîé òðåõìåðíîé íà÷àëüíî-êðàåâîé çàäà÷è (1), (2)

íàéäåíî èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèÿ.
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Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ äëÿ íåëèíåéíûõ

èìïóëüñíûõ èíòåãðî-äè��åðåíöèàëüíûõ óðàâíåíèé ñ

íåëîêàëüíûìè ãðàíè÷íûìè óñëîâèÿìè

Ìàìåäîâ �.Ñ.

a
, Êàñóìîâ Ñ.Þ.

b

À�ÓÍÏ, Áàêó, Àçåðáàéäæàí;

a
rasadmammedov�gmail.
om,

b
sardarkasumov1955�mail.ru

Â äàííîé ñòàòüå èññëåäóåòñÿ ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèé

íåëèíåéíûõ èíòåãðî-äè��åðåíöèàëüíûõ óðàâíåíèé òèïà

ẋ = f (t, x, φx(t), ϕx(t)) , t ∈ [0, T ] , t 6= ti, i = 1, 2, . . . , p, (1)

ñ äâóõòî÷å÷íûìè ãðàíè÷íûìè óñëîâèÿìè

Ax(0) +Bx(T ) = α (2)

è èìïóëüñèâíûìè ñîñòîÿíèÿìè â çàäàííûå ìîìåíòû âðåìåíè:

∆x(ti) = Ii (x (ti)) , i = 1, 2, . . . , p, 0 = t0 < t1 < . . . , tp < Tp+1 = T. (3)

Çäåñü A è B − ïîñòîÿííûå êâàäðàòíûå ìàòðèöû ïîðÿäêà n, ïðè÷åì detN 6= 0,
N = A+B; f : [0, T ] ×Rn ×Rn ×Rn è Ii : Rn → Rn, i = 1, 2, . . . , p, − çàäàííûå

�óíêöèè; φx(t) =
t∫
0

µ(t, s)x(s)ds, ϕx(t) =
t∫
0

γ(t, s)x(s)ds, µ, γ : R × R → Rn×n

− ÿâëÿþòñÿ çàäàííûìè �óíêöèÿìè; ∆x(ti) = x(t+i ) − x(tii), i = 1, 2, . . . , p, ãäå
x(t+i ) = lim

h→0+
x(ti + h) = lim

h→0−

x(ti + h) = x(ti).

Ïîëó÷åíû è äîêàçàíû íîâûå ðåçóëüòàòû î ñóùåñòâîâàíèè è åäèíñòâåííîñòè

ðåøåíèÿ ðàñìàòðèâàåìîé çàäà÷è ñ èñïîëüçîâàíèåì ïðèíöèïà ñæàòûõ îòîáðà-

æåíèé Áàíàõà è òåîðåìû Øå�åðà î íåïîäâèæíîé òî÷êå. Çàìåòèì, ÷òî àíà-

ëîãè÷íàÿ êðàåâàÿ çàäà÷à äëÿ îáûêíîâåííîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ

áûëà èçó÷åíà â [1℄.
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Êðàåâàÿ çàäà÷à äëÿ ëèíåéíîé ñèñòåìû óðàâíåíèé â

÷àñòíûõ ïðîèçâîäíûõ ñ îïåðàòîðàìè äðîáíîãî

äè��åðåíöèðîâàíèÿ Äæðáàøÿíà � Íåðñåñÿíà

Ìàì÷óåâ Ìóðàò Î.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; mam
huev�rambler.ru

Â îáëàñòè Ω = {(x, y) : 0 < x < a, 0 < y < b}, a, b <∞ ðàññìîòðèì ñèñòåìó

äè��åðåíöèàëüíûõ óðàâíåíèé

D
{α0,α1,...,αk}
0x u(x, y) +AD

{β0,β1,...,βm}
0y u(x, y) = Bu(x, y) + f(x, y), (1)

ãäå D
{α0,α1,...,αk}
0x è D

{β0,β1,...,βm}
0y � îïåðàòîðû äðîáíîãî äè��åðåíöèðîâà-

íèÿ Äæðáàøÿíà � Íåðñåñÿíà [1℄ ïîðÿäêîâ α =
∑k
i=0 αi − 1 > 0 è β =∑m

i=0 βi − 1 > 0 ñîîòâåòñòâåííî, αi, βj ∈ (0, 1], (i = 0, k, j = 0, m); f(x, y) =
||f1(x, y), ..., fn(x, y)|| è u(x, y) = ||u1(x, y), ..., un(x, y)|| � ñîîòâåòñòâåííî çàäàí-
íûé è èñêîìûé n-ìåðíûå âåêòîðû, A è B � çàäàííûå ïîñòîÿííûå äåéñòâèòåëü-

íûå êâàäðàòíûå ìàòðèöû ïîðÿäêà n.

Îïåðàòîð D
{γ0,γ1,...,γk}
0t ïîðÿäêà γ =

∑k
i=0 γi − 1 > 0, γi ∈ (0, 1] (i = 0, k),

îïðåäåëÿåòñÿ ñîîòíîøåíèåì [1℄

D
{γ0,γ1,...,γk}
0t = Dγn−1

0t D
γn−1

0t ...Dγ1
0tD

γ0
0t ,

ãäå Dσ
0t � îïåðàòîð äðîáíîãî èíòåãðî-äè��åðåíöèðîâàíèÿ �èìàíà � Ëèóâèëëÿ

[2, 
. 9℄ ïðÿäêà σ.
Èññëåäîâàíà êðàåâàÿ çàäà÷à â ïðÿìîóãîëüíîé îáëàñòè äëÿ ëèíåéíîé ñè-

ñòåìû óðàâíåíèé (1) ñ ÷àñòíûìè îïåðàòîðàìè äðîáíîãî äè��åðåíöèðîâàíèÿ

Äæðáàøÿíà � Íåðñåñÿíà ñ ïîñòîÿííûìè êîý��èöèåíòàìè â ñëó÷àå, êîãäà ìàò-

ðè÷íûå êîý��èöèåíòû ñèñòåìû èìåþò êîìïëåêñíûå ñîáñòâåííûå çíà÷åíèÿ (â

òîì ÷èñëå è êðàòíûå). Äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðå-

ãóëÿðíîãî ðåøåíèÿ èññëåäóåìîé êðàåâîé çàäà÷è. �åøåíèå ïîñòðîåíî â ÿâíîì

âèäå â òåðìèíàõ �óíêöèè �àéòà ìàòðè÷íîãî àðãóìåíòà.
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�àçðàáîòêà è ïðèìåíåíèå ñòàòè÷åñêîãî è äèíàìè÷åñêîãî

ìåòîäîâ èññëåäîâàíèÿ óïðóãèõ è ïðî÷íîñòíûõ ñâîéñòâ

ïîëèìåðíûõ êîìïîçèöèîííûõ ìàòåðèàëîâ

Ìàì÷óåâ Ìóõòàð Î.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; mam
huevmo�yandex.ru

Ïîëèìåðíûå êîìïîçèöèîííûå ìàòåðèàëû (ÏÊÌ) � ÿâëÿþòñÿ íåçàìåíèìû-

ìè è øèðîêî âîñòðåáîâàííûìè ìàòåðèàëàìè ïðè ïðîèçâîäñòâå ñàìîé ðàçíîé

ïðîäóêöèè ãðàæäàíñêîãî è âîåííîãî íàçíà÷åíèÿ.

Âàæíåéøèìè îòðàñëÿìè, â êîòîðûõ ïðèìåíÿþòñÿ ÏÊÌ, ÿâëÿþòñÿ ïðîèç-

âîäñòâî êîñìè÷åñêèõ àïïàðàòîâ, àâèàöèîííîé òåõíèêè, ñóäîñòðîåíèå, ðàäèî-

ýëåêòðîíèêà.

Íàäåæíîñòü �óíêöèîíèðîâàíèÿ äàííîé òåõíèêè ñóùåñòâåííî ñíèæàåòñÿ

ïðè òàêèõ ìåõàíè÷åñêèõ âîçäåéñòâèÿõ, êàê âèáðàöèè, óäàðû, ñêîðîñòíûå ïå-

ðåãðóçêè. Ïîýòîìó âñåñòîðîííåå èññëåäîâàíèå óïðóãèõ è ïðî÷íîñòíûõ ñâîéñòâ

ÏÊÌ ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé è áåç ðåøåíèÿ å¼ íåâîçìîæíî ïîëó÷èòü ìà-

òåðèàëû ñ çàäàííûìè ìåõàíè÷åñêèìè ñâîéñòâàìè.

Íàðÿäó ñ òðàäèöèîííûìè ìåòîäàìè èññëåäîâàíèÿ ÏÊÌ, â íàñòîÿùåå âðåìÿ

âñå áîëüøå ïðèìåíÿþòñÿ ìåòîäû íåðàçðóøàþùåãî êîíòðîëÿ è àíàëèçà. Â ðà-

áîòå ïðîâîäèëèñü èññëåäîâàíèå ìåõàíè÷åñêèõ ñâîéñòâ îáðàçöîâ ðÿäà ïåðñïåê-

òèâíûõ ÏÊÌ, èçãîòàâëèâàåìûõ â âèäå ïëàñòèíîê, ñ ïîìîùüþ íåðàçðóøàþùèõ

ìåòîäîâ. �åøàþòñÿ ñëåäóþùèå çàäà÷è:

1. �àçðàáîòêà íîâîé ìåòîäèêè èññëåäîâàíèÿ ìåõàíè÷åñêèõ ñâîéñòâ ÏÊÌ

ïóòåì ñòàòè÷åñêèõ è äèíàìè÷åñêèõ èçìåðåíèé.

2. �àçðàáîòêà è èçãîòîâëåíèå èçìåðèòåëüíîãî ñòåíäà.

3. �àçðàáîòêà àëãîðèòìà è ïðîãðàììû îáðàáîòêè öè�ðîâûõ äàííûõ, ïîëó-

÷àåìûõ â ïðîöåññå èçìåðåíèÿ.

4. Ïðîâåäåíèå ýêñïåðèìåíòîâ ïî èññëåäîâàíèþ ìåõàíè÷åñêèõ ñâîéñòâ ïåð-

ñïåêòèâíûõ ÏÊÌ, èçãîòàâëèâàåìûõ â Èíñòèòóòå õèìèè è áèîëîãèè ÊÁ�Ó.
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Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèé íåëèíåéíûõ

äè��åðåíöèàëüíûõ óðàâíåíèé ñ íåëîêàëüíûìè êðàåâûìè

óñëîâèÿìè ïðè èìïóëüñíûõ âîçäåéñòâèÿõ

Ìàðäàíîâ Ì.Äæ.

1,2,a
, Øàðè�îâ ß.À.

2,b

1
ÈÌÌ ÍÀÍÀ,

2
Á�Ó, Áàêó, Àçåðáàéäæàí;

a
misirmardanov�yahoo.
om,

b
sharifov22�rambler.ru

Èññëåäóòñÿ ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèé íåëèíåéíûõ èíòåãðî-

äè��åðåíöèàëüíûõ óðàâíåíèé òèïà

ẋ = f(t, x), t ∈ [0, T ], t 6= ti, i = 1, 2, . . . , p

ñ íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè

Ax(0) +

T∫

0

m(t)x(t)dt+Bx(T ) = α,

è èìïóëüñèâíûìè ñîñòîÿíèÿìè

∆x(ti) = Ii(x(ti)), i = 1, 2, . . . , p, 0 = t0 < t1 < · · · tp < Tp+1 = T.

Çäåñü: A è B � ïîñòîÿííûå êâàäðàòíûå ìàòðèöû ïîðÿäêà n; m(t) ∈ Rn×n, ïðè-

÷åì detN 6= 0, N = A +
T∫
0

m(t)dt + B; f : [0, T ] × Rn → Rn è Ii : Rn → Rn,

i = 1, 2, . . . , p, − çàäàííûå �óíêöèè; ∆x(ti) = x(t+i ) − x(ti), i = 1, 2, . . . , p, ãäå
x(t+i ) = limh→0+ x(ti + h), x(ti) = limh→0− x(ti + h) � ïðàâûé è ëåâûé ïðåäåëû
â òî÷êàõ t = ti ñîîòâåòñòâåííî. Öåëüþ ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî íî-

âûõ ðåçóëüòàòîâ î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ ñ èñïîëüçîâàíèåì

ïðèíöèïà ñæàòûõ îòîáðàæåíèé Áàíàõà è òåîðåìû Øå�åðà è Êðàñíîñåëüñêîãî

î íåïîäâèæíîé òî÷êå. Àíàëîãè÷íûå íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ îáûêíî-

âåííîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ èññëåäîâàíû â [1, 2℄.
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Î ñèñòåìíîì ïîäõîäå ïðèíÿòèÿ ðåøåíèé â óñëîâèÿõ

íå÷åòêîñòè ñèòóàöèé

Ìèðçîåâ Ô.À., Êóëèåâ �.Ì.

Á�Ó, Áàêó, Àçåðáàéäæàí; farhad_1958�mail.ru

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà îáñóæäåíèþ îñíîâíûõ ïðèíöèïîâ ìîäåëèðî-

âàíèÿ óïðàâëåí÷åñêîé äåÿòåëüíîñòè â óñëîâèÿõ íå÷åòêîñòè ñèòóàöèé ([1, 2℄).

Òåîðèÿ íå÷åòêèõ ìíîæåñòâ ê íàñòîÿùåìó âðåìåíè ïðèîáðåëà øèðîêóþ ïîïó-

ëÿðíîñòü è ïîëó÷èëà ïðàêòè÷åñêîå ïðèìåíåíèå âî ìíîãèõ îòðàñëÿõ çíàíèé.

Ñðåäè îáëàñòåé øèðîêîãî ïðèìåíåíèÿ òåîðèè íå÷åòêèõ ìíîæåñòâ îñîáîå ìå-

ñòî òàêæå çàíèìàþò çàäà÷è ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ ñ íå÷åòêè-

ìè çíà÷åíèÿìè ïàðàìåòðîâ è (èëè) îãðàíè÷åíèé. Ê ïðèìåðó ðàññìàòðèâàåòñÿ

îïòèìèçàöèîííî-óïðàâëåí÷åñêàÿ ìîäåëü ïðîèçâîäñòâåííîé ïðîãðàììû îáúåäè-

íåíèÿ ñ êîíå÷íûì ÷èñëîì ïðîèçâîäñòâåííûõ ñòðóêòóð ñ ó÷åòîì ýêîëîãè÷åñêîãî

�àêòîðà (ò.å. ÷àñòü âûïóñêà ïðîäóêöèè çàòðà÷èâàåòñÿ íà ïðèðîäîîõðàííóþ äå-

ÿòåëüíîñòü):

(C, Y ) → max, (Q, Y ) ≤ R, Y ≥ 0.

Â ýòîé ìîäåëè Y � âåêòîð âàðèàíòîâ ýêîëîãè÷åñêîé ïðîãðàììû; C � âåêòîð

ý��åêòèâíîñòè âàðèàíòîâ; Q � ìàòðèöà óäåëüíûõ çàòðàò âàðèàíòîâ ïðîãðàì-

ìû; R � âåêòîð ëèìèòà íà ïðèðîäîîõðàííûå çàòðàòû. Ïðè ïåðñïåêòèâíîì ïëà-

íèðîâàíèè âîçìîæíî, ÷òî êîìïîíåíòû âåêòîðîâ C, Q, è R íàçíà÷àþòñÿ êîîðäè-

íèðóþùèì öåíòðîì è äîïóñêàþòñÿ íåêîòîðûå îòêëîíåíèÿ îò ¾äèðåêòèâíîãî¿

çíà÷åíèÿ. Â èòîãå çíà÷åíèÿ êîìïîíåíòîâ ýòèõ âåêòîðîâ ïàðàìåòðè÷åñêè çàâè-

ñÿò îò ñòåïåíåé äîïóñòèìîñòè. Î÷åâèäíî, ÷òî ïðè òàêîé òðàêòîâêå êîìïîíåíòû

âûøåóêàçàííûõ âåêòîðîâ áóäóò ïðåäñòàâëÿòü ñîáîé íå÷åòêèå ìíîæåñòâà äîïó-

ñòèìûõ çíà÷åíèé êàæäîãî âàðèàíòà ý��åêòèâíîñòè, óäåëüíûõ çàòðàò è ëèìè-

òà íà ïðèðîäîîõðàííûå çàòðàòû (ñì. íàïð. [3℄). Ïîëó÷åííóþ çàäà÷ó íå÷åòêîãî

ëèíåéíîãî ïðîãðàììèðîâàíèÿ ìîæíî ðåøàòü ñðåäñòâàìè òåîðèè íå÷åòêèõ ìíî-

æåñòâ.
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Ïóñòü Da− îáëàñòü îãðàíè÷åííàÿ îòðåçêîì OB îñè Oy, 0 ≤ y ≤ ((m +
2)a/2)2/(m+2)

, äóãîé AB íîðìàëüíîé êðèâîé σa : x2 + 4
(m+2)2

ym+2 = a2, x ≥ 0,

y ≥ 0, çäåñü O = O(0, 0), A = A(a, 0), B = B(0, b) è õàðàêòåðèñòèêàìè

OC : x− 2

m+ 2
(−y)(m+2)/2 = 0 è AC : x+

2

m+ 2
(−y)(m+2)/2 = a

óðàâíåíèÿ

(sign y)|y|muxx + uyy + (β0/y)uy = 0, (1)

ãäå ïîñòîÿííàÿ m > 0, β0 ∈ (−m/2, 1).
Îáîçíà÷èì ÷åðåç D+

a è D−
a ÷àñòè îáëàñòè Da, ëåæàùèå ñîîòâåòñòâåííî â

ïîëóïëîñêîñòÿõ y > 0 è y < 0, à ÷åðåç C0 è C1 òî÷êè ïåðåñå÷åíèÿ õàðàêòåðèñòèê

OC è AC ñ õàðàêòåðèñòèêàìè óðàâíåíèÿ (1), âûõîäÿùèìè èç òî÷êè E(c, 0), ãäå
c- íåêîòîðîå ÷èñëî, ïðèíàäëåæàùåå èíòåðâàëó I = (0, a) îñè y = 0.

Çàäà÷à Γ. Òðåáóåòñÿ íàéòè â îáëàñòè Da �óíêöèþ u(x, y) ∈ C
(
Da

)
,

óäîâëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì: 1) �óíêöèÿ u(x, y) ïðèíàäëåæèò

C2 (D+
a ) è óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòè D+

a ; 2) �óíêöèÿ u(x, y)
ÿâëÿåòñÿ â îáëàñòè D−

a îáîáùåííûì ðåøåíèåì êëàññà R1; 3) íà èíòåðâàëå

âûðîæäåíèÿ OA èìååò ìåñòî óñëîâèå ñîïðÿæåíèÿ

lim
y→−0

(−y)β0
∂u

∂y
= lim
y→+0

yβ0
∂u

∂y
, x ∈ (0, a), (2)

ïðè÷¼ì ýòè ïðåäåëû ïðè x → 0, x → a ìîãóò èìåòü îñîáåííîñòè ïîðÿäêà

ìåíüøå 1 − 2β, β = (m+ 2β0)/2(m+ 2) ∈ (0, 1/2); 4) âûïîëíÿþòñÿ ðàâåíñòâà

u(x, y) |σa
= ϕ1(x), x ∈ [0, a]; u(0, y) = ϕ2(x), y ∈ [0, b]; (3)

u(x, y) |OC0
= ψ0(x), x ∈ [0, c/2]; (4)

u(x, y) |EC1
= ψ1(x), x ∈ [c, (c+ a)/2]. (5)

Çàìåòèì, ÷òî óñëîâèå (3) ÿâëÿåòñÿ óñëîâèåì Äèðèõëå, çàäàííûì íà σa∪OB,
à óñëîâèÿ (4) è (5) åñòü óñëîâèÿ �åëëåðñòåäòà, çàäàííûå ñîîòâåòñòâåííî íà

ãðàíè÷íîé õàðàêòåðèñòèêå OC0 è ïàðàëëåëüíîé åé âíóòðåííåé õàðàêòåðèñòèêå

EC1. Ïðè c = 0 èëè c = a èç çàäà÷è Γ ñëåäóåò çàäà÷à Òðèêîìè. Çàäà÷à Γ
èññëåäóåòñÿ ìåòîäîì ðàáîòû [1].
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âûðîæäåíèÿ äëÿ âûðîæäàþùåãîñÿ âíóòðè îáëàñòè

ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ ñèíãóëÿðíûì
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Ïóñòü Ω � õàðàêòåðèñòè÷åñêèé ÷åòûðåõóãîëüíèê êîìïëåêñíîé ïëîñêîñòè

C : z = x + iy, îãðàíè÷åííàÿ õàðàêòåðèñòèêàìè AC1, BC1, AC2, BC2, ãäå

A(−1, 0), B(1, 0), C1

(
0, ((m+ 2)/2)

2/(m+2)
)
, C2

(
0,− ((m+ 2)/2)

2/(m+2)
)
óðàâ-

íåíèÿ

−|y|muxx + uyy + α0|y|(m−2)/2ux + (β0/y)uy = 0, (1)

ãäå m,α0, β0 � íåêîòîðûå ïîñòîÿííûå, óäîâëåòâîðÿâøèå óñëîâèÿì m > 0,
−m/2 < β0 < 1, −(m+ 2)/2 < α0 < (m+ 2)/2.

Êîððåêòíîñòü ïîñòàíîâêè êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ (1) ñóùåñòâåííî
çàâèñèò îò åå ÷èñëîâûõ ïàðàìåòðîâ α0 è β0 � êîý��èöèåíòîâ ïðè ìëàäøèõ

÷ëåíàõ óðàâíåíèÿ. Íà ïëîñêîñòè ïàðàìåòðîâ α0Oβ0 ðàññìîòðèì òðåóãîëüíèê

A0B0C0 îãðàíè÷åííîé ïðÿìûìè

A0C0 : β0 + α0 = −m/2; B0C0 : β0 − α0 = −m/2; A0B0 : β0 = 1.

Ïóñòü P (α0, β0) ∈ ∆A0B0C0, ò.å. 0 < α, β < 1, α + β < 1, ãäå α =
(m+ 2(β0 + α0)) /2(m+ 2), β = (m+ 2(β0 − α0)) /2(m+ 2).

Îáîçíà÷èì ÷åðåç Ω1 è Ω2 ÷àñòè îáëàñòè Ω, ëåæàùèå ñîîòâåòñòâåííî â ïî-
ëóïëîñêîñòÿõ y > 0 è y < 0, è ÷åðåç A0 è B0 ñîîòâåòñòâåííî òî÷êè ïåðåñå÷åíèÿ

õàðàêòåðèñòèê AC2 è BC2 ñ õàðàêòåðèñòèêîé èñõîäÿùåé èç òî÷êè E(c, 0), ãäå
c ∈ J = (−1, 1) � èíòåðâàë îñè y = 0.

Ïóñòü ëèíåéíàÿ �óíêöèÿ p(x) = δ−kx, ãäå k = (1−c)/(1+c), δ = 2c/(1+c)
îòîáðàæàåò ìíîæåñòâî òî÷åê îòðåçêà [−1, c] íà ìíîæåñòâî òî÷åê îòðåçêà [c, 1]
ïðè÷åì p(−1) = 1, p(c) = c.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ êîððåêòíîñòè çàäà÷è â îáëàñòè

Ω äëÿ âûðîæäàþùåãîñÿ âíóòðè îáëàñòè ãèïåðáîëè÷åñêîãî óðàâíåíèÿ (1), êîãäà
ãðàíè÷íàÿ õàðàêòåðèñòèêà AC2 îáëàñòè Ω2 ïðîèçâîëüíûì îáðàçîì ðàçáèâàåò-

ñÿ íà äâà êóñêà AA0 è A0C2 è íà ïåðâîì êóñêå AA0 ⊂ AC2 çàäàþòñÿ çíà÷åíèÿ

èñêîìîé �óíêöèè, à âòîðîé êóñîê A0C2 ⊂ AC2 îñâîáîæäåíà îò êðàåâîãî óñëî-

âèÿ è ýòî íåäîñòàþùåå êðàåâîå óñëîâèå çàìåíåíî àíàëîãîì óñëîâèÿ Ôðàíêëÿ

íà îòðåçêå âûðîæäåíèÿ AB :

u(x, 0) − µu(p(x), 0) = f(x), x ∈ [−1, c],

íà õàðàêòåðèñòèêå BC1 çàäàåòñÿ çíà÷åíèå èñêîìîé �óíêöèè. Îäíîçíà÷íàÿ ðàç-

ðåøèìîñòü çàäà÷è A äîêàçûâàåòñÿ ìåòîäîì ðàáîòû [1].
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Ïóñòü D � êîíå÷íàÿ îäíîñâÿçíàÿ îáëàñòü ïîëóïëîñêîñòè y < 0, îãðàíè÷åí-
íàÿ îòðåçêîì AB îñè y = 0, õàðàêòåðèñòèêàìè AB è BC óðàâíåíèÿ

−(−y)muxx + uyy − (m/2y)uy = 0, (1)

ãäå ïîñòîÿííàÿ m > 0, A = A(−1, 0), B = B(1, 0). Íà îòðåçêå AB ðàññìîòðèì

òî÷êè Ek = Ek(ck, 0), k = 1, n, −1 < c1 < c2 < ... < cn < 1. Íà îòðåçêå [−1, 1]
îñè y = 0 ââåäåì ìîíîòîííî âîçðàñòàþùèå �óíêöèè pk(x) ∈ C1[−1, 1], îòîá-
ðàæàþùèå îòðåçîê [−1, 1] íà îòðåçêè [ck, 1], ñîîòâåòñòâåííî, ïðè÷åì p1(x) >
p2(x)... > pn(x) > x ïðè x ∈ [−1, 1] è pk(−1) = ck, pk(1) = 1. Â êà÷åñòâå

ïðèìåðà òàêèõ �óíêöèé ïðèâåäåì ëèíåéíûå �óíêöèè pk(x) = bkx + ak, ãäå
ak = (1 + ck)/2, bk = 1− ak. ×åðåç θ(x0) è θk(pk(x0)) ñîîòâåòñòâåííî îáîçíà÷èì
à��èêñû òî÷åê ïåðåñå÷åíèÿ õàðàêòåðèñòèê

AC : x− (2/(m+2))(−y)(m+2)/2 = −1, EkBk : x− (2/(m+2))(−y)(m+2)/2 = ck,

ãäå Bk ∈ BC, k = 1, n, ñ õàðàêòåðèñòèêàìè èç ñåìåéñòâà BC âûõîäÿùèìè èç

òî÷åê (x0, 0), (pk(x0), 0) ñîîòâåòñòâåííî.
Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ äëÿ âûðîæäàþùåãîñÿ ãèïåð-

áîëè÷åñêîãî óðàâíåíèÿ çàäà÷è ñ àíàëîãîì óñëîâèÿ Áèöàäçå � Ñàìàðñêîãî, êî-

òîðîå ñâÿçûâàåò çíà÷åíèÿ èñêîìîãî ðåøåíèÿ íà ãðàíè÷íîé õàðàêòåðèñòèêå è

íà ïàðàëëåëüíûõ åé n âíóòðåííèõ õàðàêòåðèñòèêàõ.

Çàäà÷à A. Â îáëàñòè D íàéòè ðåãóëÿðíîå ðåøåíèå u(x, y) ∈ C(D)∩C2(D)
óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå ñëåäóþùèì óñëîâèÿì:

u(x, 0) = τ(x), x ∈ [−1, 1], (2)

d

dx
u[θ(x)] =

n∑

k=1

µk(x)
d

dx
u[θk(pk(x))] + ρ(x), x ∈ [−1, 1], (3)

ãäå çàäàííûå �óíêöèè τ(x), µk(x), ρ(x) ∈ C[−1, 1] ∩ C2(−1, 1).
Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ

Òåîðåìà. Çàäà÷à A ïðè âûïîëíåíèå óñëîâèÿ δ1+δ2+ ...+δn < 1 îäíîçíà÷íî
ðàçðåøèìà, ãäå δk = max|µk(x)p

′

k(x)|, k = 1, 2.
Òåîðåìà äîêàçûâàåòñÿ ìåòîäîì ðàáîòû [1].
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Çàäà÷à ñî ñìåùåíèåì íà âíóòðåííèõ õàðàêòåðèñòèêàõ â

áåñêîíå÷íîé îáëàñòè äëÿ óðàâíåíèÿ �åëëåðñòåäòà

ñ ñèíãóëÿðíûìè êîý��èöèåíòàìè

Ìèðñàáóðîâà Ó.Ì.

Òåð�Ó, Òåðìåç, Óçáåêèñòàí; mirsaburov�mail.ru

Ïóñòü D = D+ ∪D− ∪ I � áåñêîíå÷íàÿ îáëàñòü êîìïëåêñíîé ïëîñêîñòè C =
{ z = x+iy}, D+− ïîëóïëîñêîñòü y > 0, D−

� êîíå÷íàÿ îáëàñòü ïîëóïëîñêîñòè

y < 0, îãðàíè÷åííàÿ õàðàêòåðèñòèêàìè óðàâíåíèÿ

(sign y)|y|muxx + uyy + α0|y|m/2−1ux + β0(y)−1uy = 0, (1)

èñõîäÿùèìè èç òî÷åê A(−1, 0) è B(1, 0) è îòðåçêîì AB ïðÿìîé y = 0, I =
{(x, y) : −1 < x < 1, y = 0}. Â óðàâíåíèè (1) ïðåäïîëàãàåòñÿ, ÷òî m, α0, β0
� íåêîòîðûå äåéñòâèòåëüíûå ÷èñëà, óäîâëåòâîðÿþùèå óñëîâèÿì m > 0, |α0| <
(m+ 2)/2, −m/2 < β0 < 1.

Çàäà÷à SV. Â îáëàñòè D íàéòè �óíêöèþ u(x, y) óäîâëåòâîðÿþùóþ ñëå-

äóþùèì óñëîâèÿì: 1) �óíêöèÿ u(x, y) íåïðåðûâíà â ëþáîé ïîäîáëàñòè DR

íåîãðàíè÷åííîé îáëàñòè D; 2) u(x, y) ∈ C2(D+) è óäîâëåòâîðÿåò óðàâíåíèþ

(1) â ýòîé îáëàñòè; 3) u(x, y) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì êëàññà R1 â îá-

ëàñòè D(EC0∪EC1); 4) íà èíòåðâàëå âûðîæäåíèÿ I èìååò ìåñòî ñëåäóþùåå

óñëîâèå ñîïðÿæåíèÿ

lim
y→−0

(−y)β0 (∂u/∂y) = lim
y→+0

yβ0 (∂u/∂y) , x ∈ I \ {c},

ïðè÷åì ýòè ïðåäåëû ïðè x = ±1, x = c ìîãóò èìåòü îñîáåííîñòè ïîðÿäêà

íèæå 1−α−β, ãäå α= (m+ 2(β0 + α0)) /2(m+2), β=(m+ 2(β0 − α0) /2(m+2);
5) âûïîëíÿåòñÿ ðàâåíñòâî

lim
R→+∞

u(x, y) = 0, y > 0,

ãäå R2 = x2 + 4(m+ 2)−2ym+2; 6) u(x, y) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

u(x, 0) = τ1(x), x ∈ (−∞,−1]; u(x, 0) = τ2(x), x ∈ [1,+∞);

a(x)D1−β
x,1 u [θ∗0(q(x))] + b(x)D1−α

x,1 u [θ∗1(p(x))] = ψ(x), x ∈ I;

u(p(x), 0) − u(q(x), 0) = f(x), x ∈ I,

ãäå p(x) = ax − b, q(x) = a − bx, a = (1 + c)/2, b = 1 − a; θ∗0(q(x)), θ∗1(p(x))
� à��èêñû òî÷åê ïåðåñå÷åíèÿ õàðàêòåðèñòèê EC1 è EC0 ñ õàðàêòåðèñòè-

êàìè, èñõîäÿùèìè èç òî÷åê M(q(x0), 0), M(p(x0), 0) ñîîòâåòñòâåííî, ãäå

x0 ∈ I, τ1(x), τ2(x), a(x), b(x), ψ(x), f(x) � çàäàííûå äîñòàòî÷íî ãëàäêèå

�óíêöèè, ïðè÷åì f(1) = 0, a2(x) + b2(x) 6= 0.
Êîððåêòíîñòü çàäà÷è SV äîêàçûâàåòñÿ ìåòîäîì ðàáîòû [1℄.
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Òîïîëîãè÷åñêàÿ ïëîòíîñòü � õîðîøî èçâåñòíàÿ õàðàêòåðèñòèêà ãðà�îâ. Èç-

âåñòíî, ÷òî òîïîëîãè÷åñêàÿ ïëîòíîñòü êîððåëèðóåò ñ äðóãèìè ïàðàìåòðàìè

êðèñòàëëè÷åñêèõ ñòðóêòóð, òàêèìè êàê ýíåðãèÿ ðåøåòêè, ðàñïðåäåëåíèå îò-

äåëüíûõ ýëåìåíòîâ, êàòàëèòè÷åñêàÿ àêòèâíîñòü è îáúåì íà ìîëåêóëó.

Åñëè G íåêîòîðûé ãðà�, v åãî âåðøèíà. Ïðåäïîëîæèì, ÷òî G ñâÿçåí è ñòå-

ïåíè åãî âåðøèí îãðàíè÷åíû àáñîëþòíîé êîíñòàíòîé. Äëÿ êàæäîé âåðøèíû

v ∈ G êîîðäèíàöèîííîå îêðóæåíèå eqn(v) åñòü ìíîæåñòâî âåðøèí, íàõîäÿùèõ-
ñÿ íà ðàññòîÿíèè n îò âåðøèíû v â ìåòðèêå ãðà�à, n-îå êîîðäèíàöèîííîå ÷èñëî
� ýòî ÷èñëî âåðøèí ãðà�à G, âõîäÿùèõ â êîîðäèíàöèîííîå îêðóæåíèå eqn(v).
�ðà� G íàçûâàåòñÿ d-ïåðèîäè÷åñêèì, åñëè åãî ãðóïïà ñèììåòðèè ñîäåðæèò

ïîäãðóïïó èçîìîð�íóþ Zd è ÷èñëî îðáèò Z îòíîñèòåëüíî äåéñòâèÿ ýòîé ïîä-

ãðóïïû êîíå÷íî.

Òîãäà òîïîëîãè÷åñêàÿ ïëîòíîñòü d-ïåðèîäè÷åñêîãî ãðà�à G ìîæåò áûòü

îïðåäåëåíà êàê td(G) = limn→∞

∑
n
k=1 ek(v)

nd .

Âëîæèì G â Åâêëèäîâî ïðîñòðàíñòâî Rd ñëåäóþùèì îáðàçîì. Âûáåðåì

íåêîòîðóþ ðåøåòêó L ∈ Rd è Z ðàçëè÷íûõ òî÷åê {v1, . . . , vZ} èç åå �óíäàìåí-
òàëüíîé îáëàñòè. Ïóñòü PolG � ìíîãîãðàííèê ðîñòà ãðà�à G îïðåäåëåííûé â

[1℄. Òîãäà â [2℄ äîêàçàíî, ÷òî td(G) = Z vold(PolG)
detL

.
Íà îñíîâå ïîñëåäíåé �îðìóëû â [2℄ ðàçðàáîòàí àâòîìàòèçèðîâàííûé àëãî-

ðèòì âû÷èñëåíèÿ òîïîëîãè÷åñêîé ïëîòíîñòè. Â äîêëàäå áóäóò ïðèâåäåíû ðå-

çóëüòàòû âû÷èñëåíèÿ òîïîëîãè÷åñêîé ïëîòíîñòè àëìàçîïîäîáíûõ ñòðóêòóð �

3-ïåðèîäè÷åñêèõ ãðà�îâ, â êîòîðûõ êàæäàÿ âåðøèíà èìååò ñòåïåíü 4. Ñòðóê-

òóðû âçÿòû èç èçâåñòíîé áàçû SACADA [3℄.
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Îáðàçóþùèå äè��åðåíöèàëüíîãî òåëà îòíîñèòåëüíî

äâèæåíèÿ êâàòåðíèîííûõ ïðîñòðàíñòâ

Ìóìèíîâ Ê.Ê.

1,a
, Æóðàáîåâ Ñ.Ñ.

2,b

1
ÍÓÓç, Òàøêåíò,

2
Ôåð�Ó, Ôåðãàíà, Óçáåêèñòàí

a
m.muminov�rambler.ru,

b
saidaxbor.juraboyev�mail.ru

Ïóñòü Hn
� n-ìåðíîå ëèíåéíîå ïðîñòðàíñòâî íàä òåëîì êâàòåðíèîíîâ ÷èñåë

H, è ïóñòü GL (n,H) � ãðóïïà âñåõ îáðàòèìûõ ëèíåéíûõ ïðåîáðàçîâàíèé ïðî-

ñòðàíñòâàHn
, è Sp (n) = {σ ∈ GL (n,H) : 〈σx, σy〉 = 〈x, y〉} ãäå 〈x, y〉 =

n∑
i=1

xiȳi,

x, y ∈ Hn
, ȳ � ýðìèòîâî ñîïðÿæåííûé ýëåìåíò ê y.

×åðåç Hn⊳ GL (n,H), îáîçíà÷èì ïîëóïðÿìîå ïðîèçâåäåíèå ãðóïï GL (n,H)
è Hn

. Åñëè Γ ïîäãðóïïà GL (n,H), òî Hn ⊳ Γ åñòü ïîäãðóïïà â ãðóïïå Hn ⊳
GL (n,H).

Îáîçíà÷èì ÷åðåç A [[x, x̄]] äè��åðåíöèàëüíîå òåëî äè��åðåíöèàëüíûõ ðà-

öèîíàëüíûõ �óíêöèé îò ïåðåìåííûõ x ∈ Hn
, ãäå A íåêîòîðîå äè��åðåíöè-

àëüíîå ïîëå, à îòîáðàæåíèå äè��åðåíöèðîâàíèÿ d : A [[x, x̄]] → A [[x, x̄]] îïðåäå-
ëÿåòñÿ ñ ïîìîùüþ ýòèõ ðàâåíñòâ

d
(
f−1

)
= −f−1d (f) f−1, d

(
f−1g

)
= −f−1d (f) f−1g + f−1 (g) ,

çäåñü f = f [x, x̄], g = g [x, x̄] � äè��åðåíöèàëüíûå ìíîãî÷ëåíû.
Åñëè G ïîäãðóïïà â ãðóïïå Hn ⊳ GL (n,H) è f

[[
xh, xh

]]
= f [[x, x̄]] äëÿ âñåõ

h ∈ G, òî äè��åðåíöèàëüíàÿ ðàöèîíàëüíàÿ �óíêöèÿ f [[x, x̄]] ∈ A [[x, x̄]] íàçûâà-
åòñÿ G−èíâàðèàíòíîé. Ìíîæåñòâà âñåõ G−èíâàðèàíòíûõ äè��åðåíöèàëüíûõ
ðàöèîíàëüíûõ �óíêöèé îáîçíà÷àåòñÿ ÷åðåç A [[x, x̄]]

G
. Ñèñòåìà F = {fi}ki=1 ∈

A[[x, x̄]]
G
íàçûâàåòñÿ ñèñòåìîé îáðàçóþùèõ d−òåëà A[[x, x̄]]

G
, åñëè ëþáîé ýëå-

ìåíò f ∈ A[[x, x̄]]
G
ìîæåò áûòü ïîëó÷åí èç êîíå÷íîãî ÷èñëà ýëåìåíòîâ F ïðè-

ìåíåíèåì êîíå÷íîãî ÷èñëà ðàç àëãåáðàè÷åñêèõ îïåðàöèé, äè��åðåíöèðîâàíèÿ

è îïåðàöèè ýðìèòîãî ñîïðÿæåíèÿ â A[[x, x̄]]
G
[1℄.

Òåîðåìà. Ïóñòü G = Hn ⊳ Sp (n). Òîãäà ñèñòåìà ìíîãî÷ëåíîâ

〈
di (x) , di (x)

〉
,
〈
di (x) , di+1 (x)

〉
, i = 1, n

ÿâëÿåòñÿ êîíå÷íîé ñèñòåìîé îáðàçóþùèõ â äè��åðåíöèàëüíîå òåëî A[[x, x̄]]
G
,

ãäå di−ïîðÿäîê i-ãî äè��åðåíöèðîâàíèÿ.
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Íåëèíåéíûå îòîáðàæåíèÿ ñèìïëåêñà â ñåáÿ

óäîâëåòâîðÿþùèå óñëîâèþ Õàðäè � Ëèòëâóäà � Ïîéà

Ìóìèíîâ Ó.�.

1,a
, Ýøíèÿçîâ À.È.

2,b
, �àíèõîäæàåâ �.Í.

3,c

1
Ôåð�Ó, Ôåðãàíà,

2
�óë�Ó, �óëèñòàí,

3
ÍÓÓç, Òàøêåíò, Óçáåêèñòàí;

a
u_muminov_88�mail.ru,

b
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om,

c
rganikhodzhaev�gmail.
om

×àñòî â ïðèêëàäíûõ çàäà÷àõ ñèìïëåêñ Sm−1 = {x = (x1, ..., xm) :
m∑
i=1

xi = 1,

xi ≥ 0} ðàññìàòðèâàåòñÿ êàê íàáîð ñîñòîÿíèé íåêîòîðîé ñèñòåìû ñîñòîÿùåé èç

m âèäîâ. Ïðè ýòîì îòîáðàæåíèå F : Sm−1 → Sm−1
íàçûâàåòñÿ ýâîëþöèîííûì

îïåðàòîðîì, êîòîðûé îïèñûâàåò äèíàìèêó ñèñòåìû ðàçíîñòíûì ñîîòíîøåíèåì

x(n+1) = F
(
x(n)

)
, (1)

ïðè÷åì x0 ∈ Sm−1
� ïðîèçâîëüíàÿ íà÷àëüíàÿ òî÷êà, à ïîñëåäîâàòåëüíîñòü{

x(n)
}
� åå îðáèòà.

Ïóñòü x↓ = (x[1], ..., x[m]) � íåâîçðàñòàÿþùàÿ ïåðåñòàíîâêà êîîðäèíàò ñîñòî-

ÿíèÿ x ∈ Sm−1
. Ïîëîæèì x ≺ y, åñëè

k∑
i=1

x[i] ≤
k∑
i=1

y[i] äëÿ âñåõ k.

Îïðåäåëåíèå. Ýâîëþöèîííûé îïåðàòîð F íàçûâàåòñÿ îïåðàòîðîì Õàðäè

� Ëèòëâóäà � Ïîéà, åñëè

F (x) ≺ x (2)

äëÿ âñåõ x ∈ Sm−1
.

Èçâåñòíî [2], ÷òî, åñëè F ëèíåéíîå îòîáðàæåíèå F = (Pij) ; i, j = 1, m, òî
äëÿ âûïîëíåíèÿ óñëîâèÿ (2) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

m∑

j=1

Pij =

m∑

i=1

Pij = 1,

ïðè÷åì Pij ≥ 0.

Ïóñòü F = (Pij) ; i, j = 1, m, ãäå Pij,k = Pji,k ≥ 0 è

m∑
k=1

Pij,k = 1 . Äåéñòâèå

F íà x ∈ Sm−1
îïðåäåëèì ðàâåíñòâîì

F (x) =




m∑

i,j=1

Pij,1xixj ,

m∑

i,j=1

Pij,2xixj , ...,

m∑

i,j=1

Pij,mxixj


 . (3)

Î÷åâèäíî, F : Sm−1 → Sm−1
� íåïðåðûâíîå êâàäðàòè÷íîå îòîáðàæåíèå.

Ïóñòü Pk = (Pij,k) , i, j = 1, m.
Òåîðåìà 1. Äëÿ ñóùåñòâîâàíèÿ ñòîõàñòè÷åñêîé ìàòðèöû Tk òàêîé, ÷òî

Pk =
1

2

(
Tk + T

′

k

)
(4)
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íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

m∑

i,j∈Il

Pij,k ≤ l (5)

äëÿ ëþáîãî l = 1, m è ïðîèçâîëüíîãî íàáîðà èíäåêñîâ Il = {i1, ..., ik}, ãäå 1 ≤
it ≤ m. Çàìåòèì, ÷òî óñëîâèå (5) ÿâëÿåòñÿ íåîáõîäèìûì òîãî ÷òîáû F áûëî

îïåðàòîðîì Õàðäè � Ëèòëâóäà � Ïîéà.

Ïóñòü B ìíîæåñòâî âñåõ îòîáðàæåíèé âèäà (3) óäîâëåòâîðÿþùèõ óñëîâèþ

(5).

Òåîðåìà 2. B ÿâëÿåòñÿ âûïóêëûì ìíîãîãðàííèêîì. Îïèñàíèå âñåõ êðàé-

íèõ òî÷åê ìíîãîãðàííèêà B ïîëó÷åíî òîëüêî ëèøü ïðè m = 2.
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�àçðåøèìîñòü çàäà÷è ïðåñëåäîâàíèÿ äëÿ îäíîé

êâàçèëèíåéíîé äè��åðåíöèàëüíîé èãðû íåéòðàëüíîãî òèïà

ñ èíòåãðàëüíûìè îãðàíè÷åíèÿìè

Ìóõñèíîâ Å.Ì.

Ò�ÓÏÁÏ, Õóäæàíä, Òàäæèêèñòàí; yodgor.mukhsinov�gmail.
om

�àññìîòðèì çàäà÷ó ïðåñëåäîâàíèÿ [1, 
. 254℄ äëÿ èãðû

ẋ (t) =
n∑

i=1

Biẋ (t− hi) + Ax (t) +
n∑

i=1

Aix (t− hi) + f(u (t) , v (t) , t) (1)

ñ òåðìèíàëüíûì ìíîæåñòâîì M , êîòîðîå ÿâëÿåòñÿ çàìêíóòûì ïîäïðîñòðàí-

ñòâîì ïðîñòðàíñòâà X . Â èãðå X, Y è Z � ãèëüáåðòîâûå ïðîñòðàíñòâà, t ≥
0, x (t) ∈ X, 0 <h1<h2< · · · <hn=h, îïåðàòîðû Ai, Bi ëèíåéíû è îãðàíè÷å-

íû, à ëèíåéíûé çàìêíóòûé îïåðàòîð A:D→X ïîðîæäàåò �óíäàìåíòàëüíîå ðå-

øåíèå Ô (t). Ïðåäïîëàãàåì, ÷òî äëÿ ëþáûõ äîïóñòèìûõ îòîáðàæåíèé u(·) :
[0,∞) → Y, v(·) : [0,∞) → Z óäîâëåòâîðÿþùèå èíòåãðàëüíûì îãðàíè÷åíèÿì,

çàäà÷à Êîøè (1) ñ íåïðåðûâíûì íà÷àëüíûì óñëîâèåì x (s) = ϕ (s) , −h ≤ s ≤ 0,
èìååò àáñîëþòíî íåïðåðûâíîå ðåøåíèå [2, 
. 268℄.

Òåîðåìà. Ïóñòü: 1) íåïðåðûâíî çàâèñÿùèé îò t ëèíåéíûé îïåðàòîð

L (t) : Z → Y è èíòåãðèðóåìîå îòîáðàæåíèå g : Y → X òàêèå, ÷òî ïðè

âñåõ T ≥ 0, t ∈ [0, T ] èìååò ìåñòî ðàâåíñòâî

πÔ (T − t) g (u (t) − L (T − t) v (t)) = −πÔ (T − t) f (u (t) , v (t) , t) ;

2) ρ ≥ λ (t) , λ2 (t) = sup

{∫ t

0

‖L (s) v (t− s)‖2ds :

∫ t

0

‖v (s)‖2ds ≤ σ2

}
;

3)

[
πÔ (T ) −

n∑

i=1

πÔ (T − hi)Bi

]
ϕ (0) +

n∑

i=1

∫ 0

−hi

πÔ (T − s− hi)[Aiϕ(s)+

+Biϕ̇(s)]ds ∈
{∫ T

0

πÔ (T − s) g (p (s)) ds :

∫ T

0

‖p (s)‖2ds ≤ (ρ− λ (t))
2

}
,

òî â èãðå (1) âîçìîæíî ïðåñëåäîâàíèå çà âðåìÿ T.
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Àâòîìàòèçàöèÿ èçìåðåíèé ïðî÷íîñòíûõ ñâîéñòâ

êîíñòðóêöèîííûõ ìàòåðèàëîâ

Íàðîæíîâ Â.Â.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; narojnov.vi
tor�gmail.
om

Â ðàáîòå ðàçðàáàòûâàþòñÿ è ðåàëèçóþòñÿ íîâûå ýêñïåðèìåíòàëüíûå ìåòî-

äû äëÿ èññëåäîâàíèÿ ïðåäåëà ïðî÷íîñòè è ñîïðîòèâëåíèÿ ðàçðóøåíèþ òâåðäûõ

êîíñòðóêöèîííûõ ñòðîèòåëüíûõ ìàòåðèàëîâ. Ìåòîäû îñíîâàíû íà öàðàïàíèè è

ñâåðëåíèè îáðàçöîâ ñ êîíòðîëèðóåìûìè íîðìàëüíîé è ëàòåðàëüíîé ñèëàìè. Èç-

ìåðåíèÿ îñóùåñòâëÿþòñÿ ïîñðåäñòâîì ñèñòåìû òåíçîäàò÷èêîâ, îöè�ðîâàííûå

ñèãíàëû îáðàáàòûâàþòñÿ ñ ïîìîùüþ ÏÝÂÌ. Äëÿ ìåòàëëîâ, ñïëàâîâ è òâåð-

äûõ ïîëèìåðîâ ìåòîäû ïîçâîëÿþò îöåíèòü òàêîé âàæíûé ïàðàìåòð, êàê ïî-

âåðõíîñòíàÿ ýíåðãèÿ. Ïðåäëàãàåòñÿ òåîðåòè÷åñêàÿ ìîäåëü äëÿ ðàñ÷åòà ïîâåðõ-

íîñòíîé ýíåðãèè, îñíîâàííàÿ íà ïàðíîì ïîòåíöèàëå ìåæ÷àñòè÷íîãî âçàèìîäåé-

ñòâèÿ. Ïðîâåäåííûå ðàñ÷åòû äëÿ ïðîñòûõ ìåòàëëîâ ïîêàçàëè õîðîøåå ñîãëàñèå

ñ ýêñïåðèìåíòàëüíûìè äàííûìè. �àçðàáîòàííûå ìåòîäû ïëàíèðóåòñÿ âíåäðèòü

â ëàáîðàòîðèþ äëÿ ïðîâåäåíèÿ èññëåäîâàíèé ïåðñïåêòèâíûõ êîíñòðóêöèîííûõ

ñòðîèòåëüíûõ ìàòåðèàëîâ.
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Ôîðìóëà ïðåäñòàâëåíèÿ îáùåãî ðåøåíèÿ è çàäà÷à òèïà

Êîøè äëÿ ñèñòåìû m ëèíåéíûõ îáûêíîâåííûõ

äè��åðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ñ ëåâîé

ãðàíè÷íîé ñèíãóëÿðíîé òî÷êîé

Îëèìè À.�. (Îëèìîâ À.�.)

Õ�Ó, Õóäæàíä, Òàäæèêèñòàí; abdumanon1950�mail.ru

�àññìîòðèì ñèñòåìó óðàâíåíèé

y′j +
m∑

k=1

pjk(x)

x− a
yk =

fj(x)

x− a
, j = 1, m, x ∈ Γ = (a, b). (1)

Òåîðåìà. Ïóñòü â ñèñòåìå (1): 1) pjk(x), fj(x) �óíêöèè èç êëàññà

C(Γ), pjj(a) 6= 0; 2) ãëàâíûì ñ÷èòàåòñÿ s-òîå óðàâíåíèå; 3) pss(x) â òî÷-

êå a óäîâëåòâîðÿåò óñëîâèþ �åëüäåðà |pss(x) − pss(a)| ≤ Hs(x − a)hs , Hs > 0,
0 < hs ≤ 1; 4) pss(a) > 0; 5) åñëè æå pss(a) < 0, òî âûïîëíÿåòñÿ óñëî-

âèå fj(x) = o[(x − a)αjs ], ajs > −pss(a); 6) âûïîëíÿþòñÿ ðàâåíñòâà pjk(x) =
o[(x − a)βjk ], j 6= k, Ωjs(x) = pjj(x) − pss(x) = o[(x − a)γjs ], βjk, γjs > 0 ïðè

x→ a+ 0.
Òîãäà îáùåå ðåøåíèå ñèñòåìû èç êëàññà C1(Γ) âûðàæàåòñÿ �îðìóëîé

yj(x) = (x− a)−pss(a)exp[−w1,+
pss,a

(x)]ϕj(x), j = 1, m, (2)

ãäå w1,+
pss,a

(x) =
x∫
a

pss(t)−pss(a)
t−a

dt, à ϕj(x) åñòü ðåøåíèå ñëåäóþùåé ñèñòåìû èí-

òåãðàëüíûõ óðàâíåíèé Âîëüòåððà âòîðîãî ðîäà ñî ñëàáîé îñîáåííîñòüþ:

ϕj(x) +
m∑

k=1
k 6=j

x∫

a

pjk(ξ)(ξ − a)−1ϕk(ξ)dξ +

x∫

a

Ωjs(ξ)(ξ − a)−1ϕj(ξ)dξ =

= K1,+
a [pss(x), fj(x), cj], j = 1, m

ñ èçâåñòíîé ïðàâîé ÷àñòüþ [1, ñ. 5℄ è ïðîèçâîëüíûìè ïîñòîÿííûìè cj .
Ïðåäñòàâëåíèå (2) îáëàäàåò õàðàêòåðèñòè÷åñêèì ñâîéñòâîì, âûðàæàåìûì

ðàâåíñòâàìè [(x − a)pss(a)yj(x)]|x=a+0 = cj , j = 1, m, ÷òî ïîçâîëÿåò ðåøèòü çà-

äà÷ó òèïà Êîøè ñ óñëîâèÿìè [(x − a)pss(a)yj(x)]|x=a+0 = yj, j = 1, m, ãäå yj �
çàäàííûå ÷èñëà.
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Îá îäíîé íåëîêàëüíîé çàäà÷å ñ óñëîâèåì Ôðàíêëÿ äëÿ

âûðîæäàþùåãîñÿ óðàâíåíèÿ ñìåøàííîãî òèïà

Î÷èëîâà Í.Ê.

ÒÔÈ, Òàøêåíò, Óçáåêèñòàí; nargiz.o
hilova�gmail.
om

�àññìîòðèì óðàâíåíèå

0 ≡





ym0uxx − xn0uy, x > 0, y > 0,

(−y)nuxx − uyy, x > 0, y < 0,

uxx − (−x)muyy, x < 0, y > 0,

(1)

ãäå n, m, n0, m0 = const > 0, â îáëàñòè D îãðàíè÷åííîé ïðè x > 0, y > 0
îòðåçêàìè CB,BB0, B0A0, ïðÿìûõ y = 0, x = 1, y = h è ïðè x > 0, y < 0
(x < 0, y > 0) îãðàíè÷åííîé ïðÿìîé x = 0, (−h0 6 y 6 0), (y = 0, (−h1 6 x 6 0))
è õàðàêòåðèñòèêîé CC0 : x+ 1

p
(−y)p = r0, (A0C1 : y + 1

q
(−x)q = h) óðàâíåíèÿ

(1), ãäå p0 = (n0 + 2)/2, q0 = (m0 + 2) /2, p = (n+ 2) /2, q = (m+ 2) /2, h = pq
1
q ,

h0 = (pr0)
1
p , h1 = (qh)

1
q , 0 < r0 < 1 ïðè÷åì n > 0, m > 0, n0 > 0, m0 > 0.

(m− 2) \ 2 < n0 < (2n+ 2 −m) \m+ 2.
Ââåäåì îáîçíà÷åíèÿ: I1 = {(x, y) : 0 < x < r0, y = 0}, I2 = {(x, y) : x = 0,

0 < y < h}, D1 = D ∩ {y > 0} ∩ {x > 0} , D2 = D ∩ {y < 0} ∩ {x > 0} , D21 =
D2 ∩ {x+ y > 0} , D22 = D2 ∩ {x− y < 0} , D3 = D ∩ {y > 0} ∩ {x < 0} , D31 =
D3 ∩ {x+ y > 0} , D32 = D3 ∩ {x+ y < 0} , ∆1 = D1 ∪D21 ∪ I1, ∆2 = D1 ∪D31 ∪
I2,α0 = n0+1

n0+2 , 2α = n
n+2 , 2β = m

m+2 , ïðè÷åì

0 < α <
1

2
, 0 < β <

1

2
,

1

2
< α0 < 1. (2)

Îáîçíà÷èì, ÷åðåç

θ1(x0) =

[
r0 − x0

2
,−
(
m+ 2

4
(r0 + x0)

) 2
m+2

]
,

θ2(y0) =

[
−
(
m+ 2

4
(h− y0)

) 2
m+2

,
h+ y0

2

]
.

Çàäà÷à AF1. Òðåáóåòñÿ îïðåäåëèòü �óíêöèþ u(x, y), îáëàäàþùóþ ñëå-

äóþùèìè ñâîéñòâàìè: 1) u(x, y) ∈ C(D̄)∩C2,1(D1)∩C2(D21∪D22∪D31∪D32);
2) u(x, y) óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòÿõ D1 è D21, D22, D31 è

D32; 3) ux, uy ∈ C(∆1), ïðè÷åì uy(+0, y) ìîæåò èìåòü îñîáåííîñòü ïîðÿä-

êà ìåíüøå åäèíèöû ïðè y → 0 è îãðàíè÷åíà ïðè y → h, à ux(+0, y) ìîæåò

èìåòü îñîáåííîñòü ïîðÿäêà ìåíüøå

m+1
n0+2

ïðè y → 0 è îãðàíè÷åíà ïðè y → h;
4) ux ∈ C(∆2), ïðè÷åì ux(x,+0) ìîæåò èìåòü îñîáåííîñòü ïîðÿäêà ìåíüøå

åäèíèöû ïðè x→ 0 è x→ r0; 5) y
−m0uy ∈ C(D1 ∪ I1) è uy ∈ C(D2 ∪ I1) ïðè÷åì

íà AC âûïîëíÿåòñÿ óñëîâèå ñêëåèâàíèÿ:

ν+2 (x) ≡ lim
y→+0

y−m0uy(x, y) = lim
y→−0

uy(x, y) ≡ ν−2 (x), (x, 0) ∈ I1,
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ν+1 (y) ≡ lim
x→+0

ux(x, y) = lim
x→−0

ux(x, y) ≡ ν−1 (y), (0, y) ∈ I2,

ïðè óñëîâèè, ÷òî ýòè ïðåäåëû ñóùåñòâóþò, ïðè÷åì ν±2 (x) è ìîæåò èìåòü

îñîáåííîñòü ïîðÿäêà ìåíüøå åäèíèöû ïðè x → 0 è îãðàíè÷åíà ïðè x → r0;
6) u(x, y) óäîâëåòâîðÿåò ñëåäóþùèì êðàåâûì óñëîâèÿì: u(x, y)|BB0

= ϕ0(y),

0 6 y 6 h; u(x, y)|CB = ϕ1(x), r0 6 x 6 1; D1−β
x1 u(θ1(x)) = a1(x)uy(x, 0) + a2(x),

0 < x < 1; D1−β
yh u(θ2(y)) = b1(y)ux(0, y) + b2(y), 0 < y < h, u(−hx, 0) = u(+x, 0),

0 6 x < r0; ux(0,−h0y) = ux(0,−y), 0 6 y < h; ãäå ϕ0(y), aj(x), bj(y), j = 1, 2
� çàäàííûå �óíêöèè, ïðè÷åì

ϕ0(y) ∈ C [0, h] ∩ C2(0, h), ϕ1(x) ∈ C1 [r0, 1] ∩ C3 [r0, 1] , (3)

aj(x) ∈ C1 [0, r0] ∩ C2 [0, r0] , bj(y) ∈ C1 [0, h] ∩ C2 [0, h] , j = 1, 2. (4)

Òåîðåìà. Åñëè âûïîëíåíû óñëîâèÿ (2), (3) è (4) òî ðåøåíèå çàäà÷à AF1

ñóùåñòâóåò è åäèíñòâåííî.
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Õàîòè÷åñêèå è ðåãóëÿðíûå ðåæèìû äèíàìè÷åñêîé ñèñòåìû

Ñåëüêîâà ñ ý��åêòàìè ïàìÿòè

Ïàðîâèê �.È.

ÈÊÈ� ÄÂÎ �ÀÍ, Ïàðàòóíêà, �îññèÿ; romanparovik�gmail.
om

Â ðàáîòå [1℄ àâòîðàìè áûë ïðåäëîæåí èíòåðåñíûé ïîäõîä ê îïèñàíèþ âçà-

èìîäåéñòâèÿ òðåùèí â óïðóãî-õðóïêîé ñðåäå, êîòîðûé îñíîâûâàåòñÿ íà ïðè-

ìåíåíèè íåëèíåéíîé äèíàìè÷åñêîé ñèñòåìû Ñåëüêîâà, êîòîðàÿ èññëåäóåòñÿ â

ðàìêàõ òåîðèè áèîëîãè÷åñêèõ ñèñòåì [2℄.

Äèíàìè÷åñêàÿ ñèñòåìà Ñåëüêîâà [1℄ ïî ìíåíèþ àâòîðîâ õîðîøî îïèñûâà-

åò âçàèìîäåéñòâèå äâóõ âèäîâ òðåùèí: ïåðâûé âèä � çàòðàâî÷íûå òðåùèíû ñ

ìåíüøåé ýíåðãèåé, êîòîðûå ïðè äîñòèæåíèÿ êðèòè÷åñêîãî óðîâíÿ ñâîåé êîí-

öåíòðàöèè ïåðåõîäÿò âî âòîðîé âèä òðåùèí ñ áîëüøåé ýíåðãèåé. Òðåùèíû âòî-

ðîãî âèäû ÿâëÿþòñÿ èñòî÷íèêîì ìèêðîñåéñìè÷åñêèõ ÿâëåíèé (êîëåáàíèé) è

ïîñëå îòäà÷è ñâîåé ýíåðãèè îíè ÷àñòè÷íî ïåðåõîäÿò â çàòðàâî÷íûå òðåùèíû.

Äàëåå, ýòîò àâòîêîëåáàòåëüíûé ïðîöåññ ïîâòîðÿåòñÿ. Â ðàáîòå àâòîðîâ [3℄ áûëà

ðàññìîòðåíà îáîáùåííàÿ äèíàìè÷åñêàÿ ñèñòåìà Ñåëüêîâà ñ ó÷åòîì ýðåäèòàðíî-

ñòè (íàñëåäñòâåííîñòè), êîòîðàÿ èçó÷àåòñÿ â ðàìêàõ íàñëåäñòâåííîé ìåõàíèêè.

Ýòà ìîäåëü ó÷èòûâàåò ñâîéñòâî äèíàìè÷åñêîé ñèñòåìû ¾ïîìíèòü¿ íåêîòîðîå

âðåìÿ, îêàçàííîå íà íåå âîçäåéñòâèå. Ó÷åò ýðåäèòàðíîñòè ñèñòåìû îïðåäåëÿ-

åòñÿ ñ ïîìîùüþ ïðîèçâîäíûõ äðîáíûõ ïîðÿäêîâ â ñìûñëå �åðàñèìîâà-Êàïóòî.

Â ðàáîòå [3℄ ñ ïîìîùüþ ÷èñëåííîãî ìåòîäà Àäàìñà-Áàñø�îðòà-Ìóëòîíà áû-

ëè ïîñòðîåíû ðàñ÷åòíûå êðèâûå è èññëåäîâàíû òî÷êè ïîêîÿ äðîáíîé ñèñòåìû

Ñåëüêîâà.

Â íàñòîÿùåé ðàáîòå ìû ðàññìîòðèì äèíàìè÷åñêèå ðåæèìû äðîáíîé ñèñòå-

ìû Ñåëüêîâà ñ ïîìîùüþ ïîñòðîåíèÿ ìàêñèìàëüíûõ ïîêàçàòåëåé Ëÿïóíîâà ñ

öåëüþ îïðåäëåíèÿ ãðàíèö õàîòè÷åñêîãî è ðåãóëÿðíîãî ïîâåäåíèÿ ñèñòåìû.

Ëèòåðàòóðà

1. Makovetsky V.I., Dud
henko I.P., Zakupin A.S. Auto os
illation model of

mi
roseism's sour
es // Geosistemy perehodnykh zon. 2017, � 4(1), pp. 37�

46.

2. Bre
hmann P., Rendall A.D. Dynami
s of the Selkov os
illator

// Mathemati
al Bios
ien
es. 2018, vol. 306, pp. 152�159.

3. Parovik R., Rakhmonov Z., Zunnunov R. Modeling of fra
ture 
on
entration

by Sel'kov fra
tional dynami
 system // E3S Web of Conferen
es. 2020,

vol. 196, 02018.

�àáîòà âûïîëíåíà â ðàìêàõ òåìàòè÷åñêîãî èññëåäîâàíèÿ ÈÊÈ� ÄÂÎ �ÀÍ ¾Ôè-

çè÷åñêèå ïðîöåññû â ñèñòåìå áëèæíåãî êîñìîñà è ãåîñ�åð ïîä ñîëíå÷íûìè è ëèòî-

ñ�åðíûìè âîçäåéñòâèÿìè¿ � AAAA-A21-121011290003-0.
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Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå äèíàìèêè ñîëíå÷íîé

àêòèâíîñòè 
 ïîìîùüþ äðîáíîãî óðàâíåíèÿ �èêêàòè ñ

ïåðåìåííîé ýðåäèòàðíîñòüþ

Ïàðîâèê �.È.

1,2,a
, Òâ¼ðäûé Ä.À.

2,b

1
ÈÊÈ� ÄÂÎ �ÀÍ, Ïàðàòóíêà,

2
Êàì�Ó èì. Âèòóñà Áåðèíãà,

Ïåòðîïàâëîâñê-Êàì÷àòñêèé, �îññèÿ;

a
romanparovik�gmail.
om,

b
dimsolid95�gmail.
om

Äëÿ ìîäåëèðîâàíèÿ äèíàìèêè ñîëíå÷íîé àêòèâíîñòè, ðàññìîòðèì ìîäåëü-

íîå äðîáíîå óðàâíåíèå �èêêàòè [1℄ ñ ïåðåìåííûìè êîý��èöèåíòàìè è äðîáíîé

ïðîèçâîäíîé (2) ïåðåìåííîãî ïîðÿäêà:

∂
α(t)
0t u(σ) + a(t)u2(t) − b(t)u(t) − c(t) = 0, u(0) = u0, (1)

ãäå u(t) ∈ C[0, T ] � ìîíîòîííî-âîçðàñòàþùàÿ �óíêöèÿ, t ∈ [0, T ] � âðåìÿ, T �

ìîäåëüíîå âðåìÿ, u0 � çàäàííàÿ êîíñòàíòà, 0 < a(t) < b(t) < 1, c(t) � íåïðåðûâ-
íûå �óíêöèè íà îòðåçêå [0, T ].

Îïåðàòîð äðîáíîãî ïåðåìåííîãî ïîðÿäêà 0 < α(t) < 1 òèïà �åðàñèìîâà �

Êàïóòî, äåéñòâóþùèé íà �óíêöèþ u(t) ∈ C[0, T ] èìååò âèä:

∂
α(t)
0t u(σ) =

1

Γ(1 − α(t))

∫ t

0

u̇(σ)dσ

(t− σ)α(t)
, (2)

ãäå Γ(.) � ãàììà-�óíêöèÿ Ýéëåðà, a u̇(t) = du
dt
.

�åøåíèå çàäà÷è Êîøè äëÿ (1) áóäåì èñêàòü ñ ïîìîùüþ ìîäè�èöèðîâàííîãî

ìåòîäà Íüþòîíà (MNM), îí ÿâëÿåòñÿ áîëåå òî÷íûì, ÷åì EFDS. Ïîêàçàíî ÷òî

MNM ëîêàëüíî óñòîé÷èâ è ñõîäèòñÿ ñ ïåðâûì ïîðÿäêîì.

Òàêæå äëÿ îïðåäåëåíèÿ íà÷àëüíîãî ïðèáëèæåíèÿ â MNM áóäåì èñïîëü-

çîâàòü ðåøåíèå ïîëó÷åííîå ìåòîäîì íåëîêàëüíîé ÿâíîé êîíå÷íî-ðàçíîñòíîé

ñõåìû (EFDS) [2-4℄, ñõåìà óñòîé÷èâà è ñõîäèòñÿ òàê æå ñ ïåðâûì ïîðÿäêîì.

Ëèòåðàòóðà

1. Tvyordyj D.A. Hereditary Ri

ati equation with fra
tional derivative of

variable order // Journal of Mathemati
al S
ien
es, Springer, 2021, vol. 253,

no. 4, pp. 564�572.

2. Parovik R.I., Tverdyi D.A. Some Aspe
ts of Numeri
al Analysis for a

Model Nonlinear Fra
tional Variable Order Equation // Mathemati
al and

Computational Appli
ations, MDPI, 2021, vol. 26, no. 3, p. 55.

3. Parovik R.I. On a �nite-di�eren
e s
heme for an hereditary os
illatory

equation // Journal of Mathemati
al S
ien
es, Springer, 2021, vol. 253, no.

4, pp. 547�557.

4. Parovik R.I. Mathemati
al modeling of linear fra
tional os
illators

// Mathemati
s, MDPI, 2020, vol. 8, no. 11, pp. 18�79.
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Ñèëüíûå ñðåäíèå àðè�ìåòè÷åñêèå, òèïà Ìàðöèíêåâè÷à,

ðÿäîâ Ôóðüå �óíêöèè äâóõ ïåðåìåííûõ

Ïà÷óëèà Í.Ë., �îëàâà Ì.�.

À�Ó, Ñóõóì, Àáõàçèÿ; niaz-pa
hulia�rambler.ru

Èñïîëüçóÿ ñâîéñòâà ñèëüíûõ ñðåäíèõ ñ ïðîïóñêàìè â òî÷êàõ Ëåáåãà, óñòà-

íîâëåí ìàêñèìàëüíûé ïîðÿäîê ðîñòà �óíêöèè ϕ, ïðè êîòîðîì ðÿä Ôóðüå �óíê-
öèè äâóõ ïåðåìåííûõ ñèëüíî ñóììèðóåì ìåòîäîì ñðåäíèõ àðè�ìåòè÷åñêèõ òè-

ïà Ìàðöèíêåâè÷à.

Ïóñòü f ∈ Lp , p≥ 1, T = [−π, π] , Sm,n(fxy) � ÷àñòíûå ñóììû åå äâîéíîãî

ðÿäà Ôóðüå S [f ] è (x, y) � p-òî÷êà Ëåáåãà �óíêöèè f , ò.å.

lim
h1h2→0

(
1

h1h2

∫ h1

0

∫ h2

0
|f (x+ t, y + τ) − f (x, y)|p dxdy

) 1
p

= 0,

sup
h1

1
h1

∫ h1

0

∫ π
0
|f (x+ t, y + τ) − f (x, y)|p dxdy = M1 (x, y) <∞,

sup
h2

1
h2

∫ π
0

∫ h2

0
|f (x+ t, y + τ) − f (x, y)|p dxdy = M2 (x, y) <∞.

Òåîðåìà. Ïóñòü f ∈ Lµ
(
T 2
)
, p ∈ (1, µ) è (x, y) åå p-òî÷êà Ëåáåãà, à

�óíêöèÿ ϕ óäîâëåòâîðÿåò ñëåäóþùèì ñâîéñòâàì: íåïðåðûâíà íà [0,∞), âîç-
ðàñòàåò, ϕ (0) = 0, ϕ (u) > 0 äëÿ u > 0, ϕ (2u) ≤ aϕ (u) äëÿ u ∈ [0, σ],

lnϕ (u) = 0
(
u

1
2

)
, u→ ∞. Òîãäà

lim
n→∞

1

n+ 1

2n∑

k=n

ϕ (|Sk,k (f, x, y) − f (x, y)|) = 0. (1)

Åñëè æå lim
n→∞

lnϕ (u)
/
u

1
2 = ∞, òî ñóùåñòâóåò �óíêöèÿ f ∈ C

(
T 2
)
è òî÷-

êà (x0, y0) â êîòîðîé ðàâåíñòâî (1) íå âûïîëíÿåòñÿ.
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Ìîäåëü àäàïòàöèîííîãî ñöåíàðèÿ ðàçâèòèÿ áèîëîãè÷åñêîé

èíâàçèè

Ïåðåâàðþõà À.Þ.

ÑÏá ÔÈÖ �ÀÍ, Ñàíêò�Ïåòåðáóðã, �îññèÿ; madelf�rambler.ru

�åçêèå ïîïóëÿöèîííûå èçìåíåíèÿ ïðåäñòàâëÿþò ïðîáëåìó äëÿ ìàòåìàòè÷å-

ñêîãî ìîäåëèðîâàíèÿ. Îíè ñîñòàâëÿþò áîëüøóþ ãðóïïó ïåðåõîäíûõ ïðîöåññîâ

ñóùåñòâîâàíèÿ ýêîñèñòåì, êîòîðûå ïåðåõîäÿò â èíûå óñòîé÷èâûå ðåæèìû. Íà-

ìè ðàçðàáîòàíû ñöåíàðèè äëÿ îñîáûõ ñëó÷àåâ ïîïóëÿöèîííîé äèíàìèêè è âçà-

èìîäåéñòâèÿ ïðîòèâîáîðñòâóþùèõ îðãàíèçìîâ íà îñíîâå äè��åðåíöèàëüíûõ

óðàâíåíèé ñ çàïàçäûâàíèåì t−τ . �àíåå ìû ïðåäëàãàëè ìîäè�èêàöèè óðàâíåíèé

äëÿ îïèñàíèÿ îñîáîé êîëåáàòåëüíîé àêòèâíîñòè ïîñëå áè�óðêàöèè Àíäðîíîâà�

Õîï�à â (1) ïîñëå óâåëè÷åíèÿ ðåïðîäóêòèâíîãî ïàðàìåòðà R. (1) îòëè÷àåòñÿ
ïîñëåäóþùèì ðàçðóøåíèåì îáðàçîâàâøåãîñÿ êðàòêîãî ðåæèìà êîëåáàíèé.

dN

dt
= RN(t)

(
1 − N(t− τ1)

K

)
(U−N(t− τ2)) , (1)

ãäå ïàðàìåòð U âåëè÷èíà, ÷òî âûïîëíÿåòñÿ U < K × 0.75 � ýòî âåëè÷èíà, êî-

òîðóþ ìû íàçâàëè ïðåäêðèòè÷åñêîé åìêîñòüþ ïîëóíàñûùåíèÿ âèäà-âñåëåíöà.

Çíà÷åíèå ÷èñëåííîñòè U èãðàåò ðîëü ¾ñïóñêîâîãî êðþ÷êà¿ äëÿ ðÿäà íåîáðà-

òèìûõ äåñòðóêòèâíûõ ïðîöåññîâ ïðè èíâàçèè è ìåøàåò ý��åêòèâíîìó áèîòè-

÷åñêîìó ïðîòèâîäåéñòâèþ. Ïðè áîëüøîì äèàïàçîíå çíà÷åíèé Rτ1 ñèñòåìà íå

èìååò îáû÷íîãî áàëàíñîâîãî ðàâíîâåñèÿ-òî÷êè N(t) → K è íå èìååò íåóñòîé-

÷èâîãî ðàâíîâåñèÿ, âîêðóã êîòîðîãî ïðîèñõîäÿò îðáèòàëüíî óñòîé÷èâûå êîëå-

áàíèÿ N∗(t;Rτ1τ2). Îáúåìà ¾Ýêîëîãè÷åñêîé íèøè¿ â òàêîé íåáàëàíñèðóåìîé

ñèòóàöèè ïðîñòî íå ñóùåñòâóåò. Ïîòîìó çàìåíèì â (1) òðàäèöèîííîå îáîçíà-

÷åíèå âåëè÷èíû íèøè K íà K, òàê êàê ïî ñìûñëó ýòà âåëè÷èíà èíàÿ, ÷åì â

ìîäåëè Õàò÷èíñîíà:

dN

dt
= RN(t)

(
1 − N(t− τ)

K

)
.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäî-

âàíèé, ïðîåêò � 17-01-000125.
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Î íåêîòîðûõ çàäà÷àõ ãðóïïîâîãî ïðåñëåäîâàíèÿ ñ

äðîáíûìè ïðîèçâîäíûìè

Ïåòðîâ Í.Í., Ìà÷òàêîâà À.È.

Óä�Ó, Èæåâñê, ÈÌÌ ÓðÎ �ÀÍ, Åêàòåðèíáóðã, �îññèÿ;

kma3�list.ru, bi
hurina.alyona�yandex.ru

Â ïðîñòðàíñòâå Rk (k > 2) ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èãðà G n+
m ëèö: n ïðåñëåäîâàòåëåé P1, . . . , Pn è m óáåãàþùèõ E1, . . . , Em, îïèñûâàåìàÿ
ñèñòåìîé âèäà

D(α)zij = aizij + ui − vj , zij(0) = z0ij , ui, v ∈ V.

Çäåñü zij , ui, vj ∈ Rk, D(α)f � ïðîèçâîäíàÿ ïî Êàïóòî �óíêöèè f ïîðÿäêà α ∈
(0, 1), V � âûïóêëûé êîìïàêò Rk, ai ∈ R1, i ∈ I = {i, . . . , n}, j ∈ J = {1, . . . , m}.

Öåëüþ ãðóïïû ïðåñëåäîâàòåëåé ÿâëÿåòñÿ ïîèìêà çàäàííîãî ÷èñëà óáåãàþ-

ùèõ. Ïóñòü äàëåå λ(h, v) = sup{λ > 0 : −λh ∈ V − v}, intA, coA ñîîòâåòñòâåííî

âíóòðåííîñòü è âûïóêëàÿ îáîëî÷êà ìíîæåñòâà A.
Òåîðåìà 1. Ïóñòü ai 6 0 äëÿ âñåõ i ∈ I, m = 1, min

v
max
i
λ(z0i1, v) > 0. Òîãäà

â èãðå G ïðîèñõîäèò ïîèìêà óáåãàþùåãî â êëàññå êâàçèñòðàòåãèé ïðåñëåäîâà-

òåëåé.

Òåîðåìà 2. Ïóñòü 0 ∈ int co
{
z0ij , i ∈ I, j ∈ J

}
, ai = a 6 0, äëÿ âñåõ i ∈ I,

âñå óáåãàþùèå èñïîëüçóþò îäíî è òîæå óïðàâëåíèå, V � ñòðîãî âûïóêëûé

êîìïàêò ñ ãëàäêîé ãðàíèöåé, n > k + 1. Òîãäà â èãðå G ïðîèñõîäèò ïîèìêà

õîòÿ áû îäíîãî óáåãàþùåãî.

Áóäóò òàêæå ïðèâåäåíû äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè çàäà÷:

- ïîèìêè õîòÿ áû äâóõ æåñòêî ñêîîðäèíèðîâàííûõ óáåãàþùèõ;

- ìíîãîêðàòíîé ïîèìêè çàäàííîãî ÷èñëà óáåãàþùèõ.

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà �îññèéñêîãî íàó÷íîãî �îíäà � 21-71-

10070.
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Îáðàòíàÿ çàäà÷à äëÿ âûðîæäåííîãî

ýâîëþöèîííîãî óðàâíåíèÿ äðîáíîãî ïîðÿäêà

Ïëåõàíîâà Ì.Â.

a
, Èæáåðäååâà Å.Ì.

b

×åë�Ó, ×åëÿáèíñê, �îññèÿ;

a
mariner79�mail.ru,

b
elizaveta.izhberdeeva�gmail.
om

�àññìîòðèì îáðàòíóþ çàäà÷ó äëÿ âûðîæäåííîãî óðàâíåíèÿ

DσnLx(t) = Mx(t) + ϕ(t)u, t ∈ [0, T ], (1)

Dσk(Px)(0) = xk, k = 0, . . . , n− 1, (2)

T∫

0

x(t)dµ(t) = xT , (3)

â êîòîðîì, L ∈ L(X ;Y), kerL 6= 0, M ∈ Cl(X ;Y), X ,Y � áàíàõîâû ïðîñòðàí-

ñòâà, DM � îáëàñòü îïðåäåëåíèÿ îïåðàòîðà M , Dσn
� äðîáíàÿ ïðîèçâîäíàÿ

Äæðáàøÿíà � Íåðñåñÿíà [1℄, ϕ ∈ C([0, T ];R), u ∈ Y íåèçâåñòåí.

Èçâåñòíî X = X0 + X1
, Y = Y 0 + Y 1

, Lk (Mk) ñóæåíèå îïåðàòîðà L (M)

íà ïîäïðîñòðàíñòâî X k
(DMk

= DM ∩ X k
), k = 0, 1. Ââåäåì

S = L−1
1 M1, G := M−1

0 L0, ψ(A) = zT −
T∫
0

n−1∑
k=0

tσkEσn,σk+1(tσnA)zkdµ(t),

χ(λ) =
T∫
0

dµ(t)
t∫
0

(t− s)σn−1Eσn,σn
((t− s)σnλ)ϕ(s)ds, λ ∈ C,

F (s)ν = M0

p∑
k=0

(−1)k+1

(
p∑
l=1

fl(s)G
l

f0(s)

)k
ν

f0(s)
.

Òåîðåìà. Ïóñòü îïåðàòîð M (L, p) � îãðàíè÷åí, ϕ(t)M−1
0 u0 ∈ C([0, T ];

L(X )), ñóùåñòâóþò (DσnG)lϕ(t)M−1
0 u0 ∈ C((0, T ];X ) äëÿ l = 0, 1, . . . , p,

Dσk(DσnG)lϕ(t)M−1
0 u0 ∈ C([0, T ];X ) äëÿ k = 0, 1, . . . , n − 1, l = 0, 1, . . . , p − 1,

(Dσn)lϕ ∈ C((0, T ];R), äëÿ l = 0, 1, . . . , p, χ(λ) 6= 0, λ ∈ σ(S), µ : [0, T ] → R

� �óíêöèÿ îãðàíè÷åííîé âàðèàöèè è

T∫
0

ϕ(t)dµ(t) 6= 0. Òîãäà äëÿ âñåõ xk ∈ X ,

xT ∈ Z, k = 0, 1, . . . , n− 1, ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1)�(3),

êîòîðîå èìååò âèä

u = (χ(S))
−1
ψ(S) + F (T )(I − P )xT .

Ëèòåðàòóðà

1. Äæðáàøÿí Ì.Ì., Íåðñåñÿí À.Á. Äðîáíûå ïðîèçâîäíûå è çàäà÷à Êî-

øè äëÿ äè��åðåíöèàëüíûõ óðàâíåíèé äðîáíîãî ïîðÿäêà // Èçâ. ÀÍ

ÀðìÑÑ�. Ìàòåìàòèêà. 1968. C. 3�28.
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l-ïðîáëåìà ìîìåíòîâ äëÿ ñèñòåì äðîáíîãî ïîðÿäêà

Ïîñòíîâ Ñ.Ñ.

ÈÏÓ �ÀÍ, Ìîñêâà, �îññèÿ; postnov.sergey�inbox.ru

�àññìàòðèâàåòñÿ l-ïðîáëåìà ìîìåíòîâ â ñëåäóþùåé ïîñòàíîâêå [1℄. Ïóñòü

äàíà ñèñòåìà �óíêöèé gn(τ) ∈ Lp′(t0, T ] è íàáîð ÷èñåë cn, n = 1, . . . , N , õîòÿ
áû îäíî èç êîòîðûõ îòëè÷íî îò íóëÿ, à òàêæå çàäàíî ÷èñëî l > 0. Íåîáõîäè-
ìî íàéòè �óíêöèþ u(t) ∈ Lp(t0, T ], 1/p + 1/p′ = 1, òàêóþ, ÷òî âûïîëíÿþòñÿ

ñîîòíîøåíèÿ

T∫

t0

gn(τ)u(τ)dτ = cn,

è óñëîâèå ‖u(t)‖Lp
≤ l.

Ê l-ïðîáëåìå ìîìåíòîâ äëÿ ëèíåéíûõ ñèñòåì öåëîãî ïîðÿäêà ñâîäÿòñÿ çàäà-

÷è îïòèìàëüíîãî (â ñìûñëå ìèíèìóìà íîðìû óïðàâëåíèÿ ïðè çàäàííîì âðåìå-

íè óïðàâëåíèÿ è â ñìûñëå áûñòðîäåéñòâèÿ ïðè çàäàííîì îãðàíè÷åíèè íà íîðìó

óïðàâëåíèÿ) óïðàâëåíèÿ è íàáëþäåíèÿ, â òîì ÷èñëå â óñëîâèÿõ äåéñòâèÿ âîç-

ìóùåíèé [1℄.

Â íàñòîÿùåé ðàáîòå àíàëîãè÷íàÿ ñâîäèìîñòü â ñëó÷àå çàäà÷è îïòèìàëüíîãî

óïðàâëåíèÿ äåìîíñòðèðóåòñÿ äëÿ ëèíåéíûõ ñèñòåì äðîáíîãî ïîðÿäêà ñëåäóþ-

ùåãî âèäà:

0D
αi

t qi(t) = aikqk(t) + bikuk(t) + fi(t), i = 1, . . . , N,

ãäå îïåðàòîð äðîáíîãî äè��åðåíöèðîâàíèÿ ïîíèìàåòñÿ â ñìûñëå Õèëü�åðà,

à �óíêöèè qi(t), ui(t) è fi(t) îïèñûâàþò ñîîòâåòñòâåííî ñîñòîÿíèå ñèñòåìû,

óïðàâëåíèå è âíåøíåå âîçìóùåíèå.

Êðîìå òîãî, äëÿ òàêèõ ñèñòåì ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî íà-

áëþäåíèÿ è îöåíêè ñîñòîÿíèÿ â óñëîâèÿõ äåéñòâèÿ âîçìóùåíèé. Îáñóæäàþòñÿ

óñëîâèÿ, ïðè êîòîðûõ ïîëó÷àåìàÿ l-ïðîáëåìà ìîìåíòîâ ÿâëÿåòñÿ êîððåêòíîé è
ðàçðåøèìîé, à òàêæå ñòðîÿòñÿ å¼ àíàëèòè÷åñêèå ðåøåíèÿ.

Ëèòåðàòóðà

1. Êðàñîâñêèé Í.Í. Òåîðèÿ óïðàâëåíèÿ äâèæåíèåì. Ì.: Íàóêà, 1968. 476 ñ.
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Íåëîêàëüíûå ïî âðåìåíè çàäà÷è äëÿ óðàâíåíèÿ äðîáíîé

äè��óçèè

Ïñõó À.Â.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; pskhu�list.ru

Â îáëàñòè Ω = {(x, y) : x ∈ Rn, a < y < T} (−∞ ≤ a) ðàññìàòðèâàåòñÿ
óðàâíåíèå (

∂σ

∂yσ
− ∆x

)
u(x, y) = f(x, y), (1)

ãäå

∂σ

∂yσ
� äðîáíàÿ ïðîèçâîäíàÿ ïîðÿäêà σ ïî ïåðåìåííîé y ñ íà÷àëîì â òî÷êå

y = a [1℄; σ ∈ (0, 1); ∆x � îïåðàòîð Ëàïëàñà ïî ïåðåìåííîé x ∈ Rn.

Â äîêëàäå îáñóæäàþòñÿ âîïðîñû ðàçðåøèìîñòè íåëîêàëüíûõ ïî âðåìåíè

êðàåâûõ çàäà÷, à òàêæå çàäà÷ ñ îáðàòíûì õîäîì âðåìåíè, äëÿ óðàâíåíèÿ (1).

Ëèòåðàòóðà

1. Íàõóøåâ À.Ì. Äðîáíîå èñ÷èñëåíèå è åãî ïðèìåíåíèå. Ì.: Ôèçìàòëèò,

2003. 272 ñ.
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Êðàåâûå çàäà÷è äëÿ óðàâíåíèé ñìåøàííîãî òèïà âûñîêîãî

ïîðÿäêà

Ïÿòêîâ Ñ.�.

Þ�Ó, Õàíòû-Ìàíñèéñê, �îññèÿ; pyatkovsg�gmail.
om

�àññìàòðèâàåòñÿ óðàâíåíèå

al(t)u
(l) + al−1(t)u(l−1) +

l−2∑

k=0

∑

|α|<
2m(l−1−k)

l−1

ak,α(t, x)Dk
tD

α
xu−

−
∑

|α|=2m

aα(x)Dαu− λu = f,

(1)

ãäå x ∈ G ⊂ Rn, G � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé Γ = ∂G ∈ C2m
, t ∈ (0, T ).

Ïóñòü Q = (0, T ) × G. Îñíîâíîé îñîáåííîñòüþ ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ òîò

�àêò, ÷òî êîý��èöèåíò al ìîæåò ìåíÿòü çíàê íà èíòåðâàëå (0, T ) è òàêèì

îáðàçîì óðàâíåíèå ÿâëÿåòñÿ óðàâíåíèåì ñìåøàííîãî òèïà. Óðàâíåíèå (1) äî-

ïîëíÿåòñÿ êðàåâûìè óñëîâèÿìè âèäà

Uiu =
l−1∑

j=0

(αi,ju
(j)(0, x) + βi,ju

(j)(T, x)) = 0, i = 1, 2, . . . , l, (2)

Bju|Γ =
∑

|α|≤mj

bα,j(x)Dαu = 0, j = 1, 2, . . . , m. (3)

Îïåðàòîð B, çàäàííûé âûðàæåíèåì Bu =
∑

|α|=2m

bα(x)Dαu è ãðàíè÷íûìè óñëî-

âèÿìè Bju|Γ =
∑

|α|≤mj
bα,j(x)Dαu|Γ = 0, ãäå x ∈ G ⊂ Rn, ïðåäïîëàãàåòñÿ

ýëëèïòè÷åñêèì. Â êà÷åñòâå îáëàñòè îïðåäåëåíèÿ D(B) âîçüìåì ïðîñòðàíñòâî

ñîñòîÿùåå èç �óíêöèé u ∈W 2m
2 (G) òàêèõ, ÷òî Bju|Γ = 0.

Îñíîâíûå óñëîâèÿ íà ñòàðøèå êîý��èöèåíòû óðàâíåíèÿ èìåþò âèä: êî-

ý��èöèåíòû al−1, al âåùåñòâåííû, al(0)al(T ) > 0 è äëÿ íåêîòîðîé ïîñòîÿííîé

δ1 > 0 âûïîëíåíî íåðàâåíñòâî

(−1)(l+1)/2(al−1(t) − 1

2
alt(t)) ≥ δ1 ∀t ∈ [0, T ]. (4)

Ïðè åñòåñòâåííûõ óñëîâèÿõ ãëàäêîñòè íà äàííûå è óñëîâèé òèïà Ëîïàòèíñêî-

ãî íà áîêîâîé ïîâåðõíîñòè öèëèíäðà Q è íà åãî âåðõíåì è íèæíåì îñíîâà-

íèè ìû ïîêàçûâàåì �ðåäãîëüìîâîñòü çàäà÷è (1)�(3) à òàêæå ñóùåñòâîâàíèå

è åäèíñòâåííîñòü ðåøåíèé çàäà÷è (1)�(3) òàêèõ, ÷òî u ∈ L2(0, T ;W 2m
2 (G)),

Bu, u(l−1) ∈ L2(Q), alu
(l−1) ∈ W 1

2 (0, T ;L2(G)) äëÿ âñåõ äîñòàòî÷íî áîëüøèõ

çíà÷åíèé ïàðàìåòðà λ.
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Ïåðåîïðåäåë¼ííàÿ ëèíåéíàÿ ñèñòåìà òðåõ èíòåãðàëüíûõ

óðàâíåíèé âîëüòåððîâñêîãî òèïà ñ òðåìÿ ñèíãóëÿðíûìè

îáëàñòÿìè

�àäæàáîâ Í.�.

ÒÍÓ, Äóøàíáå, Òàäæèêèñòàí; nusrat38�mail.ru

Â îáëàñòè Ω = {(x, y, z) : a < x < a0, b < y < b0, c < z < c0} ðàññìîòðèì
ïåðåîïðåäåë¼ííóþ ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé





ϕ(x, y, z) +
x∫
a

A(t)ϕ(t,y,z)
t−a

dt = f(x, y, z),

ϕ(x, y, z) +
x∫
a

B(s)ϕ(x,s,z)
s−b ds = g(x, y, z),

ϕ(x, y, z) +
x∫
a

C(τ)ϕ(t,y,τ)
τ−c dτ = E(x, y, z),

(1)

ãäå A (x) , B (y) , C (z) , f (x, y, z) , g (x, y, z) , E (x, y, z) � çàäàííûå �óíêöèè,

ϕ(x, y, z) � èñêîìàÿ �óíêöèÿ.
Ñèñòåìà (1) èçó÷åíà ñâåäåíèåì ê îäíîìó îäíîìåðíîìó èíòåãðàëüíîìó óðàâ-

íåíèþ âîëüòåððîâñêîãî òèïà ñ ñèíãóëÿðíîé òî÷êîé â ÿäðå [1℄. Äîêàçàíî, ÷òî

åñëè â ñèñòåìå (1) f (x, y, z) ∈ C(Ω̄), g (x, y, z) ∈ C(Ω̄), E (x, y, z) ∈ C(Ω̄), A (x) ∈
C(Γ̄1), B (y) ∈ C(Γ̄2), C (z) ∈ C(Γ̄3), A (a) < 0, B (b) < 0, C (c) < 0, f(a, b, c) = 0

 îïðåäåë¼ííûì àñèìïòîòè÷åñêèì ïîâåäåíèåì è ïðè âûïîëíåíèè ðÿäà äðóãèõ

óñëîâèé, íàéäåíî ÿâíîå ðåøåíèå ðàññìàòðèâàåìîé ñèñòåìû ÷åðåç îäíó ïðîèç-

âîëüíóþ ïîñòîÿííóþ. Èçó÷åíû äðóãèå âîçìîæíûå ñëó÷àè. Èçó÷åíû ñëó÷àè,

êîãäà îñíîâíûì óðàâíåíèåì ñèñòåìû ÿâëÿåòñÿ âòîðîå óðàâíåíèå èëè òðåòüå

óðàâíåíèå ðàññìàòðèâàåìîé ñèñòåìû. Âî âñåõ ñëó÷àÿõ ðåøåíèå íàéäåíî â ÿâ-

íîì âèäå.

Ëèòåðàòóðà

1. �àäæàáîâ Í. Èíòåãðàëüíûå óðàâíåíèÿ òèïà Âîëüòåpðà ñ �èêñèðîâàí-

íûìè ãðàíè÷íûìè è âíóòðåííèìè ñèíãóëÿðíûìè è ñâåðõñèíãóëÿðíûìè

ÿäðàìè è èõ ïðèëîæåíèÿ. Äóøàíáå, 2007. 221 ñ.

2. �àäæàáîâ Í. Ïåðåîïðåäåëåííàÿ ëèíåéíàÿ ñèñòåìà èíòåãðàëüíûõ óðàâ-

íåíèé è ñèíãóëÿðíûå, ñâåðõ-ñèíãóëÿðíûå èíòåãðàëüíûå óðàâíåíèÿ òèïà

Âîëüòåððà òðåòüåãî ðîäà ñ ëîãàðè�ìè÷åñêèìè è ñâåðõ-ñèíãóëÿðíûìè ÿä-

ðàìè è èõ ïðèëîæåíèÿ. Äóøàíáå, 2021. 317 ñ.
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Ñëó÷àéíûå ïðîñòðàíñòâåííûå âîëíû COVID-19

�àññàäèí À.Ý.

ÍÈÓ ÂØÝ, Íèæíèé Íîâãîðîä, �îññèÿ; brat_ras�list.ru

Ïîÿâëåíèå íîâîé êîðîíàâèðóñíîé èí�åêöèè COVID-19 ïîðîäèëî îáøèðíóþ

ñåðèþ èññëåäîâàíèé, ïîñâÿù¼ííóþ òåîðèè ýïèäåìèé (ñì. [1℄ è ññûëêè òàì).

Îäíàêî áîëüøèíñòâî ýòèõ ðàáîò ðàññìàòðèâàåò òîëüêî âðåìåííóþ äèíàìèêó

áîëåçíè. Ìåæäó òåì î÷åâèäíî, ÷òî çíàíèå å¼ ïðîñòðàíñòâåííî-âðåìåííîé äè-

íàìèêè äà¼ò áîëåå óäîâëåòâîðèòåëüíîå îïèñàíèå ðàñïðîñòðàíåíèÿ COVID-19.

Åù¼ áîëåå ðåàëèñòè÷íûìè ÿâëÿþòñÿ ìîäåëè òàêîé äèíàìèêè, êîý��èöèåíòû

êîòîðûõ � íå ïîñòîÿííûå âåëè÷èíû, êàê, íàïðèìåð, â [2℄, à ñëó÷àéíûå âåëè÷èíû

ñ èçâåñòíûìè �óíêöèÿìè ðàñïðåäåëåíèÿ.

Â ïðåäñòàâëåííîì äîêëàäå äëÿ ñëåäóþùåé ìîäåëè ïðîñòðàíñòâåííî-âðå-

ìåííîé äèíàìèêè COVID-19:

∂u

∂t
+ c

∂u

∂x
= f(u), u(x, 0) = u0(x), x ∈ R, (1)

äëÿ ðàçëè÷íûõ ïðàâûõ ÷àñòåé f(u) óðàâíåíèÿ (1) è íà÷àëüíûõ óñëîâèé u0(x)
ê íåìó ïðè ñëó÷àéíûõ ñêîðîñòÿõ c ðàñïðîñòðàíåíèÿ ïðîñòðàíñòâåííîé âîëíû

ýïèäåìèè âû÷èñëåíû àâòîêîððåëÿöèîííûå �óíêöèè:

K(x1, t1; . . . ; xn, tn) =< u(x1, t1) · . . . · u(xn, tn) >, n ∈ N,

à òàêæå ïðèâåäåíû ïðèìåðû ãðà�èêîâ ýòèõ ïîñëåäíèõ.

Ëèòåðàòóðà

1. �àññàäèí À.Ý. Îá îöåíêàõ ðåøåíèé ýâîëþöèîííûõ óðàâíåíèé ìîäåëåé

ðàñïðîñòðàíåíèÿ ïàíäåìèè COVID-19 // Àêòóàëüíûå ïðîáëåìû ìàòåìà-

òèêè è èí�îðìàöèîííûõ òåõíîëîãèé. Ìàòåðèàëû II Âñåðîññèéñêîé êîí-

�åðåíöèè, ïðèóðî÷åííîé ê 90-ëåòèþ Äàãåñòàíñêîãî ãîñóäàðñòâåííîãî óíè-

âåðñèòåòà, Ìàõà÷êàëà, 5-7 �åâðàëÿ 2021 ãîäà. Ìàõà÷êàëà: Èçäàòåëüñòâî

Ä�Ó, 2021. Ñ. 138�141.

2. �àäæèìóðàäîâ T.A., Àãàëàðîâ À.Ì., Áàëÿêèí À.À., Æóëåãî Â.�. Áåãó-

ùèå âîëíû â SIR-ìîäåëè ñ íåëèíåéíûì óðîâíåì çàáîëåâàåìîñòè è ïðî-

ñòðàíñòâåííîé äè��óçèåé // Ìåæä. íàó÷. êîí�. ¾Ó�èìñêàÿ îñåííÿÿ ìà-

òåìàòè÷åñêàÿ øêîëà-2020¿: ñáîðíèê òåçèñîâ. ×àñòü II. (Ó�à, 11-14 íîÿáðÿ

2020 ã.) / îòâ. ðåä. Ç.Þ. Ôàçóëëèí. Ó�à. Àýòåðíà, 2020. Ñ. 28�30.
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Îñíîâíûå ñîñòîÿíèÿ äëÿ ìîäåëè Èçèíãà ñ

êîíêóðèðóþùèìè âçàèìîäåéñòâèÿìè è ñ âíåøíèì ïîëåì

íà äåðåâå Êýëè ïîðÿäêà òðè

�àñóëîâà Ì.À.

a
, Àñêàðîâ Æ.Í.

b

Íàì�Ó, Íàìàíãàí, Óçáåêèñòàí;

a
m_rasulova_a�rambler.ru,

b
Askarjavokhir02�gmail.
om

Ïóñòü τk = (V, L), k ≥ 1 åñòü äåðåâî Êýëè ïîðÿäêà k (ñì. [1℄).
Ïóñòü Φ = {−1, 1}. Òîãäà êîí�èãóðàöèÿ σ íà V îïðåäåëÿåòñÿ êàê �óíêöèÿ

x ∈ V 7→ σ(x) ∈ Φ.
�àìèëüòîíèàí ìîäåëè Èçèíãà ñ êîíêóðèðóþùèìè âçàèìîäåéñòâèÿìè è ñ

âíåøíèì ïîëåì èìååò âèä

H(σ) = J1
∑

〈x,y〉∈L

σ(x)σ(y) + J2
∑

x,y∈V :d(x,y)=2

σ(x)σ(y) + α
∑

x∈V

σ(x),

ãäå J1, J2, α ∈ R, α � âíåøíåå ïîëå.

Îïðåäåëèì ýíåðãèþ êîí�èãóðàöèè σb íà åäèíè÷íîì øàðå b ñëåäóþùèì
îáðàçîì:

U(σb) =
1

2
J1
∑

x∈b

σ(cb)σ(x) + J2
∑

x,y∈b:d(x,y)=2

σ(x)σ(y) + ασ(cb),

çäåñü cb � öåíòð åäèíè÷íîãî øàðà b.
Òåîðåìà 1. Ïóñòü k = 3. Òîãäà äëÿ ìîäåëè Èçèíãà ñ êîíêóðèðóþùèìè

âçàèìîäåéñòâèÿìè è 
 âíåøíèì ïîëåì α 6= 0 âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

I. à) ϕ(x) = 1, ∀x ∈ V êîí�èãóðàöèÿ ÿâëÿåòñÿ òðàíñëÿöèîííî -èíâàðèàíòíûì

îñíîâíûì ñîñòîÿíèåì íà ìíîæåñòâå {(J1, J2, α) ∈ R3 : J1 ≤ 0, J1 + 6J2 ≤
0, α ≤ 0}; á) ϕ(x) = −1, ∀x ∈ V êîí�èãóðàöèÿ ÿâëÿåòñÿ òðàíñëÿöèîííî-

èíâàðèàíòíûì îñíîâíûì ñîñòîÿíèåì íà ìíîæåñòâå {(J1, J2, α) ∈ R3 : J1 ≤
0, J1 + 6J2 ≤ 0, α ≥ 0}; II. Âñÿêèå HA-ïåðèîäè÷åñêèå îñíîâíûå ñîñòîÿíèÿ ÿâ-

ëÿþòñÿ òðàíñëÿöèîííî-èíâàðèàíòíûìè.

Òåîðåìà 2. Ïóñòü k = 3. Òîãäà äëÿ ìîäåëè Èçèíãà ñ êîíêóðèðóþùèìè

âçàèìîäåéñòâèÿìè è ñ âíåøíèì ïîëåì α 6= 0 âñÿêèå HA-ñëàáî ïåðèîäè÷åñêèå

îñíîâíûå ñîñòîÿíèÿ ÿâëÿþòñÿ òðàíñëÿöèîííî-èíâàðèàíòíûìè.

Ëèòåðàòóðà

1. Rozikov U.A., �àõìàòóëëàåâ Ì.Ì. Ñëàáî ïåðèîäè÷åñêèå îñíîâíûå ñîñòî-

ÿíèÿ è ìåðû �èááñà äëÿ ìîäåëè Èçèíãà ñ êîíêóðèðóþùèìè âçàèìîäåé-

ñòâèÿìè íà äåðåâå Êýëè // Òåîð. è ìàòåì. �èçèêà. 2009. Ò. 160, � 3.

C. 507�516.
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Íåîáõîäèìîå óñëîâèå íåòðèâèàëüíîé ðàçðåøèìîñòè è

îáùåå ðåøåíèå íåêîòîðîé ïåðåîïðåäåëåííîé ñèñòåìû

óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

�àõèìîâà Ì.À.

Ò�ÓÏÁÏ, Õóäæàíä, Òàäæèêèñòàí; rakhimova.mahsuda�mail.ru

�àññìîòðèì ïåðåîïðåäåëåííóþ ñèñòåìó äè��åðåíöèàëüíûõ óðàâíåíèé ñ

÷àñòíûìè ïðîèçâîäíûìè {
ux = Au,

uy = Bu,
(1)

ãäå u = (u1, u2, · · ·un)T � èñêîìàÿ âåêòîð-�óíêöèÿ ïåðåìåííûõ x, y è A,B �

ïîñòîÿííûå âåùåñòâåííûå ìàòðèöû ïîðÿäêà n.
Íåîáõîäèìîå óñëîâèå íåòðèâèàëüíîé ðàçðåøèìîñòè ñèñòåìû (1) èìååò âèä

(AB −BA)u = 0. (2)

Òîæäåñòâåííîå âûïîëíåíèå ýòîãî ðàâåíñòâà áóäåò óñëîâèåì Ôðîáåíèóñà äëÿ

ñèñòåìû (1).

�àññìîòðèì äâà âîçìîæíûõ ñëó÷àÿ.

Ñëó÷àé 1. Ïóñòü AB = BA, ò.å. ìàòðèöû A è B ÿâëÿþòñÿ ïåðåñòàíîâî÷-

íûìè. Òîãäà óñëîâèå (2) âûïîëíÿåòñÿ òîæäåñòâåííî ïî u ∈ Rn è îáùåå ðåøåíèå
ñèñòåìû (1) çàïèøåòñÿ â âèäå

u(x, y) = eAx+Byϑ0,

ãäå ϑ0 � ïðîèçâîëüíûé âåêòîð èç R
n.

Ñëó÷àé 2. Ïóñòü AB 6= BA, ò.å. ìàòðèöû A è B íå ÿâëÿþòñÿ ïåðåñòàíîâî÷-

íûìè. Åñëè äîïîëíèòåëüíî ìàòðèöà C = AB − BA îáðàòèìàÿ, òî èç óñëîâèÿ

Ôðîáåíèóñà ñëåäóåò, ÷òî u = 0 è ñèñòåìà (1) èìååò òîëüêî íóëåâîå ðåøåíèå.
Ïóñòü ìàòðèöà C ÿâëÿåòñÿ íåîáðàòèìîé. Òîãäà îíà èìååò íóëåâîå ñîáñòâåí-

íîå çíà÷åíèå. ×åðåç u1, u2, · · ·um îáîçíà÷èì ñîáñòâåííûå âåêòîðû ìàòðèöû C,
îòâå÷àþùèå íóëåâîìó ñîáñòâåííîìó çíà÷åíèþ, m = n− rang C, 1 ≤ m ≤ n− 1.
Òàê êàê íàñ èíòåðåñóþò íåíóëåâûå ðåøåíèÿ ñèñòåìû (1), òî èç (2) ñëåäóåò

÷òî äëÿ �èêñèðîâàííîãî (x, y) u ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì ìàòðèöû C,
îòâå÷àþùèé íóëåâîìó ñîáñòâåííîìó çíà÷åíèþ. Ïîýòîìó u(x, y) äîëæíî ïðåä-
ñòàâëÿòüñÿ â âèäå

u(x, y) =
m∑

j=1

ϑj(x, y)uj, ϑj(x, y) ∈ C1. (3)

Ïîäñòàâëÿÿ (3) â (1) è ñ ó÷¼òîì òîãî, ÷òî uj îðòîíîðìèðîâàíû, óìíîæàÿ îáå

÷àñòè óðàâíåíèé ñêàëÿðíî íà uk, ïîëó÷èì ñèñòåìó

{
ϑx = A1ϑ,

ϑy = B1ϑ,
(4)

ãäå ϑ = (ϑ1, ϑ2, · · ·ϑm), A1 � ìàòðèöà m × m ñ ýëåìåíòàìè (Auj, uk), B1 � ñ

ýëåìåíòàìè (Buj, uk). Ñèñòåìà (4) � ýòà ñèñòåìà âèäà (3), òîëüêî ðàçìåðíîñòè
m ≤ n− 1.
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Îñíîâíûå ñîñòîÿíèÿ äëÿ ìîäåëè Ïîòòñà ñ âíåøíèì ïîëåì

�àõìàòóëëàåâ Ì.Ì.

1,a
, �àñóëîâà Ì.À.

2,b
, Íåúìàòîâ Ì.

3

1
ÈÌ ÀÍ �Óç,

2
Íàì�Ó, Íàìàíãàí,

3
Ê�ÏÈ, Ôåðãàíà, Óçáåêèñòàí;

a
mrahmatullaev�rambler.ru,

b
m_rasulova_a�rambler.ru

Ïóñòü τk = (V, L), k ≥ 1 åñòü äåðåâî Êýëè ïîðÿäêà k (ñì. [1℄).
Ïóñòü Φ = {1, 2, 3}. Òîãäà êîí�èãóðàöèÿ σ íà V îïðåäåëÿåòñÿ êàê �óíêöèÿ

x ∈ V 7→ σ(x) ∈ Φ.
�àìèëüòîíèàí ìîäåëè Ïîòòñà ñ âíåøíèì ïîëåì èìååò âèä

H(σ) = J
∑

〈x,y〉∈L

δσ(x)σ(y) + α
∑

x∈V

σ(x),

ãäå J, α ∈ R, α � âíåøíåå ïîëå.

Ïóñòü M � ìíîæåñòâî åäèíè÷íûõ øàðîâ ñ âåðøèíàìè â V . Ìû íàçîâåì

ñóæåíèå êîí�èãóðàöèè σ íà øàðå b ∈ M îãðàíè÷åííîé êîí�èãóðàöèåé σb.
Îïðåäåëèì ýíåðãèþ êîí�èãóðàöèè σb íà b ñëåäóþùèì îáðàçîì:

U(σb) =
1

2
J
∑

x∈b

δσ(cb)σ(x) + ασ(cb),

çäåñü cb � öåíòð åäèíè÷íîãî øàðà b.
Ëåììà. Äëÿ êàæäîé êîí�èãóðàöèè ϕb âåðíî ñëåäóþùåå

U(ϕb) ∈ {Un : n = 1, 3(k + 2)},

ãäå

Un =

{
n− 1

k + 2

}
· k + 2

2
J +

(
1 +

[
n− 1

k + 2

])
α.

Îáîçíà÷èì Ak+2 = {(J, α) ∈ R2 : J ≤ 0, α ≥ 0}, A2k+4 = {(J, α) ∈ R2 : J ≤ 0,
α = 0}, A3k+6 = {(J, α) ∈ R2 : J ≤ 0, α ≤ 0}.

Òåîðåìà 1. Ïóñòü k ≥ 2. Òîãäà ϕ(x) = i, ∀x ∈ V êîí�èãóðàöèÿ ÿâëÿåòñÿ

òðàíñëÿöèîííî-èíâàðèàíòíûì îñíîâíûì ñîñòîÿíèåì íà ìíîæåñòâå A(k+2)i

äëÿ ìîäåëè Ïîòòñà ñ âíåøíèì ïîëåì, çäåñü i ∈ Φ.

Òåîðåìà 2. Ïóñòü α 6= 0. Òîãäà âñÿêèå G
(2)
k � ïåðèîäè÷åñêèå îñíîâíûå

ñîñòîÿíèÿ ÿâëÿþòñÿ òðàíñëÿöèîííî-èíâàðèàíòíûìè.

Ëèòåðàòóðà

1. Rozikov U.A. Gibbs measures on Cayley trees. World s
ienti�
, 2013.
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Ôèçèêî-òîïîëîãè÷åñêîå ìîäåëèðîâàíèå èíòåãðàëüíûõ 3D

ïðèáîðíûõ ñòðóêòóð

�åõâèàøâèëè Ñ.Ø.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; rsergo�mail.ru

�àçðàáàòûâàåòñÿ îáùàÿ ïàðàäèãìà áûñòðîãî ñêâîçíîãî ìîäåëèðîâàíèÿ èí-

òåãðàëüíûõ 3D ïðèáîðíûõ ñòðóêòóð, êîòîðàÿ âêëþ÷àåò ðàñ÷åòû îñíîâíûõ ýëåê-

òðî�èçè÷åñêèõ ïàðàìåòðîâ (â ÷àñòíîñòè, âðåìåíà æèçíè, ïîäâèæíîñòè è êîý�-

�èöèåíòû äè��óçèè íîñèòåëåé çàðÿäà â çàâèñèìîñòè îò óðîâíåé ëåãèðîâàíèÿ

è òåìïåðàòóðû), äåêîìïîçèöèþ àêòèâíûõ îáëàñòåé, ðàñ÷åò ïàðàìåòðîâ ðàñïðå-

äåëåííûõ ýêâèâàëåíòíûõ ñõåì, �îðìèðîâàíèå áèáëèîòåê êîìïîíåíòîâ, ñõåìî-

òåõíè÷åñêîå ìîäåëèðîâàíèå.

Ý��åêòèâíîñòü ïîäõîäà ïðîäåìîíñòðèðîâàíà íà ïðèìåðå èíòåãðàëüíîãî

3D êîíäåíñàòîðà ñ áàðüåðîì Øîòòêè [1℄. Ïîêàçàíî, ÷òî ïóòåì �îðìèðîâàíèÿ

îáúåìíîé �óíêöèîíàëüíîé ñòðóêòóðû êîíäåíñàòîðà ìîæíî äîáèòüñÿ çíà÷è-

òåëüíîãî óâåëè÷åíèÿ åãî åìêîñòè. Ñîñòàâëåíà ðàñïðåäåëåííàÿ ýêâèâàëåíòíàÿ

ñõåìà êîíäåíñàòîðà, ó÷èòûâàþùàÿ êîíñòðóêòèâíî-òåõíîëîãè÷åñêèå îñîáåííî-

ñòè. Ïîñòðîåíà SPICE-ìîäåëü èíòåãðàëüíîãî êîíäåíñàòîðà è íà ÷èñëåííîì ïðè-

ìåðå ïðîâåäåíà èäåíòè�èêàöèÿ ïàðàìåòðîâ ìîäåëè. Ñ ïîìîùüþ ñõåìîòåõíè÷å-

ñêîãî ìîäåëèðîâàíèÿ èçó÷åíî âëèÿíèå ïàðàçèòíûõ ïàðàìåòðîâ íà õàðàêòåðè-

ñòèêè èíòåãðàëüíîãî êîíäåíñàòîðà.

Ëèòåðàòóðà

1. �åõâèàøâèëè Ñ.Ø., �àåâ Ä.Ñ., Áîéêî À.Í. Ôèçèêî-òîïîëîãè÷åñêîå ìî-

äåëèðîâàíèå îáúåìíîé êîíäåíñàòîðíîé ñòðóêòóðû ñ áàðüåðîì Øîòòêè //

Ìèêðîýëåêòðîíèêà. 2021. Ò. 50, � 5. Ñ. 384�389.
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Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ �åëëåðñòåäòà ñ

ñèíãóëÿðíûì êîý��èöèåíòîì

�óçèåâ Ì.Õ.

ÈÌ ÀÍ �Óç, Òàøêåíò, Óçáåêèñòàí; mruziev�mail.ru

�àññìîòðèì óðàâíåíèå

signy|y|muxx + uyy + (β0/y)uy = 0, (1)

â îáëàñòè D = D+∪D− ∪ I, ãäå D+
� ïåðâûé êâàäðàíò ïëîñêîñòè, D−

� êîíå÷-

íàÿ îáëàñòü ÷åòâåðòûé êâàäðàíò ïëîñêîñòè, îãðàíè÷åííàÿ õàðàêòåðèñòèêàìè

OC è BC óðàâíåíèÿ (1) âûõîäÿùèìè èç òî÷åê O(0, 0), B(1, 0) è îòðåçêîì OB
ïðÿìîé y = 0, I = {(x, y) : 0 < x < 1, y = 0}. Â (1) m > 0, −m

2
< β0 < 1. Ââåäåì

îáîçíà÷åíèÿ: I0 = {(x, y) : 0 < y < ∞, x = 0}, I1 = {(x, y) : 1 ≤ x < ∞, y = 0},
C0 è C1 � ñîîòâåòñòâåííî òî÷êè ïåðåñå÷åíèÿ õàðàêòåðèñòèê OC è BC ñ õàðàêòå-

ðèñòèêîé èñõîäÿùåé èç òî÷êè E(c, 0), ãäå c ∈ I � ïðîèçâîëüíîå �èêñèðîâàííîå
÷èñëî. Ïóñòü q(x) ∈ C1[c, 1] � äè��åîìîð�èçì èç ìíîæåñòâà òî÷åê îòðåçêà

[c, 1] â ìíîæåñòâî òî÷åê îòðåçêà [0, c], ïðè÷åì q′(x) < 0, q(1) = 0, q(c) = c. Â
êà÷åñòâå ïðèìåðà òàêîé �óíêöèè ïðèâåäåì ëèíåéíóþ �óíêöèþ q(x) = k(1−x),
ãäå k = c/(1 − c).

Çàäà÷à GF.Íàéòè â îáëàñòè D �óíêöèþ u(x, y) ñî ñâîéñòâàìè: 1)u(x, y) ∈
C(D̄) ãäå D̄ = D̄− ∪D+ ∪ Ī0 ∪ Ī1;

2) u(x, y) ∈ C2(D+) è óäîâëåòâîðÿåò óðàâíåíèþ (1) â ýòîé îáëàñòè;

3) u(x, y) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì êëàññà R1 â îáëàñòè D
−
;

4) âûïîëíÿåòñÿ ðàâåíñòâà

lim
R→∞

u(x, y) = 0, R2 = x2 + (4/(m+ 2)2)ym+2, x ≥ 0, y ≥ 0;

5) u(x, y) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì u(0, y) = ϕ(y), y ≥ 0; u(x, 0) =
τ1(x), x ∈ Ī1; u(x, y)|EC1

= ψ(x), c ≤ x ≤ (c+ 1)/c; u(q(x), 0) = µu(x, 0) +
f(x), c ≤ x ≤ 1, è óñëîâèþ ñîïðÿæåíèÿ

lim
y→+0

yβ0uy = lim
y→−0

(−y)β0uy, x ∈ I \ {c},

ïðè÷åì ýòè ïðåäåëû ïðè x = 0, x = 1, x = c ìîãóò èìåòü îñîáåííîñòè ïîðÿäêà

íèæå 1 − 2β, ãäå β = m+2β0

2(m+2)
, f(x), ψ(x), τ1(x), ϕ(y) � çàäàííûå �óíêöèè.
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Çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà ñ

äðîáíûìè ïðîèçâîäíûìè

Ñàáèòîâ Ê.Á.

ÈÑÈ, Ó�à, ÑÔ Áàø�Ó, Ñòåðëèòàìàê, �îññèÿ; sabitov_fmf�mail.ru

�àññìîòðèì äè��åðåíöèàëüíîå óðàâíåíèå

Lu =





uxx +Dα
0yu(x, y) = 0, y > 0, 1 < α ≤ 2,

uxx −Dβ
0yu(x, y) = 0, y < 0, 1 < β ≤ 2,

(1)

â îáëàñòè Ω = {(x, y)| 0 < x < l,−a < y < b}, ãäå l, a è b � çàäàííûå ïîëîæè-
òåëüíûå ïîñòîÿííûå, Dγ

0yu(x, y), γ = α ïðè y > 0 è γ = β ïðè y < 0 � îïåðàòîðû
äðîáíîãî ïîðÿäêà â ñìûñëå Êàïóòî.

Çàäà÷à Äèðèõëå. Íàéòè �óíêöèþ u(x, y) ñî ñâîéñòâàìè:

u(x, y) ∈ C(Ω) ∩ C1
x(Ω) ∩ C1(Ω) ∩ C2

x(Ω+ ∪ Ω−), Dγ
0yu ∈ C(Ω±); (2)

Lu(x, y) ≡ 0, (x, y) ∈ D+ ∪D−; (3)

u(0, y) = u(l, y) = 0, −a ≤ y ≤ b; (4)

u(x,−a) = ψ(x), u(x, b) = ϕ(x), 0 ≤ x ≤ l, (5)

ãäå ϕ(x) è ψ(x) − çàäàííûå äîñòàòî÷íî ãëàäêèå �óíêöèè, ϕ(0) = ϕ(l) = ψ(0) =
ψ(l) = 0.

Îòìåòèì, ÷òî â ðàáîòàõ �åêêèåâîé Ñ.Õ., �åïèíà Î.À., Êèëáàñà À.À. èçó÷å-

íû àíàëîãè çàäà÷ Òðèêîìè è Áèöàäçå � Ñàìàðñêîãî äëÿ óðàâíåíèé ñìåøàííîãî

òèïà ñ äðîáíîé ïðîèçâîäíîé uxx−Dα
0yu = 0, 0 < α < 1 ïðè y > 0, à ïðè y < 0 ÿâ-

ëÿþòñÿ ÷èñòî ãèïåðáîëè÷åñêèìè óðàâíåíèÿìè uxx−uyy = 0, uxx−(−y)muyy =
0, m < 1, xuxx + yuyy + pux + quy = 0. Ïðè ýòîì îáëàñòü çàäàíèÿ óðàâíåíèÿ

ïðè y > 0 ñîâïàäàåò ñ ïîëóïëîñêîñòüþ y > 0, à ïðè y < 0 � ïðåäñòàâëÿåò

õàðàêòåðèñòè÷åñêèé òðåóãîëüíèê.

Â äàííîé ðàáîòå óñòàíîâëåí êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è (2)�

(5). �åøåíèå ïîñòðîåíî â âèäå ñóììû îðòîãîíàëüíîãî ðÿäà è ïîêàçàíî åãî

ñõîäèìîñòü â êëàññå ðåãóëÿðíûõ ðåøåíèé (2), (3) óðàâíåíèÿ (1). Óñòàíîâëåíà

óñòîé÷èâîñòü ðåøåíèÿ îòíîñèòåëüíî ãðàíè÷íûõ �óíêöèé ϕ(x) è ψ(x) â êëàññå
íåïðåðûâíûõ è êâàäðàòè÷íî-ñóììèðóåìûõ �óíêöèé.
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�àçíîñòíàÿ ñõåìà äëÿ ìàòåìàòè÷åñêîé ìîäåëè

�èëüòðàöèîííîãî ãîðåíèÿ ãàçîâ

Ñàäðèääèíîâ Ï.Á.

ÒÍÓ, Äóøàíáå, Òàäæèêèñòàí; Parviz06�list.ru

Â ðàáîòå ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ìàòåìàòè÷åñêàÿ ìîäåëü, ñîñòîÿùàÿ

èç òðåõ äè��åðåíöèàëüíûõ óðàâíåíèé ñ íåëèíåéíûìè ïðàâàìè ÷àñòÿìè

−ρ2c2
dT2
dx

= α2λ2
d2T2
dx2

+ αcSc(T1 − T2),

ρ10cp(v10 − u)
dT1
dx

= −αcSc(T1 − T2) + ρ10Qη0J, (1)

ρ10(v10 − u)
dn

dx
= −ρ10J, J = nk0 exp(−E/RT1).

�ðàíè÷íûìè óñëîâèÿìè çàäà÷è ÿâëÿþòñÿ óñëîâèÿ íà áåñêîíå÷íîñòè

x = −∞ : T1 = T0, T2 = T0, n = 1,

x = +∞ :
dT1
dx

= 0,
dT2
dx

= 0, n = 0. (2)

Äëÿ ðåøåíèÿ çàäà÷è (1)�(2) ñîñòàâëÿåòñÿ ðàçíîñòíàÿ ñõåìà. Ïîäîáíîå èñ-

ñëåäîâàíèå ðàññìàòðèâàëèñü â ðàáîòàõ [1-4℄.

Ëèòåðàòóðà

1. Ëàåâñêèé Þ.Ì., Áàáêèí Â.Ñ.Ôèëüòðàöèîííîå ãîðåíèå ãàçîâ // Â ñá.: �àñ-

ïðîñòðàíåíèå òåïëîâûõ âîëí â ãåòåðîãåííûõ ñðåäàõ. Íîâîñèáèðñê, Íàóêà.

Ñèáèðñêîå Îòäåëåíèå. 1988. 286 ñ.

2. Ëàåâñêèé Þ.Ì., ßóøåâà Ë.Â.×èñëåííîå ìîäåëèðîâàíèå �èëüòðàöèîííî-

ãî ãîðåíèÿ ãàçà íà îñíîâå äâóõóðîâíåâûõ ïîëóíåÿâíûõ ðàñíîñòíûõ ñõåì

// Âè÷èñëèòåëüíûé òåõíîëîãèè. 2007. Ò. 12, � 2. Ñ. 90�103.

3. Áàáêèí Â.Ñ., Áóíåâ Â.À., Êîðæàâèí À.À. �àñïðîñòðàíåíèå ïëàìåíè â

ïîðèñòûõ èíåðòíûõ ñðåäàõ // �îðåíèå ãàçîâ è íàòóðàëüíûõ òîïëèâ. ×åð-

íîãîëîâêà. 1980. Ñ. 87�89.

4. Ñàäðèääèíîâ Ï.Á.Ïðèáëèæåííîå îïðåäåëåíèå ñêîðîñòè �ðîíòà �èëüòðà-

öèîííîãî ãîðåíèÿ ãàçîâ â èíåðòíîé ïîðèñòîé ñðåäå // Äîêëàäû Àêàäåìèè

íàóê �åñïóáëèêè Òàäæèêèñòàí. 2010. Ò. 53, � 1. Ñ. 28�33.
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Îá îïðåäåëåíèè äâóìåðíîãî ÿäðà

èíòåãðî-äè��åðåíöèàëüíîãî âîëíîâîãî óðàâíåíèÿ

Ñà�àðîâ Æ.Ø.

ÈÌ ÀÍ �Óç, Òàøêåíò, Óçáåêèñòàí; j.safarov65�mail.ru

�àññìàòðèâàåòñÿ èíòåãðî-äè��åðåíöèàëüíîå óðàâíåíèå

utt = uzz + uxx +

t∫

0

k(x, α)u(x, z, t− α) dα, z ∈ (0, l), t > 0, x > 0,

ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè

u|t=0 = 0, ut|t=0 = 0,

uz|z=0 = δ(x)δ′(t), uz|z=l = 0.

Çäåñü δ(·) � äåëüòà-�óíêöèÿ Äèðàêà. Â ïðåäïîëîæåíèè k(t, x) ∈ C(Π), èññëå-
äóåòñÿ çàäà÷à îá îïðåäåëåíèè �óíêöèè k(t, x) èç óñëîâèÿ

u(x, 0, t) = g(x, t),

ãäå Π = {(x, t) : x > 0, t > 0}.
Îñíîâíûì ðåçóëüòàòîì äàííîé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà ëî-

êàëüíîé, îäíîçíà÷íîé ðàçðåøèìîñòè îáðàòíîé çàäà÷è.

Òåîðåìà. Ïóñòü

(g(x,+0), gt(x,+0)) ∈ As0 , (g(x, z), gt(x, z), gtt(x, z)) ∈ (Cl[0, 2l], As0)

max{‖g‖s0(t), ‖gt‖s0(t), ‖gtt‖s0(t)} ≤ R, t ∈ [0, 2l],

ãäå R > 0 � çàäàííîå ÷èñëî.Òîãäà íàéäåòñÿ òàêîå a ∈ (0, l), ÷òî äëÿ ëþáîãî

s ∈ (0, s0) â îáëàñòè Γsl = D2 ∩ {(x, z, t) : 0 ≤ z ≤ a(s0 − s)} ñóùåñòâóåò

åäèíñòâåííîå ðåøåíèå îáðàòíîé çàäà÷è äëÿ êîòîðîãî

(ũ(x, z, t), ũt(x, z, t)) ∈ C(As0 , F ), k(x, t) ∈ C(As0 , [0, a(s0 − s)])

F = {(z, t, s) : (z, t) ∈ D0l, 0 < z < a(s0 − s)},
ïðè÷åì

‖ũ− ũ0‖s(z, t) ≤ R; ‖ũt − ũ0t‖s(z, t) ≤
R

s0 − s
; ‖ũt − ũ0t‖s(z) ≤

R

(s0 − s)2
.

172



VI Ìåæäóíàðîäíàÿ íàó÷íàÿ êîí�åðåíöèÿ ¾Íåëîêàëüíûå êðàåâûå çàäà÷è è ðîäñòâåííûå ïðîáëåìû

ìàòåìàòè÷åñêîé áèîëîãèè, èí�îðìàòèêè è �èçèêè¿, Íàëü÷èê, 5-9 äåêàáðÿ 2021ã.

Ìåòîä äðîáíîãî äè��åðåíöèðîâàíèÿ â

÷èñëåííî-àíàëèòè÷åñêèõ ðåøåíèÿõ çàäà÷ ïîäçåìíîãî

ìàññîïåðåíîñà

Ñåðáèíà Ë.È.

�ÁÎÓ ÂÎ Ñ�ÏÈ, Ñòàâðîïîëü, �îññèÿ; lserbina�mail.ru

Õàðàêòåðíîé ÷åðòîé ñîâðåìåííîé òåîðèè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

íåñòàöèîíàðíîãî ðåæèìà äèíàìè÷åñêèõ ïðîöåññîâ è ñèñòåì ÿâëÿåòñÿ ïîñòîÿííî

óâåëè÷èâàþùèéñÿ êðóã çàäà÷ ïðèêëàäíîãî çíà÷åíèÿ, êîòîðûé òðåáóåò ïîâûøå-

íèÿ òî÷íîñòè è äîñòîâåðíîñòè ñóùåñòâóþùèõ ÷èñëåííî-àíàëèòè÷åñêèõ ðàñ÷åò-

íûõ àëãîðèòìîâ. Äîñòèãíóòûå â ïîñëåäíåå âðåìÿ îïðåäåëåííûå óñïåõè ìàòå-

ìàòè÷åñêîãî ìîäåëèðîâàíèÿ ýâîëþöèè íåëèíåéíûõ äèíàìè÷åñêèõ ïðîöåññîâ è

ñèñòåì ñ ÿðêî âûðàæåííûìè àíîìàëüíûìè ñâîéñòâàìè ñâÿçàíû ñ èñïîëüçîâà-

íèåì �ðàêòàëüíîãî àíàëèçà, �óíäàìåíòàëüíîé îñíîâîé êîòîðîãî ÿâëÿåòñÿ ìà-

òåìàòè÷åñêèé àïïàðàò äè��åðåíöèàëüíûõ óðàâíåíèé ñ äðîáíîé ïðîèçâîäíîé.

Â äàííîé ðàáîòå, ñëåäóÿ îñíîâíûì èäåÿì [1℄, ïîêàçàíî, ÷òî ïðè îïðåäåëåí-

íîé ñõåìàòèçàöèè îäíîìåðíûé ïîòîê ìèãðàöèè ñîëåé è ïðèìåñåé â âîäîíàñû-

ùåííîì ïî÷âåííîì ñëîå 0 ≤ x ≤ r ñî ñëîæíîé (�ðàêòàëüíîé) ãåîìåòðè÷åñêîé

ñòðóêòóðîé ïîðîâîãî ïðîñòðàíñòâà, ìîæåò áûòü áîëåå àäåêâàòíî îïèñàí äè�-

�åðåíöèàëüíûì óðàâíåíèåì ñ ÷àñòíûìè ïðîèçâîäíûìè ïàðàáîëè÷åñêîãî òèïà

äðîáíîãî ïîðÿäêà

Dα
0tu(x; η) = Df

∂2u

∂x2
− b

∂u

∂x
+ β(u∗ − u), (1)

ãäå u = u(x; t) � êîíöåíòðàöèÿ ïî÷âåííîãî ðàñòâîðà â òî÷êå x â ìîìåíò âðåìåíè
t > 0;Df � êîý��èöèåíò �ðàêòàëüíîé äè��óçèè, b � ñêîðîñòü êîíâåêöèè, β
� êîý��èöèåíò ðàñòâîðåíèÿ ñîëè; u∗ � ïðåäåëüíàÿ êîíöåíòðàöèÿ íàñûùåíèÿ;

Dα
0t � îïåðàòîð äðîáíîãî â ñìûñëå �èìàíà � Ëèóâèëëÿ äè��åðåíöèðîâàíèÿ ïî

âðåìåíè t ïîðÿäêà α ∈ [0; 1].
Â êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè øèðîêîãî êëàññà ïðàêòè÷åñêè âàæíûõ

çàäà÷, ñâÿçàííûõ ñ ðàñ÷åòîì ñîñòîÿíèÿ è ïðîãíîçîì àíîìàëüíîãî ïîâåäåíèÿ

ïðîöåññà âëàãîñîëåïåðåíîñà â ïî÷âîãðóíòàõ, èíòåðïðåòèðóåìûõ êàê ñðåäû ñ

�ðàêòàëüíîé ñòðóêòóðîé [2℄, äëÿ óðàâíåíèÿ (1) ðàññìàòðèâàåòñÿ ñëåäóþùàÿ

âèäîèçìåíåííàÿ çàäà÷à Êîøè.

Çàäà÷à S. Íàéòè ðåãóëÿðíîå â ëþáîé òî÷êå x ∈ [0; r] è äëÿ ëþáîãî ìî-

ìåíòà âðåìåíè t > 0 ðåøåíèå u = u(x; t) äðîáíîãî óðàâíåíèÿ (1), îãðàíè÷åííîå
ïðè t→ 0 è óäîâëåòâîðÿþùåå óñëîâèþ Êîøè:

u(0; t) = τ(t), ux(0; t) = ϕ(t), 0 ≤ t ≤ T. (2)

Â îñíîâå ïðåäëàãàåìîãî ïðèáëèæåííîãî ÷èñëåííî-àíàëèòè÷åñêîãî ìåòîäà

ðåøåíèÿ çàäà÷è S, ñâÿçàííîãî ñ èíòåðïðåòàöèåé ýêñòðåìàëüíîãî ïîâåäåíèÿ èñ-
êîìîé �óíêöèè, ëåæèò àïïðîêñèìàöèÿ äðîáíîãî ìîäåëüíîãî óðàâíåíèÿ åãî äèñ-

êðåòíûì äðîáíûì àíàëîãîì è ý��åêòèâíîãî èñïîëüçîâàíèÿ ýëåìåíòîâ äðîáíî-

ãî èñ÷èñëåíèÿ.
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Î íåêîòîðûõ ñâîéñòâàõ ðåøåíèÿ çàäà÷è íà ÿ÷åéêå äëÿ

îáîáùåííîãî óðàâíåíèÿ Áåëüòðàìè

Ñèðàæóäèíîâ Ì.Ì.

1,a
, Äæàìàëóäèíîâà Ñ.Ï.

2
,ÈáðàãèìîâÌ.�.

2

1
ÄÔÈÖ �ÀÍ,

2
Ä�Ó, Ìàõà÷êàëà, �îññèÿ;

a
sirazhmagomed�yandex.ru

�àññìîòðèì çàäà÷ó íà ÿ÷åéêå ïåðèîäîâ:

{
ANj ≡ ∂ξ̄Nj(x, y) + µ(x, y)∂ξNj(x, y) + ν(x y)∂ξ̄Nj(x, y) = χj ,
Nj(x, ·) ∈W 1

2 (�; C), 〈Nj(x, ·)〉y = 0, j = 1, 2,
(1)

χ1 = 2−1
(
µ0 + ν0 − µ− ν

)
, χ2 = 2−1i

(
µ0 − ν0 − µ+ ν

)
, ãäå ξ = y1 + iy2,

x ∈ Q � âûñòóïàåò â ðîëè ïàðàìåòðà µ(x, y), ν(x, y) � èçìåðèìûå îãðàíè÷åííûå
�óíêöèè, ëèïøèöåâû ïî x (ñ ïîñòîÿííîé Ëèïøèöà l), ïåðèîäè÷åñêèå ïî y è óäî-
âëåòâîðÿþùèå óñëîâèþ ýëëèïòè÷íîñòè vrai supQ×� |µ(x, y) − ν(x, y)| 6 k0 < 1,

µ0(x), ν0(x) � �óíêöèè, îïðåäåë¼ííûå �îðìóëàìè µ0(x) =
〈
µ(x, ·) Q(x, ·) +

ν(x, ·) P(x, ·)
〉
y
, ν0(x) =

〈
µ(x, ·) P(x, ·) + ν(x, ·) Q(x, ·)

〉
y
, ãäå P(x, y) = 2−1×

×(p1(x, y) + ip2(x, y)), Q(x, y) = 2−1(p1(x, y) + i p2(x, y)), p1, p2 � áàçèñíûå âåê-
òîðû ÿäðà KerA∗

. Çàäà÷à íà ÿ÷åéêå ïåðèîäîâ, â ñëó÷àå êîãäà êîý��èöèåíòû

çàâèñÿò òîëüêî îò y, èçó÷åíà â [1℄.
Òåîðåìà 1. Äëÿ êàæäîãî x ∈ Q ïåðèîäè÷åñêàÿ çàäà÷à (1) îäíîçíà÷íî

ðàçðåøèìà.

Ïðèâåäåì îñíîâíûå ñâîéñòâà ðåøåíèÿ çàäà÷è (1).

Ñâîéñòâî 1. Íàéäåòñÿ ÷èñëî q > 2, çàâèñÿùåå òîëüêî îò ïîñòîÿííîé

ýëëèïòè÷íîñòè k0 òàêîå, ÷òî Nj, j = 1, 2 ïðèíàäëåæèò W 1
q (�) è èìåþò

ìåñòî íåðàâåíñòâà ‖Nj(x, ·)‖Cα(�;C) 6 c, ‖Nj(x, ·)‖W 1
r (�;C) 6 c, äëÿ âñåõ x ∈

Q̄, ãäå c > 0 � ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò ïîñòîÿííîé ýëëèïòè÷íîñòè

k0, 2 < r 6 q, α = (r − 2)/r.
Ñâîéñòâî 2. �åøåíèå Nj = Nj(x, y), j = 1, 2, çàäà÷è (1) íåïðåðûâíî â

Q×�, ëèïøèöåâî ïî x â Q è ãåëüäåðîâî ïî y â � ñ ïîêàçàòåëåì α = (r− 2)/r,
(2 < r > q, > 2 � ïîêàçàòåëü ïîâûøåííîé ñóììèðóåìîñòè) â �, ò. å. äëÿ

ëþáûõ x, x′ ∈ Q, y, y′ ∈ � èìååì:

|Nj(x, y) −Nj(x
′, y′)| 6 c0|x− x′| + c1|y − y′|α,

ãäå c0, c1 > 0 � ïîñòîÿííûå, çàâèñÿùèå òîëüêî îò k0 è l.

Ëèòåðàòóðà
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Íåêîòîðûå çàäà÷è äëÿ âûðîæäåííîãî óðàâíåíèÿ

ñóáäè��óçèè

Ñìàäèåâà À.�.

ÈÌÌÌ, Àëìàòû, Êàçàõñòàí; smadiyeva�math.kz

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ óðàâíåíèå äè��óçèè ñ äðîáíûìè ïðîèç-

âîäíûìè Êàïóòî è �èìàíà � Ëèóâèëëÿ. Â íåêîòîðûõ çàäà÷àõ ðåøåíèå íàõîäèì

ïðèìåíÿÿ ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ Ôóðüå, â äðóãèõ ñ ïîìîùüþ ïðÿìîãî è

îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå. �åøåíèÿ ïðåäñòàâëåíû ñ ïîìîùüþ �óíêöèè

Êèëáàñà � Ñàéãî Eα,m,l(x). Ïðè äîêàçàòåëüñòâå ñõîäèìîñòè ðåøåíèÿ èñïîëüçî-
âàëè ñâîéñòâà ýòîé �óíêöèè [1℄, ðàâåíñòâî Ïàðñåâàëÿ è òåîðåìó Ïëàíøåðåëÿ.

Äîêàçàíà ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ.
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Çàäà÷à Êîøè äëÿ ñóáäè��óçèîííîãî óðàâíåíèÿ äðîáíîãî

ïîðÿäêà ïî âðåìåíè íà ãðà�å, ñîñòîÿùåì èç ñåðèè ïåòåëü

Ñîáèðîâ Ç.À., Ñàïàðáàåâ �.À.

ÍÓÓç, Òàøêåíò, Óçáåêèñòàí; rajapboy1202�gmail.
om

Ïóñòü ãðà� ñîñòîèò èç âõîäÿùèõ ðåáåð, â êîòîðûõ êîîðäèíàòû îïðåäåëåíû

îò −∞ äî 0, ñåðèè ïåòåëü, êàæäàÿ ñåðèÿ ñîñòîèò èç òðåõ îòðåçêîâ [Li−1;Li], i =
1, n− 1, ñîîòâåòñòâåííî, è èç èñõîäÿùèõ ðåáåð, â êîòîðûõ êîîðäèíàòû îïðåäåëå-

íû îò Ln−1 äî∞. �åáðà ãðà�à îáîçíà÷èì ÷åðåç Bij = {xij : Li−1 ≤ x ≤ Li} , L0 =
0, i = 0, n, j = 1, 3 (ðèñ. 1).

ðèñ. 1.

Íà êàæäîì ðåáðå ãðà�à ðàññìîòðèì ñóáäè��óçèîííîå óðàâíåíèå

äðîáíîãî ïîðÿäêà ïî âðåìåíè

Dα
0tuij(x, t) − (uij(x, t))xx = fij(x, t), 0 < t < T, x ∈ Bij,

ãäå Dα
0tu(x, t) � äðîáíàÿ ïðîèçâîäíàÿ �èìàíà � Ëèóâèëÿ [1℄, 0 < α < 1.

Òðåáóåì âûïîëíåíèÿ óñëîâèé: íà÷àëüíûå óñëîâèÿ lim
t→0

Dα−1
0t uij(x, 0) =

= ϕij(x); àñèìïòîòè÷åñêèå óñëîâèÿ íà áåñêîíå÷íîñòÿõ lim
x→−∞

u0j(x, t) =

= lim
x→∞

unj(x, t) = 0, è óñëîâèÿ ñêëåèâàíèÿ (óñëîâèÿ Êèðõãî��à)

â óçëîâûõ òî÷êàõ ãðà�à uij(Li, t) = ui+1,k(Li, t), t ∈ [0, T ], k = 0, n,
3∑

k=1

(uik(Li, t))x=
3∑

k=1

(ui+1,k(Li, t))x, i = 0, n− 1, j = 1, 3. Çàäà÷à ñîñòîèò â íàõîæ-

äåíèè ðåãóëÿðíûõ ðåøåíèé ðàññìàòðèâàåìûõ óðàâíåíèé, êîòîðûå óäîâëåòâî-

ðÿþò âûøåóêàçàííûì óñëîâèÿì. Äîêàçàíà åäèíñòâåííîñòü ðåøåíèÿ ðàññìàòðè-

âàåìîé çàäà÷è ìåòîäîì èíòåãðàëîâ ýíåðãèè. Ïîñòðîåíî òî÷íîå ðåøåíèå çàäà÷è

â âèäå èíòåãðàëüíîãî ïðåäñòàâëåíèÿ ÷åðåç äàííûå �óíêöèè.
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Äèíàìèêà ãåíåòè÷åñêèõ îñöèëëÿòîðîâ: ìàòåìàòè÷åñêîå è

ñõåìîòåõíè÷åñêîå ìîäåëèðîâàíèå

Ñòàíêåâè÷ Í.Â.

1,2,a
, Äîðîøåíêî Â.Ì.

2
, Ëàéëî Â.Â.

2

1
ÍÈÓ ÂØÝ, Íèæíèé Íîâîãîðîä,

2
È�Ý èì. Â.À. Êîòåëüíèêîâà �ÀÍ,

Ñàðàòîâ, �îññèÿ;

a
stankevi
hnv�mail.ru

�åíåòè÷åñêèå îñöèëëÿòîðû (ðåïðåññèëÿòîðû) ïðåäñòàâëÿþò ñîáîé

âàæíûé êëàññ ìîäåëåé, áëàãîäàðÿ ñâîé ïðèêëàäíîé çíà÷èìîñòè [1℄. Èññëåäîâà-

íèå òàêèõ ñèñòåì ïîêàçûâàåò áîãàòåéøåå ðàçíîîáðàçèå äèíàìè÷åñêèõ ðåæèìîâ,

à òàêæå ðàçëè÷íûõ íåëèíåéíûõ ý��åêòîâ, òàêèõ êàê ìóëüòèñòàáèëüíîñòü, ñèí-

õðîíèçàöèÿ, ñàìîîðãàíèçóþùàÿñÿ êâàçèïåðèîäè÷íîñòü [2-3℄. �åàëèçàöèÿ ýêñïå-

ðèìåíòàëüíîãî èññëåäîâàíèÿ ãåíåòè÷åñêîãî îñöèëëÿòîðà � î÷åíü òðóäíàÿ çàäà-

÷à. Â ñâÿçè ñ ýòèì ïðåäñòàâëÿåò èíòåðåñ ðàçðàáîòêà ìàòåìàòè÷åñêèõ è ðàäèî-

�èçè÷åñêèõ ìîäåëåé, îïèñûâàþùèõ äèíàìèêó ãåíåòè÷åñêèõ îñöèëëÿòîðîâ.

Óïðîùåííàÿ ìîäåëü ðåïðåññèëÿòîðà ñîñòîèò êàê ìèíèìóì èç òð¼õ îñíîâ-

íûõ ýëåìåíòîâ � ãåíîâ, äèíàìèêà êîòîðûõ îïèñûâàåòñÿ òðåìÿ ïåðåìåííûìè x,
y è z. �åí x êîäèðóåò áåëîê, ïîäàâëÿþùèé òðàíñêðèïöèþ ñ ãåíà y, ãåí y ïîäàâ-
ëÿåò òðàíñêðèïöèþ ãåíà z è áåëêîâûé ïðîäóêò ãåíà z, çàìûêàÿ öèêë, ïîäàâ-

ëÿåò òðàíñêðèïöèþ ñ ãåíà x. Ñ òî÷êè çðåíèÿ ýëåêòðî-áèîëîãè÷åñêîé àíàëîãèè

ðåïðåññèëÿòîð ïîõîæ íà êîëüöåâîé èíâåðòîð, íî ñî ñïåöè�è÷åñêîé �óíêöèåé

èíãèáèðîâàíèÿ. Â ìàòåìàòè÷åñêîé ìîäåëè èíãèáèðîâàíèå ìîæíî îïèñàòü ñ ïî-

ìîùüþ �óíêöèè Õèëëà, à òàêæå ýêñïîíåíöèàëüíûìè �óíêöèÿìè. Â ðàìêàõ

äàííîé ðàáîòû ïðîâåäåíî èññëåäîâàíèå äâóõ ìàòåìàòè÷åñêèõ ìîäåëåé ãåíå-

òè÷åñêèõ îñöèëëÿòîðîâ. Èçó÷åíû îñîáåííîñòè äèíàìèêè îñöèëëÿòîðîâ, îïðå-

äåëåíû óñëîâèÿ âîçáóæäåíèÿ àâòîêîëåáàíèé â ìîäåëè. �àçðàáîòàíà ðàäèî�è-

çè÷åñêàÿ ìîäåëü, îñíîâàííàÿ íà ïðèíöèïàõ àíàëîãîâîãî ìîäåëèðîâàíèÿ, äëÿ

âåðè�èêàöèè è àíàëèçà íàáëþäàåìûõ ÿâëåíèé ñ ó÷åòîì åñòåñòâåííûõ øóìîâ,

êîòîðàÿ ðåàëèçîâàíà â ïàêåòå ñõåìîòåõíè÷åñêîãî ìîäåëèðîâàíèÿ MultiSim.
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00121.

178



VI Ìåæäóíàðîäíàÿ íàó÷íàÿ êîí�åðåíöèÿ ¾Íåëîêàëüíûå êðàåâûå çàäà÷è è ðîäñòâåííûå ïðîáëåìû

ìàòåìàòè÷åñêîé áèîëîãèè, èí�îðìàòèêè è �èçèêè¿, Íàëü÷èê, 5-9 äåêàáðÿ 2021ã.

Ïîñòðîåíèå ðåøåíèé íåîäíîðîäíûõ ñèñòåì òèïà Êëàóçåíà

âáëèçè îñîáåííîñòè íà áåñêîíå÷íîñòè

Òàñìàìáåòîâ Æ.Í.

a
, Óáàåâà Æ.Ê.

b

À�Ó èì. Ê. Æóáàíîâà, Àêòîáå, Êàçàõñòàí;

a
tasmam�rambler.ru,

b
Zhanar_ubaeva�mail.ru

Ïðè èçó÷åíèè ìíîãîìåðíûõ âûðîæäåííûõ óðàâíåíèè, âàæíóþ ðîëü èãðà-

þò ñâîéñòâà îáîáùåííûõ ãèïåðãåîìåòðè÷åñêèõ �óíêöèé ìíîãèõ ïåðåìåííûõ,

îñîáåííî ãèïåðãåîìåòðè÷åñêàÿ �óíêöèÿ äâóõ ïåðåìåííûõ Êëàóçåíà. Îíà ÿâëÿ-

åòñÿ ðåøåíèåì ñèñòåì òèïà Êëàóçåíà ñîñòîÿùèõ èç äâóõ äè��åðåíöèàëüíûõ

óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà âáëèçè îñîáåííîñòè (0, 0).
Íåèññëåäîâàííûì îñòàåòñÿ ïîñòðîåíèå ðåøåíèé âáëèçè îñîáåííîñòè (∞,∞), â
÷àñòíîñòè ïîñòðîåíèå ðåøåíèé íåîäíîðîäíûõ ñèñòåì âáëèçè ðåãóëÿðíîé îñî-

áåííîñòè íà áåñêîíå÷íîñòè.

Òåîðåìà. Îáùåå ðåøåíèå íåîäíîðîäíîé ïðîñòîé ñèñòåìû Êëàóçåíà

x2(1 − x)p3,0 + [1 + β1 + β2 + β3 − (3 + α1 + α2 + α3)x]xp2,0+

+[β1β2 − (1 + α1 + α2 + α3 + α1α2 + α1α3 + α2α3)x]p1,0 − α1α2α3p0,0 = f1

y2(1 − y)p0,3 + [1 + β
′

1 + β
′

2 + β
′

3 − (3 + α
′

1 + α
′

2 + α
′

3)y]yp0,2+

+[β
′

1β
′

2 − (1 + α
′

1 + α
′

2 + α
′

3 + α
′

1α
′

2 + α
′

1α
′

3 + α
′

2α
′

3)y]p0,1 − α
′

1α
′

2α
′

3p0,0 = f2, (1)

ãäå p0,0(x, y) = Z(x, y) îáùàÿ íåèçâåñòíûõ äëÿ äâóõ óðàâíåíèé ñèñòåìû (1),

pj,k(j, k = 0, 1, 2, 3) ðàçëè÷íûå ïîðÿäêè ÷àñòíûõ ïðîèçâîäíûõ íåèçâåñòíûå �óíê-

öèè Z(x, y), ñ ïðàâîé ÷àñòüþ f1(x, y) = α
(1)
0,0x

ρyσ, f2(x, y) = α
(2)
0,0x

ρyσ âáëèçè

ðåãóëÿðíîé îñîáåííîñòè (x = ∞, y = ∞) ïðåäñòàâëÿåòñÿ â âèäå:

Z(x, y) =
9∑

i=1

CiZi +
xρyσ

(ρ− α1)(ρ− α2)(ρ− α3)(ρ− α
′

1)(ρ− α
′

2)(ρ− α
′

3)
·

·
∞∑

m,n=0

(−1)3m+3nρm[−(ρ+ β1 − 1)]m[−(ρ+ β2 − 1)]m(σ)n
m!n!(−1)3m+3n[−(ρ− α1 − 1)]m[−(ρ− α2 − 1)]m[−(ρ− α3 − 1)]m

·

· [−(σ + β1 − 1)]n[−(σ + β2 − 1)]n
[−(σ + α

′

1 − 1)]n[−(σ + α
′

2 − 1)]n[−(σ + α
′

3 − 1)]n
· xmyn,

ãäå èñïîëüçîâàíî îáîçíà÷åíèå

α(α− 1)(α− 2)...(α−m+ 1) = (−1)n(−αn).
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Çàäà÷à Íåéìàíà äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ

ñ íåñêîëüêèìè ñèíãóëÿðíûìè êîý��èöèåíòàìè

Òóëàêîâà Ç.�.

Ôåðãàíñêèé �èëèàë ÒÓÈÒ, Ôåðãàíà, Óçáåêèñòàí; ziyoda
oders�gmail.
om

Ïóñòü Rm � m-ìåðíîå åâêëèäîâî ïðîñòðàíñòâî; x := (x1, ..., xm) � ïðîèç-

âîëüíàÿ òî÷êà â í�eì è n � íàòóðàëüíîå ÷èñëî, ïðè÷åì 1 ≤ n ≤ m è m ≥ 2.
2n-óþ ÷àñòü Rm îïðåäåëèì ñëåäóþùèì îáðàçîì:

Ω = {x ∈ Rm : xi > 0, i = 1, ..., n; −∞ < xj < +∞, j = n+ 1, ..., m} .

�àññìîòðèì îáîáùåííîå ñèíãóëÿðíîå ýëëèïòè÷åñêîå óðàâíåíèå

m∑

i=1

uxixi
+

n∑

k=1

2αk
xk

uxk
= 0, (1)

â ãèïåðîêòàíòå Ω, ãäå αk � äåéñòâèòåëüíûå ÷èñëà, ïðè÷åì 0 < 2αk < 1. Çäåñü
è äàëåå 1 ≤ k ≤ n ≤ m.

Çàäà÷à Íåéìàíà. Íàéòè ðåãóëÿðíîå ðåøåíèå u (x) óðàâíåíèÿ (1) èç êëàñ-
ñà �óíêöèé C

(
Ω
)
∩ C2 (Ω) , óäîâëåòâîðÿþùåå óñëîâèÿì:

(
x2αk

k

∂u

∂xk

)∣∣∣∣
xk=0

= νk (x̃k) , x̃k ∈ Sk; lim
R→∞

u (x) = 0,

ãäå νk (x̃k) � çàäàííûå �óíêöèè; x̃k := x\{xk} ∈ Sk ⊂ Rm−1; Sk � áîêîâûå ãðàíè
ãèïåðîêòàíòà Ω; R2 := x21 + ...+ x2m.

Â íàñòîÿùåì ñîîáùåíèè ðåøåíèå çàäà÷è Íåéìàíà äëÿ óðàâíåíèÿ (1) â áåñ-

êîíå÷íîé îáëàñòè Ω íàéäåíî â ÿâíîì âèäå:

u (ξ) := u (ξ1, ..., ξm) = −
n∑

k=1

∫

Sk

n∏

i=1, i6=k

[
x2αi

i

]
· νk (x̃k) q

(
x0k; ξ

)
dSk ,

ãäå q(x; ξ) � �óíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ (1) [1℄, à

x0k := (x1, ..., xk−1, 0, xk+1, ..., xm) .

Ëèòåðàòóðà

1. Ergashev T.G. Fundamental solutions for a 
lass of multidimensional ellipti


equations with several singular 
oe�
ients // Journal of Siberian Federal

University. Mathemati
s and Physi
s. 2020, vol. 13, no. 1, pp. 48�57.
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Íåîäíîðîäíàÿ çàäà÷à òèïà Êîøè äëÿ ëèíåéíîãî óðàâíåíèÿ

ñ íåñêîëüêèìè äðîáíûìè ïðîèçâîäíûìè �èìàíà �

Ëèóâèëëÿ

Òóðîâ Ì.Ì.

1,a
, Ô�åäîðîâ Â.Å.

1,2,b

1
×åë�Ó, ×åëÿáèíñê,

2
ÈÌÌ ÓðÎ �ÀÍ, Åêàòåðáóðã, �îññèÿ;

a
turov_m_m�mail.ru,

b
kar�
su.ru

�àññìîòðèì íåîäíîðîäíîå óðàâíåíèå íà (0, T )

Dα
t z(t) =

m−1∑

j=1

AjD
α−m+j
t z(t) +

n∑

l=1

BlD
αl

t z(t) +

r∑

s=1

CsJ
βs

t z(t) + f(t), (1)

ãäå îïåðàòîðû Aj, j = 1, 2, . . . , m − 1, Bl, l = 1, 2, . . . , n, Cs, s = 1, 2, . . . , r,
ëèíåéíû è îãðàíè÷åíû â áàíàõîâîì ïðîñòðàíñòâå Z.

�åøåíèåì çàäà÷è

Dα−m+k
t z(0) = zk, k = m∗, m∗ + 1, . . . , m− 1, (2)

äëÿ óðàâíåíèÿ (1) áóäåì íàçûâàòü òàêóþ �óíêöèþ z : (0, T ) → Z, ÷òî Jm−α
t z ∈

Cm((0, T );Z) ∩ Cm−1([0, T ];Z), Jml−αl

t z ∈ Cml((0, T );Z) ∩ Cml−1([0, T ];Z), l =

1, 2, . . . , n, Jβs

t z ∈ C((0, T );Z), s = 1, 2, . . . , r, è âûïîëíÿþòñÿ ðàâåíñòâà (1) è

(2) ïðè t ∈ (0, T ), m∗
� ñïåöèàëüíûé ïàðàìåòð, íàçûâàåìûé äå�åêòîì çàäà÷è

Êîøè.

Òåîðåìà. Ïóñòü m − 1 < α ≤ m ∈ N, α1 < α2 < · · · < αn < α, ml − 1 <
αl ≤ ml ∈ N, αl −ml 6= α−m, l = 1, 2, . . . , n, β1 > β2 > · · · > βr ≥ 0, Aj ∈ L(Z),
j = 1, 2, . . . , m − 1, Bl ∈ L(Z), l = 1, 2, . . . , n, Cs ∈ L(Z), s = 1, 2, . . . , r, zk ∈ Z,
k = m∗, m∗ + 1, . . . , m − 1, f ∈ C((0, T );Z) ∩ L1(0, T ;Z). Òîãäà ñóùåñòâóåò

åäèíñòâåííîå ðåøåíèå çàäà÷è (1), (2) ïðè ýòîì îíî èìååò âèä

z(t) =

m−1∑

p=m∗

Zp(t)zp +

t∫

0

Z(t− s)f(s)ds,

ãäå

Zp(t) =
1

2πi

∫

Γ

λ−αRλ ·


λm−1−pI −

m−1∑

j=p+1

λj−1−pAj


 eλtdλ, Z(t) =

1

2πi

∫

Γ

λ−αRλe
λtdλ,Rλ :=


I −

m−1∑

j=1

λj−mAj −
n∑

l=1

λαl−αBl −
r∑

s=1

λ−βs−αCs




−1

.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå �ÔÔÈ (ïðîåêò 21�51�54003).
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×èñëåííûå ìåòîäû ðåøåíèÿ îäíîðîäíîé êðàåâîé çàäà÷è

äëÿ îáûêíîâåííîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ

Òóðñóíîâà Á.À.

Òåð�Ó, Òåðìåç, Óçáåêèñòàí; barno.tursunova.2016�mail.ru

Ñóùåñòâóþùèå ÷èñëåííûå ìåòîäû ÷èñëåííîãî ìîäåëèðîâàíèÿ ïîñòàâëåí-

íîé çàäà÷è ìîæíî ðàçäåëèòü íà íåñêîëüêî ãðóïï: 1) êîíå÷íî-ðàçíîñòíûå ìåòî-

äû; 2) ìåòîäû ïîøàãîâîãî èíòåãðèðîâàíèÿ; 3) ìåòîä èñêëþ÷åíèÿ è äè��åðåí-

öèàëüíîé ïðîãîíêè; 4) ñïåêòðàëüíûå ìåòîäû; 5) ñïåêòðàëüíî-ñåòî÷íûé ìåòîä.

Ñðåäè ýòèõ ìåòîäîâ ý��åêòèâíûìè è âûñîêîòî÷íûìè ÿâëÿåòñÿ ñïåêòðàëüíî-

ñåòî÷íûé ìåòîä (ÑÑÌ) [1�3℄.

�àññìîòðèì ïðîáëåìó íà ñîáñòâåííûå çíà÷åíèÿ äëÿ îáûêíîâåííîãî äè��å-

ðåíöèàëüíîãî óðàâíåíèÿ m-ãî ïîðÿäêà ïðè ëèíåéíûõ êðàåâûõ óñëîâèÿõ.
�àññìàòðèâàåìîå óðàâíåíèå ìîæíî çàïèñàòü â îïåðàòîðíîé �îðìå ñ êîì-

ïàêòíûìè îïåðàòîðàìè T è T̄ â áàíàõîâîì ïðîñòðàíñòâå E [1, 3℄:

X + TX = λT̄X. (1)

Ââåäåì ïðîåêòîð Pp :  LN2,ρ →  L
(p̄)
2,ρ ïî ïðàâèëó: åñëè X = (x1(y), ...xN(y)) è

xj(y) =
∑∞
k=0 c

(j)
k Uk(ỹ).

Òîãäà ïðèáëèæåííàÿ çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ, ïîëó÷åííàÿ ñïåê-

òðàëüíî-ñåòî÷íûì ìåòîäîì, èìååò âèä [1℄:

X(p) + PpX
(p)T = λ(p)T̄X(p). (2)

Çàòåì äîêàçûâàåòñÿ ñõîäèìîñòü ïðèáëèæåííûõ ñîáñòâåííûõ çíà÷åíèé óðàâ-

íåíèÿ (2) ê òî÷íûì ñîáñòâåííûì çíà÷åíèÿì óðàâíåíèÿ (1).

Ëèòåðàòóðà

1. Àáóòàëèåâ Ô.Á., Íàðìóðàäîâ ×.Á. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðî-

áëåìû ãèäðîäèíàìè÷åñêîé óñòîé÷èâîñòè. Ò.: ¾Ôàí âà òåõíîëîãèÿ¿, 2011.

188 ñ.

2. Íàðìóðàäîâ ×.Á., Ïîäãàåâ À.�. ×èñëåííûé ìåòîä ðåøåíèÿ çàäà÷ äëÿ

îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé íà îñíîâå íåîäíîðîäíîé

ñïëàéí � àïïðîêñèìàöèè // Ïðèìåíåíèå ìåòîäîâ �óíêöèîíàëüíîãî àíà-

ëèçà ê íåêëàññè÷åñêèì óðàâíåíèÿì ìàòåìàòè÷åñêîé �èçèêè. Ñá. íàó÷.

òð. Èíñ-ò. ìàòåì. ÑÎ �ÀÍ. Íîâîñèáèðñê, 1989. Ñ. 151�164.

3. Íàðìóðàäîâ ×.Á., Òóðñóíîâà Á.À. Ñõîäèìîñòü ñïåêòðàëüíîãî-ñåòî÷íîãî

ìåòîäà ñ ïîëèíîìàìè ×åáûøåâà âòîðîãî ðîäà // Ïðîáëåìû âû÷èñëèòåëü-

íîé è ïðèêëàäíîé ìàòåìàòèêè. 2020. � 1. Ñ. 94�101.
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�àçðóøåíèå è ãëîáàëüíàÿ ðàçðåøèìîñòü çàäà÷è Êîøè äëÿ

ïñåâäîãèïåðáîëè÷åñêîãî óðàâíåíèÿ, ñâÿçàííîãî ñ

îáîáùåííûì óðàâíåíèåì Áóññèíåñêà

Óìàðîâ Õ.�.

ÀÍ ×�, �ðîçíûé, �îññèÿ; umarov50�mail.ru

Äëÿ íåëèíåéíîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ ñòðîãî ïñåâäîãèïåðáîëè-

÷åñêîãî òèïà, ñâÿçàííîãî ñ îáîáùåííûì óðàâíåíèåì Áóññèíåñêà øåñòîãî ïîðÿä-

êà:

utt − uxxtt + µuxxxxtt+

+a5 uxxxxxt + a4 uxxxxt + a3 uxxxt + a2 uxxt + a1 uxt + a0 ut+

+b6 uxxxxxx + b5 uxxxxx + b4 uxxxx + b3 uxxx + b2 uxx + b1 ux + b0 u =

= (f(u))xx,

ãäå µ > 0, ak, bk � çàäàííûå ÷èñëîâûå ïàðàìåòðû, èññëåäîâàíà ðàçðåøèìîñòü

çàäà÷è Êîøè â ïðîñòðàíñòâå íåïðåðûâíûõ �óíêöèé íà âñåé ÷èñëîâîé îñè.

Íàéäåí ÿâíûé âèä ðåøåíèÿ ñîîòâåòñòâóþùåãî ëèíåéíîãî óðàâíåíèÿ. Óñòà-

íîâëåí âðåìåííîé îòðåçîê ñóùåñòâîâàíèÿ êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è Êîøè

äëÿ íåëèíåéíîãî óðàâíåíèÿ è ïîëó÷åíà îöåíêà íîðìû ýòîãî ëîêàëüíîãî ðåøå-

íèÿ. �àññìîòðåíû óñëîâèÿ ñóùåñòâîâàíèÿ ãëîáàëüíîãî ðåøåíèÿ è ðàçðóøåíèÿ

ðåøåíèÿ íà êîíå÷íîì îòðåçêå.
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Çàäà÷à ñ ëîêàëüíûìè è íåëîêàëüíûìè óñëîâèÿìè äëÿ

âûðîæäàþùåãîñÿ âíóòðè îáëàñòè ãèïåðáîëè÷åñêîãî

óðàâíåíèÿ ñ ñèíãóëÿðíûì êîý��èöèåíòîì

Óðèíîâ À.Ê.

1,a
, Ìèðñàáóðîâà Ó.Ì.

2,b

1
Ôåð�Ó, Ôåðãàíà,

2
Òåð�Ó, Òåðìåç, Óçáåêèñòàí;

a
urinovak�mail.ru,

b
umirsaburova�gmail.
om

Ïóñòü Ω � õàðàêòåðèñòè÷åñêèé ÷åòûðåõóãîëüíèê ïëîñêîñòè xOy, îãðàíè-
÷åííûé õàðàêòåðèñòèêàìè AC1, BC1 ïðè y > 0 è AC2, BC2 ïðè y < 0, èñõîäÿ-
ùèìè èç òî÷åê A (−1, 0) è B (1, 0) âûðîæäàþùåãîñÿ âíóòðè îáëàñòè ãèïåðáî-

ëè÷åñêîãî óðàâíåíèÿ

− |y|m uxx + uyy + α0 |y|(m−2)/2
ux + (β0/y)uy = 0, (1)

ãäå m, α0, β0 � çàäàííûå ÷èñëà, ïðè÷åì m > 0, −m/2 < β0 < 1,
|α0| < (m+ 2)/2 . Ïóñòü, äàëåå, I = {(x, y) : −1 < x < 1, y = 0}, à A0 è B0 � ñî-

îòâåòñòâåííî òî÷êè ïåðåñå÷åíèÿ õàðàêòåðèñòèê AC2 è BC2 ñ õàðàêòåðèñòèêîé,

èñõîäÿùèé èç òî÷êè E (c, 0), ãäå c ∈ (−1, 1) .

Ïðåäïîëîæèì, ÷òî 0 < α, β < 1, α+ β < 1, ãäå
α

β

}
= m+2(β0±α0)

2(m+2) .

Çàäà÷à À. Òðåáóåòñÿ íàéòè â îáëàñòè Ω �óíêöèþ u (x, y) ∈ C
(
Ω̄
)
∩

C2(Ω\I), óäîâëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì: 1) u(x, y) óäîâëåòâîðÿåò

óðàâíåíèþ (1) â îáëàñòè Ω\I; 2) Íà îòðåçêå âûðîæäåíèÿ I èìååò ìåñòî óñëî-

âèå ñîïðÿæåíèÿ â âèäå lim
y→−0

(−y)β0(∂/∂y)u = lim
y→+0

yβ0(∂/∂y)u, x ∈ (−1, 1)\{c},
ïðè÷åì ýòè ïðåäåëû ïðè x = ±1, x = c ìîãóò èìåòü îñîáåííîñòü ïîðÿäêà

íèæå 1 − α − β; 3) Âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ: u (x, y)|BC1
= ψ1(x),

0 ≤ x ≤ 1; u (x, y)|AA0
= ψ2(x), −1 ≤ x ≤ (c− 1)/2; u [θ(x)] = µu [θ∗(x)] + ρ(x),

c ≤ x ≤ 1, ãäå µ ∈ R è µ < 0; θ(x0) [(θ∗(x))] � òî÷êè ïåðåñå÷åíèÿ õàðàêòåðèñòè-
êè A0C2 (EB0) ñ õàðàêòåðèñòèêîé, èñõîäÿùåé èç òî÷êè M (x0, 0), x0 ∈ [c, 1],
ãäå ψ1 (x), ψ2 (x), ρ (x) � çàäàííûå íåïðåðûâíûå �óíêöèè, ïðè÷åì ψ1 (1) = 0,
ψ2 (−1) = 0.

Çàìåòèì, ÷òî ïîñëåäíåå èç óñëîâèé 3) åñòü óñëîâèå Áèöàäçå � Ñàìàðñêîãî,

çàäàííîå íà ãðàíè÷íîé õàðàêòåðèñòèêå A0C2 è ïàðàëëåëüíîé åé âíóòðåííåé

õàðàêòåðèñòèêå EB0.

Èññëåäîâàíû åäèíñòâåííîñòü è ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è A.
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Çàäà÷à òèïà Êîøè ñ ïðîèçâîäíîé âûñîêîãî ïîðÿäêà

â íà÷àëüíûõ óñëîâèÿõ äëÿ âûðîæäàþùåãîñÿ

ãèïåðáîëè÷åñêîãî óðàâíåíèÿ âòîðîãî ðîäà

Óðèíîâ À.Ê.

1,a
, Îêáîåâ À.Á.

2,b

1
Ôåð�Ó, Ôåðãàíà,

2
ÈÌ ÀÍ �Óç, Óçáåêèñòàí;

a
urinovak�mail.ru,

b
aoqboyev�mail.ru

�àññìîòðèì óðàâíåíèå

Lα,λ (u) ≡ uxx + yuyy + αuy − λ2u = 0, y < 0 (1)

â êîíå÷íîé îäíîñâÿçíîé îáëàñòè D, îãðàíè÷åííîé åãî õàðàêòåðèñòèêàìè OB :
x − 2

√−y = 0, AB : x + 2
√−y = 1 è OA : y = 0, ãäå α è λ � çàäàííûå ÷èñëà,

ïðè÷åì α = −n+ α0, α0 ∈ (1/2, 1) , n ∈ N, à λ ∈ R èëè iλ ∈ R.

Îòìåòèì, ÷òî â ðàáîòå [1℄ äëÿ óðàâíåíèÿ (1) ïðè α ∈ R \ (0, 1) ñ�îðìóëè-
ðîâàíà âèäîèçìåíåííàÿ çàäà÷à Êîøè. Â ýòîé ðàáîòå ìû èññëåäóåì ñëåäóþùóþ

íà÷àëüíóþ çàäà÷ó äëÿ óðàâíåíèÿ (1).

Íà÷àëüíàÿ çàäà÷à (òèïà Êîøè). Íàéòè �óíêöèþ u (x, y) ∈ C
(
D
)
∩

C2,n
x,y (D ∪ I) ∩C2,n+1

x,y (D), óäîâëåòâîðÿþùóþ â îáëàñòè D óðàâíåíèþ (1) è íà-

÷àëüíûì óñëîâèÿì

u(x, 0) = τ(x), x ∈ [0, 1]; lim
y→−0

(−y)
α0

∂n+1

∂yn+1
u(x, y) = ν(x), x ∈ (0, 1), (2)

ãäå I = {(x, y) : 0 ≤ x ≤ 1, y = 0}, à τ (x) è ν (x) � çàäàííûå �óíêöèè.
Òåîðåìà. Åñëè τ (x) ∈ C2(n+1) [0, 1] è ν (x) ∈ C2 [0, 1], òî �óíêöèÿ

u (x, y) =

n∑

k=0

γ1(4y)
k
Ckn

(−n+ β0 + 1/2)k(β0)k

1∫

0

Ψk[ψ(ζ), λ][z(1− z)]
k+β0−1×

×J̄k+β0−1(σ)dz − γ2(−y)
1−α

1∫

0

ν (ζ) [z (1 − z)]
n−β0 J̄n−β0

(σ)dz

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è (1), (2), ãäå β0 = α0 − 1/2, γ1 =

Γ(2β0) Γ−2(β0), γ2 = 4nΓ(2−2β0)
(1−n−α)(−n+β0)nΓ

2(1−β0)
, J̄γ (z) =

∞∑
m=0

(−1)m(z/2)2m

m!(γ+1)
m

, γ 6=
−1,−2, ..., Γ(x) � ãàììà-�óíêöèÿ Ýéëåðà, (a)n � ñèìâîë Ïîõãàììåðà, Ψ[ψ(ξ), λ] =
[λ2 − (d2/dξ2)ψ(ξ)]k, ξ = x− 2

√−y(1 − 2z), σ = 4λ
√

−yz(1 − z).

Ëèòåðàòóðà

1. Óðèíîâ À.Ê., Îêáîåâ À.Á. Âèäîèçìåíåííàÿ çàäà÷à Êîøè äëÿ îäíîãî âû-

ðîæäàþùåãîñÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ âòîðîãî ðîäà // Óêðàèíñêèé

ìàòåìàòè÷åñêèé æóðíàë. 2020. Ò. 72, � 1. C. 100�118.
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Âêëàä ðîññèéñêèõ ìàòåìàòèêîâ â ñòàíîâëåíèå

îòå÷åñòâåííîé èí�îðìàòèêè

Óñêîâà Î.Ô.

Â�Ó, Âîðîíåæ, �îññèÿ; sunny.uskova�list.ru

Äíåì ðîæäåíèÿ îòå÷åñòâåííîé èí�îðìàòèêè ñ÷èòàåòñÿ 4 äåêàáðÿ. Â ýòîò

äåíü â 1948 ãîäó ÷ëåí-êîððåñïîíäåíò Àêàäåìèè íàóê È.Ñ. Áðóê è ìîëîäîé èí-

æåíåð Á.È. �àìååâ ïîëó÷èëè àâòîðñêîå ñâèäåòåëüñòâî íà èçîáðåòåíèå öè�ðî-

âîé âû÷èñëèòåëüíîé òåõíèêè ñ ïðèîðèòåòîì îò �îñóäàðñòâåííîãî êîìèòåòà Ñî-

âåòà Ìèíèñòðîâ ÑÑÑ�.

Áîëüøîé âêëàä â ñòàíîâëåíèå è ðàçâèòèå îòå÷åñòâåííîé âû÷èñëèòåëüíîé

òåõíèêè âíåñ Ñåðãåé Àëåêñååâè÷ Ëåáåäåâ, èçâåñòíûé êîíñòðóêòîð ñåðèè ÁÝÑÌ.

Ñàìàÿ çíàìåíèòàÿ ÝÂÌ ýòîé ñåðèè ÁÝÑÌ-6, ïåðâàÿ â ìèðå âûïîëíÿëà ìèëëè-

îí îïåðàöèé â ñåêóíäó è â òå÷åíèå 17 ëåò áûëà ñàìîé âîñòðåáîâàííîé â ìèðå.

Â íàøåé ñòðàíå â 1951 ãîäó â ÷èñëå ïåðâûõ ðàçðàáîò÷èêîâ (ñ Ñ.À. Àâðà-

ìåíêî è Ñ.À. Áîãîìîëåö) ïåðâîé ïðèêëàäíîé êîìïüþòåðíîé ïðîãðàììû äëÿ

ðåøåíèÿ äè��åðåíöèàëüíîé êðàåâîé çàäà÷è âòîðîãî ïîðÿäêà

y′′ + y = 0, y(0) = y(1) = 0,

áûë ìàòåìàòèê ñ ìèðîâûì èìåíåì ïðî�åññîð Ñåëèì �ðèãîðüåâè÷ Êðåéí [1℄, çà-

ñëóæåííûé äåÿòåëü íàóêè. Â 60-70 ãîäû ïðîøëîãî âåêà Êðåéí Ñ.�. ïëîäîòâîðíî

ðàáîòàë â Âîðîíåæñêîì ãîñóäàðñòâåííîì óíèâåðñèòåòå

(Â�Ó) çàâåäóþùèì êà�åäðîé óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ.

Íà÷èíàÿ ñ 2008 ãîäà, �àêóëüòåò ïðèêëàäíîé ìàòåìàòèêè, èí�îðìàòèêè

è ìåõàíèêè Â�Ó ïðîâîäèò åæåãîäíî ñîðåâíîâàíèÿ ñòóäåíòîâ ïî èí�îðìàòè-

êå è ïðîãðàììèðîâàíèþ Öåíòðàëüíî-×åðíîçåìíîãî ðåãèîíà, ïîñâÿùåííûå äíþ

ðîæäåíèÿ îòå÷åñòâåííîé èí�îðìàòèêè [1℄.

Ëèòåðàòóðà

1. Óñêîâà Î.Ô., �îðáåíêî Î.Ä, Êàïëèåâà Í.À. �îññèéñêîé èí�îðìàòèêå 70

ëåò // Àêòóàëüíûå ïðîáëåìû ïðèêëàäíîé ìàòåìàòèêè, èí�îðìàòèêè è

ìåõàíèêè: ñáîðíèê òðóäîâ Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè. Âîðî-

íåæ: Èçäàòåëüñòâî íàó÷íî-èññëåäîâàòåëüñêèå ïóáëèêàöèè, 2018.

C. 1416�1418.
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Ñèëüíî íåïðåðûâíûå ðàçðåøàþùèå ñåìåéñòâà îïåðàòîðîâ

äëÿ óðàâíåíèé ñ ðàñïðåäåëåííûìè äðîáíûìè

ïðîèçâîäíûìè â áàíàõîâûõ ïðîñòðàíñòâàõ

Ô�åäîðîâ Â.Å.

a
, Ôèëèí Í.Â.

b

×åë�Ó, ×åëÿáèíñê, �îññèÿ;

a
kar�
su.ru,

b
nikolay_�lin�inbox.ru

�àññìîòðèì çàäà÷ó Êîøè

z(k)(0) = 0, k = 0, 1, . . . , m− 1, (1)

äëÿ óðàâíåíèÿ ðàñïðåäåëåííîãî ïîðÿäêà

b∫

0

ω(α)Dα
t z(t)dα = Az(t), t > 0, (2)

ãäå 0 ≤ m−1 < b ≤ m ∈ N, ω : [0, b] → C, Dα
t � äðîáíàÿ ïðîèçâîäíàÿ �åðàñèìî-

âà � Êàïóòî, A ∈ Cl(Z) (ëèíåéíûé çàìêíóòûé îïåðàòîð, ïëîòíî îïðåäåëåííûé
â Z, äåéñòâóþùèé â ýòî æå ïðîñòðàíñòâî). �åøåíèåì çàäà÷è (1), (2) íàçûâàåòñÿ

òàêàÿ �óíêöèÿ z ∈ Cm−1(R+;Z) ∩ C(R+;DA), ÷òî
b∫
0

ω(α)Dα
t z(t)dα ∈ C(R+;Z)

è âûïîëíÿþòñÿ ðàâåíñòâà (1), (2).

Ñåìåéñòâî îïåðàòîðîâ {S(t) ∈ L(Z) : t ≥ 0} íàçûâàåòñÿ ðàçðåøàþùèì äëÿ

óðàâíåíèÿ (2), åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

(i) S(t) ñèëüíî íåïðåðûâíî ïðè t ≥ 0, S(0) = I;
(ii) S(t)[DA] ⊂ DA, S(t)Az = AS(t)z äëÿ âñåõ z ∈ DA, t ≥ 0;
(iii) S(t)z0 � ðåøåíèå çàäà÷è Êîøè z(0) = z0, z

(k)(0) = 0, k = 1, 2, . . . , m−1,
äëÿ óðàâíåíèÿ (2) ïðè ëþáîì z0 ∈ DA.

Â äîêëàäå ïðåäñòàâëåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâà-

íèÿ ðàçðåøàþùåãî ñåìåéñòâà îïåðàòîðîâ â òåðìèíàõ ðàñïîëîæåíèÿ ñïåêòðà è

ïîâåäåíèÿ ðåçîëüâåíòû îïåðàòîðà A è �óíêöèè ω (ñì. [1℄), èõ ñâÿçü ñ ñóùå-

ñòâîâàíèåì ðåøåíèÿ ïîëíîé çàäà÷è Êîøè (1), (2). Ïîêàçàíî, ÷òî ðàçðåøàþùåå

ñåìåéñòâî íåïðåðûâíî â îïåðàòîðíîé íîðìå òîãäà è òîëüêî òîãäà, êîãäà îïåðà-

òîð A îãðàíè÷åí.

Ëèòåðàòóðà

1. Fedorov V.E., Filin N.V. On strongly 
ontinuous resolving families of opera-

tors for fra
tional distributed order equations // Fra
tal and Fra
tional, 2021,

vol. 5, iss. 20, pp. 1�14.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäî-

âàíèé, ïðîåêò � 21-51-54003.
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×èñëåííîå ðåøåíèå çàäà÷è îïòèìàëüíîãî âûáîðà âíåøíèõ

ñèë â âîëíîâîì óðàâíåíèè

Õàéèòêóëîâ Á.Õ.

a
, Ëàòèïîâ Í.Ê.

b

ÍÓÓç, Òàøêåíò, Óçáåêèñòàí;

a
b.hayitqulov�mail.ru,

b
nusratulla�mail.ru

Â ïðÿìîóãîëüíèêå D = {a ≤ x ≤ b, 0 ≤ t ≤ T} òðåáóåòñÿ îïðåäåëèòü

�óíêöèþ f(x, t) ≥ 0, äîñòàâëÿþùóþ ïðè êàæäîì t ∈ [0, T ] ìèíèìóì ëèíåéíîìó

�óíêöèîíàëó [1, 2℄

J{f} =

b∫

a

f(x, t)dx→min, (1)

ïðè ñëåäóþùèõ óñëîâèÿ:

∂2u

∂t2
= χ

∂2u

∂x2
+ f(x, t), a < x < b, 0 < t ≤ T,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), a ≤ x ≤ b,
u(a, t) = µ1(t), u(b, t) = µ2(t), 0 < t ≤ T,

(2)

m(x, t) ≤ u(x, t) ≤M(x, t), (x, t) ∈ D, (3)

ãäå u = u(x, t) � íåèçâåñòíàÿ �óíêöèÿ; χ � �àçîâàÿ ñêîðîñòü; ϕ(x), ψ(x), µ1(t),
µ2(t), m(x, t), M(x, t) � çàäàííûå �óíêöèè. Ôóíêöèè m(x, t) è M(x, t) � ìèíè-
ìàëüíîå è ìàêñèìàëüíîå çíà÷åíèÿ, çàäàííûå â îáëàñòè D. Âíåøíÿÿ ñèëà îïè-

ñûâàåòñÿ êâàäðàòè÷íî èíòåãðèðóåìîé �óíêöèé f(x, t) â ïðîñòðàíñòâå L2(D).
Â òàêîé ìàòåìàòè÷åñêîé ïîñòàíîâêå ýòà çàäà÷à íà ðàâíîìåðíîé ñåòêå ðå-

øàåòñÿ ìåòîäîì êîíå÷íûõ ðàçíîñòåé.

Ëèòåðàòóðà

1. Õàéèòêóëîâ Á.Õ. Êîíñåðâàòèâíûå ðàçíîñòíûå ñõåìû ïî îïòèìàëüíîìó

âûáîðó ìåñòîïîëîæåíèÿ èñòî÷íèêîâ òåïëà â ñòåðæíå // Ìàòåìàòè÷åñêîå

ìîäåëèðîâàíèå è ÷èñëåííûå ìåòîäû. 2020. �. 3. C. 85�98.

DOI: 10.18698/2309-3684-2020-8598.

2. Õàéèòêóëîâ Á.Õ. Êîíñåðâàòèâíûå ñõåìû äëÿ íåñòàöèîíàðíîé çàäà÷è âû-

áîðà îïòèìàëüíîãî ðàçìåùåíèÿ èñòî÷íèêîâ òåïëà â ïàðàëëåëåïèïåäå.

Âåñòíèê Äàãåñòàíñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà. Ñåðèÿ 1. Åñòå-

ñòâåííûå íàóêè. 2021. Ò. 36, âûï. 2. Ñ. 39�46. DOI: 10.21779/2542-0321-

2021-36-2-39-46.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå Óçáåêñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäî-

âàíèé, ïðîåêò � ÎÒ-Ô4-33.
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�åøåíèå ìåòîäîì êîíå÷íûõ ðàçíîñòåé îäíîé çàäà÷è äëÿ

ëèíåéíîãî íàãðóæåííîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ

ãèïåðáîëè÷åñêîãî òèïà

Õàíêèøèåâ Ç.Ô.

Á�Ó, Áàêó, Àçåðáàéäæàí; hankishiyev.zf�yandex.
om

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à: íàéòè íåïðåðûâ-

íóþ â çàìêíóòîé îáëàñòè D = {0 ≤ x ≤ l, 0 ≤ t ≤ T} �óíêöèþ u = u(x, t),
óäîâëåòâîðÿþùóþ óðàâíåíèþ

∂2u(x, t)

∂t2
= a2

∂2u(x, t)

∂x2
+ bu(x, t) +

m∑

k=1

bku(x, tk) + f(x, t), 0 < x < l, 0 < t ≤ T,

èíòåãðàëüíûì óñëîâèÿì

l∫

0

c1(x)u(x, t)dx = µ1(t),

l∫

0

c2(x)u(x, t)dx = µ2(t), 0 ≤ t ≤ T, (1)

è íà÷àëüíûì óñëîâèÿì

u(x, 0) = ϕ1(x),
∂u(x, 0)

∂t
= ϕ2(x), 0 ≤ x ≤ l.

Çäåñü f(x, t), µ1(t), µ2(t), ϕ1(x), ϕ2(x), c1(x), c2(x) − èçâåñòíûå íåïðåðûâíûå

�óíêöèè ñâîèõ àðãóìåíòîâ; a > 0, b, k = 1, 2, . . . , m � òî÷êè èíòåðâàëà (0, T ].
Ïðåäïîëàãàåòñÿ, ÷òî �óíêöèè c1(x), c2(x) ïîä÷èíÿþòñÿ óñëîâèÿì

{
c
′

1(x) = a11c1(x) + a12c2(x),

c
′

2(x) = a21c1(x) + a22c2(x),
(2)

ãäå a11, a12, a21, a22 − äåéñòâèòåëüíûå ÷èñëà.

Èíòåãðàëüíûå óñëîâèÿ (1), ñ ó÷åòîì óñëîâèé (2), ñíà÷àëà çàìåíÿþòñÿ íåëî-

êàëüíûìè ãðàíè÷íûìè óñëîâèÿìè, ïîñëå ýòîãî ê ðåøåíèþ ïîëó÷åííîé íîâîé

çàäà÷è ïðèìåíÿåòñÿ ìåòîä êîíå÷íûõ ðàçíîñòåé è ñòðîèòñÿ ðàçíîñòíàÿ çàäà÷à,

àïïðîêñèìèðóþùàÿ åå ñî âòîðûì ïîðÿäêîì òî÷íîñòè. Äàëåå, äàåòñÿ àëãîðèòì

ðåøåíèÿ ïîñòðîåííîé ðàçíîñòíîé çàäà÷è.
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�èïåðãåîìåòðè÷åñêèå �óíêöèè òèïà �àóññà îò òðåõ

ïåðåìåííûõ âòîðîãî ïîðÿäêà

Õàñàíîâ À.Õ.

ÈÈÌ ÀÍ �Óç, Òàøêåíò, Óçáåêèñòàí; anvarhasanov�yahoo.
om

Äîêëàä ñîñòîèò èç ñëåäóþùèõ ïóíêòîâ:

1. Ââåäåíèå è ïðåäâàðèòåëüíûå ñâåäåíèÿ;

2. Îïðåäåëåíèÿ ãèïåðãåîìåòðè÷åñêèõ �óíêöèé îò òðåõ ïåðåìåííûõ;

3. Èíòåãðàëüíûå ïðåäñòàâëåíèÿ ãèïåðãåîìåòðè÷åñêèõ �óíêöèé;

4. Ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

ãèïåðãåîìåòðè÷åñêîãî òèïà è èõ ëèíåéíî íåçàâèñèìûå ðåøåíèÿ;

5. Ôîðìóëû ðàçëîæåíèÿ ñ îïåðàòîðàìè Áåð÷íåëëà è ×åíäè;

6. Ôîðìóëû ðàçëîæåíèÿ ñ îïåðàòîðàìè H(α, β) è H̄(α, β);

7. Ôîðìóëû ðàçëîæåíèÿ ñ îïåðàòîðàìè ∆̄(h) è ∇̄(h);

8. Ôîðìóëû àíàëèòè÷åñêîãî ïðîäîëæåíèÿ;

9. Ôîðìóëû ïðåîáðàçîâàíèÿ;

10. Ëèòåðàòóðà.
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Ñðåäíèå àðè�ìåòè÷åñêèå óêëîíåíèé �óíêöèè

ïðÿìîóãîëüíûõ ÷àñòíûõ ñóìì åå ðÿäà Ôóðüå

Õàøáà Ë.À.

À�Ó, Ñóõóì, Àáõàçèÿ; aniballe�mail.ru

Ïóñòü �óíêöèÿ f ∈ Lp (Tm) , p ≥ 1, m ∈ N , T [−π, π] , Sk (f, x) � ïðÿìîóãîëü-
íûå ÷àñòíûå ñóììû ïîðÿäêà k ∈ Nm m-ìåðíîãî ðÿäà Ôóðüå S [f ] �óíêöèè f , è

òî÷êà x ∈ Tm ÿâëÿåòñÿ åå p-òî÷êîé Ëåáåãà. Îòìåòèì, ÷òî åñëè |f |p(ln+ |f |)m−1 ∈
L (Tm), òî ïî÷òè êàæäàÿ òî÷êà x ∈ Tm ÿâëÿåòñÿ åå p-òî÷êîé Ëåáåãà.

Òåîðåìà 1. Ïóñòü �óíêöèÿ f ∈ Lp (Tm) p > 1, m ∈ N , x åå p-òî÷êà
Ëåáåãà. Òîãäà äëÿ ëþáîãî B ⊂ Xm

j=1 [nj , 2nj] ∩Nm
, n = (n1, . . . , nm) ∈ Nm

lim
n→∞

∣∣∣∣∣
1

r̄

∑

k∈B

Sk (f, x) − f (x)

∣∣∣∣∣



ln

m∏

j=1

(
nj
rj

)


−m

= 0,

áîëåå òîãî ∀q > 0

lim
n→∞

{
1

r̄

∑

k∈B

|Sk (f, x) − f (x)|q
} 1

q


ln

m∏

j=1

(
nj
rj

)


−m

= 0,

ãäå rj � ìîùíîñòü ïðîåêöèè ìíîæåñòâà B íà j-îñü, r̄ � ïðîèçâåäåíèÿ âñåõ

ýòèõ ÷èñåë.

Òåîðåìà 2. Ïóñòü �óíêöèÿ f ∈ Lp (Tm), p > 1, m ∈ N è x åå p-òî÷êà
Ëåáåãà. Åñëè �óíêöèÿ ϕ óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì: íåïðåðûâíà íà

[0;∞), âîçðàñòàåò, ϕ (0) = 0, ϕ (u) > 0 äëÿ u > 0, ϕ (2u) ≤ aϕ (u) äëÿ u ∈
[0; σ] , lnϕ (u) = 0

(
u

1
m

)
, u→ ∞, òî â òî÷êå x

lim
n→∞

1∏m
j=1 (nj + 1)

2n∑

k=n

ϕ(|Sk (f, x) − f (x)|) = 0.
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Ìîäåëèðîâàíèå ðå÷íûõ ýêîñèñòåì íà ïðèìåðå ð. Áàêñàí

Õàøèðîâà Ò.Þ.

a
, �åðãîâ À.�.

b
, Åëååâ È.Ç.

c

ÊÁ�Ó, Íàëü÷èê, �îññèÿ; khashirova�mail.ru

a
, gergo��mail.ru

b
,

inal.eleev�bk.ru

c

Ïðè ìîäåëèðîâàíèè ðàçâèòèÿ ýêîñèñòåì îñîáåííûé èíòåðåñ âûçûâàþò ðå÷-

íûå ýêîñèñòåìû, ïðåäñòàâëÿþùèå ñîáîé ïðîòî÷íûå âîäû è âêëþ÷àþùèå áèî-

òè÷åñêèå âçàèìîäåéñòâèÿ ìåæäó ðàñòåíèÿìè, æèâîòíûìè è ìèêðîîðãàíèçìà-

ìè, à òàêæå àáèîòè÷åñêèå �èçè÷åñêèå è õèìè÷åñêèå âçàèìîäåéñòâèÿ. �å÷íûå

ýêîñèñòåìû ÿâëÿþòñÿ ÷àñòüþ áîëåå êðóïíûõ âîäîñáîðîâ, â êîòîðûõ ìåëêèå

âåðõíèå ïîòîêè ñòåêàþò â ñðåäíèå, à òå â ñâîþ î÷åðåäü, ïîñòåïåííî ñòåêàþò â

áîëåå êðóïíûå ðå÷íûå ñåòè. �å÷íûå ýêîñèñòåìû ÿâëÿþòñÿ ÿðêèìè ïðèìåðàìè

ëîòêîâûõ ýêîñèñòåì, ïëîñêèå âîäû ïðîñòèðàþòñÿ îò èñòî÷íèêîâ øèðèíîé âñå-

ãî íåñêîëüêî ñàíòèìåòðîâ äî êðóïíûõ ðåê øèðèíîé êèëîìåòðîâ. �åçóëüòàòû,

ïðåäñòàâëåííûå â ñòàòüå, ïðèìåíèìû ê ëîòî÷íûì ýêîñèñòåìàì â öåëîì.

Ñîçäàíà êàìåðíàÿ ìîäåëü ýêîñèñòåìû ðåêè Áàêñàí. Êîìïüþòåðíàÿ ìîäåëü

ñîñòîèò èç äâóõ ïîäñèñòåì: áèîòè÷åñêîé è àáèîòè÷åñêîé. Â äàííîé ñòàòüå ðå÷ü

ïîéäåò î ïîäñèñòåìå, îïèñûâàþùåé �óíêöèîíèðîâàíèå àáèîòè÷åñêèå ïðîöåññû,

ïðîèñõîäÿùèå â ðå÷íîé ñèñòåìå. �åêè, ïðîòåêàþùèå â ãîðíûõ è ïðåäãîðíûõ

ðàéîíàõ, õàðàêòåðèçóþòñÿ ïðèñóòñòâèåì íåðàñòâîðèìûõ ÷àñòèö, �ðàêöèé ðàç-

íîãî ðàçìåðà, ò.å. òâåðäûì ñòîêîì, çàäà÷à óïðàâëåíèÿ êîòîðûì ÿâëÿåòñÿ îäíîé

èç íàèáîëåå àêòóàëüíûõ çàäà÷ â íàñòîÿùåå âðåìÿ. Äëÿ îïðåäåëåíèÿ ðàñõîäà

äîííûõ íàíîñîâ èñïîëüçîâàëàñü ìåòîäèêà, ïðåäëîæåííàÿ ß. È. Íèêèòèíûì,

ñîãëàñíî êîòîðîé íàèáîëåå óñòîé÷èâîé ÿâëÿåòñÿ çàâèñèìîñòü ðàñõîäà äîííûõ

íàíîñîâ îò ðàñõîäà âîäû è óêëîíà [2℄.

�àñõîä äîííûõ íàíîñîâ ìîæíî âûðàçèòü çàâèñèìîñòüþ

G = K (Q−Q0)
n
,

ãäå G � ðàñõîä äîííûõ íàíîñîâ ïî ñå÷åíèþ ðóñëà â êã/ñ; Q � ðàñõîä âîäû â

ì

3/ñ; Q0 � ðàñõîä âîäû, ïðè êîòîðîì äâèæåíèå äîííûõ íàíîñîâ òîëüêî íà÷è-

íàåòñÿ; êîý��èöèåíò ðàñõîäà K óâåëè÷èâàåòñÿ ñ óâåëè÷åíèåì óêëîíà ðåêè, à

ïîêàçàòåëü ñòåïåíè îñòàåòñÿ ïîñòîÿííûì n = 2.
�àçðàáîòàíà ìîäåëü ïî óïðàâëåíèþ òâåðäûì ñòîêîì íà ãîðíûõ ëàíäøà�-

òàõ, à òàêæå àëãîðèòì ðåøåíèÿ ïîñòàâëåííîé çàäà÷è, ìàêåòû âõîäíûõ è âûõîä-

íûõ ïàðàìåòðîâ [1℄. Àëãîðèòì ðåàëèçîâàí íà âûñîêîóðîâíåâîì ÿçûêå ïðîãðàì-

ìèðîâàíèÿ îáùåãî íàçíà÷åíèÿ Python. Ïðè ïîäêëþ÷åíèè ñïåöèàëüíûõ ìîäóëåé

ìîäåëè, èìååòñÿ âîçìîæíîñòü çàïóñêà ïðîãðàììû íà Web ñåðâåðàõ, ÷òî ïîçâî-

ëÿåò óâåëè÷èòü îáëàñòü ïðèìåíåíèÿ âî ìíîãî ðàç.

�ðà�è÷åñêèé èíòåð�åéñ ðåàëèçîâàí ñ èñïîëüçîâàíèåì áèáëèîòåêè PyQt,

äëÿ ñîçäàíèÿ øàáëîíîâ �îðìû èñïîëüçóåòñÿ Qt Designer. Â êà÷åñòâå êàðò ïðè

ðåàëèçàöèè ìîäåëè ïðåäïî÷òåíèå îòäàíî OpenStreetMap (OSM). Äëÿ ñîçäàíèÿ

êàðò èñïîëüçóþòñÿ äàííûå ñ ïåðñîíàëüíûõ GPS-òðåêåðîâ, àýðî�îòîãðà�èè,

âèäåîçàïèñè, ñïóòíèêîâûå ñíèìêè è ïàíîðàìû óëèö, ïðåäîñòàâëåííûå íåêîòî-

ðûìè êîìïàíèÿìè, à òàêæå çíàíèÿ ÷åëîâåêà, ðèñóþùåãî êàðòó.

�àáîòà âûïîëíåíà â ðàìêàõ ïðîåêòà ¾Ïðèîðèòåò 2030¿.
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Ìîäåëü ïî óïðàâëåíèþ òâåðäûì ñòîêîì íà ãîðíûõ ëàíäøà�òàõ ïëàíèðó-

åòñÿ äëÿ èñïîëüçîâàíèÿ â èññëåäîâàòåëüñêèõ öåëÿõ, à òàêæå â êà÷åñòâå äåìîí-

ñòðàöèîííîé â ó÷åáíîì ïðîöåññå äëÿ ñòóäåíòîâ ñîîòâåòñòâóþùèõ ñïåöèàëüíî-

ñòåé.

Ìîäåëü ÿâëÿåòñÿ îòêðûòîé, ñèñòåìà ìîæåò áûòü äîïîëíåíà íîâûìè áëîêà-

ìè, ìîäåëü ìîæåò ñòàòü ñàìà ïîäñèñòåìîé áîëåå êðóïíîé ñèñòåìû, íàïðèìåð,

ãëîáàëüíîé ìîäåëè îõâàòûâàþùåé ñîöèàëüíî-ýêîíîìè÷åñêèå, ýêîíîìè÷åñêèå,

íàó÷íî-òåõíè÷åñêèå äð. àñïåêòû îõðàíû ýêîñèñòåì è ëàíäøà�òîâ.

Ëèòåðàòóðà

1. Õàøèðîâà Ò.Þ. Ïðèìåíåíèå èí�îðìàöèîííûõ òåõíîëîãèé â âîïðîñàõ

îõðàíû è ìåëèîðàöèè ïðèðîäíûõ ëàíäøà�òîâ // Ïðèðîäîîáóñòðîéñòâî.

2011. � 1. Ñ. 22�28.

2. Øìàêîâà Ì.Â. Òåîðèÿ è ïðàêòèêà ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ðå÷-

íûõ ïîòîêîâ. ÑÏá.: Èçä-âî ¾Ëåìà¿, 2013. 142 ñ.
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Îá îäíîì äèñêðåòíîì óðàâíåíèè â ÷åòâåðòè ïëîñêîñòè è

ñâÿçàííîé ñ íèì êðàåâîé çàäà÷å

Õîäûðåâà À.À.

ÍÈÓ ¾Áåë�Ó¿, Áåëãîðîä, �îññèÿ; 711012�bsu.edu.ru

Îñíîâíàÿ öåëü � èññëåäîâàíèå ðàçðåøèìîñòè óðàâíåíèÿ

∑

ỹ∈Dd

Ad(x̃− ỹ)ud(y) = vd(x̃), x̃ ∈ Dd, (1)

ãäå Dd � äèñêðåòíàÿ îáëàñòü âèäà Dd = C ∩ Z2, C � âûïóêëûé êîíóñ â R2
, P±

� îïåðàòîðû ñóæåíèÿ íà Dd(+) è Z2 \ Dd(−) ñîîòâåòñòâåííî. Óðàâíåíèå (1) â
ïðîñòðàíñòâå L2(Dd) ðàçðåøèìî îäíîâðåìåííî ñ óðàâíåíèåì

(AdP+ + IdP−)Ud = Vd (2)

â ïðîñòðàíñòâå L2(Z2); çäåñü Id îáîçíà÷àåò åäèíè÷íûé îïåðàòîð. �àññìàòðèâà-
åòñÿ îáùåå ïàðíîå óðàâíåíèå

(AdP+ +BdP−)Ud = Vd

â ïðîñòðàíñòâå L2(Z2), ãäå Ad, Bd � äâà ðàçíûõ ïñåâäîäè��åðåíöèàëüíûõ îïå-
ðàòîðà ñ ñèìâîëàìè Ãd(ξ), B̃d(ξ) [1℄.

Îáîçíà÷èì ±C2 ≡ C2
± è íàçîâåì ïåðèîäè÷åñêîé âîëíîâîé �àêòîðèçàöèåé

�óíêöèè G(t) îòíîñèòåëüíî êîíóñà C2
åå ïðåäñòàâëåíèå â âèäå

G(t) = G6=(t)G=(t),

ãäå �óíêöèè G6=, G= äîïóñêàþò îãðàíè÷åííîå àíàëèòè÷åñêîå ïðîäîëæåíèå â

òðóá÷àòûå îáëàñòè Tper (C2
+), Tper (C2

−) âèäà T2 + i± C2
ñîîòâåòñòâåííî.

Òåîðåìà. Åñëè ýëëèïòè÷åñêèé ñèìâîë Ãd(ξ) ∈ C(T2) äîïóñêàåò ïåðèî-

äè÷åñêóþ âîëíîâóþ �àêòîðèçàöèþ îòíîñèòåëüíî C2
, òî óðàâíåíèå (1) îäíî-

çíà÷íî ðàçðåøèìî ïðè ëþáîé ïðàâîé ÷àñòè vd ∈ L2(Dd).

Ëèòåðàòóðà

1. Âàñèëüåâ Â.Á. Âîëíîâàÿ �àêòîðèçàöèÿ ýëëèïòè÷åñêèõ ñèìâîëîâ // Ìàò.

çàìåòêè. 2000. Ò. 68, âûï. 5. Ñ. 653�667.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè �Ô, ïðîåêò � FZWG-2020-0029.
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Èíòåãðèðîâàíèå ìîäè�èöèðîâàííîãî óðàâíåíèÿ Êîðòåâåãà -

äå Ôðèçà ñ äîïîëíèòåëüíûì ÷ëåíîì

Õîèòìåòîâ Ó.À.

ÈÌ ÀÍ �Óç, Òàøêåíò, Óçáåêèñòàí; x_umid�mail.ru

Â äàííîé ðàáîòå èçó÷àåòñÿ ìîäè�èöèðîâàííîå óðàâíåíèå Êîðòåâåãà-äå Ôðè-

çà ñ äîïîëíèòåëüíûì ÷ëåíîì

ut + 6u2ux + uxxx + γ(t)u(0, t)ux(x, t) = 0, (1)

ãäå γ(t) � çàäàííàÿ íåïðåðûâíî äè��åðåíöèðóåìàÿ �óíêöèÿ. Óðàâíåíèå (1)

ðàññìàòðèâàåòñÿ ïðè íà÷àëüíîì óñëîâèè

u(x, 0) = u0(x), (2)

ãäå íà÷àëüíàÿ �óíêöèÿ u0(x) (−∞ < x < ∞) îáëàäàåò ñëåäóþùèìè ñâîéñòâà-
ìè:

1) äëÿ íåêîòîðîãî ε > 0

∫ ∞

−∞

|u0(x)| e2ε|x|dx <∞; (3)

2) íåñàìîñîïðÿæåííûé îïåðàòîð L(0) = i

(
d
dx − u0(x)
−u0(x) − d

dx

)
èìååò ðîâíî 2N

ñîáñòâåííûõ çíà÷åíèé ξ1(0), ξ2(0), . . . , ξ2N (0) ñ êðàòíîñòÿìè m1(0), m2(0), . . . ,
m2N (0).

Ïóñòü �óíêöèÿ u(x, t) îáëàäàåò òðåáóåìîé ãëàäêîñòüþ è äîñòàòî÷íî áûñòðî

ñòðåìèòñÿ ê ñâîèì ïðåäåëàì ïðè x→ ±∞ ò.÷.

∫ ∞

−∞

∣∣∣∣
∂ju(x, t)

∂xj

∣∣∣∣ e
2ε|x|dx <∞, j = 0, 1, 2, 3. (4)

Â äàííîé ðàáîòå âûâåäåíà ýâîëþöèÿ äàííûõ ðàññåÿíèÿ äëÿ íåñàìîñîïðÿ-

æåííîãî îïåðàòîðà L(t) ñ ïîìîùüþ êîòîðîé ìîæíî íàéòè ðåøåíèå çàäà÷è (1)�

(4).
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íåñàìîñîïðÿæåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà //

Äîêë. ÀÍ ÑÑÑ�. 1984. Ò. 277, � 3. C. 559�562.
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2021. T. 7. C. 52�66.
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Êîìïüþòåðíàÿ ìîäåëü äëÿ ðåøåíèÿ çàäà÷è äâóõ�àçíîé

�èëüòðàöèè ïðè ïîðøíåâîì âûòåñíåíèè

Õîëìàòîâà È.È.

Íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò ðàçâèòèÿ öè�ðîâûõ òåõíîëîãèé è

èñêóññòâåííîãî èíòåëëåêòà, Òàøêåíò, Óçáåêèñòàí;

Îäíèì èç âàæíûõ ðàçäåëîâ òåîðèè ðàçðàáîòêè âñåãäà áûëà è îñòàåòñÿ ìå-

òîäîëîãèÿ òåîðèè �èëüòðàöèè, êîòîðàÿ ðàçäåëÿåòñÿ íà ñàìîñòîÿòåëüíûå ðàç-

äåëû. Ïðè àíàëèçå ïðîöåññà �èëüòðàöèé, ïðîèñõîäÿùèõ â íåîäíîðîäíîé ïîðè-

ñòîé ñðåäå, âàæíî ðàññìîòðåòü åå áîëåå ïðîñòóþ ìàòåìàòè÷åñêóþ ìîäåëü. Ïî-

ñòðîåííûé ÷èñëåííûé àëãîðèòì äëÿ ðåøåíèÿ çàäà÷è è ïðîâåðåííûé íà òåñòî-

âîì ïðèìåðå, ìîæíî áûëî áû èñïîëüçîâàòü äëÿ ðåøåíèÿ áîëåå ñëîæíûõ çàäà÷.

Äëÿ ðåøåíèÿ òàêèõ çàäà÷ íàì íóæíî ñîçäàòü óñòîé÷èâûé âû÷èñëèòåëüíûé àë-

ãîðèòì. Âû÷èñëèòåëüíûé àëãîðèòì ñ÷èòàåòñÿ óñòîé÷èâûì, êîãäà ïîëó÷åííàÿ

ïîãðåøíîñòü â õîäå ðåøåíèÿ ñ òå÷åíèåì âðåìåíè íå âîçðàñòàåò. Òàêîé ïîäõîä

íåçàìåíèì äëÿ äàëüíåéøåãî ñîâåðøåíñòâîâàíèÿ ìåòîäîëîãèè ïðè ïîñòðîåíèè

êîìïüþòåðíîé ìîäåëè ðàññìàòðèâàåìîé çàäà÷è.

Ïðè ïîñòðîåíèè êîìïüþòåðíîé ìîäåëè ðàññìàòðèâàåìîé çàäà÷è ñíà÷àëà

ðàñïîçíàåòñÿ ïðîèçâîëüíûé âèä ðàññìàòðèâàåìîé îáëàñòè, ñ ïîìîùüþ ìåòîäà

�èêòèâíûõ îáëàñòåé [1℄ ñîçäàåòñÿ ñòàíäàðòíûé âèä è îñóùåñòâëÿþòñÿ ïåðåõîä

ê áåçðàçìåðíûì ïåðåìåííûì. Çàòåì çíà÷åíèÿ ïàðàìåòðîâ, çàäàííûõ â ñêâà-

æèííûõ òî÷êàõ, ðàñïðîñòðàíÿþòñÿ ïî âñåé ðàññìàòðèâàåìîé îáëàñòè, ò.å. ñòðî-

èòñÿ �óíêöèîíàëüíàÿ çàâèñèìîñòü ýòèõ ïàðàìåòðîâ. Äëÿ ýòîãî èñïîëüçóåòñÿ

ìåòîä ëîêàëüíîé àïïðîêñèìàöèè [2℄. Èñïîëüçóÿ îäèí èç ìåòîäîâ (ïðîäîëüíî-

ïîïåðå÷íûé, ïîêîìïîíåíòíîãî ðàñùåïëåíèÿ èëè ëîêàëüíî îäíîìåðíûé ìåòîä)

ñîâìåñòíî ñ ìåòîäîì ïîòîêîâîé ïðîãîíêè ðåøàåòñÿ ðàññìàòðèâàåìàÿ çàäà÷à [3-

5℄. Ïîëó÷åííûå ðåçóëüòàòû çàïèñûâàþòñÿ â îòäåëüíûõ �àéëàõ äëÿ î�îðìëåíèÿ

ãðà�èêîâ è òàáëèö.
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Àíàëîã çàäà÷è Òðèêîìè äëÿ îäíîãî íàãðóæåííîãî

óðàâíåíèÿ ãèïåðáîëî-ïàðàáîëè÷åñêîãî òèïà

Õóáèåâ Ê.Ó.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; khubiev_math�mail.ru

�àññìîòðèì íàãðóæåííîå [1℄ óðàâíåíèå ñìåøàííîãî ãèïåðáîëî-ïàðàáîëè-

÷åñêîãî òèïà {
uxx − uy = λu(x, 0), y > 0,
uxx − uyy = µuxx(x− y, 0), y < 0

(1)

â îáëàñòè Ω, îãðàíè÷åííîé îòðåçêàìè ïðÿìûõ x = 0, x = 1, y = h > 0 ïðè

y > 0, è õàðàêòåðèñòèêàìè x+ y = 0, x− y = 1 óðàâíåíèÿ (1) ïðè y < 0; λ, µ �

çàäàííûå ïîñòîÿííûå.

Äëÿ óðàâíåíèÿ (1) ðàññìàòðèâàåòñÿ ñëåäóþùàÿ

Çàäà÷à T. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå u(x, y) óðàâíåíèÿ (1),

óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì:

u(0, y) = ϕ0(y), u(1, y) = ϕ1(y), 0 ≤ y ≤ h,

u(x/2,−x/2) = ψ(x), 0 ≤ x ≤ 1,

ãäå ϕ0(y), ϕ1(y), ψ(x) � çàäàííûå �óíêöèè, ïðè÷åì ϕ0(0) = ψ(0).
Àíàëîã çàäà÷è Òðèêîìè äëÿ óðàâíåíèÿ (1), â êîòîðîì íàãðóæåííîå ñëàãàå-

ìîå â ãèïåðáîëè÷åñêîé ÷àñòè èìåëî âèä µ1(x−y)u(x−y, 0)+µ2(x+y)u(x+y, 0)
èññëåäîâàí â [2℄, äëÿ ìîäåëüíîãî óðàâíåíèÿ âèäà (1) ñ ïðîèçâîäíîé ïåðâîãî

ïîðÿäêà è ñ äðîáíîé ïðîèçâîäíîé ïîðÿäêà ìåíüøå åäèíèöû ïðè íàãðóæåííûõ

ñëàãàåìûõ � â [3℄ è [4℄ ñîîòâåòñòâåííî. Â äàííîé ðàáîòå èññëåäóåòñÿ îäíîçíà÷-

íàÿ ðàçðåøèìîñòü çàäà÷è Ò.
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4. Õóáèåâ Ê.Ó. Àíàëîã çàäà÷è Òðèêîìè äëÿ íàãðóæåííîãî óðàâíåíèÿ ãè-
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Äîêëàäû ÀÌÀÍ. 2015. Ò. 17, � 3. Ñ. 54�59.
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Êðàåâàÿ çàäà÷à ñ óñëîâèåì òðåòüåãî ðîäà äëÿ óðàâíåíèÿ

äè��óçèè äðîáíîãî ïîðÿäêà

Õóøòîâà Ô.�.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; khushtova�yandex.ru

Â îáëàñòè Ω = {(x, y) : 0 < x <∞, 0 < y < T} ðàññìîòðèì óðàâíåíèå

uxx(x, y) − ∂α0yu(x, y) = 0, (1)

ãäå ∂α0y � ðåãóëÿðèçîâàííàÿ äðîáíàÿ ïðîèçâîäíàÿ [1, ñ. 11℄, [2, ñ. 14℄, 0 < α 6 1.
�åãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â îáëàñòè Ω íàçîâåì �óíêöèþ u =

u(x, y), óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) â îáëàñòè Ω, è òàêóþ, ÷òî u, ux ∈
C(Ω̄), uxx, ∂

α
0yu ∈ C(Ω), Ω̄ � çàìûêàíèå îáëàñòè Ω.

Çàäà÷à. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå óðàâíåíèÿ (1), óäîâëå-
òâîðÿþùåå êðàåâûì óñëîâèÿì

u(x, 0) = 0, 0 < x <∞, (2)

ux(0, y) = hu(0, y) − ν(y), 0 < y < T, (3)

ãäå ν(y) � çàäàííàÿ �óíêöèÿ, h = 
onst.

Äàëåå â ðàáîòå f(y)∗g(y) � ñâ¼ðòêà Ëàïëàñà, φ (ρ, δ; z) � �óíêöèÿ �àéòà [3℄,
Eρ,µ(z) � �óíêöèÿ òèïà Ìèòòàã � Ëå��ëåðà [4, ñ. 117℄.

Ïðèìåì îáîçíà÷åíèÿ β = α/2, Kβ(x, y) = yβ−1φ
(
−β, β;−xy−β

)
,

E(y)= yβ−1Eβ,β
(
−hyβ

)
, K̃(x, y) = Kβ(x, y) − hKβ(x, y) ∗ E(y).

Òåîðåìà. Ïóñòü ν(y) ∈ C[0, T ], ν(0) = 0. Òîãäà �óíêöèÿ

u(x, y) =

y∫

0

K̃(x, y − η) ν(η) dη

ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1)�(3).
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Î íåêîòîðûõ êðàåâûõ çàäà÷àõ äëÿ ýëëèïòè÷åñêîé ñèñòåìû

ïåðâîãî ïîðÿäêà

×åðíîâà Î.Â.

ÍÈÓ ¾Áåë�Ó¿, Áåëãîðîä, �îññèÿ; 
hernova_olga�bsu.edu.ru

Â îáëàñòè D êîìïëåêñíîé ïëîñêîñòè C ðàññìàòðèâàåòñÿ îáùàÿ ýëëèïòè÷å-

ñêàÿ ñèñòåìà ïåðâîãî ïîðÿäêà

LAU(z) + a(z)U(z) + b(z)U(z) = F (z), LA = ∂/∂y −A∂/∂x, z ∈ D.

Çäåñü ìàòðèöà A ∈ Cl×l, a(z), b(z), F (z) ∈ C(D). �åøåíèåì ðàññìàòðèâàåìîé

ñèñòåìû ñëóæèò l−âåêòîð-�óíêöèÿ U = (U1, . . . , Ul) ∈ C1(D). Èñõîäíóþ ñèñòå-

ìó âñåãäà ìîæíî ñâåñòè ê êàíîíè÷åñêîìó âèäó ∂φ(z)/∂y− J∂φ(z)/∂x+ cφ(z) +
dφ(z) = F0(z), îòíîñèòåëüíî l−âåêòîð-�óíêöèè φ = (φ1, φ2) [1℄ è l× l êîìïëåêñ-
íûå ìàòðè÷íûå êîý��èöèåíòû c(z), d(z) ∈ C(D), à J ∈ Cl×l−òðåóãîëüíàÿ ìàò-
ðèöà, ñîáñòâåííûå çíà÷åíèÿ êîòîðîé Imλ > 0. Ïóñòü D = D1 ∪ D2−îòêðûòîå
ìíîæåñòâî, ãäå D1 êîíå÷íàÿ, à D2−áåñêîíå÷íàÿ îáëàñòè. Äëÿ ðàññìàòðèâàåìîé
ñèñòåìû çàäà÷à ëèíåéíîãî ñîïðÿæåíèÿ çàäàåòñÿ ãðàíè÷íûì óñëîâèåì

C11U
+(t) − C12U

−(t) + C21U+(t) − C22U−(t) = f(t), t ∈ Γ,

ãäå l×l−ìàòðè÷íûå êîý��èöèåíòû Cij(t) ∈ C(Γ), f(t)−êîìïëåêñíàÿ l−âåêòîð-
�óíêöèÿ. Ââîäèòñÿ êëàññ Cµδ (D̂,∞), −1 < δ < 0 [1℄. Ïðåäïîëàãàÿ, ÷òî âûïîëíå-

íû óñëîâèÿ a, b ∈ Cµδ0(D̂,∞), δ0 < −1, f(t) ∈ Cµ(Γ), F ∈ Cµδ−1(D̂,∞),−1 < δ < 0

ðåøåíèå ñèñòåìû U èùåì â êëàññå CµA,δ(D̂,∞) [2℄. Çàäà÷à ñâîäèòñÿ ê çàäà÷å ëè-
íåéíîãî ñîïðÿæåíèÿ äëÿ ýëëèïòè÷åñêîé ñèñòåìû ñ òðåóãîëüíîé ìàòðèöåé, ïðè

ýòîì ãðàíè÷íîå óñëîâèå âûðàæàåòñÿ ÷åðåç l× l ìàòðèöû B è 2l×2l ìàòðèöó G.
Äàëåå èñïîëüçóÿ ñïåöèàëüíîå ïðåäñòàâëåíèå äëÿ �óíêöèè φ(z) ∈ CµJ,δ(D̂,∞)
[2℄ ìû ïîëó÷àåì íåêîòîðóþ ñèñòåìó îäíîìåðíûõ è äâóìåðíûõ ñèíãóëÿðíûõ

èíòåãðàëüíûõ óðàâíåíèé, êîòîðàÿ èçó÷àåòñÿ êëàññè÷åñêèìè ìåòîäàìè [3℄.

Ëèòåðàòóðà

1. Ñîëäàòîâ À.Ï. Ñèíãóëÿðíûå èíòåãðàëüíûå îïåðàòîðû è ýëëèïòè÷åñêèå

ýëëèïòè÷åñêèå êðàåâûå çàäà÷è. I // Ôóíêöèîíàëüíûé àíàëèç. ÑÌÔÍ.

�îññèéñêèé óíèâåðñèòåò äðóæáû íàðîäîâ, Ìîñêâà. 2017. Ò. 63, � 1.

Ñ. 1�189.

2. ×åðíîâà Î.Â. Îáîáùåííûé îïåðàòîð Âåêóà-Ïîìïåéþ // Íàó÷íûå âåäî-

ìîñòè Áåë�Ó. 2018. Ò. 50, � 1. Ñ. 40�46.

3. Ìóñõåëèøâèëè Í.È. Ñèíãóëÿðíûå èíòåãðàëüíûå óðàâíåíèÿ. Ìîñêâà: Íà-

óêà, 1968. 513 ñ.
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Âîïðîñû òèïèçàöèè èåðàðõè÷åñêèõ èí�îðìàöèîííûõ

ñòðóêòóð

×åðíûøåâ �.Â.

ÈÈÏ�Ó ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; HenryChern�yandex.
om

Èçâåñòíî ïîíÿòèå ñâîáîäíîé êàòåãîðèè CG, ïîðîæäåííîé ãðà�îì G. �àñ-
ñìîòðèì ÷àñòíûé ñëó÷àé òàêîé êàòåãîðèè, êîãäà G ÿâëÿåòñÿ äåðåâîì (ñ îòìå-

÷åííûì r-îáúåêòîì vr) èç G.
Äëÿ ëþáîãî îáúåêòà vi, ìîð�èçì χvi , íà÷èíàþùèéñÿ ñ r-îáúåêòà, íàçîâåì


h-ìîð�èçìîì.

Ïðåäëîæåíèå 1 (Óíèêàëüíîñòü CG äëÿ äåðåâüåâ). Äëÿ ëþáûõ îáúåêòîâ

a è b êàòåãîðèè CG ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1. |CG (a, b)| = 1;

2. χa = χvm ◦ CG (vm, va) , χb = χvm ◦ CG (vm, b);

ãäå χvm = χa ⊗ χb � íàèáîëüøèé îáùèé äåëèòåëü 
h-ìîð�èçìîâ χa è χb.
Ìíîæåñòâî âñåõ 
h-ìîð�èçìîâ, ïðåäñòàâëåííûõ âëîæåííûìè ìíîæåñòâàìè

èìåí îáúåêòîâ êàòåãîðèè, íàçîâåì òèïîì ýòîé êàòåãîðèè. Áóäåì ñ÷èòàòü äâå

êàòåãîðèè ñòðóêòóðíî ýêâèâàëåíòíûìè, åñëè ìîùíîñòè âëîæåííûõ ìíîæåñòâ

èõ 
h-ìîð�èçìîâ ðàâíû íà ëþáîì ñîãëàñîâàííîì óðîâíå âëîæåííîñòè.

Åñëè C1, C2 � êàòåãîðèè òèïà CG, =S � îòíîøåíèå ñòðóêòóðíîé ýêâèâà-

ëåíòíîñòè, P kC � ìîùíîñòü âëîæåííîãî ìíîæåñòâà íà óðîâíå k êàòåãîðèè òèïà

C, òî âåðíî
Ïðåäëîæåíèå 2. C1 =S C2 òîãäà è òîëüêî òîãäà, êîãäà P kC1

= P kC2
äëÿ

âñåõ k ∈ L ⊂ N.

Ïîñêîëüêó êàòåãîðèÿ CG ÿâëÿåòñÿ �îðìàëèçàöèåé (ïðîèçâîëüíîãî) äåðåâà,

ïðåäëîæåíèå 2 ìîæåò áûòü èñïîëüçîâàíî äëÿ ïîñòðîåíèÿ ïðîöåäóðû ïðîâåðêè

ñòðóêòóðíîé ýêâèâàëåíòíîñòè (ïðîèçâîëüíûõ) äåðåâüåâ, ñîãëàñíî �óíêòîðíîé

äèàãðàììå: CG
FGG′−−−→ CG′

FG′S−−−→ CS .
Ïðåäëîæåíèå 3. Êàòåãîðèé C òèïà CG 
 óñëîâèåì |C (a, b)| > 2, äëÿ

ëþáûõ a è b èç C, íå ñóùåñòâóåò.
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Íåëîêàëüíàÿ çàäà÷à äëÿ âûðîæäàþùåãîñÿ âíóòðè

îáëàñòè ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ ñèíãóëÿðíûì

êîý��èöèåíòîì

×îðèåâà Ñ.Ò., Òóðîïîâà Ñ.Æ.

Òåð�Ó, Òåðìåç, Óçáåêèñòàí; sanam
horiyeva37�gmail.ru

�àññìîòðèì óðàâíåíèå

−|y|muxx + uyy −
m

2y
uy = 0, m > 0. (1)

Ïóñòü Ω � êîíå÷íàÿ îäíîñâÿçíàÿ îáëàñòü ïëîñêîñòè íåçàâèñèìûõ ïå-

ðåìåííûõ x, y, îãðàíè÷åííàÿ õàðàêòåðèñòèêàìè óðàâíåíèÿ (1).

Çàäà÷à �. Íàéòè â îáëàñòè Ω ðåãóëÿðíîå ðåøåíèå

u(x, y) =

{
u1(x, y), (x, y) ∈ Ω1 = Ω ∩ y < 0,
u2(x, y), (x, y) ∈ Ω2 = Ω ∩ y > 0

óðàâíåíèÿ (1) èç êëàññà C
(
Ω1 ∪ Ω2

)
∩C2

(
Ω \AB

)
, óäîâëåòâîðÿþùåå êðà-

åâûì óñëîâèÿì

uj [θ
(j)(x)] = µ1uj [θ

(j)
k1

(x)] + µ2uj [θ
(j)
k2

(x)]+

+
1

2
µ1uj(p1(x), 0) − 1

2
µ2uj(p2(x), 0) + δj(x), ∀x ∈ I = AB,

çäåñü, j = 1 ñîîòâåòñòâóåò îáëàñòè Ω1, à j = 2 ñîîòâåòñòâóåò îáëàñòè Ω2,
p1(x) = a1 + b1x, p2(x) = a2 + b2x, ãäå ai = 2

ki+1 , bi = ki−1
ki+1 , i = 1, 2 è

óñëîâèÿì ñîïðÿæåíèÿ

lim
y→+0

u1(x, y) = c lim
y→−0

u2(x, y), ∀x ∈ I,

lim
y→+0

y−
m
2
∂u1
∂y

= ρ(x) lim
y→−0

(−y)−
m
2
∂u2
∂y

+ λ(x), ∀x ∈ I,

ãäå θ(j)(x)(θ
(j)
k1

(x), θ
(j)
k2

(x)) à��èêñ òî÷êè ïåðåñå÷åíèÿ õàðàêòåðèñòèêè

BCj (êðèâîé x + [2kj/(m + 2)] | y |(m+2)/2= 1, ëåæàùåé âíóòðè îá-

ëàñòè Ωj) ñ õàðàêòåðèñòèêîé, âûõîäÿùåé èç òî÷êè M(x0, 0) ∈ I ; c =
const; µ1, µ2 = const; δj(x), ρ(x), λ(x) çàäàííûå �óíêöèè èç êëàññà

C2(I) ∩ C3(I), ïðè÷åì τ(1) = τ ′(1) = τ ′′(1) = 0, ρ(x) − c 6= 0, k1 > k2 >

1, δ
(n)
j (1) = 0, λ(n)(1) = 0, n = 0, 1, 2.
Êîððåêòíîñòü çàäà÷è � äîêàçûâàåòñÿ ìåòîäîì ðàáîòû [1℄.

Ëèòåðàòóðà
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Îïòèìèçàöèÿ êâàäðàòóðíûõ �îðìóë â ïðîñòðàíñòâå

Ñîáîëåâà

Øàäèìåòîâ Õ.M.

1,2
, Íóðàëèåâ Ô.A.

1,2
, Óëèêîâ Ø.Ø.

2

1
Ò�ÒÓ,

2
ÈÌ ÀÍ �Óç, Òàøêåíò, Óçáåêèñòàí;

kholmatshadimetov�mail.ru; nuraliyevf�mail.ru;sh-ulikov�mail.ru

Â íàñòîÿùåé ðàáîòå â �àêòîðèçîâàííîì ïðîñòðàíñòâå Ñîáîëåâà

W
(m)
2 (0, 1) � ãèëüáåðòîâî ïðîñòðàíñòâî êëàññîâ âåùåñòâåííûõ �óíêöèé

ϕ (x), îòëè÷àþùèõñÿ ñàìîå áîëüøåå íà ïîëèíîì 
 m−2 ïðîèçâîäíûìè (â
ñìûñëå îáîáùåííûõ �óíêöèé) ïîðÿäêàm, êâàäðàòè÷íî èíòåãðèðóåìûìè
â èíòåðâàëå (0,1) è íîðìîé

‖ϕ‖ =





1∫

0

((
dmϕ (x)

dxm

)2

+

(
dm−1ϕ (x)

dxm−1

)2
)
dx





1
2

,

ÿâíî íàéäåí ýëåìåíò �èññà �óíêöèîíàëà ïîãðåøíîñòè êâàäðàòóðíûõ

�îðìóë. Êðîìå òîãî â ñîïðÿæåííîì ïðîñòðàíñòâå W
(m)∗
2 (0, 1) âû÷èñëåí

êâàäðàò íîðìû �óíêöèîíàëà ïîãðåøíîñòè êâàäðàòóðíûõ �îðìóë. Ñïðà-

âåäëèâû

Òåîðåìà 1. Ýëåìåíò �èññà �óíêöèîíàëà ïîãðåøíîñòè êâàäðàòóð-

íîé �îðìóëû â ïðîñòðàíñòâå èìååò âèä:

Uℓ(x) = (−1)m
(
signx

2

(
ex − e−x

2
−

m−1∑

n=1

x2n−1

(2n− 1)!

))
∗ ℓ(x) + Pm−2(x).

Òåîðåìà 2. Äëÿ êâàäðàòà íîðìû �óíêöèîíàëà ïîãðåøíîñòè èìååò

ìåñòî �îðìóëà

∥∥∥ℓ(x)
∣∣∣W (m)∗

2 (0, 1)
∥∥∥
2

= (−1)m




N∑

β=0

N∑

γ=0

k [β] k [γ]µm(hβ − hγ) −

−2
N∑

β=0

k [β]

1∫

0

µm (x− hβ) dx+

1∫

0

1∫

0

µm (x− y) dxdy


 .

Çäåñü µm(x) � �óíêöèÿ �ðèíà

µm(x) =
signx

2

(
ex − e−x

2
−

m−1∑

n=1

x2n−1

(2n− 1)!

)
.
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�îáàñòíàÿ ñõåìà ãðàäèåíòíîãî áóñòèíãà

Øèáçóõîâ Ç.Ì.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, ÌÏ�Ó, Ìîñêâà, �îññèÿ; intellimath�mail.ru

Â êëàññè÷åñêîé ñõåìå ãðàäèåíòíîãî áóñòèíãà ðåøàåòñÿ çàäà÷à ìèíè-

ìèçàöèè ýìïèðè÷åñêîãî ðèñêà:

H∗ = arg min
H∈L(H)

Q(H),

ãäå L(H) � êëàññ ëèíåéíûõ êîìáèíàöèé áàçîâûõ �óíêöèé èç êëàññà H:

H(x) =

p∑

j=1

αjhj(x),

ãäå αj ∈ R, hj(x) ∈ H, x ∈ Rn
,

Q(H) =
1

N

N∑

k=1

ℓ(H(x̃k), ỹk), (1)

{x̃1, . . . , x̃N} � êîíå÷íûé íàáîð âõîäîâ; {ỹ1, . . . , ỹN} � çíà÷åíèÿ, îæèäà-

åìûå íà âûõîäå; ℓ(y, ỹ) � íåîòðèöàòåëüíàÿ äè��åðåíöèðóåìàÿ �óíêöèÿ

ïîòåðü.

Íà êàæäîì øàãå ïðîöåäóðû ãðàäèåíòíîãî áóñòèíãà ðåøàåòñÿ çàäà÷à

ìèíèìèçàöèè:

h∗, α∗ = arg min
h,α

Q(h, α),

ãäå

Q
(
h, α

)
=

1

N

N∑

k=1

ℓ(H̃k + αhk, ỹk), (2)

α ∈ R è h ∈ H, H̃k = H(x̃k), h̃k = h(x̃k). Îäèí èç ìåòîäîâ ïîèñêà ìèíè-

ìóìà Q(h, α) îñíîâàí íà ïðèìåíåíèè èòåðàòèâíîãî ìåòîäà ïîî÷åðåäíîé

ìèíèìèçàöèè (alternating minimization):

hp+1 = arg min
h∈H

Q(h, αp)

αp+1 = arg min
α

Q(hp+1, α),
(3)

âíà÷àëå α0 = 1. Îäíàêî, ýìïèðè÷åñêîå ðàñïðåäåëåíèå çíà÷åíèé

{zk = zk(h, α) = ℓ(H̃k + αhk, ỹk) : k = 1, . . . , N}
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ìîæåò ñîäåðæàòü âûáðîñû èç-çà èñêàæåíèé â äàííûõ èëè íåàäåêâàòíî-

ñòè ÷àñòè äàííûõ ïî îòíîøåíèþ ê âûáðàííîé ìîäåëè çàâèñèìîñòè. Ïðè

ýòîì, ñðåäíåå àðè�ìåòè÷åñêîå ÷óâñòâèòåëüíî ê âûáðîñàì.

Äëÿ ïðåîäîëåíèÿ âëèÿíèÿ âûáðîñîâ èñïîëüçóåòñÿ áîëåå ðîáàñòíàÿ

ïîñòàíîâêà çàäà÷è:

QM(h, α) = M{z1(h, α), . . . , zN (h, α)},

ãäåM{z1, . . . , zN}� äè��åðåíöèðóåìàÿ óñðåäíÿþùàÿ àãðåãèðóþùàÿ �óíê-

öèÿ, óñòîé÷èâàÿ ê âûáðîñàì â äàííûõ [1�3℄.

Ïî ïîñòðîåíèþ, ∂M/∂zk > 0 äëÿ âñåõ k = 1, . . . , N è

∂M/∂z1 + · · · + ∂M/∂zN = 1.

Ïðîöåäóðà (3) äëÿ ïîèñêà h∗ è α∗
ïðèíèìàåò âèä ïðîöåäóðû èòåðàòèâ-

íîãî ïåðåâçâåøèâàíèÿ (iterative reweighting):

hp+1 = arg min
h∈H

N∑
k=1

γk(hp, αp)ℓ(H̃k + αph(x̃k), ỹk)

αp+1 = arg min
α

N∑
k=1

γk(hp+1, αp)ℓ(H̃k + αhk, ỹk).

(4)

Â ýòîé èòåðàòèâíîé ñõåìå íà êàæäîì øàãå îñóùåñòâëÿåòñÿ ìèíèìèçàöèÿ

âçâåøåííîé ñóììû ïîòåðü.

Íà íàãëÿäíûõ ïðèìåðàõ äåìîíñòðèðóåòñÿ óñòîé÷èâîñòü ïðîöåäóðû

(4) îòíîñèòåëüíî áîëüøîãî êîëè÷åñòâà âûáðîñîâ â îáó÷àþùèõ äàííûõ.

Ëèòåðàòóðà

1. Calvo T., Beliakov G. Aggregation fun
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Î êîððåêòíîñòè êðàåâûõ çàäà÷ òðåòüåãî ðîäà

ñ âûðîæäàþùèìñÿ êîý��èöèåíòîì ïðè êîíîðìàëüíîé

ïðîèçâîäíîé

Øóáèí Â.Â.

Í�Ó, Íîâîñèáèðñê, �îññèÿ; vlad.v.shubin�gmail.
om

�àññìîòðèì êðàåâóþ çàäà÷ó òðåòüåãî ðîäà äëÿ óðàâíåíèÿ òåïëîïðî-

âîäíîñòè

ut = ∆u+ f(x, t) ïðè (x, t) ∈ Q, (1)

u(x, 0) = 0 ïðè x ∈ Ω, (2)

a(x, t)
∂u

∂ν
− u(x, t) = 0 ïðè (x, t) ∈ S, (3)

ãäå Ω ⊂ Rn
� îáëàñòü ñ ãëàäêîé ãðàíèöåé, T > 0, S = ∂Ω × (0, T ),

Q = Ω × (0, T ), ν � âíåøíÿÿ íîðìàëü ê ∂Ω.
Â ñëó÷àå, êîãäà �óíêöèÿ a(x, t) ãëàäêàÿ è íå îáðàùàåòñÿ â 0 íà çàìû-

êàíèè S, êðàåâàÿ çàäà÷à (1)�(3) èññëåäîâàíà â êëàññè÷åñêèõ ðàáîòàõ (ñì.
íàïðèìåð [1℄). Îäíàêî, åñëè a(x, t) îáðàùàåòñÿ â 0 â íåêîòîðûõ òî÷êàõ,

î êîððåêòíîñòè äàííîé êðàåâîé çàäà÷è èçâåñòíî äîâîëüíî ìàëî. Ìîæíî

îòìåòèòü ðàáîòû [2℄, [3℄, â êîòîðûõ ñ ïîìîùüþ àíàëîãà ïðèíöèïà Çàðåì-

áû � Æèðî äîêàçàíà åäèíñòâåííîñòü ðåøåíèÿ â ñëó÷àå, êîãäà a(x, t) 6 0.
Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ êðàåâûå çàäà÷è ñ óñëîâèåì (3)

äëÿ ðàçëè÷íûõ óðàâíåíèé ïàðàáîëè÷åñêîãî, ãèïåðáîëè÷åñêîãî, ýëëèïòè-

÷åñêîãî è êâàçèïàðàáîëè÷åñêîãî òèïà, â êîòîðûõ êîý��èöèåíò a(x, t)
ìîæåò îáðàùàòüñÿ â 0. Ïîêàçàíî, ÷òî â íåêîòîðûõ ñëó÷àÿõ èìååò ìåñòî

íååäèíñòâåííîñòü ðåøåíèÿ, à â íåêîòîðûõ äðóãèõ ñëó÷àÿõ íåîáõîäèìûì

óñëîâèåì ðàçðåøèìîñòè ÿâëÿåòñÿ óñëîâèå îðòîãîíàëüíîñòè. Òàêæå äî-

êàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ â íåêîòîðûõ

âåñîâûõ ïðîñòðàíñòâàõ.

Ëèòåðàòóðà

1. Ëàäûæåíñêàÿ Î.À., Ñîëîííèêîâ Â.À., Óðàëüöåâà Í.Í. Ëèíåéíûå è êâà-

çèëèíåéíûå óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà. Ì.: Íàóêà, 1967.

2. Âûáîðíû �. Î ñâîéñòâàõ ðåøåíèé íåêîòîðûõ êðàåâûõ çàäà÷ äëÿ óðàâ-

íåíèé ïàðàáîëè÷åñêîãî òèïà // Äîêëàäû ÀÍ ÑÑÑ�. 1957. Ò. 117, � 4.

Ñ. 563�565.

3. Êàìûíèí Ë.È., Õèì÷åíêî Á.Í. Îá àíàëîãàõ òåîðåìû Æèðî äëÿ ïàðàáî-

ëè÷åñêîãî óðàâíåíèÿ 2-ãî ïîðÿäêà // Ñèá. ìàòåì. æóðí. 1973. Ò. 14, � 1.

Ñ. 86�110.
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Çàäà÷à ñìåøàííîãî óïðàâëåíèÿ äëÿ óðàâíåíèé

äðîáíîãî ïîðÿäêà

Øóêëèíà À.Ô.

a
, Ïëåõàíîâà Ì.Â.

b

×åë�Ó, ×åëÿáèíñê, �îññèÿ;

a
isaf�
su.ru,

b
mariner79�mail.ru

Ïóñòü Z , Z1 � ðå�ëåêñèâíûå áàíàõîâû ïðîñòðàíñòâà, Z êîìïàêòíî

âëîæåíî â Z1, U � áàíàõîâî ïðîñòðàíñòâî, A ∈ L(Z), B ∈ L(U ;Z),
F : (t0, T ) × Zm−1 → Z , ïðîñòðàíñòâî óïðàâëåíèé U = Lq(t0, T ;U) × Zm

ñ íîðìîé ‖(u, v)‖2U = ‖u‖2Lq(t0,T ;U) + ‖v‖2Zm. �àññìîòðèì çàäà÷ó

Dα
t z(t) = Az(t) + F (t, z(t), z(1)(t), . . . , z(r)(t)) +Bu(t), t ∈ (t0, T ), (1)

z(k)(t0) = vk, k = 0, 1, . . . ,m− 1, (2)

(u, v) = (u, v0, v1, . . . , vm−1) ∈ U∂ , (3)

J = ‖z−zd‖Cm−1([t0,T ];Z)+δ‖u−ud‖qLq(t0,T ;U)+δ1

m−1∑

k=0

‖vk−vdk‖2Z → inf, (4)

ãäå U∂ � ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé, U∂ ⊂ U, çàäàííû zd ∈
Cm−1([t0, T ];Z), ud ∈ Lq(t0, T ;U), vdk ∈ Z , k = 0, 1, . . . ,m − 1, δ > 0,
δ1 > 0, m ∈ N, m− 1 < α ≤ m, r ∈ {0, 1, . . . ,m− 1}.

�åøåíèÿ çàäà÷è (1), (2) áóäåì èñêàòü â ïðîñòðàíñòâå

Qα,q(t0, T ;Z) ≡

≡
{
z ∈ Cm−1([t0, T ];Z) : Jm−α

t

(
z −

m−1∑
k=0

z(k)(t0)g̃k+1

)
∈Wm

q (t0, T ;Z)

}
.

Òåîðåìà. Ïóñòü α > 1, q > (α − m + 1)−1
, r = m − 2, îòîáðà-

æåíèå F : (t0, T ) × Zm−1
1 → Z1 êàðàòåîäîðèåâî, ðàâíîìåðíî ëèïøè-

öåâî ïî z ∈ Zm−1
1 , F : (t0, T ) × Zm−1 → Z êàðàòåîäîðèåâî, ðàâíî-

ìåðíî ëèïøèöåâî ïî z ∈ Zm−1
, ïðè íåêîòîðîì y ∈ Zm−1

âûïîëíÿ-

åòñÿ F (·, y) ∈ Lq(t0, T ;Z). Ïðåäïîëîæèì, ÷òî U∂ � íåïóñòîå âûïóê-

ëîå çàìêíóòîå ïîäìíîæåñòâî â U = Lq(t0, T ;U) × Zm
, ïðîñòðàíñòâî

Qα,q(t0, T ;Z) íåïðåðûâíî âëîæåíî â áàíàõîâî ïðîñòðàíñòâî Y, êîòî-

ðîå, â ñâîþ î÷åðåäü, íåïðåðûâíî âëîæåíî âWm−2
q (t0, T ;Z1). Òîãäà çàäà÷à

(1)�(4) èìååò ðåøåíèå (ẑ, û, v̂) ∈ Qα,q(t0, T ;Z) × U∂ .

Ëèòåðàòóðà

1. Plekhanova M.V. Degenerate distributed 
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Ýêîíîìè÷íûå �àêòîðèçîâàííûå ñõåìû äëÿ

ïñåâäîïàðàáîëè÷åñêèõ óðàâíåíèé òðåòüåãî ïîðÿäêà

Øõàíóêîâ-Ëà�èøåâ Ì.Õ.

1
, Ëà�èøåâà Ì.Ì.

2
, Áå÷åëîâà À.�.

2
,

Òõàáèñèìîâà Ì.Ì.

2

1
ÈÏÌÀ ÊÁÍÖ �ÀÍ,

2
ÊÁ�Ó, Íàëü÷èê, �îññèÿ; taisauti�yandex.ru,

la�shevamadina�gmail.
om, be
helova1956�mail.ru, tembotova.mari�mail.ru

Â ðàáîòå ðàññìîòðåíû ýêîíîìè÷íûå �àêòîðèçîâàííûå ñõåìû äëÿ ïñåâ-

äîïàðàáîëè÷åñêèõ óðàâíåíèé òðåòüåãî ïîðÿäêà è äîêàçàíà óñòîé÷èâîñòü

ðàçíîñòíîé ñõåìû ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè.

Â öèëèíäðå QT = G×[0 < t < T ], îñíîâàíèåì êîòîðîãî ñëóæèò p-ìåð-
íûé ïàðàëëåëåïèïåä G = {x = (x1, x2, . . . , xp) : < xα < lα, α = 1, 2, . . . p}

 ãðàíèöåé Γ ðàññìîòðåíà çàäà÷à

∂u

∂t
= Lu+ µ

∂

∂t
Lu+ f(x, t), (x, t) ∈ Qt, (1)

u|Γ = 0, t ≥ 0, G = G+ Γ,

u(x, 0) = u0(x),

ãäå Lu =
∑p

α=1 Lαu, Lαu = ∂
∂xα

(
kα(x, t) ∂u

∂xα

)
, 0 < c0 ≤ kα ≤ c1, µ =

const > 0.
Ïåðåïèñàâ óðàâíåíèå (1) â âèäå óðàâíåíèÿ ñ èñêóññòâåííîé âÿçêîñòüþ

[1℄, ïîëó÷åíà çàäà÷à:

εLutt + ut = Lu+ µLut + f(x, t), (x, t) ∈ Qt, (2)

u|Γ = 0, t ≥ 0, G = G+ Γ, (3)

u(x, 0) = u0(x), ut(x, 0) = u1(x), (4)

ãäå ε > 0 � ìàëàÿ âåëè÷èíà.

Çàäà÷å (2)�(4) ïîñòàâëåíà â ñîîòâåòñòâèå ðàçíîñòíàÿ ñõåìà è äîêàçàíà

åå óñòîé÷èâîñòü.

Ëèòåðàòóðà
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Ëîêàëüíî-îäíîìåðíûå ñõåìû äëÿ óðàâíåíèÿ,

îïèñûâàþùåãî êîàãóëÿöèîííûå ïðîöåññû â

êîíâåêòèâíûõ îáëàêàõ, îáëàäàþùèõ ¾ïàìÿòüþ¿

Øõàíóêîâ-Ëà�èøåâÌ.Õ.

1,a
, Ëà�èøåâàÌ.Ì.

2,b
, ÒàéñàåâÈ.Ä.

3,c

1
ÈÏÌÀ ÊÁÍÖ �ÀÍ,

2
ÊÁ�Ó,

3
ÍÎÖ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ;

a
taisauti�yandex.ru,

b
la�shevamadina�gmail.
om,

c
taysaevid�gmail.
om

Ïîäîáíûå êðàåâûå çàäà÷è âîçíèêàþò ïðè îïèñàíèè �óíêöèè ðàñ-

ïðåäåëåíèÿ ïî ìàññàì êàïåëü â îáëàêàõ çà ñ÷åò ìèêðî�èçè÷åñêèõ ïðî-

öåññîâ êîàãóëÿöèè, äðîáëåíèÿ è çàìåðçàíèÿ [1, 2℄. Ôóíêöèÿ u(x,m, t),
x = (x1, x2, . . . , xp) òàêàÿ, ÷òî u(x,m, t)dm äàåò â êàæäîé òî÷êå x â ìî-

ìåíò âðåìåíè t êîíöåíòðàöèþ îáëà÷íûõ êàïåëü, ìàññà êîòîðûõ çàêëþ-

÷åíà â èíòåðâàëå îò m äî m+ dm.
Â öèëèíäðå QT = G×[0, T ], ñ îñíîâàíèåì G, ñ ãðàíèöåé Γ, ðàññìîòðèì

çàäà÷ó:

∂u

∂t
= Lu+ f(x,m, t), (x, t) ∈ QT , (1)

u|Γ = 0, u(x,m, 0) = u0(x,m), x ∈ G, (2)

ãäå Lu =
p∑

α=1
Lαu,

Lαu= ∂
∂xα

(
kα(x, t) ∂u

∂xα

)
+rα(x, t) ∂u

∂xα
− 1

pu(x,m, t)
m1∫
0

β1 (m,m′)u (x,m′, t)dm′+

+1
p

m/2∫
0

u(x,m−m′, t)β1(m,m−m′)u(x,m′, t)dm′+ 1
p

t∫
0

K(x, t, τ)u(x,m, τ)dτ,

0 < c0 ≤ kα ≤ c1, |rα| , |K| ≤ c2, |β1| , |rα| ≤ c3, β1(m,m
′) = π(r(m) +

r(m′))2 ·|V1(m) − V1(m
′)|·E(m,m′), r(m), r(m′) � ðàäèóñû ÷àñòèö; V1(m),

V1(m
′) � ñêîðîñòè èõ ïàäåíèÿ; E(m,m′) � êîý��èöèåíò çàõâàòà äëÿ êà-

ïåëü; π(r) � äàâëåíèå. Íåëîêàëüíûå èñòî÷íèêè â (1) îïèñûâàþò êîàãóëÿ-
öèîííûå ïðîöåññû. Èç (1)�(2) ñëåäóåò, ÷òî çíà÷åíèå �óíêöèè ðàñïðåäå-

ëåíèÿ ïî ìàññàì êàïåëü â ìîìåíò âðåìåíè t îïðåäåëÿåòñÿ åå çíà÷åíèåì âî

âñå ïðåäøåñòâóþùèå ìîìåíòû âðåìåíè, ò. å. ñðåäà îáëàäàåò ¾ïàìÿòüþ¿.

Äëÿ çàäà÷è (1)�(2) ïîñòðîåíà ËÎÑ, îáëàäàþùàÿ ñóììàðíîé àïïðîêñè-

ìàöèåé O(|h|2 + τ).

Ëèòåðàòóðà

1. Àøàáîêîâ Á.À., Øàïîâàëîâ À.Â. Êîíâåêòèâíûå îáëàêà: ÷èñëåííûå ìîäå-

ëè è ðåçóëüòàòû ìîäåëèðîâàíèÿ â åñòåñòâåííûõ óñëîâèÿõ è ïðè àêòèâíîì
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olle
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pp. 688�701.
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Î ñïåöèàëüíîé çàäà÷å ñîïðÿæåíèÿ äëÿ ýëëèïòè÷åñêèõ

óðàâíåíèé

Ýáåðëåéí Í.Â.

ÍÈÓ ¾Áåë�Ó¿, Áåëãîðîä, �îññèÿ; 649377�bsu.edu.ru

Ïóñòü Γ = {x ∈ R2 : x2 = a|x1|, a > 0}. Ìû ðàññìàòðèâàåì ñëå-

äóþùóþ çàäà÷ó ñîïðÿæåíèÿ: íàéòè �óíêöèþ U(x), ñîñòîÿùóþ èç äâóõ

êîìïîíåíò

U(x) =

{
U+(x), x ∈ Ca

+

U−(x), x ∈ R2 \ Ca
+

â ïðîñòðàíñòâå Ñîáîëåâà � Ñëîáîäåöêîãî Hs(R2 \Γ), êîòîðàÿ óäîâëåòâî-
ðÿåò ñëåäóþùåìó óðàâíåíèþ è äîïîëíèòåëüíûì óñëîâèÿì





(AU)(x) = 0, x ∈ R2 \ Γ,

+∞∫

−∞

U+(x1, x2)dx2 = g0(x1), x1 ∈ R,

+∞∫

−∞

U−(x1, x2)dx2 = g1(x1), x1 ∈ R,

u+(x) − u−(x) = g2(x), x ∈ Γ,

(1)

ãäå A � ïñåâäîäè��åðåíöèàëüíûé îïåðàòîð ñ ñèìâîëîì A(ξ), óäîâëåòâî-
ðÿþùèì óñëîâèþ

c1(1 + |ξ|)α ≤ |A(ξ)| ≤ c2(1 + |ξ|)α,

u+, u− îáîçíà÷àþò ãðàíè÷íûå çíà÷åíèÿ U èç Ca
+ è R2\Ca

+ ñîîòâåòñòâåííî,

à �óíêöèè g0, g1 ∈ Hs+1/2(R) and g2 ∈ Hs−1/2(Γ) çàäàíû.
Â ïðåäïîëîæåíèè, ÷òî ñèìâîë A(ξ) äîïóñêàåò âîëíîâóþ �àêòîðèçà-

öèþ [1℄ îòíîñèòåëüíî Ca
+ ñ èíäåêñîì æ òàêèì, ÷òî æ−s = 1+δ, |δ| < 1/2,

çàäà÷à (1) ñâîäèòñÿ ê ýêâèâàëåíòíîé ñèñòåìå ëèíåéíûõ èíòåãðàëüíûõ

óðàâíåíèé. Áîëåå òîãî, åñëè ñèìâîë è ýëåìåíòû �àêòîðèçàöèè îáëàäàþò

ñâîéñòâîì îäíîðîäíîñòè, ïîñëåäíÿÿ ñèñòåìà ìîæåò áûòü ñâåäåíà ê ñè-

ñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî ÷åòûðåõ íåèç-

âåñòíûõ �óíêöèé.

Ëèòåðàòóðà

1. Âàñèëüåâ Â.Á.Ìóëüòèïëèêàòîðû èíòåãðàëîâ Ôóðüå, ïñåâäîäè��åðåíöè-

àëüíûå óðàâíåíèÿ, âîëíîâàÿ �àêòîðèçàöèÿ, êðàåâûå çàäà÷è. Ìîñêâà: Êî-

ìÊíèãà, 2010. 135 ñ.

209



VI Ìåæäóíàðîäíàÿ íàó÷íàÿ êîí�åðåíöèÿ ¾Íåëîêàëüíûå êðàåâûå çàäà÷è è ðîäñòâåííûå ïðîáëåìû

ìàòåìàòè÷åñêîé áèîëîãèè, èí�îðìàòèêè è �èçèêè¿, Íàëü÷èê, 5-9 äåêàáðÿ 2021ã.

Ñìåøàííàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ

ñ ïðîèçâîäíûìè äðîáíîãî ïîðÿäêà ñ ðàçëè÷íûìè

íà÷àëàìè

Ýíååâà Ë.Ì.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; eneeva72�list.ru

�àññìîòðèì óðàâíåíèå

Dα
0x∂

α
1xu(x) − q(x)u(x) = f(x) (0 < α < 1). (1)

Çäåñü q(x) è f(x) � çàäàííûå â èíòåðâàëå ]0, 1[ �óíêöèè, à ÷åðåç Dα
0x è

∂α1x îáîçíà÷åíû äðîáíûå ïðîèçâîäíûå ïîðÿäêà α ïî ïåðåìåííîé x ∈]0, 1[,
â ñìûñëå �èìàíà � Ëèóâèëëÿ ñ íà÷àëîì â òî÷êå x = 0, è â ñìûñëå Êàïóòî
ñ íà÷àëîì â òî÷êå x = 1 [1℄.

Ê óðàâíåíèÿì âèäà (1) ïðèâîäèò ââåäåíèå ïîíÿòèÿ ý��åêòèâíîé ñêî-

ðîñòè èçìåíåíèÿ ïàðàìåòðîâ ïðè ìîäåëèðîâàíèè �èçè÷åñêèõ è ãåî�èçè-

÷åñêèõ ñèñòåì [2, 3℄. �ÿä âîïðîñîâ òåîðèè óðàâíåíèÿ (1) áûëè ðàññìîò-

ðåíû â [4, 5℄ (ñì. òàêæå ññûëêè â ýòèõ ðàáîòàõ).

Èññëåäóåòñÿ ñëåäóþùàÿ çàäà÷à: íàéòè ðåãóëÿðíîå ðåøåíèå óðàâíå-

íèÿ (1), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

lim
x→0

Dα−1
0x ∂α1xu(x) = u0, u(1) = u1. (2)

Â äàííîé ðàáîòå ðåøåíà çàäà÷à (1), (2). Çàäà÷à ýêâèâàëåíòíî ðåäóöè-

ðîâàíà ê íàãðóæåííîìó èíòåãðàëüíîìó óðàâíåíèþ, äëÿ êîòîðîãî íàéäå-

íî äîñòàòî÷íîå óñëîâèå îäíîçíà÷íîé ðàçðåøèìîñòè. Êàê ñëåäñòâèå, äëÿ

èññëåäóåìîé çàäà÷è ïîëó÷åíî íåðàâåíñòâî Ëÿïóíîâà.

Ëèòåðàòóðà
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2003. 272 
.

2. �åõâèàøâèëè Ñ.Ø. Ê îïðåäåëåíèþ �èçè÷åñêîãî ñìûñëà äðîáíîãî èíòå-

ãðîäè��åðåíöèðîâàíèÿ // Íåëèíåéíûé ìèð. 2007. T. 5, � 4. C. 194�197.

3. �åõâèàøâèëè Ñ.Ø. Ôîðìàëèçì Ëàãðàíæà ñ äðîáíîé ïðîèçâîäíîé â çà-

äà÷àõ ìåõàíèêè // Ïèñüìà â ÆÒÔ. 2004. T. 30, � 2. C. 33�37.

4. Ýíååâà Ë.Ì. Î çàäà÷å Íåéìàíà äëÿ óðàâíåíèÿ ñ äðîáíûìè ïðîèçâîäíû-

ìè ñ ðàçëè÷íûìè íà÷àëàìè // Âåñòíèê Ê�ÀÓÍÖ. Ôèç.-ìàò. íàóêè. 2018.

Ò 24, � 4. C. 61�65.

5. Ýíååâà Ë.Ì. Íåðaâåíñòâî Ëÿïóíîâà äëÿ óðàâíåíèÿ ñ ïðîèçâîäíûìè

äðîáíîãî ïîðÿäêà ñ ðàçëè÷íûìè íà÷àëàìè // Âåñòíèê Ê�ÀÓÍÖ. Ôèç.-

ìàò. íàóêè. 2019. Ò 28, � 3. C. 32�40.
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Ôîðìóëû ðàçëîæåíèÿ äëÿ ãèïåðãåîìåòðè÷åñêèõ

�óíêöèé òðåõ ïåðåìåííûõ è èõ ïðèìåíåíèÿ ê ðåøåíèþ

êðàåâûõ çàäà÷

Ýðãàøåâ Ò.�.

1,a
, Êîáèëîâ Õ.Ì.

2,b
, Õîëäîðîâà È.Æ.

2,c

1
ÒÈÈÈÌÑÕ, Òàøêåíò,

2
Ôåð�Ó, Ôåðãàíà, Óçáåêèñòàí;

a
ergashev.tukhtasin�gmail.
om,

b
khoji1997�mail.ru,

c
irodaxonxoldorova�mail.ru

Áîëüøèå óñïåõè â èçó÷åíèè ãèïåðãåîìåòðè÷åñêîãî ðÿäà îäíîãî ïåðå-

ìåííîãî ñòèìóëèðîâàëè ðàçâèòèå ñîîòâåòñòâóþùèõ òåîðèé äëÿ ðÿäîâ îò

äâóõ èëè ìíîãèõ ïåðåìåííûõ. Â 1889 ãîäó �îðí [1℄ äàë îáùåå îïðåäå-

ëåíèå ãèïåðãåîìåòðè÷åñêîé �óíêöèè äâóõ ïåðåìåííûõ è îí óñòàíîâèë,

÷òî ñóùåñòâóþò 34 ñóùåñòâåííî ðàçëè÷íûõ ñõîäÿùèõñÿ ðÿäà ïîðÿäêà 2.

Êðîìå òîãî, �îðí âûäåëèë ýòè 34 ãèïåðãåîìåòðè÷åñêèå ðÿäû íà ïîëíûå

è êîí�ëþýíòíûå ãèïåðãåîìåòðè÷åñêèå �óíêöèè (Ñïèñîê �îðíà). Îêà-

çûâàåòñÿ, ñóùåñòâóþò 14 ïîëíûõ ðÿäîâ è ñóùåñòâóþò 20 êîí�ëýíòíûõ

ðÿäîâ, êîòîðûå ÿâëÿþòñÿ ïðåäåëüíûìè �îðìàìè äëÿ ïîëíûõ ðÿäîâ.

Ñðèâàñòàâà è Êàðëññîí [1℄ óñòàíîâèëè, ÷òî ñóùåñòâóþò 205 ïîëíûõ

ãèïåðãåîìåòðè÷åñêèõ ðÿäîâ îò òðåõ ïåðåìåííûõ è äàëè îáëàñòü îïðåäå-

ëåíèÿ êàæäîé �óíêöèè èç ýòîãî ñïèñêà. Îäíàêî, äî ñèõ ïîð íå ñîñòàâëåí

ñïèñîê êîí�ëþýíòíûõ ãèïåðãåîìåòðè÷åñêèõ ðÿäîâ îò òðåõ ïåðåìåííûõ.

Äëÿ èññëåäîâàíèÿ ãèïåðãåîìåòðè÷åñêîé �óíêöèè ìíîãèõ ïåðåìåí-

íûõ î÷åíü âàæíû �îðìóëû ðàçëîæåíèÿ, êîòîðûå ïîçâîëÿþò ïðåäñòàâèòü

ãèïåðãåîìåòðè÷åñêóþ ìíîãèõ ïåðåìåííûõ ÷åðåç áåñêîíå÷íóþ ñóììó ïðî-

èçâåäåíèé íåñêîëüêèõ ãèïåðãåîìåòðè÷åñêèõ �óíêöèé îäíîãî ïåðåìåííî-

ãî, à ýòî, â ñâîþ î÷åðåäü, îáëåã÷àåò ïðîöåññ èçó÷åíèÿ ñâîéñòâ �óíêöèé

ìíîãèõ ïåðåìåííûõ.

Ïðîâåäåííûå íàìè èññëåäîâàíèÿ ïîêàçàëè, ÷òî ñóùåñòâóþò 416 ñó-

ùåñòâåííî ðàçëè÷íûõ êîí�ëþýíòíûõ ãèïåðãåîìåòðè÷åñêèõ ðÿäîâ òðåõ

ïåðåìåííûõ, êîòîðûå ÿâëÿþòñÿ ïðåäåëüíûìè �îðìàìè 205 ïîëíûõ ãè-

ïåðãåîìåòðè÷åñêèõ ðÿäîâ èç ñïèñêà Ñðèâàñòàâû � Êàðëññîíà.

Â íàñòîÿùåì ñîîáùåíèè óñòàíîâëåíû �îðìóëû ðàçëîæåíèÿ äëÿ íåêî-

òîðûõ òðîéíûõ êîí�ëþýíòíûõ ðÿäîâ è íàéäåíû èõ ïðèìåíåíèÿ ê ðåøå-

íèþ êðàåâûõ çàäà÷ äëÿ âûðîæäàþùèõñÿ ýëëèïòè÷åñêèõ óðàâíåíèé.

Ëèòåðàòóðà
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New York, Chi
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Çàäà÷à Êîøè äëÿ îáûêíîâåííîãî äè��åðåíöèàëüíîãî

óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ îïåðàòîðîì

ðàñïðåäåëåííîãî äè��åðåíöèðîâàíèÿ

Ý�åíäèåâ Á.È.

ÈÏÌÀ ÊÁÍÖ �ÀÍ, Íàëü÷èê, �îññèÿ; beslan_efendiev�mail.ru

Â èíòåðâàëå 0 < x < l ðàññìîòðèì óðàâíåíèå

u′′(x) − q(x)

β∫

0

µ(α)Dα
0x

[
p(x)u(x)

]
dα = f(x), 0 < β < 1, (1)

ãäå Dα
0x � îïåðàòîð äðîáíîãî èíòåãðî-äè��åðåíöèðîâàíèÿ �èìàíà � Ëè-

óâèëëÿ ïîðÿäêà α [1, 2℄, µ(α), p(x), q(x), f(x) � çàäàííûå �óíêöèè, u(x)
� èñêîìàÿ �óíêöèÿ.

Ïóñòü µ(α) ñóììèðóåìà íà îòðåçêå [0, β], p(x) óäîâëåòâîðÿåò óñëîâèþ
Ëèïøèöà íà îòðåçêå [0, l] è q(x) àáñîëþòíî íåïðåðûâíà íà îòðåçêå [0, l],
òî åñòü

µ(α) ∈ L[0, β], p(x) ∈ Lip[0, l], q(x) ∈ AC[0, l]. (2)

�åãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â èíòåðâàëå ]0, l[ íàçîâåì �óíê-

öèþ u(x), ïðèíàäëåæàùóþ êëàññó C[0, l] ∩ C2]0, l[ è óäîâëåòâîðÿþùóþ

óðàâíåíèþ (1) âî âñåõ òî÷êàõ x ∈]0, l[.
Çàäà÷à. Íàéòè ðåãóëÿðíîå ðåøåíèå u(x) óðàâíåíèÿ (1) â èíòåðâàëå

]0, l[, óäîâëåòâîðÿþùåå óñëîâèÿì

u(0) = u0, u′(0) = u1, (3)

ãäå u0, u1 � çàäàííûå êîíñòàíòû.

Òåîðåìà. Ïóñòü f(x) ∈ L[0, l] ∩ C]0, l[ è âûïîëíåíû âêëþ÷åíèÿ (2).

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåãóëÿðíîå ðåøåíèå çàäà÷è (1), (3). �å-

øåíèå èìååò âèä

u(x) = −u0Wt(x, 0) + u1W (x, 0) +

x∫

0

W (x, t)f(t)dt.

Çäåñü W (x, t) � �óíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ (1).

Ëèòåðàòóðà

1. Íàõóøåâ À.Ì. Î íåïðåðûâíûõ äè��åðåíöèàëüíûõ óðàâíåíèÿõ è èõ ðàç-
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íîãî äè��åðåíöèðîâàíèÿ è èíòåãðèðîâàíèÿ âåñüìà âàæíûõ â äðîáíîì

èñ÷èñëåíèè è â òåîðèè óðàâíåíèé ñìåøàííîãî òèïà // Äè��åðåíö. óðàâ-

íåíèÿ. 1998. Ò. 34, � 1. C. 101�109.
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Äèíàìèêà êâàäðàòè÷íûõ îòîáðàæåíèé Ëîòêè �

Âîëüòåððà ñ âûðîæäåííîé êîñîñèììåòðè÷åñêîé

ìàòðèöåé (ñëó÷àé ìàëûõ ðàçìåðíîñòåé)

Ýøìàìàòîâà Ä.Á., Òàäæèåâà Ì.À., �àíèõîäæàåâ �.Í.

Ò�ÒÓ, Òàøêåíò, Óçáåêèñòàí; 24dil�mail.ru

�àññìîòðèì êëàññ êâàäðàòè÷íûõ ñòîõàñòè÷åñêèõ îïåðàòîðîâ Ëîòêè

� Âîëüòåððà V : x
′

k = xk(1 +
m∑
i=1

akixi), k = 1,m, ãäå êîý��èöèåíòû

óäîâëåòâîðÿþò óñëîâèÿì aki = −aki, |aki| ≤ 1 [1℄.

Ýòî îòîáðàæåíèå äåéñòâóåò â ïðîèçâîëüíîì (m−1)-ìåðíîì ñèìïëåêñå

è îòîáðàæàåò ñèìïëåêñ â ñåáÿ V : Sm−1 → Sm−1
.

Ïóñòü V − îòîáðàæåíèå Ëîòêè � Âîëüòåððà ñ êîñîñèììåòðè÷åñêîé

ìàòðèöåé, êîãäà ãëàâíûå ìèíîðû ÷åòíîãî ïîðÿäêà ðàâíû íóëþ, ò.å. ìû

ïîëó÷èì îòîáðàæåíèå Ëîòêè � Âîëüòåððà ñ âûðîæäåííîé ìàòðèöåé, êî-

ãäà íåêîòîðûå êîý��èöèåíòû aki = 0.
�àññìîòðèì äèíàìè÷åñêèå ñèñòåìû Ëîòêè � Âîëüòåððà ñ âûðîæäåí-

íîé êîñîñèììåòðè÷åñêîé ìàòðèöåé, ïðè m = 3:

V1 :





x
′

1 = x1(1 + a12x2),

x
′

2 = x2(1 − a12x1),

x
′

3 = x3,

V2 :





x
′

1 = x1(1 − a12x2 + a13x2),

x
′

2 = x2(1 + a12x1),

x
′

3 = x3(1 − a13x1),

V3 :





x
′

1 = x1(1 − a12x2 − a13x3),

x
′

2 = x2(1 + a12x1),

x
′

3 = x3(1 + a13x1),

V4 :





x
′

1 = x1(1 − a12x2 + a13x3),

x
′

2 = x2(1 + a12x1),

x
′

3 = x3(1 − a13x1).

Òåîðåìà. �åøåíèÿ ñèñòåì ëèíåéíûõ íåðàâåíñòâ

P = {x ∈ Sm−1 :
m∑
i=1

akixi ≥ 0} è Q = {x ∈ Sm−1 :
m∑
i=1

akixi ≤ 0},

ãäå k = 1,m, � âûïóêëûå íåïóñòûå ìíîãîãðàííèêè.

Â ðàáîòå íàéäåíû ìíîæåñòâà P è Q äëÿ ýòèõ ñèñòåì, à òàê æå äàíû

êðèòåðèè õàðàêòåðà íåïîäâèæíûõ òî÷åê. Êðîìå òîãî ïîñòðîåíû �àçîâûå

ïîðòðåòû òðàåêòîðèè íåïîäâèæíûõ òî÷åê.
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Îá îäíîé íåëîêàëüíîé êðàåâîé çàäà÷å äëÿ óðàâíåíèÿ

ñìåøàííîãî òèïà âûñîêîãî ïîðÿäêà

Þëäàøåâ Ò.Ê.

ÍÓÓç, Òàøêåíò, Óçáåêèñòàí; tursun.k.yuldashev�gmail.
om

Â îáëàñòè Ω = {(t, x) | − T < t < T, 0 < x < l} ðàññìàòðèâàåòñÿ

äè��åðåíöèàëüíîå óðàâíåíèå ñìåøàííîãî òèïà âûñîêîãî ïîðÿäêà

D±[U ] = α (t)β (x) (1)

ñ íåëîêàëüíûì óñëîâèåì èíòåãðàëüíîãî âèäà

U (T, x) +

T∫

0

U (t, x) d t = ϕ (x), 0 ≤ x ≤ l, (2)

ãäå T è l � çàäàííûå ïîëîæèòåëüíûå ÷èñëà,

D+ =
∂ 2

∂ t 2
− ε

∂ 2k+2

∂ t 2 ∂ x 2k
− ω 2 ∂ 2k

∂ x 2k
, (t, x) ∈ Ω+,

D− =
∂

∂ t
− ε

∂2k+1

∂ t ∂ x 2k
− ∂ 2k

∂ x 2k
, (t, x) ∈ Ω−,

ω � ïîëîæèòåëüíûé ïàðàìåòð, ε � ïîëîæèòåëüíûé ìàëûé ïàðàìåòð, k �
�èêñèðîâàííîå íàòóðàëüíîå ÷èñëî, α(t) ∈ C(ΩT ), ΩT ≡ [−T ;T ], β(x) ∈
C (Ωl), ϕ(x) ∈ C (Ωl) � çàäàííûå äîñòàòî÷íî ãëàäêèå �óíêöèè, Ωl ≡ [0; l],
Ω+ = {(t, x) | 0 < t < T, 0 < x < l}, Ω− = {(t, x) | − T < t < 0, 0 < x < l}.

Îäíîçíà÷íî îïðåäåëÿåòñÿ ðåãóëÿðíàÿ �óíêöèÿ U(t, x), óäîâëåòâîðÿ-
þùàÿ óðàâíåíèþ (1), èíòåãðàëüíîìó óñëîâèþ (2), ãðàíè÷íîìó óñëîâèþ

U(t, 0) = U(t, l) =
∂ 2

∂ x2
U(t, 0) =

∂ 2

∂ x2
U(t, l) =

= . . . =
∂ 2k−2

∂x 2k−2
U(t, 0) =

∂ 2k−2

∂x 2k−2
U(t, l) = 0

è êëàññ �óíêöèé

U(t, x) ∈ C(Ω)∩C1(Ω′)∩C1,2k
t,x (Ω−)∩C2,2k

t,x (Ω+)∩C1+2k
t,x (Ω−)∩C2+2k

t,x (Ω+),

ãäå Ω = {(t, x)|−T ≤ t ≤ T, 0 ≤ x ≤ l},Ω′ = {(t, x)|−T < t < T, 0≤x≤ l}.
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On the spe
trum of module linear endomorphisms of the

Bana
h � Kantorovi
h spa
e

Arziev A.D., Kudaybergenov K.K.

IMASUz, Tashkent, Uzbekistan allabayarziev�gmail.
om; karim2006�mail.ru

Let L0 = L0(Ω,Σ, µ) be an algebra of all 
omplex measurable fun
tions

on Ω. Consider a linear spa
e X over the �eld of 
omplex numbers C. A
mapping ‖ · ‖ : X → L0

is 
alled a L0
-valued norm on X, if for every

x, y ∈ X, λ ∈ C the following relations hold:

1) ‖x‖ ≥ 0, ‖x‖ = 0 ⇔ x = 0; 2) ‖λx‖ = |λ|‖x‖; 3) ‖x+y‖ ≤ ‖x‖+‖y‖.
The pair (X, ‖ · ‖) is 
alled a latti
e-normed spa
e over L0.
A (bo)-
omplete d-de
omposable latti
e-normed spa
e over L0

is 
alled

a Bana
h � Kantorovi
h spa
e over L0
. It is known that every Bana
h �

Kantorovi
h spa
e X over L0
is a module over L0

and ‖λu‖ = |λ|‖u‖ for all
λ ∈ L0, u ∈ X (see [1℄).

A L0
-module X equipped with a mapping (·|·) : X ×X → L0

is 
alled a

pre-Hilbert module over L0
if the following 
onditions are satis�ed:

1) For x ∈ X we have (x|x) > 0. Moreover, (x|x) = 0 if and only if x = 0.
2) The map (·|·) : X → L0, x 7−→ (x|y) is L0

-linear for every y ∈ X.
3) (x|y) = (y|x) for all x, y ∈ X.
In a pre-Hilbert module X the Cau
hy�S
hwarz inequality |(x|y)| ≤√

(x|x)
√

(y|y) holds for all x, y ∈ X. The pre-Hilbert module X is 
alled

a Kaplansky�Hilbert module, if it is 
omplete with respe
t to this norm.

A linear mapping T : X → Y between Kaplansky�Hilbert modules

is 
alled L0
-bounded, if there is 0 ≤ c ∈ L0

su
h that ||T (x)|| ≤ c||x||
for all x ∈ X. Any L0

-bounded L0
-linear mapping T : X → Y between

Kaplansky � Hilbert modules is 
alled a module homomorphism. Denote by

Hom(X;Y ) the spa
e of all module homomorphisms. De�ne a L0
-norm of

T ∈ Hom(X;Y ) by ||T || = sup
||x||≤1

||T (x)||. Then Hom(X;X) is a Bana
h�

Kantorovi
h algebra over L0
[2℄.

Theorem. Let X be a Kaplansky � Hilbert module over L0
and let T ∈

Hom(X;X). The set spm(T ) is nonempty, (o)-
losed, 
y
li
 and bounded

subset of L0
.
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On the nonlo
al problems in time for time-fra
tional

subdiffusion equations

Ashurov R.R.
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, Fayziev Yu.E.

2,b

1
IMASUz,

2
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a
ashurovr�gmail.
om,

b
fayziev.yusuf�mail.ru

The nonlo
al boundary value problem, dρtu(t) + Au(t) = f(t) (0 < t ≤
T ), u(ξ) = αu(0) + ϕ (α is a 
onstant and 0 < ξ ≤ T ), in an arbitrary

separable Hilbert spa
e H with the strongly positive selfadjoint operator A,

is 
onsidered. The operator dt on the left hand side of the equation expresses
either the Gerasimov � Caputo derivative or the Riemann � Liouville derivati-

ve; naturally, in the 
ase of the Riemann � Liouville derivatives, the nonlo
al

boundary 
ondition should be slightly 
hanged. Existen
e and uniqueness

theorems for solutions of the problems under 
onsideration are proved. The

in�uen
e of the 
onstant α on the existen
e of a solution to problems is

investigated. Inequalities of 
oer
ivity are obtained and it is shown that these

inequalities di�er depending on the 
onsidered type of fra
tional derivatives.

The inverse problems of determining the right-hand side of the equation and

the fun
tion ϕ in the boundary 
onditions are investigated.

If α = 0 (and ξ = T ), then these problems are 
alled the ba
kward

problems. The ba
kward problems in 
ase of the Gerasimov � Caputo derivati-

ves were studied in detail in [1℄. The work [2℄ is devoted to the study of the

ba
kward problems in 
ase of the Riemann � Liouville derivatives. It is well

known, that regardless of the fa
t that the 
lassi
al or fra
tional derivative is

taken into the equation, this problem is ill-possed in the sense of Hadamard.

In 
ase of the 
lassi
al derivative: dρtu(t) = u′(t) the above nonlo
al

boundary value problem has been extensively studied by A. O. Ashyralyev et

al. (see, for example, [3℄). As shown in this paper the problem, in 
ontrast to

the ba
kward problem, is 
oer
ively solvable in some spa
es of di�erentiable

fun
tions.
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The main aim of this work is solvability of the 
ontinuous boundary


onjugation problem of analyti
 fun
tions in the Besov spa
e whi
h is em-

bedded into the 
lass of 
ontinuous fun
tions. Moreover, it is aimed to obtain


onditions of solvability of su
h problems in Besov spa
e.
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Consider the following interpolation formula:

ϕ(x) ∼= Pϕ(x) =

N∑

β=0

Cβ(x)ϕ(xβ) (1)

where Cβ(x) are the 
oe�
ients and xβ are the nodes of the interpolation

formula (1), xβ ∈ [0, 1], δ is Dira
's delta-fun
tion, fun
tion ϕ belongs to the

Hilbert spa
e W
(4,0)
2 (0, 1).

The di�eren
e ϕ−Pϕ is 
alled the error of the interpolation formula (1).

The value of this error at a point z ∈ [0, 1] is a linear fun
tional on the spa
e

W
(4,0)
2 (0, 1) and it has the form ℓ(x, z) = δ (x− z) −

N∑
β=0

Cβ(z)δ(x − xβ).

In the present work we 
onstru
t the optimal interpolation formula of

the form (1) in the spa
e W
(4,0)
2 and we �nd expli
it formulas for optimal


oe�
ients C̊β(z) (if there exist) satisfying the following equality
∥∥∥ℓ̊
∥∥∥
W

(4,0)∗
2

=

inf
Cβ(z)

‖ℓ‖
W

(4,0)∗
2

. The following is true

Theorem. The 
oe�
ients of the optimal interpolation formula of the

form (1) in the spa
e W
(4,0)
2 have the form

C0 =
8

K
·
[
B1(z, h) +

3∑

k=1

Ak
τk

·
(

N∑

γ=0

τγkG4(z − hγ) +Mk + τNk Nk

)]
,

Cβ =
8

K
·
[
B2(z, h) +

3∑

k=1

Ak
τk

·
(

N∑

γ=0

τ
|β−γ|
k G4(z − hγ) + τβkMk + τN−β

k Nk

)]
,

β = 1, N − 1,

CN =
8

K
·
[
B3(z, h) +

3∑

k=1

Ak
τk

·
(

N∑

γ=0

τN−γ
k G4(z − hγ) + τNk Mk +Nk

)]
.

where B1(z, h), B2(z, h), B3(z, h), G4(z − hγ), Ak, τk,Mk and Nk(k = 1, 2, 3) are
known.
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Let GL(2n,R) be the group of all invertible linear transformations of R2n
.

Identifying elements of R2n
with 2n-dimensional ve
tor-
olumns ~x = {xj}2nj=1

and transformations g ∈ GL(2n,R) with 2n × 2n matri
es (gij)
2n
i,j=1, one 
an


onsider the a
tion of a linear transformation g ∈ GL(2n,R) on R2n
as the

multipli
ation of g by ~x (writing g~x).
Let Sp(2n,R) = {g ∈ GL(2n,R) :

〈
~x, ~y
〉

=
〈
~gx, ~gy

〉
for all ~x, ~y ∈ R2n} be the

symple
ti
 subgroup in GL(2n,R), where
〈
~x, ~y
〉

= x1y2 − x2y1 + · · · + x2n−1y2n −
x2ny2n−1. Denote by ~ei = (0, ...0, 1, 0, ..., 0) the 
anoni
al basis in R2n, i = 1, . . . , 2n,

and put U2n = {α · ~e1}, V2n = {α · ~e2n}, α ∈ R, W2n =
{∑2n−1

i=2 αi · ~ei : αi ∈ R,

i = 2, . . . , 2n− 1}. Consider the subgroup ΓSp(2n,R) in GL(2n,R) of all su
h g =
(gij)

2n
i,j=1 ∈ GL(2n,R) for whi
h g(U2n) = U2n, g11 = ±1, g(V2n) = V2n, g2n,2n =

±1, g(W2n) = W2n, and the restri
tion g|W2n
of g to the subspa
eW2n is an element

of the symple
ti
 group Sp(2(n− 1),R). It is 
lear that ΓSp(2n,R) is a subgroup in
the symple
ti
 group Sp(2n,R) (this subgroup is 
alled Galilean group of symple
ti

linear transformations in R2n

).

Denote by I the interval (a, b) ⊆ R (the 
ases a = −∞ or b = +∞ are

possible). An I-path is a ve
tor fun
tion ~x(t) = {xj(t)}2nj=1 ∈ R2n, t ∈ I, su
h
that the 
oordinate fun
tions xj(t), j = 1, . . . , 2n, are C∞

� di�erentiable. The

r-th derivative of the I-path ~x(t) = {xj(t)}2nj=1 is the ve
tor-fun
tion ~x(r)(t) ={
x
(r)
j (t)}2nj=1, where x

(r)
j (t) is the r-th derivative of the 
oordinate fun
tion xj(t),

j = 1, . . . , 2n, r = 1, 2, . . .

We say that the I-path ~x(t) = {xj(t)}2nj=1 is a Galilean I-path, if |x(1)1 (t)| +

|x(1)2n (t)| 6= 0 and detM2n−2(~x(t)) 6= 0 for all t ∈ I, where

M2n−2(~x(t)) =
(
x
(i)
j (t)

)
i=0,1,...,2n−3, j=2,...,2n−1

, x
(0)
j (t) = xj(t).

I-paths ~x(t) and ~y(t) are 
alled ΓSp(2n,R)-equivalent if there exists g ∈ ΓSp(2n,R)
su
h that ~y(t) = g~x(t) for all t ∈ I. The following theorem gives a 
riterion for the

ΓSp(2n,R)-equivalen
e of Galilean I-paths in the spa
e R2n
(see [1℄).

Theorem 1. Two Galilean I-paths ~x(t) and ~y(t) are ΓSp(2n,R)-equivalent if
and only if x1(t) = ±y1(t), x2n(t) = ±y2n(t) and

x
(k−1)
2 (t)x

(k)
3 (t)−x(k)2 (t)x

(k−1)
3 (t)+· · ·+x(k−1)

2n−2 (t)x2n−1(k)(t)−x2n−2(k)(t)x
(k−1)
2n−1 (t) =

y
(k−1)
2 (t)y

(k)
3 (t) − y

(k)
2 (t)y

(k−1)
3 (t) + · · · + y

(k−1)
2n−2 (t)y

(k)
2n−1(t) − y

(k)
2n−2(t)y

(k−1)
2n−1 (t)

for all t ∈ I, k = 1, . . . , 2n− 2.
Two paths ~x : I1 → Rn and ~y : I2 → Rn are 
alled D-equivalent, if there

exists C∞
� di�erentiable fun
tion ϕ from I2 onto I1, su
h that ϕ′(t) > 0 and

~y(t) = ~x(ϕ(t)) for all t ∈ I2. A 
lass γ = γ(~x) of all pathes that are D-equivalent to
the path ~x(t) is 
alled an oriented 
urve in R2n

generated by this path. In this 
ase,

a path ~y from 
lass γ is 
alled a parametrization of γ. If ~x(t) is a Galilean I-path
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and ~y(t) ∈ γ(~x(t)), then ~y(t) is also a Galilean I-path. We say that an oriented


urve γ is a Galilean 
urve, if γ = γ(~x), where ~x(t) is a Galilean I-path.
Let ~x(t) be an I-path in R2n

, g ∈ ΓSp(2n,R), γ = γ(~x(t)), and let gγ =
γ(g(~x(t)). The 
urves γ1 and γ2 are 
alled ΓSp(2n,R) - equivalent, if there exists

g ∈ ΓSp(2n,R) su
h that γ2 = gγ1. It is 
lear, that ΓSp(2n,R)-equivalen
e of paths
~x(t) and ~y(t) implies ΓSp(2n,R)-equivalen
e of 
urves γ(~x) and γ(~y). The 
onverse
is generally not true.

If ~x(t) is a Galilean I-path then |x(1)1 (t)| + |x(1)2n (t)| is a positive 
ontinuous

fun
tion on I, in parti
ular, there exists a �nite integral l~x(c, d) =
d∫
c

|x(1)1 (t)| +

|x(1)2n (t)|dt ≥ 0 for any segment [c, d] ⊂ I. Therefore, for interval I = (a, b)
the following �nite or in�nite limits are de�ned l~x(a, d) = limc→a+0 l~x(c, d), and
l~x(c, b) = limd→b−0 l~x(c, d). We say that an I-path ~x(t) is a path of the type

(L1), if l~x(a, d) <∞ and l~x(c, b) <∞; (L2), if l~x(a, d) <∞ and l~x(c, b) = +∞;

(L3), if l~x(a, d) = +∞ and l~x(c, b) < ∞; (L4), if l~x(a, d) = +∞ and l~x(c, b) =
+∞.

De�ne the interval I(~x) =
(
A(~x), B(~x)

)
⊂ R a

ording to the following rule:

(i). If ~x(t) is of type (L1), then we set A(~x) = 0 and B(~x) =
b∫
a

|x(1)1 (t)|+ |x(1)2n (t)|dt;
(ii). If ~x(t) is of type (L2), then we set A(~x) = 0 and B(~x) = +∞;

(iii). If ~x(t) is of type (L3), then we set A(~x) = −∞ and B(~x) = 0;
(iv). If ~x(t) is of type (L4), then we set A(~x) = −∞ and B(~x) = +∞.

De�ne now a spe
ial parametrization for Galilean I-path ~x(t). Consider a fun
-
tion p~x from I = (a, b) onto I(~x), using the following rule: If an I-path ~x(t) has a
type (L1) or (L2), then p~x(t) = l~x(a, t); a type (L3), then p~x(t) = −l~x(t, b); a

type (L4), then p~x(t) = l~x(aI , t), for some �xed point aI ∈ I.
Sin
e ~x(t) is a Galilean I-path, it follows that the fun
tion p~x(t) is C∞

�

di�erentiable and p′~x(t) > 0 for ea
h t ∈ I. In parti
ular, there exists an inverse

fun
tion q~x(s) from I(~x) onto I, in addition, q~x is a C∞
� di�erentiable fun
tion

and q′~x(s) > 0 for all s ∈ I(~x). Therefore, ~y(s) = ~x
(
q~x(s)

)
is a Galilean I(~x)-path

and γ(~x) = γ(~y). Using Theorem 1 and an parametrization ~x(
(
q~x(s)

)
we obtain the

following 
riterion of ΓSp(2n,R)-equivalen
e of Galilean 
urves.
Theorem 2. Let γ and β be a 
urves, generated by Galilean I-path ~x and

Galileo J-path ~y, let ~u(s) = ~x
(
q~x(s)

)
, s ∈ I(~x), ~v(r) = ~y

(
q~y(r)

)
, r ∈ J(~y). Then

the 
urves γ and β are ΓSp(2n,R)-equivalent if and only if I(~x) = J(~y), v1(t) =
±u1(t), v2n(t) = ±u2n(t) and

v
(k−1)
2 (t)v

(k)
3 (t)−v(k)2 (t)v

(k−1)
3 (t)+· · ·+v(k−1)

2n−2 (t)v2n−1(k)(t)−v2n−2(k)(t)v
(k−1)
2n−1 (t) =

= u
(k−1)
2 (t)u

(k)
3 (t) − u

(k)
2 (t)u

(k−1)
3 (t) + · · · + u

(k−1)
2n−2 (t)u

(k)
2n−1(t) − u

(k)
2n−2(t)u

(k−1)
2n−1 (t)

for all t ∈ I(~x), k = 1, . . . , 2n− 2.
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Extreme points of the set of elements majorized by an

integrable fun
tion

Dauitbek D.

IMMM, Almaty, Kazakhstan; dauitbek�math.kz

Let f be an arbitrary integrable fun
tion on a �nite measure spa
e (X,Σ, ν).
We 
hara
terise the extreme points of the set Ω(f) of all measurable fun
tions

on (X,Σ, ν) majorised by f , providing a 
omplete answer to a problem raised by

W.A.J. Luxemburg in 1967.
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Inverse 
oeffi
ient problem for the time-fra
tional

diffusion equation

Durdiev D.K.

Bukhara Bran
h of the IM AS RUz, Bukhara, Uzbekistan;

d.durdiev�mathinst.uz

We 
onsider the following one dimensional anomalously di�usive equation:

0D
α
t u− uxx + q(t)u(x, t) = f(x, t), t > 0, x ∈ R, (1)

the solution of whi
h satis�es the initial 
ondition

u(x, 0) = ϕ(x), x ∈ R, (2)

where the Gerasimov � Caputo fra
tional di�erential operator 0D
α
t is de�ned by [1℄

0D
α
t u(x, t) :=

1

Γ(1 − α)

∫ t

0

uτ (x, τ)

(t− τ)α
dτ, α ∈ (0, 1]

and f(x, t), ϕ(x) are given smooth fun
tions.
We pose the inverse problem as follows: �nd the fun
tion q(t), t > 0 in (1), if

the solution of the Cau
hy problem (1), (2) satis�es

u(0, t) = g(t), t > 0, (3)

g(t) is a given fun
tion.
By Cm (R) we denote the 
lass of fun
tions that are bounded in R together with

all derivatives up to the order of m.When m = 0, C0 (R) =: C (R) and this is usual
spa
e of 
ontinuous and bounded fun
tions.

We also introdu
e the 
lass H l (R) of bounded H�older 
ontinuous fun
tions on R

with l ∈ (0, 1). By C
(
[0, T ], H l (R)

)
we denote the 
lass of 
ontinuous with respe
t

to t variable on the segment [0, T ] with values in H l (R) fun
tions.
Theorem 1. If f(x, t) ∈ C

(
[0, T ], H l (R)

)
, ϕ(x) ∈ C2 (R) , g(t) ∈ C1[0, T ],

|g(t)| ≥ g0 = const > 0, g0 is a given number, ϕ(0) = g(0), then there exists a

number T ∗ ∈ (0, T ), su
h that there exists a unique solution q(t) ∈ C[0, T ∗] of the
inverse problem (1)�(3).
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A model of age heaping with appli
ations to population

graduation that retains informative demographi
 variation

Ediev D.M.

NCSA, Cherkessk; MSU, Mos
ow, Russia; ediev�n
sa.ru

Age heaping remains an issue in both histori
al and 
ontemporary demogra-

phi
 studies. Traditional smoothing te
hniques are problemati
 in dealing with

age heaping in 
ases where the population age stru
ture shows both the digit

preferen
e and informative variation by age that should not be lost during the

graduation. Same applies to more re
ent modelling-based smooth re
onstru
tions

of the latent population distributions. We generalize and modify an earlier model

where age rounding's propensity depends on the distan
e to the round age and

the strength of age heaping at that age. E�
ient and robust estimation method

is proposed for parameterizing the model that allows re
onstru
ting the latent

population distribution by age. We test our model in 
omparison to the traditional

alternatives on an ample set of empiri
al data. Our method is 
apable of removing

age heaping without substantial distortions of the a
tual population variation by

age. In 
omprehensive empiri
al testing, our method appears the best in both the

quality of heaping removal and retaining the informative population variation. The

method has good potential for a wide pra
ti
al appli
ation.

The resear
h leading to these results has re
eived funding from the Russian Foundation

for Basi
 Resear
h under Grant 18-01-00289 ¾Mathemati
al models and methods of


orre
ting the distortions of the age stru
ture and mortality rates of the elderly

population¿.
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A rea
tion � diffusion � adve
tion 
ompetition model with a

free boundary

Elmurodov A.N.

IMASUz, Tashkent, Uzbekistan; elmurodov�mathinst.uz

The arti
le dis
usses the existen
e and qualitative properties of solutions of a


ompetitive-di�usion system of quasilinear paraboli
 equations in a domain with a

free boundary. The problem of des
ribing the dynami
 pro
ess of the invasion of a

new 
ompetitor into the habitat of a lo
al spe
ies belongs to Du and Lin [1℄, who

investigated the nonlinear evolution of two spe
ies in an unbounded spatial domain.

We fo
us on the 
ase where the indigenous population undergoes expansion and

growth in a limited area to be more realisti
, and we investigate the model of di�use


ompetition des
ribed by the following problemQ = {(t, x) : t > 0, h(t) < x < s(t)},
D = {(t, x) : t > 0, |x| < l},





a(u)ut − d1uxx − k1ux = u(a1 − b1u− c1v), (t, x) ∈ Q,

b(v)vt − d2vxx − k2vx = v(a2 − b2u− c2v), (t, x) ∈ D,

u(0, x) = u0(x), −l < −s0 6 x 6 s0 = s0 < l,

v(0, x) = v0(x), −l 6 x 6 l,

v(t,−l) = v(t, l) = u(t, h(t)) = u(t, s(t)) = 0, t > 0,

ṡ(t) = −µ1ux(t, s(t)), ḣ(t) = −µ2ux(t, h(t)), t > 0,

(1)

where x = h(t), x = s(t) is 
alled a free boundary, whi
h is to be determined

together with u and v, all the parameters ai, bi, ci, di, ki and µi(i = 1, 2) are given
positive 
onstants.

The 
oe�
ients a(u), b(v) and fun
tions u0(x), v0(x) satisfy:



A0 > a(u) > a0 > 0, B0 > b(v) > b0 > 0, Q;

u0(x) ∈ C2([−s0, s0]), u0(−s0) = u0(s0) = 0 and u0(x) in [−s0, s0];

v0(x) ∈ C2[−l, l], v0(l) = 0, v0(−l) = 0, v0(x) > 0 in [−l, l].
This model des
ribes how a new spe
ies with population density u invades into

the habitat of a native 
ompetitor v.
Problem (1) with a(u) ≡ 1, b(v) ≡ 1 was studied in [1℄.
The main 
ontribution of this arti
le is the establishment of the global existen
e

of the 
lassi
al solution to problem (1) and the study of the behavior of the solution.

A method is proposed for establishing a priori S
hauder-type estimates for a new


lass of free boundary problems for mixed-two-phase equations. The prin
iple of


omparison is proved.
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De
omposition of one linear programming problem with


omplex stru
tures

Gasimov G.G.

a
, Kerimov S.R.

ASOIU, Baku, Azerbaijan;

a
q.qasim56�gmail.
om

The thesis is devoted to the problem of linear programming with a spe
ial

stru
ture, where the main matrix is in a blo
k-ladder form

(c, xj) → max, (1)

A1x1 ≤ b, (2)

Ajxj ≤ xj−1, j ∈ [2; J ], (3)

xj ≥ 0, j ∈ [1; J ]. (4)

The dimensions of the ve
tor xj and matrix Aj are 
onsistent, b is ve
tor with
dimensions mj , j ∈ [1; J ], x and c are ve
tors with dimensoin j ∈ [1; J ]. An
algorithm for solving the problem is 
reated and a universal bat
h program is

developed. At the same time, Dan
hik-Wolfe de
omposition method was also used

to solve the problem.

The algorithm was used to solve a pra
ti
al problem, and a positive result was

a
hieved.

Referen
es

1. Budak B.M., Samarskii A., Tikhonov A.N. A 
olle
tion of problems in mathe-

mati
al physi
s. Poland: Pergamon Press, 2004.

2. Samarskii A.A. The theory of di�eren
e s
hemes. New York: CRC Press,

2001. 786 p.

225



VI Ìåæäóíàðîäíàÿ íàó÷íàÿ êîí�åðåíöèÿ ¾Íåëîêàëüíûå êðàåâûå çàäà÷è è ðîäñòâåííûå ïðîáëåìû

ìàòåìàòè÷åñêîé áèîëîãèè, èí�îðìàòèêè è �èçèêè¿, Íàëü÷èê, 5-9 äåêàáðÿ 2021ã.

Obtaining fra
tional order differential equation for

Lapla
e � Stieltjes transform of the joint distribution for

semi-Markov walk pro
ess

Ibayev E.A., Omarova K.K.

ICS ANAS, Baku, Azerbaijan; elshanibayev�gmail.
om,

omarovakonulk�gmail.
om

Let there be given a sequen
e of independent and identi
ally distributed pairs

of random variables {ξk, ζk}k≥1 de�ned on the probability spa
e (Ω, F, P), where

the random variables ξk and ζk, k = 1, ∞ are positive and independent. Using these

random variables, we 
onstru
t the following semi-Markovian random walk pro
ess

Xz (t, ω) = z − t+
k−1∑
i=0

ζi, if
k−1∑
i=0

ξi ≤ t <
k∑
i=0

ξi k = 1, ∞,

where ξ0 = ζ0 = 0.
Let τa1 (ω) be �rst rea
hing moment to level a (a>0) and γa1 (ω) be length of

jump from the level by pro
ess Xz (t, ω)
τa1 (ω) = inf {t : Xz (t, ω) ≥ a} and γa1 (ω) = Xz (τa1 , ω) − a.
We denote

L (t, γ| z) = P {τa1 (ω) < t; γa1 (ω) > γ|Xz (0, ω) = z} .

It is well known that the Lapla
e �Stieltjes transformation of L( t, γ| z) has

L̃(θ, γ| z) =

∞∫

t=0

e−θ tdtL( t, γ| z), θ > 0 .

We set

Q(θ, γ |z ) = e(θ+β)z L̃(θ, γ| z).
Fra
tional order di�erential equation will be as follows

Dα+1
z (Q (θ, γ |z )) − (µ+ θ + β)Dα

z (Q (θ, γ |z )) + µβαQ (θ, γ |z ) = 0.
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Cau
hy problem for matrix fa
torizations of the Helmholtz

equations in R2

Juraev D.A.

HMASRU, Karshi, Uzbekistan; juraev_davron�li.ru

In this paper, the problem of 
ontinuation of the ill-posed Cau
hy problem

solution is studied for matrix fa
torizations of the Helmholtz equation in a two-

dimensional bounded domains (see, for instan
e [1-2℄).

Let R2
be a two dimensional real Eu
lidean spa
e, x = (x1, x2) ∈ R2, y =

(y1, y2) ∈ R2
, Gρ ⊂ R2

is a bounded simply 
onne
ted domain whi
h boundary


onsists of segments of rays |y1| = τy2, 0 < y2 ≤ y0 < ∞, with the beginning

at zero and the ar
 S of a smooth 
urve lying inside the angle of width

π

ρ
, i.e.,

∂Gρ = S
⋃
T, T = ∂Gρ\S.

We assume that (0, x2) ∈ Gρ, x2 > 0. Gρ− is 
alled a domain of the type of a


urvilinear triangle.

We 
onsider a system of di�erential equations in the region Gρ

D

(
∂

∂x

)
U(x) = 0, (1)

where D
(
∂
∂x

)
is the matrix of �rst-order di�erential operators.

We denote by A(Gρ) the 
lass of ve
tor fun
tions in the domain Gρ 
ontinuous
on Gρ = Gρ

⋃
∂Gρ and satisfying system (1).

Formulation of the problem. Suppose U(y) ∈ A(Gρ) and

U(y)|S = f(y), y ∈ S.

Here, f(y) a given 
ontinuous ve
tor-fun
tion on S. It is required to restore the
ve
tor fun
tion U(y) in the domain Gρ, based on it's values f(y) on S.
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Mixed Cau
hy boundary value problem for

non
hara
teristi
 degenerate hyperboli
 equations

Kakharman N.

IMMM, Almaty, Kazakhstan; n.kakharman�math.kz

In this paper, in a 
ylindri
al domain D = Ω× (0, T ), with Ω ⊂ Rn we 
onsider
a mixed Cau
hy problem with potential lateral boundary 
ondition for the following

non
hara
teristi
 degenerated equation

Lu = utt − k(t)∆xu(x, t) = f(x, t),

where k(t) ≥ 0. As in the 
ase for stri
tly hyperboli
 equations, we �rst establish

that u ∈ W 1
2 (D) and u ∈ W 2

2 (D) under the assumptions
∥∥∥ fk
∥∥∥
L2(Ω)

(t) < ∞ and

∥∥∥ gradxfk

∥∥∥
L2(Ω)

(t) <∞ for every t ∈ [0, T ], respe
tively.

A number of works has been devoted to the study of the mixed Cau
hy problem

for non
hara
teristi
ally degenerate se
ond-order hyperboli
 equations, beginning

with the work of M.L. Krasnov [1℄. Later these works were generalized for general

degenerate higher order equations by D.T. Dzhuraev [2℄, V.N. Vragov [3℄ and

A.I. Kozhanov [4℄.

In the study of the mixed Cau
hy problem in a 
ylindri
al domain, the lateral

boundary 
onditions are usually lo
al boundary 
onditions of the Diri
hlet type or

periodi
 boundary 
onditions.

In the work of T.Sh. Kalmenov and D. Suragan [5℄, the boundary 
ondition

for the Newton (volume) potential was found, whi
h is a new integro-di�erential

self-adjoint boundary 
ondition for the Lapla
e equation.

In this paper, we study the mixed Cau
hy problem for one 
lass of non
hara
te-

risti
 degenerate hyperboli
 equations using this boundary 
ondition. Unlike other

works devoted to this topi
, where solutions of the mixed Cau
hy problem with

di�erent lateral boundary 
onditions of the 
onsidered problems are obtained in

weighted spa
es, in this paper, all solutions of the 
onsidered mixed Cau
hy problems

are obtained in 
lassi
al Sobolev spa
es.
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Inverse sour
e problem for divergen
e form paraboli


equations

Karazym M.

Nazarbayev University, Nur-Sultan, Kazakhstan; mukhtar.karazym�nu.edu.kz

Let Ω be an open bounded domain in Rn (n ≥ 1) with pie
ewise smooth

boundary ∂Ω and let T be a positive real number.

Following the paper [1℄ where our method was introdu
ed, we solve an inverse

problem of re
overing r expli
itly

ρ(x)∂tu(t, x) −∇x ·
(
p(x)∇xu(t, x)

)
= r(t), (t, x) ∈ (0, T ) × Ω,

u(0, x) = u0(x), x ∈ Ω,

u(t, x) = 0, (t, x) ∈ (0, T ) × ∂Ω,

(1)

from the observation data at a single point x0 ∈ Ω

h1(t) := u(t, x0), (2)

whi
h is 
ontinuously di�erentiable in [0, T ].
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Global Lagrange stability analysis of shunting inhibitory


ellular neural networks with time-varying delays

Kashkynbayev A.T.

Nazarbayev University, Nur-Sultan, Kazakhstan; ardak.kashkynbayev�nu.edu.kz

The stability in the Lagrange sense for 
ellular neural networks (CNNs) has

proven to be one of the e�e
tive tools to study multi-stable dynami
s of the neural

networks. In this work, rather than studying the existen
e and Lyapunov stability

of an equilibrium point we investigate multi-stable dynami
s of shunting inhibitory


ellular neural networks (SICNNs) with time-varying delays and 
oe�
ients. This

is the �rst study that addresses the Lagrange stability for SICNNs. By 
onstru
ting

proper Lyapunov fun
tions and using inequality te
hniques, we analyze three diffe-

rent types of a
tivation fun
tions, namely, bounded, sigmoid and Lips
hitz-like type

a
tivation fun
tions. New delay-dependent su�
ient 
riteria are derived to ensure

the global Lagrange stability for SICNNs. Furthermore, globally exponentially

attra
tive sets are given for the di�erent a
tivation fun
tions. Finally, an illustrating

example with numeri
al simulations is given to support the theoreti
al results.

This resear
h is funded by the S
ien
e Committee of the Ministry of Edu
ation and

S
ien
e of the Republi
 of Kazakhstan (Grant ¾Dynami
al Analysis and Syn
hronization

of Complex Neural Networks with Its Appli
ations¿.
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Almost periodi
 solutions of fuzzy retarded SICNNs
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We present our study about almost periodi
 solutions of fuzzy shunting

inhibitory 
ellular neural networks (FSICNNs) with several delays

ẋpq(t) = −apq(t)xpq(t) −
∑

Ckl∈Nr(p,q)

Cklpq(t)f(xkl(t))xpq(t) + Lpq(t)+

+
∑

Ckl∈Nr(p,q)

Bklpq(t)Upq(t) −
∧

Ckl∈Nr(p,q)

Dkl
pq(t)f(xkl(t− τkl))xpq(t)−

−
∨

Ckl∈Nr(p,q)

Eklpq(t)f(xkl(t− τkl))xpq(t) +
∧

Ckl∈Nr(p,q)

T klpq(t)Upq(t)+

+
∨

Ckl∈Nr(p,q)

Hkl
pq(t)Upq(t).

Almost periodi
 solutions of FSICNNs were not studied thoroughly before,

whi
h in
reases the importan
e of this study for the sake of theoreti
al enri
hment

of this �eld. We analyze FSICNNs for uniqueness and stability of its almost periodi


solutions. 6 su�
ient 
onditions are presented, and proven for existen
e of unique

and exponentially stable almost periodi
 solutions. In addition, numeri
al example


on�rming theoreti
al �ndings is presented, whi
h was 
onstru
ted out of 5 sets of

initial 
onditions, resulting in the 
onverging and stable solutions.

This resear
h is funded by the S
ien
e Committee of the Ministry of Edu
ation and

S
ien
e of the Republi
 of Kazakhstan (Grant ¾Dynami
al Analysis and Syn
hronization

of Complex Neural Networks with Its Appli
ations¿).
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Inverse problem for integro-differential Kelvin � Voigt

equation

Khompysh Kh.

Al-Farabi KazNU, Almaty, Kazakhstan; konat_k�mail.ru

In this work, we study the questions of existen
e and uniqueness of the weak

solutions of the following inverse problem for Kelvin� Voigt equations with memory

des
ribing the motion of one an in
ompressible vis
oelasti
 nonnewtonian �uids [1℄

~ut(x, t) − µ∆~u(x, t) − κ∆~ut(x, t) + ∇p−
∫ t
0
K(t− τ)∆~u(x, τ)dτ = f(t)~g(x, t),

div ~u(x, t) = 0, (x, t) ∈ QT ,
~u(x, t) = 0, (x, t) ∈ ST ,
~u(x, 0) = ~u0(x), x ∈ Ω,∫
Ω
~u(x, t)ω(x)dx = e(t), t ∈ [0, T ].

Here Ω ∈ Rd, d ≥ 2 is a bounded domain with smooth boundary ∂Ω and QT =
Ω×(0, T ) is a 
ylinder with the leteral ST = ∂Ω×[0, T ]. The inverse problem 
onsists

of determine the intensity of an external for
ing f(t) the velo
ity �eld ~u(x, t), and
the pressure p(x, t).
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One non-lo
al problem for the time-fra
tional equations on

the Metri
 Graph

Khujakulov J.R.

IMASUz, Tashkent, Uzbekistan; jonibek�mail.ru

Let us a graph have j in
oming and m outgoing edges. At the in
oming

edges, the 
oordinates are determined from Lj to 0, and in outgoing edges from

0 to Lm. The edges of the graph are denoted by Bk, Bk = {xk : 0 < xk < Lk} ,
k = 1, j +m at one point O(0, 0), 
alled the vertex of the graph. Line segments are

alled bonds of the graph. On the ea
h edges of the over de�ned graph, we 
onsider

fra
tional di�erential equations

Dα,µ
0+ u(k)(x, t) − u(k)xx (x, t) = f (k)(x, t), x ∈ Bk (1)

on the metri
 graphs, where l − 1 < α < l, , l ∈ N , 0 ≤ µ ≤ 1, k = 1, j +m
f (k)(x, t) are known fun
tions and Dα,µ

0+ is Hilfer operator: We will study following

problems for equation (1).

Problem. To �nd fun
tions u(k)(x, t) in the domain Bk×(0, T ), satisfy equation
(1) at l − 1 < α < l, l = 1, 2 with the following properties:

I
(1−µ)(l−α)
0+ u(k)(x, t)

∣∣∣
t=0

= MI
(1−µ)(l−α)
0+ u(k)(x, t)

∣∣∣
t=T

[α]
d

dt
I
(1−µ)(n−α)
0+ u(k)(x, t)

∣∣∣
t=0

= ϕ(k)(x), k = 1, j +m x ∈ Bk;

where M ∈ R,
u(k)(0, t) = u(1)(0, t), t ∈ [0, T ], k = 2, j +m,

∂u+

∂x
(0, t) + Amj

∂u+

∂x
(0, t) = 0, t ∈ [0, T ],

u(k)(Lk, t) = 0, t ∈ [0, T ], k = 1, j +m,

where u− = (u1, u2, ..., uj)
T
,u+ = (uj+1, uj+2, ..., uj+m)

T
,u = (u+, u−)

T
Amj is

a matrix with all elements equal one, and ϕ(k) (x) are su�
iently smooth given

fun
tions.
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On the solvability of an integral equation for a

fra
tionally loaded heat boundary value problem

Kosmakova M.T., Akhmanova D.M.

KarSU, Karaganda, Kazakhstan; svetlanamir578�gmail.
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In the domain Q = {(x, t) | x > 0, t > 0} we 
onsider the problem

ut − uxx + λ {rD0tu (x, t)}
∣∣
x=γ(t)

= f (x, t) , (1)

u |t=0 = 0, u |x=0 = 0, (2)

where λ is a 
omplex parameter, rD
β
0t u(x, t) is the Riemann � Liouville derivative

of an order β, 0 < β < 1, γ(t) is a 
ontinuous in
reasing fun
tion, γ(0) = 0.
The problem is studied in the 
lass of 
ontinuous fun
tions.

BVP (1)�(2) has been redu
ed to the Volterra integral equation of the se
ond

kind:

µ (t) + λ

∫ t

0

Kβ (t, τ)µ (τ) dτ = f2 (t) , (3)

with the kernel

Kβ (t, τ) =
1

Γ (1 − β) (t− τ)
β
−

− γ (t)

2
√
π (t− τ)

β+ 1
2

exp

(
− γ2 (t)

4 (t− τ)

)
Ψ

(
1 − β,

3

2
;
γ2 (t)

4 (t− τ)

)
, (4)

where Ψ (a, b, y) is the Tri
omi degenerate hypergeometri
 fun
tion.
Theorem. Integral equation (3) with kernel (4) for 0 ≤ β < 1 and with γ(t) ∼

tω in the neighborhood of t = 0 is uniquely solvable in the 
lass of 
ontinuous

fun
tions for any 
ontinuous right-hand side f2(t), if 1
2 ≤ ω < 1−2β or 0 ≤ ω < 1

2 ,
0 ≤ β ≤ 1.
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Sturm type theorems for a fourth-order differential

equation on a network
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We study a fourth-order equation

Lu ≡ d2

dΓ2

(
p(x)

d2u

dΓ2

)
− h(x)u = 0, x ∈ Γ, (1)

where Γ is a network [1, 2℄. By a di�erential equation on a network, we understand

the set of di�erential equations on the edges

(pi(x)u′′i )′′ − ri(x)u = 0, x ∈ γi ∈ E(Γ)

and the set of 
onsisten
y 
onditions at the nodes

u ∈ C(Γ) ∩ C4[Γ], β(a)u′′i (a) − ϑ(a)u′iν(a) = 0, a ∈ J(Γ), i ∈ I(a),

∑

i∈I(a)

(piu
′′
i )′ν(a) − h(a)u(a) = 0, a ∈ J(Γ).

A subgraph Γ0 ⊂ Γ is 
alled an S2
-zone of a fun
tion u(x) ∈ C(Γ) ∩ C1[Γ] if

the following 
onditions hold: 1) u(x) 6= 0 on Γ0; 2) there exist a subgraph Γ1 su
h

that Γ0 ⊂ Γ1 ⊂ Γ and u(x) = 0 on ∂Γ0 ∪ ∂Γ1; 3) u′(x) = 0 on ∂Γ0 ∩ ∂Γ1.

The Separation Theorem. Let u(x) and v(x) be two solutions of (1) su
h

that u|∂Γ = v|∂Γ = 0. If u(x) has an S2
-zone Γ0 ⊂ Γ, then v(x) vanishes at least

on
e in Γ0 unless v(x) is a 
onstant multiple of u(x) on Γ0.

Let r(x), R(x) ∈ C[Γ]. Denote by Lr, LR di�erential operators with h(x) = r(x)
and h(x) = R(x), respe
tively.

The Comparison Theorem. Suppose that 0 < r(x) ≤ R(x) on Γ, and v(x),
u(x) are nontrivial solutions of equations Lrv(x) = 0 and LRu(x) = 0, respe
tively,
su
h that v|∂Γ = u|∂Γ = 0. If v(x) has an S2

-zone Γ0 ⊂ Γ, then u(x) vanishes at
least on
e in Γ0 unless u(x) is a 
onstant multiple of v(x) on Γ0.
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Inverse problem for a subdiffusion equation with the Caputo

derivative
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Let A(x,D) =
∑

|α|≤m

aα(x)Dα
be a positive formally self-adjoint ellipti


di�erential operator of order m = 2l with su�
iently smooth 
oe�
ients aα(x)
in an arbitrary multidimensional domain.

Let 0 < ρ ≤ 1. Consider the subdi�usion equation with the Caputo fra
tional

derivative [1℄

Dρ
t u(x, t) +A(x,D)u(x, t) = f(x), x ∈ Ω, 0 < t ≤ T, (1)

with the initial 
ondition

u(x, 0) = ϕ(x), x ∈ Ω, (2)

and the boundary 
onditions

Bju(x, t) =
∑

|α|≤mj

bα,j(x)Dαu(x, t) = 0, 0 ≤ mj ≤ m− 1, j = 1, 2, ..., l,

x ∈ ∂Ω, 0 ≤ t ≤ T, (3)

where ϕ(x) and the 
oe�
ients bα,j(x) are given fun
tions. In the present paper,

we 
onsider the following inverse problem

u(x, T ) = Ψ(x), x ∈ Ω. (4)

Theorem. Let the fun
tions ϕ(x), ψ(x) be 
ontinuous in the 
losed domain Ω̄.
Then there 
an exist only one 
lassi
al solution {u(x, t), f(x)} of the inverse

problem (1)�(4).

Note that a similar inverse problem for subdi�usion equation with Riemann �

Liouville fra
tional derivative was studied in [2℄.
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An appli
ation of an expli
it solution for re
overing the

time-dependent 
ontrol fun
tion for the time-fra
tional

diffusion equation
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We 
onsider the following inverse problem of �nding a pair (u, p) for the time-
fra
tional di�usion equation (see, e.g. [1℄ and [2℄):

♦α,tu = ∂αt u(t, x) − ∆u(t, x) = p(t)f(t, x) in Ω × (0, T ), (1)

u(0, x) = 0, x ∈ Ω,

where Ω ⊂ Rn is a bounded domain with the boundary ∂Ω ∈ C1+γ , 0 < γ < 1,
∆ =

∑n
i=1 ∂

2
xi
is the Lapla
ian and

∂αt u(t, x) =
1

Γ(1 − α)

∫ t

0

(t− τ)−τu′τ (τ, x)dτ

is the fra
tional Caputo time derivative of order 0 < α ≤ 1. Here Γ is the gamma

fun
tion. We shall note that for α = 1 the fra
tional derivative 
oin
ides with the

standard time derivative.

In this paper, our main goal is to study inverse problems of re
overing the time-

dependent 
ontrol fun
tion p(t) in the Cau
hy problem for the multidimensional

time-fra
tional di�usion equation (1). In order to �nd a pair (u, p), we �x a point
q ∈ Ω as an observation point for some time-dependent quantity. So, by using this

additional date we �nd the time-dependent 
ontrol fun
tion p(t). For our analysis,
we use a method of the re
ently developed potential theory (see e.g [3℄) for the

time-fra
tional di�usion equation.
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On Ω = [0, X ] × [0, Y ] we 
onsider the boundary value problem

∂4u

∂x2∂y2
= a1(x, y)

∂3u1
∂x2∂y

+ a2(x, y)
∂2u

∂x2
+ a3(x, y)

∂u

∂x
+

+a4(x, y)
∂2u

∂y2
+ a5(x, y)

∂u

∂y
+ a6(x, y)u+ f(x, y), (x, y) ∈ Ω, (1)

u(x, y)|x=0 = ϕ(y),
∂u(x, y)

∂x
|x=0 = ψ(y), (2)

u(x, y)|y=0 = u(x, y)|y=Y ,
∂u(x, y)

∂y
|y=0 =

∂u(x, y)

∂y
|y=Y , (3)

where the fun
tions a1(x, y), a2(x, y), a3(x, y), a4(x, y), a5(x, y), a6(x, y), f(x, y)
are 
ontinuous on Ω, ϕ(y), ψ(y) are twi
e 
ontinuously di�erentiable on [0, Y ]
fun
tions, 
onditions of agreement are met ϕ(0) = ϕ(Y ), ϕ′(0) = ϕ′(Y ). In this

work, the problem (1)�(3) is investigated by the parametrization method [1℄.

In terms of the matrix Qν(x, h), whi
h elements are de�ned through A(x, y) =

1
2

(
α+ a1(x, y) + a2(x,y)

α −α − a1(x, y) + a2(x,y)
α

α− a1(x, y) − a2(x,y)
α

−α + a1(x, y) − a2(x,y)
α

)
, su�
ient 
onditions have

been established unique solvability of problem (1)�(3). The post explores the ques-

tions of existen
e, the uniqueness of the solution to this problem and the 
onvergen
e

of the algorithm for �nding its solution. The statement is true

Theorem. Let's suppose that for some 0 < µ < 1, h > 0 : Nh = Y, N = 1, 2, ...,
and ν, ν ∈ N, (2N × 2N) the matrix Qν(x, h) is invertible for all x ∈ [0, X ] and the
inequalities are 
arried out

1) ‖[Qν(x, h)]−1‖ ≤ γν(x, h); 2) qν(x, h) (A(x)h)ν

ν!
≤ µ,

where qν(x, h) = 1 + γν(x, h)
ν∑
j=1

(A(x)h)j

j!
, A(x) = max

y∈[0,Y ]
‖A(x, y)‖.
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The Cayley tree Γk (see [1℄) of order k ≥ 1 is an in�nite tree, i.e., a graph without

y
les, from ea
h vertex of whi
h exa
tly k+1 edges issue. Let Γk = (V, L, i), where
V is the set of verti
es of Γk, L is the set of edges of Γk and i is the in
iden
e
fun
tion asso
iating ea
h edge l ∈ L with its endpoints x, y ∈ V . If i(l) = {x, y},
then x and y are 
alled nearest neighboring verti
es, and we write l =< x, y >.

The Hamiltonian of the Potts-SOS model with nearest-neighbor intera
tion has

the form (see [2℄)

H(σ) = −J
∑

<x,y>∈L

|σ(x) − σ(y)| − Jp
∑

<x,y>∈L

δσ(x)σ(y),

where J, Jp ∈ R are nonzero 
oupling 
onstants.

Let N be a number of translation-invariant splitting Gibbs measures for the

three-state Potts-SOS model on the binary tree.

Theorem 1. Let Jp = 2J . There exists θc(≈ 7.729813675) su
h that

N =





1, if θ ∈ (0; θc),

2, if θ = θc,

3, if θ ∈ (θc;∞),

where θ = exp(2/T ), T is temperature.

Theorem 2. Let Jp = 2J . Then the following assertions hold:

a) there exists θ1(≈ 0.1666993311) su
h that the measure µ1 is non-extreme if

θ ∈ (0; θ1) and is extreme if θ ∈ (θ1;∞);
b) there exists θ2(≈ 9.706301628) su
h that the measure µ2 is extreme if θ ∈ [θc; θ2)
and is non-extreme if θ ∈ (θ2;∞);

) the measure µ3 is extreme (where it exists, that is θ ∈ [θc;∞)).
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In this work, we study a quasilinear paraboli
 system with two free boundaries,

in whi
h two free boundaries are used to des
ribe propagation fronts of two types,

respe
tively [1, 2℄. The intera
tion between the two spe
ies is formulated as the

following free boundary problem:





k1(u)ut − d1uxx −m1ux = u(a1 − b1u− c1v), (t, x) ∈ D,

k2(v)vt − d2vxx −m2vx = v(a2 + b2u− c2v), (t, x) ∈ Q,

u(0, x) = u0(x), 0 ≤ x ≤ s0 = s(0),

v(0, x) = v0(x), 0 ≤ x ≤ h0 = h(0),

ux(t, 0) = vx(t, 0) = 0, 0 ≤ t ≤ T,

u(t, s(t)) = v(t, h(t)) = 0, 0 ≤ t ≤ T,

u ≡ 0, s(t) ≤ x ≤ h(t),

s′(t) = −µux(t, s(t)), h′(t) = −ρvx(t, h(t)), 0 ≤ t ≤ T,

(1)

where D = {(t, x) : 0 < t ≤ T, 0 < x < s(t)}, Q = {(t, x) : 0 < t ≤ T, 0 < x <
h(t)}; x = s(t) and x = h(t) � free boundaries, u(t, x) and v(t, x) represent densities
of 
omponents; di, ai, bi, ci, µ, ρ � positive 
onstants, i = 1, 2.

Theorem. Let u (t, x) , v (t, x) , s (t) be a solution of (1). Then

0 < u(t, x) ≤M1 ≡ max

{
max
x

|u0|,
a1
b1

}
, (t, x) ∈ D,

0 < υ(t, x) ≤M2 ≡ max

{
max
x

|v0|,
a1b2 + a2b1

b1c2

}
, (t, x) ∈ Q,

0 < s′ (t) ≤M3 ≡ µN1, 0 < t ≤ T,

0 < h′ (t) ≤M4 ≡ ρN2, 0 < t ≤ T,

where N1 ≥ max
{
a1
m1
,max

x

∣∣∣ u0

s0−x

∣∣∣
}
, N2 ≥ max

{
a2M2+b2M1

m2M1
,max

x

∣∣∣ v0
s0−x

∣∣∣
}
.
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We present equivalent des
riptions of the harmoni
 Hardy spa
es in the unit

dis
 and in the upper half plane. Su
h des
riptions are found as an appli
ation of

the generalized Hadamard operator of M. M. Djrbashian (in the unit dis
 [1℄ and

in the half plane [2℄) of a standard fun
tion kernel. We also give some results on

its inverse operator. We use the obtained results to show expli
it solutions of some

generalized integro-di�erential equations over the harmoni
 Hardy spa
e. To prove

our statements we mainly follow some ideas from [1-3℄.
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Let dynami
s of pursuer P and evader E be des
ribed by the following equations

P : ẋ = u, x(0) = x0, (1)

E : ẏ = v, y(0) = y0, (2)

where x, y, x0, y0, u, v ∈ Rn, n ≥ 2, x0 6= y0. We propose a Gr�onwall � Bellman type


onstraint [1℄ for the pursuer and geometri
 
onstraint for the evader

|u(t)|2 ≤ ρ2 + 2k

t∫

0

|u(s)|2ds for almost every t ≥ 0, (3)

|v(t)| ≤ β for almost every t ≥ 0 (4)

respe
tively, where ρ and β are given positive numbers and k is a given non-negative
number.

De�nition. If β ≤ ρ, then the fun
tion

uGrG(t, v) = v − λGrG(t, v)ξ0

is 
alled ΠGrG-strategy of pursuer ([2℄) in the GrG-game of pursuit, where

λGrG(t, v) = 〈v, ξ0〉 +
√

〈v, ξ0〉2 + ρ2e2kt − |v|2, ξ0 = z0/|z0|.

Theorem 1. If the 
ondition ρ ≥ β holds for di�erential game (1)�(4), then

pursuit 
an be 
ompleted by ΠGrG-strategy on [0, TGrG], where TGrG is the �rst

positive solution of the equation ekt = kβ
ρ t+ 1 + |z0|k

ρ .
Theorem 2. If ρ ≥ β, then for any 
ontrol of pursuer, the strategy of evader

v(t) = −βξ0, t ≥ 0, guarantees the inequality x(t) 6= y(t) on the time interval

[0, TGrG).
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In the spa
e Rn, 
onsider di�erential game when Pursuer P and Evader E
having radius ve
tors x, y and velo
ity ve
tors u, v 
orrespondingly move by the

equations

ẋ = u, x(0) = x0, |u(t)| ≤ α(t) a.e. t ≥ 0, (1)

ẏ = v, y(0) = y0, |v(t)| ≤ β(t) a.e. t ≥ 0, (2)

where x, y, u, v ∈ Rn, n ≥ 2; x0 and y0 are the initial positions, it is assumed that
x0 6= y0. Here α(t) and β(t) are non-negative integrable fun
tions whi
h mean the
maximal speeds of the pursuer and evader at moment t, t ≥ 0.

De�nition. If α(t) ≥ β(t) for all t ≥ 0, then the fun
tion

uG(t, v) = v − λG(t, v)ξ0, λG(t, v) = 〈v, ξ0〉 +
√
〈v, ξ0〉2 + α2(t) − |v|2, (3)

is 
alled ΠG-strategy of pursuer in the pursuit game, where ξ0 = z0/|z0|.
Theorem. Let α(t) ≥ β(t) for all t ≥ 0 and T is a positive root of the equation

t∫
0

(α(s) − β(s))ds = |z0|. Then ΠG-strategy (3) guarantees 
ompletion of pursuit on

the time interval [0, T ].
In the monograph of Isaa
s [1℄, the problem 
alled ¾Life line¿ (problem 9.5.1,

[1℄) was proposed for 
ontrols with stationary geometri
 
onstraints. Later, this

problem was solved by L. Petrosyan [2℄. Moreover, ¾life line¿ problem was studied

for integral and mixed 
onstraints in [3℄. In the game (1)�(2), the ¾life line¿ problem


an be solved for the 
ase of non-stationary geometri
 
onstraints on 
ontrols by

the strategy (3).
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The present paper is devoted to investigation of the modi�ed 
ase of the logisti


mapping xn = λ · xn−1(1 − xn−2) whi
h depends on previous two steps. We learnt

logisti
 mappings as se
ond order di�eren
e equations. We have 
lassi�ed all Cau
hy

problems whose solutions are stable, unstable, periodi
 and 
haoti
.

Modi�ed 
ase of the logisti
 mapping (ML)

xn = λ · xn−1(1 − xn−2) (1)

where |xn| is a number the number of existing population to the maximum possible

population [1,3℄ in millions. The values of interest for the parameter λ means


onditions for living.

De�nition 1. The �lled Julia set K of a mapping (1) is de�ned as the set of

all points x, that have bounded orbits with respe
t to mapping (1) [2℄.
De�nition 2. Julia set is the 
ommon boundary of the �lled Julia set J = ∂K.
Theorem 1. The mapping (1) has two �xed points fix(ML) = {0, 1 − 1

λ}.
Theorem 2. The �xed point zero is stable for 0 < λ < 1 and unstable for λ > 1.
Theorem 3. The �xed point 1 − 1

λ is stable for 1 < λ < 5/4 and unstable for

λ > 5/4.
Theorem 4. The mapping (1) has periodi
 orbits for 5/4 < λ < 9/4.
Theorem 5. The mapping (1) has 
haoti
 orbits for λ > 9/4.
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In this paper we 
onsider the periodization problem of fun
tions f from the

Sobolev spa
e L
(m)
2 (0, 1). The spa
e L

(m)
2 (0, 1) 
onsists of fun
tions possessing

generalized derivative of order m and square integrable with m-th order generalized
derivative. The norm of a fun
tion in this spa
e is de�ned as

∥∥∥ϕ|L(m)
2

∥∥∥ =




1∫

0

(ϕ(m)(x))2dx




1
2

.

The spa
e

˜
L
(m)
2 (0, 1) is the spa
e of periodi
 fun
tions and it is the subspa
e of

L
(m)
2 (0, 1). Elements ϕ (∈ ˜

L
(m)
2 (0, 1)) satisfy the 
ondition of periodi
ity ϕ (x) =

ϕ (x+ γ) , γ is an integer number. Moreover ϕ(α) (1) = ϕ(α) (0) , α = 0, 1, ..., m−1.

It should be noted that every element of the spa
e

˜
L
(m)
2 (0, 1) is a 
lass of equivalent

fun
tions that di�er from ea
h other by a 
onstant term.

De�nition. Let f ∈ L
(m)
2 (0, 1) for m ≥ 1. By the periodization of a fun
tion f

we mean �nding a fun
tion ϕ ∈ L
(m)
2 (0, 1) satisfying the 
onditions

ϕ(α) (1) = ϕ(α) (0) for α = 0, 1, ..., m− 1,

1∫

0

f (x) dx =

1∫

0

ϕ (x) dx.

Theorem. Let f ∈ L
(m)
2 (0, 1), then the following fun
tion

ϕ (x) = f (x) +

m−1∑

n=0

Bn+1 (x)

(n+ 1)!

(
f (n) (0) − f (n) (1)

)

is a periodi
 fun
tion in the spa
e L
(m)
2 (0, 1), i.e. ϕ (x) ∈ L̃

(m)
2 (0, 1).
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Integro-differential Kelvin � Voigt equation with

p-Lapla
ian and damping term
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Let Ω be a bounded domain in Rd, d ≥ 2 with smooth boundary ∂Ω, and
QT = {(x, t) : x ∈ Ω, 0 < t ≤ T} is a 
ylinder with lateral ΓT . We study the

following initial boundary value problem of determining the pair of the fun
tions

(u(x, t), π(x, t)), whi
h satisfy integro-di�erential Kelvin � Voigt equation with

p−Lapla
ian and damping term

ut − κdiv
(
|∇u|q−2∇ut

)
− νdiv

(
|∇u|p−2∇u

)
+ (u · ∇)u+ ∇π−

t∫

0

e−(t−τ)∆u(x, τ)dτ = γ|u|m−2
u+ f(x, t), in QT , (1)

div u = 0, (x, t) ∈ QT (2)

and the initial-boundary 
onditions

u(x, 0) = u0(x) in Ω, (3)

u(x, t) = 0 on ΓT . (4)

Here the fun
tions u0(x) and f(x, t) are given. The 
oe�
ients κ, ν and γ,
exponents q, p and m are given positive numbers, su
h that

1 < q, p, m <∞. (5)

In this work the unique solvability of the initial-boundary value problem (1)�(4),

under suitable assumptions on the data of problem.

This work was supported by the Grants no. AP08052425 of the Ministry of Edu
ation

and S
ien
e of the Republi
 of Kazakhstan (MES RK), Kazakhstan.
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On the stability of the se
ond order nonlinear differential

equations perturbed by white noise
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In the last 60 years, sin
e K. Ito introdu
ed his sto
hasti
 
al
ulus the theory

of sto
hasti
 di�erential equations (SDE) had a very qui
k development. Many

fundamental results 
on
erning the stability property of SDE were obtained by

Kushner [1℄, Khasminskii [2℄, Arnold [3℄, Friedman [4℄, Mao [5℄ and others (see also

surveys [6, 7℄).

In this talk su�
ient 
onditions of asymptoti
 stability in probability for

the se
ond-order nonlinear di�erential equations perturbed by ¾white noise¿ are

presented. The motivation to study su
h equations 
ame from the theory of

nonlinear os
illations.

Let us present one of our results.

Consider the Lienard equation disturbed by white-noise random pro
ess

ẍ+ f(x)ẋ+ g(x) = σ(x)ẇ(t) (1)

where f , g and σ are s
alar fun
tions de�ned on R, ẇ(t) is a Gaussian ¾white noise¿
pro
ess.

The equation (1) is interpreted in the sense of Ito sto
hasti
 di�erential equation.

By setting y(t) = ẋ(t) the equation (1) 
an be written as a system of Ito

sto
hasti
 di�erential equations for two-dimensional pro
ess (x(t, ω), y(t, ω))T (ω
is a sto
hasti
 parameter)

dx(t) = [y(t) − F (x(t))]dt, dy(t) = −g(x(t)) + σ(x(t))dw(t), (2)

where F (x) =
∫ x
0
f(s)ds, w(t) is a s
alar Wiener pro
ess.

Assume that f(x), g(x) and σ(x) satisfy the lo
al Lips
hitz 
ondition, and

f(0) = g(0) = σ(0) = 0.
Theorem. Suppose the following 
onditions are satis�ed for system (2):

there exist numbers c1, c2 and c su
h that
a) g(x)/x > c1 > 0 for all x 6= 0,
b) F (x)/x > c2 > 0 for all x 6= 0,

) 0 < σ(x)/x < c ∀x 6= 0, and c2 < 2c1c2.

Then the zero solution (x(t, ω) ≡ 0, y(t, ω) ≡ 0) of the system (2) is globally

asymptoti
ally stable in probability.

Analogous su�
ient 
onditions for sto
hasti
 stability are obtained for other

se
ond-order di�erential equations driven by white noise.
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Green's fun
tion method for time-fra
tional diffusion

equation on the star graph with equal bonds

Sobirov Z.A.

a
, Rakhimov K.U.

b

UGF, NUUz, Tashkent, Uzbekistan;

a
sobirovzar�gmail.
om,

b
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In this work we use the Riemann � Liouville fra
tional derivative de�ned by

Dα
ηtg(t) = 1

Γ(1−α)
∂
∂t

t∫
η

g(ξ)
|t−ξ|α dξ, 0 < α < 1, [see 1℄ where Γ(x) is the Gamma

fun
tion. We 
onsider the star graph whi
h has m = k + l bonds 
onne
ted in one
point O. The bonds of the graph are denoted by Bj, j = 1, m.

On ea
h bond Bj of the graph we 
onsider the time-fra
tional subdi�usion

equation Dα
0tuj(x, t) = ∂2

∂x2 uj(x, t)− fj(x, t), 0 < x < L, 0 < t < T, j = 1, m with

the initial 
onditions lim
t→0

Dα−1
0t uj(x, t) = ϕj(x), 0 ≤ x ≤ L, j = 1, m. At the inner

vertex of the graph we use the gluing 
onditions u1(0, t) = u2(0, t) = ... = um(0, t),

lim
x→0

(
m∑
i=1

∂
∂xui(x, t)

)
= 0 for all t ∈ [0, T ]. These 
onditions ensure the lo
al �ow


onservation at the bran
hing point of the graph. At the boundary verti
es we will

use boundary 
onditions (BC) given by ui(L, t) = γi(t), i = 1, k, ∂
∂x
uj(L, t) =

γj(t), j = k + 1, m. The problem is to �nd a regular solution of 
onsidered equation

whi
h satisfy the above 
onditions.

The uniqueness of the solution of the 
onsidered problem were proved by the

method of energy integrals.

Theorem. Let βi(x) ∈ C[0, L], γi(t) ∈ C[0, T ] and fi(x, t) ∈ C0,1{(x, t) : 0 ≤ x ≤
L, 0 < t < T, }(i = 1, m, T > 0). Then the 
onsidered problem has unique solution

in the form

u(x, t) =

∫ t

0

(G(N)(x, t;L, τ)
∂uN(ξ, τ)

∂
|ξ=L −G

(D)
ξ (x, L; t, τ)uD(L, τ))dτ−

−
∫ L

0

β(t)G(x, t; ξ, τ)dξ−
∫ t

0

∫ L

0

G(x, t; ξ, τ)F (ξ, τ)dξdτ,

where G(N), G(D)
are 
onstant matri
es, G is Green's fun
tion and u, uD, uN , F are

matri
es of fun
tions.
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Dire
t and inverse Cau
hy problems for generalized

spa
e-time fra
tional differential equations

Suragan D.

Nazarbayev University, Nur-Sultan, Kazakhstan; durvudkhan.suragan�nu.edu.kz

In this talk, expli
it solutions of a 
lass of generalized spa
e-time fra
tional

Cau
hy problems with time-variable 
oe�
ients are given. The representation of

a solution involves kernels given by 
onvergent in�nite series of fra
tional integro-

di�erential operators, whi
h 
an be extensively and e�
iently applied for analyti


and 
omputational goals. Further, we study inverse Cau
hy problems of �nding time

dependent 
oe�
ients for fra
tional wave and heat type equations, whi
h involve

the expli
it representation of the solution of the dire
t Cau
hy problem and a re
ent

method to re
over variable 
oe�
ients for the 
onsidered inverse problems. Con
rete

examples and parti
ular 
ases of the obtained results are dis
ussed. This talk is

based on our joint work with Joel Restrepo [1℄.
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On the mathemati
al model of the spread of 
oronavirus

disease (COVID-19)
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1

Environmental 
hange, 
limate warming, an in
rease in population density, high

migration a
tivity of the population and other fa
tors provoke the emergen
e and

spread of new infe
tions around the world. Therefore, monitoring and predi
ting

infe
tion has be
ome extremely important for organizing health
are and 
ontrolling

the spread of COVID-19.

Currently, given the important role of the intervention strategy, s
ientists are

proposing new epidemi
 model systems with di�erent intervention strategies in


onne
tion with COVID-19. The overall goal is to obtain important epidemiologi
al

by investigating the role of so
ial distan
ing, lo
kdown, quarantine, and isolation

for the proposed epidemi
 system.

In many 
ases, mathemati
al models are proposed that 
onsist of nonlinear

systems of ODEs (see, for example, [1℄). But mathemati
al modeling with spatial

e�e
ts plays an important role in 
hara
terizing and understanding the spread of a

parti
ular infe
tious disease. Understanding the spatial distribution of COVID-19

is essential to elu
idate transmission me
hanisms and targeted 
ontrol measures

[2℄. More pre
isely, spatial heterogeneity a�e
ts the transmission of dynami
s,

and spatially expli
it models are more e�e
tive in evaluating 
ontrol strategies.

To understand the exa
t impa
t of spatial heterogeneity on the dynami
s of

COVID-19, we needed to build a mathemati
al model 
onsisting of systems of

nonlinear paraboli
 equations using a multipoint approa
h with various intervention

strategies.

First, the proposed system is des
ribed, then the non-negativity and

boundedness of the solution is established, then the dynami
s of the model system

is dis
ussed, in
luding the number of reprodu
ible, lo
al and global stable painless

and endemi
 equilibrium states and at the end some qualitative properties of the

solution to the system are investigated.
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The spe
trum and wave fun
tions of the system four ele
trons in a 
rystal

des
ribed by the Hubbard Hamiltonian in the quintet and singlet states and triplet

states were studied in [1,2℄. Here, we 
onsider the energy operator of four ele
tron

systems in the impurity Hubbard model and des
ribe the stru
ture of essential and

dis
rete spe
tra of the system for quintet state. The Hamiltonian of the 
hosen

model has the form

H = A
∑
m,γ a

+
m,γam,γ + B

∑
m,τ,γ a

+
m,γam+τ,γ + U

∑
m a

+
m,↑am,↑a

+
m,↓am,↓ +

(A0−A)
∑
γ a

+
0,γa0,γ+(B0−B)

∑
τ,γ(a+0,γaτ,γ+a+τ,γa0,γ)+(U0−U)a+0,↑a0,↑a

+
0,↓a0,↓.

Here A (A0) is the ele
tron energy at a regular (impurity) latti
e site, B (B0)
is the transfer integral between (between ele
tron and impurities) neighboring sites

(we assume that B > 0 (B0 > 0) for 
onvenien
e), and the summation over τ ranges
the nearest neighbors, U (U0) is the parameter of the on-site Coulomb intera
tion of
two ele
trons in the regular (impurity), γ is the spin index, and a+m,γ and am,γ are
the respe
tive ele
tron 
reation and annihilation operators at a site m ∈ Zν . The
Hamiltonian H a
ts in the antisymmetri
 Fo'
k spa
e Has. Let ϕ0 by the va
uum

ve
tor in the spa
e Has. The quintet state 
orresponds to the free motion of four
ele
trons over the latti
e with the basi
 fun
tions q2m,n,k,l∈Zν = a+m,↑a

+
n,↑a

+
k,↑a

+
l,↑ϕ0.

The subspa
e Hq
2, 
orresponding to the quintet state is the set all ve
tors of the

form ψq2 =
∑
m,n,k,l∈Zν f(m,n, k, l)q2m,n,k,l∈Zν , f ∈ las2 , where l

as
2 is the subspa
e

of antisymmetri
 fun
tions in the spa
e l2((Zν)4). Denote by Hq
2 the restri
tion of

H to the subspa
e Hq
2. We let ε1 = A0 −A, ε2 = B0 −B, and ε3 = U0 − U.

Theorem 1. Let ν = 1, and ε2 = −B, and ε1 < −2B (respe
tively, ε2 = −B,
and ε1 > 2B). Then the essential spe
trum of the operator Hq

2 is 
onsists of the

union of four segments σess(H
q
2) = [4A− 8B, 4A+ 8B] ∪ [3A− 6B + z, 3A− 6B +

z]∪[2A−4B+2z, 2A+4B+2z]∪[A−2B+3z, A+2B+3z] and dis
rete spe
trum of the

operator Hq
2 is 
onsists of a single eigenvalue, σdisc(H

q
2 ) = {4z}, where z = A+ε1.

Theorem 2. Let ν = 1, and ε2 > 0, and −2(ε22+2Bε2)
B

< ε1 <
2(ε22+2Bε2)

B
, then

the essential spe
trum of the operator Hq
2 is 
onsists of the union of the ten segment

σess(H
q
2 ) = [4A−8B, 4A+ 8B]∪ [3A−6B+ z1, 3A−6B+ z1]∪ [3A−6B+ z2, 3A−

6B+z2]∪ [2A−4B+2z1, 2A+4B+2z1]∪ [2A−4B+2z2, 2A+4B+2z2]∪ [2A−4B+
z1 + z2, 2A+ 4B+ z1 + z2]∪ [A− 2B+ 3z1, A+ 2B+ 3z1]∪ [A− 2B+ 3z2, A+ 2B+
3z2]∪ [A−2B+2z1 +z2, A+2B+2z1 +z2]∪ [A−2B+z1 +2z2, A+2B+z1 +2z2],
and dis
rete spe
trum of the operator Hq

2 is 
onsists of �ve eigenvalues, σdisc(H
q
2) =

{4z1, 4z2, 3z1 + z2, z1 + 3z2, 2z1 + 2z2}.
Theorem 3. If −2B < ε2 < 0, then the essential spe
trum of the operator H̃t

2

is 
onsists of a single segment σess(H̃
t
2) = [2A−4B, 2A+4B], and dis
rete spe
trum

of the operator H̃t
2 is empty set.
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Global existen
e and blow-up of solutions to the time-spa
e

fra
tional semilinear diffusion equation

Torebek B.T.
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In this note, we 
onsider a time-spa
e fra
tional semilinear di�usion equation

on a bounded or unbounded domains. We establish a blow-up phenomena in a �nite

time and global existen
e of solution of the 
onsidered problems. The proof of main

results are based on the 
omparison prin
iple and test fun
tion methods.
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Optimal range for the Hilbert transform among fully

symmetri
 spa
es
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In this work, we deal with 
hara
terizing optimal range for the Calder�on

operator and the Hilbert transform in Mar
inkiewi
z fun
tion spa
es. These results

are further used as a su�
ient 
ondition to obtain Lips
hitz estimates for 
ommuting

tuples in fully symmetri
 (quasi-) Bana
h operator spa
es.
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On one relaxation version of the nonlinear Maxwell

problem
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The paper investigates Maxwell's equations used for modelling nonlinear opti
al

phenomena.The wave propagation in an isotropi
 medium is des
ribed by Maxwell's

system in the form:

Dt − curlH = 0,

Bt + curlE = 0,

divD = divB = 0.

The �eld quantities E and H represent the ele
tri
 and magneti
 �elds, D and

B the ele
tri
 and magneti
 displa
ements. We 
onsider the 
onstitutive relations

for a nonlinear Kerr medium: B = µ0H, D = ǫ0E + P, where P is the nonlinear

polarization. Let us suppose that

D(x, y, z) = (0, d(x), 0),

H(x, y, z) = (0, 0, h(x)).

On
e nondimensionalized the Kerr model, denoted by (K), be
omes:





dt + hx = 0,

ht + ex + h = 0,

d = (1 + e2)e

for (x, t) ∈ R+ ×R+
. We suppose that the initial data vanishes

d(0, x) = h(0, x) = 0, x > 0

and that we have the boundary 
ondition

h(t, 0) + ae(t, 0) = g(t), t > 0)

where a is a non negative 
onstant. The system (K) is quasi-linear hyperboli
. It
is a p-system where p is the re
iproque fun
tion of e → (1 + e2)e, and it is stri
tly
hyperboli
 with eigenvalues

λ1 = −
√
p′(d) < 0 < λ2 =

√
p′(d)

The goal of this paper is to analyse the behaviour of the regular solutions for the

(K) boundary value problem.
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In the spatial approximation of the initial-boundary value problems for nonsta-

tionary partial di�erential equations, we obtain a system of ordinary di�erential

equations (Cau
hy problem) of the following form

Dü+Bu̇+ Au = f(t), u(0) = u0 u̇(0) = u1, t ∈ (0, T ), (1)

where u̇ = du/dt, u = u(t) ∈ H, f = f(t) ∈ H, and D, B, A are the operators from

H to H.
In this arti
le, a new three-parameter family of s
hemes of the fourth and sixth

orders of a

ura
y is 
onstru
ted and investigated for (1)

Dγ ẏt +Byt +Ay(0.5) = φ1, Dαyt − τ2γBẏt − Dβ ẏ
(0.5) = φ2 (2)

y0 = u0, ẏ
0 = u1.

Here y = yn = y(tn),
∧
y = yn+1, ẏ = ẏn = dy(tn)/dt, n = 0, 1, ..., yn, ẏn ∈ Hh,

Dλ = D − λτ2A, λ = α, β, γ, φk ≈ f , k = 1, 2 , yt = (
∧
y − y)/τ , ẏt = (

∧
ẏ − ẏ)/τ ,

y(0.5) = (
∧
y + y)/2, ẏ(0.5) = (

∧
ẏ + ẏ)/2. Hh is the dis
rete analogue of spa
e H for

any point in time t; operators D, B, A operate from Hh to Hh. Parameters α, β, γ
obey the 
ondition of the fourth-order of approximation α+ γ = β + 1/6, with the
additional ful�llment of the 
ondition β − 6αγ + 1/40 = 0, they obey the sixth-

order of approximation. The a

ura
y is proved and an e�e
tive algorithm for the

implementation of the s
heme (2) is proposed. Equations of hyperboli
, paraboli


types, non
lassi
al equations of Sobolev type [1℄ and loaded equations with lo
al

and nonlo
al boundary 
onditions [2℄ are 
onsidered as nonstationary equations.

Referen
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nonlinear Sobolev type equations. Mos
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2. Nakhushev A.M. Loaded equations and their appli
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